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Abstract

In abstract interpretation-based static analysis, approximation is encoded by abstract domains.
They provide systematic guidelines for designing abstract semantic functions that approximate
some concrete system behaviors under analysis. It may happen that an abstract domain con-
tains redundant information for the specific purpose of approximating a given concrete seman-
tic function. This paper introduces the notion of correctness kernel of an abstract interpreta-
tion, a methodology for simplifying abstract domains, i.e. removing abstract values from them,
in a maximal way while retaining exactly the same approximate behavior of the system under
analysis. We show that in abstract model checking correctness kernels provide a simplification
paradigm of the abstract state space that is guided by examples, meaning that this simplification
preserves spuriousness of examples (i.e., abstract paths). In particular, we show how correctness
kernels can be integrated with the well-known CEGAR (CounterExample-Guided Abstraction
Refinement) methodology.

1. Introduction

In static analysis and verification, model-driven abstraction refinement has emerged in the
last decade as a key paradigm for enhancing abstractions towards more precise yet efficient anal-
yses. The underlying basic idea is simple: given an abstraction A modeling some approximate
properties of a system to analyze, in order to remove some artificial computations that may arise
in the analysis based on A refine A by considering how the concrete model actually behaves when
false alarms or spurious traces are encountered. The general idea of using spurious counterexam-
ples for refining an abstraction stems from the CounterExample-Guided Abstraction Refinement
(CEGAR) paradigm [4! [5]. The concrete model here drives the automatic identification of pre-
fixes of the counterexample abstract path that do not correspond to an actual trace, by isolating
abstract (failure) states that need to be refined in order to eliminate that spurious counterexample.
Model-driven refinement strategies, such as CEGAR, provide algorithmic methods for achieving
abstractions that are complete (i.e., precise [[15) [19]) with respect to some given property of the
concrete model.

We investigate here the dual problem of abstraction simplification. Instead of refining ab-
stractions in order to eliminate spurious traces, our goal is to modify an abstraction A towards a
simpler (ideally, the simplest) model A; that gives rise to the same approximate system behavior
as A does. In abstract model checking, this abstraction simplification has fo keep the same exam-
ples of the concrete system in the following sense. Recall that an abstract path 7 in an abstract
transition system A is spurious when no real concrete path is abstracted to 7. Assume that a
given abstract state space A of a system A gets simplified to Ay and thus gives rise to a more
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Figure 1: Some abstract transition systems.

abstract system A;. Then, we say that A, keeps the same examples of A when the following
condition is satisfied: if w4, is a spurious path in the simplified abstract system A, then there
exists a spurious path m4 in the original system A which is abstracted to 74 .. Obviously, if A
is a generic simplification of A then A, does not necessarily keep the same examples of A. In
the following, we depict abstract transition systems by diagrams where integer numbers denote
concrete states, arrows connect concrete states in a transition relation, and oval shapes indicate
blocks (denoted by square brackets) of a state partition. In the example below, for the spurious
path mg, = ([1],[2,3,4],[5]) in A, there is no corresponding spurious path in A which can be
abstracted to 4, and therefore the simplification A, does not keep the same examples of A.

Such a methodology is called EGAS, Example-Guided Abstraction Simplification, since this
abstraction simplification is able to keep examples according to the meaning above. Let us
illustrate how EGAS works through a simple example. Let us consider the abstract transi-
tion system A in Figure |1} where {[1], [2, 3], [4,5], [6],[7],[8, 9]} is the underlying state par-
tition. The abstract state space of A is simplified by merging the blocks [2,3] and [4, 5]:
EGAS guarantees that this can be safely done because preﬁ([Z, 3] = preﬁ([4, 5]) = {[1]} and
post”([Z, 3D = postﬁ([4, 5]) = {[6],[7]}, where prelj and postM denote, respectively, the abstract
predecessor and successor functions. This abstraction simplification leads to the abstract system
A’ in Figure |1} Observe that the abstract path 7 = ([1], [2, 3,4, 5],[7],[8,9]) in A’ is spurious
because there is no concrete path whose abstraction in A’ is &, while x is instead the abstrac-
tion of the spurious path ([1], [4,5], [7],[8,9]) in A. On the other hand, consider the path
o = ([1],[2,3,4,5],[6],[8,9]) in A" and observe that all the paths in A that are abstracted to
o, ie. {[1],[2,3],[6],[8,9]) and {[1], [4, 5], [6], [8, 91), are not spurious. This is consistent with
the fact that o actually is not a spurious path. Likewise, A’ can be further simplified to the ab-
stract system A" where the blocks [6] and [7] are merged. This transform also keeps examples
because now there is no spurious path in A”. Let us also notice that if A would get simplified
to an abstract system A’ by merging the blocks [1] and [2, 3] into a new abstract state [1, 2, 3]
then this transform would not keep examples because we would obtain the spurious loop path



T=([1,2,3],[1,2,3],[1,2,3],...) in A" (because, in A", [1, 2, 3] would have a self-loop) while
there is no corresponding spurious abstract path in A whose abstraction in A" is 7.

We show how EGAS can be formalized within the standard Galois connection-based abstract
interpretation framework [9} [10]. Consider for instance the two following basic abstract domains
A and A, for sign analysis of an integer program variable, so that the concrete domain of values
is the powerset p(Z) of integer numbers.
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Recall that in abstract interpretation the best correct approximation of a semantic function f
on an abstract domain A is given by f4 £ a o f oy, where @ and vy are the abstraction and
concretization maps defining A [9,[10]]. Let us consider a simple operation of increment x++ on
an integer variable x. In this case, the best correct approximations on the abstractions A; and A,
go as follows:

++4 = {0 Zso, Zeo > Zy Lo = Lso, T L,
+4+42 = {Zsg o Zso, T 7).

We observe that the best correct approximations of ++ in A; and A, encode the same function,
meaning that the approximations of the operation ++ in A; and A, are equivalent: In fact, we
have that y,, o ++%1 o a4, and y4, o ++42 0 @4, denote exactly the same function in p(Z) — (Z).
In other terms, the abstract domain A; contains some abstract values, i.e. 0 and Zq, that are
unnecessary for the specific aim of approximating the increment operation on Aj; of course,
these “redundant” abstract values might be instead needed in A; for different purposes, e.g. for
approximating further operations.

We formalize this simplification process of an abstract domain relatively to a semantic func-
tion in standard Galois connection-based abstract interpretation. This allows us to provide, for
generic continuous semantic functions, a systematic and constructive method, that we call a cor-
rectness kernel, for simplifying a given abstraction A relatively to a given semantic function f
towards the unique minimal abstract domain that induces an equivalent approximate behavior of
fasinA.

We show how correctness kernels can be embedded within the CEGAR methodology by
providing a novel refinement heuristic in a CEGAR iteration step which turns out to be more
accurate than the basic refinement heuristic [5]. We also describe how correctness kernels may
be applied in predicate abstraction-based model checking [12} [20] for reducing the search space
without applying Ball et al.’s [2]] Cartesian abstractions, which typically yield additional loss of
precision.

This is an extended and revised version of the conference paper [[18].

2. Correctness Kernels

2.1. Abstract Interpretation Background

Abstract Domains. In standard abstract interpretation [9} [10], abstract domains (or abstractions)
are specified by Galois connections/insertions (GCs/GlIs for short) or, equivalently, adjunctions.



Concrete and abstract domains, (C, <¢) and (A, <4), are assumed to be complete lattices which
are related by abstraction and concretization maps @ : C — A andy : A — C that give rise to
an adjunction (@, C,A,y): foralla € Aand ¢ € C, a(c) <4 a & ¢ <¢ y(a). A GC is a GI when
@ oy = Ax.x. It is known that the function py =y o« : C — C is an upper closure operator
(uco) on C [[10]], i.e. a monotone, idempotent and increasing function. GIs of a common concrete
domain C are preordered w.r.t. their relative precision as usual: §; = (a;,C,A1,y1) C G =
(a2,C, Ay, y2) — i.e. Aj/A; is a refinement/simplification of A/A; — iff {y2(a2(c)) | c € C} C
{yi(a1(c)) | ¢ € C}, which is more compactly denoted using images of functions by y,(a,(C)) C
v1(@1(C)). Moreover, §; and G, are equivalent when §; C G, and §, T G;. We denote by
Abs(C) the family of abstract domains of C, as defined by a GI, up to this latter equivalence.
It is well known that (Abs(C),C) is a complete lattice [10]. Thus, one can consider the most
concrete simplification (i.e., lub L) and the most abstract refinement (i.e., glb M) of any family
of abstract domains. Abstract domains can be equivalently defined as uco’s, meaning that any
GI (a,C, A, y) induces the uco uy, any uco u : C — C induces the GI (u, C, u(C), Ax.x), and
these two transforms are the inverse of each other, namely (ua, C, ua(C), Ax.x) and (a, C, A, y)
are equivalent GIs and u = ). In more technical terms, (Abs(C),C) is isomorphic to the
complete lattice {uco(C),C) of uco’s on C, where C denotes the standard point-wise ordering
between functions, so that lub’s and glb’s of abstractions can be equivalently characterized in
uco(C). Let us also recall that each closure ¢ € uco(C) is uniquely determined by its image
img(u) = u(C) as follows: for any x € C, u(x) = Ny € C | y € u(C), x < y}. Moreover, a subset
X C C is the image of some uco on C iff X is meet-closed, i.e. X = Cl (X) L2 (AY|Y C X}
(note that T¢ = A € Cl,(X)). This allows us to equivalently use uco’s both as functions in
C — C or as subsets of C; this does not give rise to ambiguity, since one can distinguish their
use as functions or sets according to the context. Hence, if A, B € Abs(C) are two abstractions
of C then they can be viewed as images of two uco’s on C, denoted respectively by u4 and ug,
so that A is a refinement of B when img(up) C img(u4). Let us also recall that given a family of
uco’s X C uco(C), then its lub and glb can be characterized as follows: LI X = Nyex img(u) and
MX = Cla (Upex img()).

Abstract Functions. Let f : C — C be some concrete semantic function — for simplicity,
we consider 1-ary functions — and let f¥: A — A be a corresponding abstract function de-
fined on some abstraction A € Abs(C). Then, (A, fﬁ> is a sound abstract interpretation when
@o f C f*oa holds. Moreover, the abstract function f4 £ @ o foy: A — A is called the best
correct approximation (b.c.a.) of f on A because any abstract interpretation (A, f*) is sound iff
for any a € A, fA(a) < f*(a). Hence, for any abstraction A, f* plays the role of the best possible
approximation of f on the abstract domain A.

2.2. The Problem

Given a semantic function f : C — C on some concrete domain C and an abstraction
A € Abs(C), does there exist the most abstract domain that induces the same best correct ap-
proximation of f as A does?

Let us formalize the above question. Consider two abstractions A, B € Abs(C). We say that A
and B induce the same best correct approximation of f when f4 and f approximate any concrete
computation f(c) in the same way, namely, for any ¢ € C, ya(f4(aa(c))) = ya(fB(as(c))).
By recalling that u4 and pp denote the corresponding uco’s, this definition boils down to the
following equation:

Ha o fous=pupo foup.
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Figure 2: Concrete and abstract domains.

In order to keep the notation easy, this is denoted simply by f4 = f8. Also,if FC C — Cisa
set of concrete functions then F4 = F® means that for any f € F, f4 = f5.

Given A € Abs(C), the domain LI{B € Abs(C) | F® = FA} is precisely the lub in Abs(C) of
all the abstractions that induce the same best correct approximations of F as A does. Hence, our
question is formalized through the following notion of correctness kernel.

Definition 2.1. Given F C C—C, define X : Abs(C) — Abs(C) as
Kr(A) 2 L{B € Abs(C) | F? = F4}.
If FXr(A) = FA then K r(A) is called the correctness kernel of A for F. O

A correctness kernel Kr(A), when it exists, is therefore a simplification of the abstraction
A. However, in general, a correctness kernel may not exist, as the following technical example
shows.

Example 2.2. Let us consider the concrete domain C depicted in Figure [2} namely the ordinal
numbers less than or equal to w + 1. Let f : C — C be defined as follows:

f()é w if x ¢ {w,w+1}
YT w+1  otherwise

L

Let 4 € uco(C) be the identity uco Ax.x, so that g o fou = f. Let us define ,uf = Ufnp €
uco(C) | go fon = uo fou}, so that the correctness kernel of i for f exists iffﬂfofopf = po fo.
For any k > 0, consider p; € uco(C) defined as pi £ C [0, k), which is also depicted in
Figure[2] It is easily seen that, for any k > 0, px o fopy = f = po f o pu. Hence, it turns out
that for any k > 0, py E ,u1f<. Let us define p £ Lix=opx € uco(C). Hence, it turns out that p C ;155.
Moreover, let us observe that p = N> img(ox) = {w, w + 1}, so that, for any x < w, p(x) = w
while p(w+ 1) =w+ 1. Since p C ,u}( and p = {w, w + 1}, there are only two possibilities for the
uco ,u}( :
(D) pf = {w,0+1); Q) pf =fw+1).

In both cases (1) and (2), it is easy to check that ,ujf ofo ,ujf =Axw+1 #puofou Asa
consequence, the correctness kernel of u for f does not exist. [



It is also worth remarking that the corresponding dual abstraction refinement may not exist
even for finite concrete domains (and, consequently, finite abstract domains). In other terms, the
dual question on the existence of the most concrete abstraction that induces the same best correct
approximation of f as A has a negative answer even under the strong hypothesis of having a finite
concrete domain C, as shown by the following simple example.

Example 2.3. Consider the finite lattice C depicted below.
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Let us consider the monotonic function f : C — C definedas f = {1 —» 1,2+ 1,3 — 5,
4 — 5,5 5}. Let us consider the abstraction A € Abs(C) defined as A = {1, 5}, so that the
corresponding uco u € uco(C) is the function: y={1— 1,253+ 5,455 5} It
is immediate to observe that go fou={1—1,2+— 5,3 5,4 5, 5 — 5}. Consider now
the abstractions p; = {1, 3,5} and p, = {1, 4,5} and observe that p; o f o p; = p o f o u. However,
we have that p; M p, = Ax.x, because the image of p; M p; is Cla(p; U ps) = {1,2,3,4,5}. Hence,
(p1Mp2)o fol(piMpr)=f#po fou Letp, =Nfp €uco(C) |po fop=po fopu} Thus,
pr = Ax.x and, in turn, p, o f o p, # u o f o u. Consequently, the most concrete abstraction that
induces the same best correct approximation of f as u does not exist. [

3. Characterization of Correctness Kernels

Our key technical result provides a constructive characterization of the property of “having
the same b.c.a.” for two abstract domains that are comparable w.r.t. the precision ordering. In
the following, for any function f : X — Y and any subset § C Y, f~1(T) £ xeX]| f(x)eT}
denotes the inverse image of T for f. Moreover, given a complete lattice C and any subset S C C,
max(S) £ {x e S | Yy € §. x <¢ y = x = y} denotes the set of maximal elements of S in C.
Also, |y denotes the downward closure of some y € C,i.e. |y L{xeClx<c v}

Lemma 3.1. Let f : C — C and A, B € Abs(C) such that A T B. Assume that the function
foyaoays: C — Cis continuous (i.e., preserves lub’s of chains in C). Then,
ff= o yA(img(fA) U Uyea max({x € A | fA(x) <4 y})) C vs(B).

Proor. Let u and p be the uco’s on C induced by, respectively, the abstractions A and B, so that
A C B corresponds to u C p. Let us recall (see e.g. [8, Proposition 4.2.3.0.1]) that u C p implies
/J o p = p = p o /,l

Given y € A, let us show that

ya(max(fx € A| f4(x) <a y)) = max({x € C | f(u(x)) <c yaO))-
(S) Let z € max({x € A | fA(x) <4 y}). Then:
as(f(ya(2))) <ay &  [by adjunction s/ y4]

fya@) <c ya(y) &  [since aa(ya(2)) = 2]
Fralaaya@))) <c ya(y)



so that y4(z) € {x € C | f(u(x)) <c ya(y)}. Consider now w € {x € C | f(u(x)) <¢ ya(y)} such
that ya(z) <c w. Thus, since f(u(w)) <c ya(y) & fA(@a(w)) <a y and ya(2) < w & z <q @a(w),
by maximality of z, we obtain that z = @4(w). Hence, by applying y4 to this latter equality, we
derive that w <¢ ya(@a(w)) = ya(z), which, together with y4(z) <¢ w, implies y4(z) = w. We
have therefore shown that y4(z) € max({x € C | f(u(x)) <c yaO)}).

(2) Let z € max({x € C| f(u(x)) <c yaO)D. Then, f(ya(@a(z))) <c ya(y), hence, by adjunction
@a/ya, we obtain aa(f(ya(@a(z)))) <a y, so that a,(z) € {x € A | fA(x) <4 y}. Consider now
we {x €Al fAx) <4 y} such that @s(z) <4 w. Then:

ax(f(yaw))) <4y ©  [by adjunction @, /ya]
fraw)) <c ya(y) &  [since aa(ya(w)) = w]
Syal@atyaw)))) <c ya(y)
so that y4(w) € {x € C| f(u(x)) <c ya(y)}. Since @s(z) <4 w & z <¢ ya(w), by maximality of z,

we therefore obtain z = y4(w). Thus, by applying a4 to this latter equality, @4(z) = @a(ya(w)) =
w. We have thus shown that a4(z) € max({x € A | f4(x) <4 y}). Moreover:

F(yalaa(ya(@a(z))))) = [since ya o @y is idempotent]

F(va(aa(2))) <¢ [by definition of ]
¥a()

so that y4(@a(z)) € {x € C | f(u(x)) <¢ ya(y)}. Thus, since z <¢ ya(@a(z)), by maximality of z
we obtain z = y4(@a(z)). We have therefore shown that z € y,(max({x € A | fA(x) <a y})).

Using the downward closure notation, {x € C | f(u(x)) <c¢ ya(y)} can be rewritten as the inverse
image of |yx(y) for the function f o y, i.e. (f o u)~'(Lya(y)). Using this notation, we have

shown above that y,(max({x € A | fA(x) <x y})) = max((f o w)~' (L ya(»))). Also, note that
Ya(img(f*)) = ya(@a(f(ya(A)))) = yal@a(f(ya(@a(C))))) = u(f(u(C))). Hence,

Ya(img(f*) U Uyea max({x € A | f4(x) <4 D) = p(f@(C))) U Uy, max((f o )~ (Ly)).

Since yp(B) = p, the lemma can be proved by the following equivalent statement which is
formalized only through uco’s:

pofop=po fou iff u(f(u(C)))U Uy, max((fou)'(Ly) Cp
Let us first prove that
pofop=puofou & pofou=pofou=uofop (*)
(=) On the one hand,
pofou=pofop= |[byapplying p to both sides]
popofou=popofop= [becausepou=pandpop=p]

pofou=pofop= |[byhypothesis]
pofou=pofop



and on the other hand,

pofou=pofop= [byapplying p in front to both sides]

pofouop=pofopop= [becausepop=pandpop=p]
pHofop=pofop=  [byhypothesis|
pofop=pofopu

sothatpo fou=po fou=pofop.
(<) We have that:

pofou=uofop= |byapplying p to both sides]

popofou=popofop= [sincepop=pandpoy=p]
pofou=pofop= [byhypothesis]
pofou=pofop.

Let us now observe thatpo fou =puo fou o u(f(u(C))) C p: in fact, since p = p o u, we have
thatpo fou=po fou e pouo fou=puo fopu,and this latter equation is clearly equivalent
to u(f(u(C)) < p.

Moreover, since p = uop, we have that go fou = po fop is equivalent to go(fou) = po(fou)op.
This latter equation states the completeness of the pair of abstractions (p, i) for the function
f o u. By the characterization of completeness in [19, Lemma 4.2], since, by hypothesis, f oy is
continuous, we have that the completeness equation y o (f o u) = po (f o w) o p is equivalent to
Uyeuemax((f 0 )" (L)) € p. Thus, pro fop= o fop & Uy max((f o)~ (1y) € p.
Summing up, we have shown that

pofou=pofou=pofop & u(f(uC)) U U, max((fom)'(Ly) Cp
By the above equivalence (), this implies the thesis. O

It is important to stress that the above proof of Lemma[3.T|basically consists in two key steps:

(A) The equality f4 = f? between b.c.a’s is reduced to a standard property of completeness
of the abstract domains A and B for the function f: in fact the proof shows that f4 = f%
iff g o (f o a) = pa o (f o pa) o up. Making use of the terminology related to complete
abstract interpretations as introduced by Giacobazzi et al. [19], this latter equation states
the completeness of the pair of abstractions (B, A) for the concrete function f o u4, that is,
the approximation in A of the function f o u4 does not suffer a loss of precision when its
input value is first approximated in B.

(B) Then, the proof exploits the constructive characterization of the completeness of (B, A) for
f o g as given by [19, Lemma 4.2], which is the key technical result used in [19] for the
fixpoint-based construction of complete shells of abstract domains.

In this sense, the proof of Lemma [3.1|provides an unexpected reduction of an equivalence prob-
lem between best correct approximations to a completeness problem. This is particularly inter-
esting because while best correct approximations can always be defined on any abstract domain,
complete approximations are instead uncommon since they represent an ideal situation where
fixed point computations of complete approximations do not loose precision [9} [19].



More importantly, as a consequence of Lemma and therefore, in turn, of the constructive
characterization of complete abstract domains in [19], we derive the following constructive result
of existence for correctness kernels.

Theorem 3.2. Let A € Abs(C) and F € C — C such that, for any f € F, f oys o ay is
continuous. Then, the correctness kernel of A for F exists and it is

5Cr(A) = Cly () (imeg(F) U Useimg(ro max(ix € A | £A(x) = yh)).
feF

Proor. In this proof, in order to ease notation, in function compositions we omit the explicit o
symbol. Let u = uas. Let us first prove that the correctness kernel of A for F exists, namely
FXr® = Fr_ Since u T K (u), we apply Lemmawith A = pand B = Kp(u), so that for any
f € F, we have that:

X = o p(F(C))) U Uy, max({x € C | f(u(x)) <c ) € Kr(w).

Since Kp(u) = N{p € uco(C) | Vg € F. pgp = ugu}, we need to prove that for any f € F,

H(f(C))) U Uye, max(fx € C| f(u(x)) <c yh) € Nlp € uco(C) | Vg € F. pgp = pgu}.

We consider some p € uco(C) such that for any g € F, pgp = ugu, so that, in particular,

pfp = pfu holds. Hence, we prove that u(f(u(C))) U U, max(fx € p | f(u(x)) <c y}) € p(C).
‘We first observe that:

ufu=pfo= [byapplying p to both sides]
pufu=ppfp= [since pp =p|
pufu=pfp= |[since pfp = pufu]
PHf = pfu

We thus obtain the first inclusion u(f(u(C))) € p(C). On the other hand, we also have that:

ufu=pfo= [byapplying p in front to both sides]
ufup = pfpp = [since pp = p]
pfup =pfp = [since pfp = puful
Hfpp = pfu

As already observed in the proof of Lemma[3.1] by the characterization of completeness in [19}
Lemma 4.2], since, by hypothesis, fu is continuous, it turns out that the equation u(fu)o = u(fu)
implies (actually, is equivalent to) (e, max({x € C | f(u(x)) <c y}) € p. We have therefore
obtained the second inclusion. Summing up, we have shown that the correctness kernel of A for
F exists.

Next, we prove that

Kr(p) = Kip() £ Ufp € uco(C) | p I, F* = FH). (*)

In fact, since {p € uco(C) | p I u, F* = F*} C {p € uco(C) | F¥ = F*}, we have that K}.(u) C
K r(u). On the other hand, since F**® = F# and Kp(u) 3 p, we also have that Ky(u) € {p €
uco(C) | p 3 u, FP = F*} and therefore Kr(u) T K (u).



We now consider the following chain of equalities:

Kr(w) =
[by equation (x)]
Li{o € uco(C) | p I p, F* = F*} =
[by a characterization of lub of uco’s]
Nip € uco(C) | p S, F* = F*} =
[by Lemma3.1]
Nitp € uco(C) [ p € py U er(uf@(C))) U Uye, max((f) ™' (Ly) € p} =
[because U s (u(f((C))) U Uye, max((fr)~' (L)) €
Cly (U er ((F@(C) U Uy max((fu)™ (L)) € ]

Cl (U per (CF@C)) U Uy, max((F)" (L3)))).

To conclude, let us show that

Cly (U yer ((F@(C)) U Uy, max((fu) ™ (Ly)))) =
Y Cly (U jer (im(f*) U Ueimg ) max(fx € A | fA(x) = y)))-

Since vy preserves arbitrary glb’s (see e.g. [8, Theorem 4.2.7.0.3]), it is enough to show that for
any f € F,

H(F(C))) U Uyeu max((f)~' (Ly) = y(img(f) U Uyeimgn max(la € A | fA(@) = y).

Let us first observe that since a(C) = A (see e.g. [8, Theorem 4.2.7.0.3]), it turns out that
y(img(fh)) = Y(a(f(y(A))) = y(a(f(y(a(C))))) = u(f(u(C))). Next, we show that

Uyep max((f0)~ (1 3) = ¥(Uyeimg(rn max(fa € A | fA4(a) = )

(©): Consider y € u and z € max({x € C | f(u(x)) <c y}). Let us first observe that z = u(z):
in fact, since f(u(u(z))) = f(u(z) <c¢ y and z <¢ u(z), by maximality of z, z = u(z). Then,
define y, £ f4(a(z)) € img(f*) and let us show that a(z) € max({a € A | f4(a) = y.}). First,
a(z) € {a € A| fA(a) = y.} by definition. Then, consider some b € A such that f4(b) = y,
and a(z) <4 b. We have that z <¢ y(b) and a(f(y(b))) = a(f(y(a(2)))) <a a(y), so that
f(utyd))) = f(y(b)) <c y(a(y)) = y. Hence, by maximality of z, from z <¢ y(b) we obtain
z = y(b), and in turn a(z) = a(y(b)) = b. Hence, from a(z) € max({a € A | fA(a) = y,}), since
v(a(2)) = z, we derive that z € y(max({a € A | fA(a) = y,})).

(2): Consider y = fA(b) for some b € A, and z € y(max({a € A | f4(a) = y})). Therefore,
7z = y(a), for some a € max({a € A | fA(a) = y}). Because y(y) € u, let us show that z €
max((f)~ (L y())). Since a(f(y(a))) =y, we have that f(u(z)) = f(y(a(2))) = f(¥(a)) <c Y(),
and in turn we derive z € (fu)~'(Ly(»). If f(u(w)) <¢ y(y) and z <¢ u, for some u € C, then
we have that y = f4(a(2)) <4 fA(eW)) = a(f(y(@w)) = a(f(uw)) <4 a(y(y)) = y, so that
fA(a(u)) = y. Hence, from z = y(a) <c u, we obtain a <, a(u), so that, by maximality of a,
a = a(u), namely, a(z) = a(u). Hence, z = y(a(z)) = y(a(u)). Hence, u <¢ y(a(u)) = z, from
which z = u. We can thus conclude that z € max((fu)~' (L y())). O



The above result thus provides a constructive characterization of correctness kernels for all,
possibly infinite, abstract domains A and for all, possibly not finitely computable, best correct
approximations f4 under the weak hypothesis of continuity for f o y, o @4. In finite cases,
i.e. when f4 has finite image and for any y € img(f*), the set max({x € A | fA(x) = y}) is
finitely computable — note that this happens when A is a finite abstraction and the best correct
approximation f* is finitely computable — this characterization obviously yields a terminating
algorithm for automating the task of computing the correctness kernel of A for f. On the other
hand, if either f4 has an infinite image or f4 is not finitely computable then the procedure
induced by Theorem @] in general cannot be automated. Of course, in this case, a correctness
kernel can still be characterized through hand calculations.

Let us illustrate through a simple numerical example how to use the above result for deriving
correctness kernels.

Example 3.3. Consider sets of integers (¢(Z), ) as concrete domain and a collecting square
operation sq : ¢(Z) — ¢(Z) as concrete function, i.e., sq(X) 2 {x*> | x € X}, which obvi-
ously preserves arbitrary lubs and therefore is continuous. Consider the abstract domain Sign €
Abs(p(Z)), depicted in the following diagram, that represents the sign of an integer variable.

Z
RN
Ley Zzo Zxo

Z|<o>< 0 ><Z|>0
N

It is immediate to check that Sign induces the following best correct approximation of sq:

55" =@ > B, % > Lop, 0 0,Zsg > Lo, Lo > Lo,
Lyo & Liso, Liso = ZLso, Z = Lo}

Let us characterize the correctness kernel X, (Sign) by Theorem We have that img(sqSign) =
{3,750, 0, Zso}. Moreover,

max({x € Sign | s¢>"(x) = @}) = (@}
max({x € Sign | s¢>€"(x) = Z1o}) = {Z0)

max({x € Sign | s¢>€"(x) = 0}) = {0}
max({x € Sign | s¢5"(x) = Zso}) = {Z}

Therefore, [ yeimg(sqsieny max({x € Sign | s (x) = y}) = {@, Z40,0, Z} so that, by Theorem
Ksq(Sign) = Cln({D, Z>0, 0, Z>0, Zz0, Z}) = Sign \{Z<o, Z<o}-

Thus, it turns out that we can safely remove the abstract values Z.o and Z( from Sign and still
preserve the same b.c.a. as Sign. Besides, we cannot remove further abstract elements otherwise
we do not retain the same b.c.a. as Sign. For example, this means that Sign-based analyses of
programs like

x := k; while condition do x := x * x;



can be carried out by using the simpler domain Sign \{Z.y, Z<}, yet providing the same in-
put/output abstract behavior. O

It is worth remarking that in Theorem the hypothesis of continuity is crucial for the
existence of correctness kernels. In fact, observe that in Example [2;2] where the correctness
kernel of the identical abstraction u = Ax.x for f does not exist, we have that f o u = f is
clearly not continuous on the complete lattice C and therefore this example is consistent with the
continuity hypothesis of Theorem[3.2]

4. Correctness Kernels in Abstract Model Checking

4.1. Background on Partitioning Abstractions

Following [22] 23]], partitions of a finite state space X can be viewed as abstractions of the
concrete domain (p(X), C). Let Part(ZX) denote the set of partitions of £ and let us recall that
(Part(X), <, Y, A) is a complete lattice, where P; < P, iff for all s € X, Pi(s) C P»(s) [23]. Given
a partition P € Part(X), we consider the corresponding set ¢(P) of all (possibly empty) sets of
blocks of P. Then, {p(P), <) can be viewed as an abstract domain of (p(Z), <), which is called
partitioning abstraction, by means of the following Galois insertion (ap, p(X), 9(P), Yp):

ap(X)2{BeP|BNX # @) and yp(B) £ UpesB.

Hence, the abstraction ap(X) provides the minimal over-approximation of a set X of states
through blocks of P.

Also, an abstraction A € Abs(p(X)) is called partitioning when there exists a partition P €
Part(X) such that (a4, 9(X), A, v4) is equivalent to (ap, P(X), 9(P),yp). This happens exactly
when y4(A) C p(X) is closed under set intersections and complementations [23]].

Finally, let us recall that any abstraction A € Abs(p(X)) induces a partition P4 € Part(X)
as follows [23]]: for any s,7 € X, Ps(s) = Pa(t) & aa({s}) = aa({#}). This is particularly
interesting because the corresponding partitioning abstraction (ap,, 9(X), 9(P4),yp,) turns out
to be the least partitioning abstraction refinement of A.

4.2. Abstract Transition Systems

Consider a finite state transition system 8§ = (X, —) and a corresponding abstract transition
system A = (P, —>#) defined over a state partition P € Part(X). Equivalently, the abstract transition
system A could be defined over a set A of abstract states which is defined by a surjective function
h : £ — A that induces a partition of X (see e.g. [[7]]). Fixpoint-based verification of a temporal
specification on the abstract model A relies on computing some least/greatest fixpoints of op-
erators which are defined using Boolean connectives (union, intersection, complementation) on
abstract states and abstract successor/predecessor functions post*/pre? on the abstract transition
system (P,—*). The key point here is that successor/predecessor functions are defined as best
correct approximations on the partitioning abstract domain @(P) of the corresponding concrete
successor/predecessor functions on ¢(X). In standard abstract model checking [[1} 16, (7], the ab-
stract transition relation is defined as the existential/existential relation -7 between blocks of
P: for any B,C € P,

B-PC iff IxeBIyeC.x-y



Accordingly, abstract predecessor and successor in (P, »77) are given by the functions pre?[,3
@(P) - p(P) and post33 @(P) — p(P) defined as follows:

pre; (€)= {Be P|AC € C.B -1 C);
postP (B)2£{CeP|3dBeB.B- ().

As shown in [22] 23], it turns out that pre;? and post,” are the best correct approximations of,

respectively, pre : p(X) — @(Z) and post : P(X) — @(Z) on the abstraction (ap, P(X), 9(P), yp).
In fact, for a set of blocks C € p(P), we have that

ap(pre(yp(€))) = {B € P| BN pre(UceeC) # D}
={B e P| Ucece BNpre(C) # &}
={BeP|ACeC. B~}
= preP (G)

and analogous equations hold for post. We thus have that

pre;’ = ap opreoyp and postp’ = ap o postoyp.

4.3. Correctness Kernels

The above abstract interpretation-based approach allows us to apply correctness kernels in
abstract model checking as follows. The abstract transition system A = (P, —37) is viewed as
an abstract interpretation which is defined by the abstract domain (ap, (Z), 9(P),yp) and the
abstract functions prep? = ap o preoyp and posta’ = ap o postoyp. We are thus interested in
the correctness kernel of the partitioning abstraction ¢(P) for the concrete predecessor/successor
functions {pre, post}, that we denote simply by K_,(P). Observe that, by Theorem 3.2} the kernel
XK_(P) € Abs(p(2)) clearly exists since pre, post and yp o ap preserve arbitrary unions on 9(Z).
The abstraction K_, (P) provides a simplification of the abstract domain @(P) that preserves the
best correct approximations of both predecessor and successor functions. In general, it turns out
that JC_,(P) is not a partitioning abstraction, as shown by the following example.

Example 4.1. Consider the following 3-state transition system.

1=
Let us consider the finest partition P = {[1],[2],[3]}, so that prep? = pre and post;? = post.
In order to apply Theorem here we have that img(pre) = {&,[1],[1,2]}, img(post) =
{,[3],12,3]} and

max({S € p(Z) | pre(S) = 2} = {1}
max({S € p(X) | pre(S) = {1}}) = {1,2}
max({S € p(X) | pre(S) = {1,2}})) = {1,2,3}
max({S € p(X) | post(S) = }) = {3}
max({S € p(X) | post(S) = {3}}) = {2, 3}
max({$ € p(X) | post(S) = {2,3}}) = {1,2,3}



Thus, by Theorem 3.2
K- (P) = Cln({2, [11,[31, [1,2], 12,31, [1,2,3]}) = {, [1], [2], [3], [1, 2], [2, 3], [1, 2, 3]}.

Notice that [2] € K_,(P) while its complement [1, 3] ¢ K_, (P). Thus, K_, (P) is not a partitioning
abstraction. O

Since the abstract domain X _,(P) in general is not partitioning, we are thus interested in its
partitioning abstraction, which is characterized as follows.

Corollary 4.2. Let By, B, € P. Then, X_.(P)(By) = K_(P)(B,) if and only if pre;*({B;}) =
pre; ({B2}) and postp ({By}) = posty?({Ba)).

Proor. The kernel X_, (P) can be obtained by applying Theorem[3.2]to the GI (ap, 9(), 9(P), yp)

and to the functions {pre, post}. Since the best correct approximations pre;- and post} preserve
pre, p pp prep posty™ p

arbitrary lub’s (i.e., unions) on {p(P), C), max’s can be replaced by lub’s in (p(P), C), namely set
unions. Hence, we have that:

K_.(P) = Cl (img(prez”) U {U{€ € p(P) | pre™(€) = B} | B € img(pre;’))
U img(postp’) U {U{B € p(P) | post™(B) = €} | Ce img(post%a)}).

Let us then show the stated equivalence.

(=) More in general, it is enough to observe that if p is the correctness kernel of some u for
some f then for any ¢, ¢ € C such that p(c;) = p(cp) we have that u(f(u(c1))) = p(f(o(c1))) =

p(f(p(c2))) = u(f(u(c2))).

(<) In the following, let u € uco(p(X)) denote the uco induced by the abstraction K _, (P). Let us
consider two blocks By, B, € P. If pre; (€) € img(pre;?), for some C € p(P), then we have that:

B; € pre; (@) &  [by definition of pre;’]
3C e C.By -7 C & [by definition of posty’
3C € C.C e posty ({B1}) &  [by hypothesis]
3C € C.C e posta ({B2}) &  [by replicating the previous arguments]
B, € pre?,a((?)
Also, for any B € img(pre;”), we have that:
By € U[C € p(P) | prep(C) = B} &  [by definition of pre;”]
By €{CeP| prep’({IC) C B} & [by definition of €]
prep ({B;})) CB &  [by hypothesis]
prep ({B,)) CB &  [by replicating the previous arguments]
B, € U{C € p(P) | prep?(C) = B}
Likewise, for any B € ¢(P) and C € img(post?f') we also have that:
B, € post?,a(i%) o B e post?,a(i%)
By € U{B € p(P)| postp (B) = €} & B, € U{B € p(P) | postp (B) = C}.
Consequently, X_ (P)(By) = X_(P)(By). O



We denote by Py € Part(X) the partitioning abstraction of K_ (P). We therefore have that in
Py ablock B € Pis merged together with all the blocks B’ € P such that pre??({B}) = pre3({B’})
and post?({B}) = post({B'}).

Given P, Q € Part(2), let preé'z3 = pre;? denote the fact that for all s € %, UpreEQH(Q(s)) =
U pre?,a(P(s)), and analogously for post. We thus derive the following characterization of Py.

Corollary 4.3. Py = Y{Q € Part(T) | preEQH = pre?, postg3 = postp}.

Proor. Let u £ K_(P) € Abs(p(Z)). Let us first check that prep) = prep’. Given s € X, we
have that:

U pre?,a(P(s)) C [since P < Px]
U pre,f< (Pyc(s)) € [since, for any S, Pc(S) C u(S)]
u(pre(u(s))) =  [since u is the correctness kernel of P for pre and post]
U pre(P(s))

Hence, pre,! = pre}’. Likewise, post)! = post}’. Therefore, we obtain that Px < Y{Q €
Part(X) | preg3 = plre:?)ﬂ,postg3 = posta’}. On the other hand, if Q € Part(X) is such that
pre)’ = pre; and posty,’ = post}? then, since u is the correctness kernel of P for pre and post,
v © @g E p. Hence, since the partitioning abstraction refinement is monotonic, we obtain that
Q < Pyx. Consequently, {Q € Part(Z) | pre}! = pre}?, post}! = post}?} < P O

Example 4.4. Reconsider the abstract transition system A in Figure |1| where the underlying
state partition is P = {[1], [2, 3], [4, 5], [6], [7],[8,9]}. Here, by Corollary @, the block [2, 3]
is merged with [4, 5] while [6] is merged with [7]. This therefore simplifies the partition P to
Py ={[1],[2,3,4,5],[6, 7], 8, 9]}, that is, we obtain the abstract transition system A" depicted
in Figure O

5. Example Guided Abstraction Simplification

Let us discuss how correctness kernels give rise to an Example-Guided Abstraction Simpli-
fication (EGAS) paradigm in abstract transition systems.

5.1. CEGAR Background

Let us first recall some basic notions of CEGAR [4} |5]. Consider an abstract transition
system A = (P, -7y defined over a state partition P € Part(X) and some finite abstract path
m = (By,..., By) in A, where each B; is a block of P. Typically, this path is a counterexample to
the validity in A of a temporal formula and it originated as output of a model checker running on
A (for simplicity we do not consider here loop path counterexamples). The set of concrete paths
that are abstracted to & are defined as follows:

paths(r) £ (51, ..., sy €X"| Vi€ [l,n].s; € B; &Yie[l,n).s; — siz1}.

The abstract path 7 is spurious when it represents no real concrete path, that is, when paths(r) =
. A corresponding sequence sp(m) = (S, ...,S,) of sets of states in X is inductively defined as
follows: S| £ B; Si £ post(S;) N B;y1. As observed in [3], it turns out that 7 is spurious iff



Figure 3: Some abstract transition systems.

there exists a least k € [1,n — 1] such that S4,; = &. In such a case, the partition P is refined by
splitting the block By. The three following sets partition the states of the block By:

dead-end states: B{™ £ S, # &
bad states: BY™ £ By N pre(By1) # @
irrelevant states: BI" £ By \ (B{ U Bbd)

The split of the block By must separate dead-end states from bad states, while irrelevant states
may be joined indifferently with dead-end or bad states. However, when states are memory stores,
the problem of finding the coarsest refinement of P that separates dead-end and bad states is NP-
hard [5, Theorem 4.17] and thus some refinement heuristics are necessarily used. According to
the basic heuristic of CEGAR (3| Section 4], By is simply split into B{** and B}*! U BI.

Let us see a simple example. Consider the abstract path 7 = ([1],[3,4,5,6],[7]) in the
abstract transition system A depicted in Figure[3] This is a spurious path and the block [3, 4, 5, 6]
needs to be split. This block is therefore partitioned as follows: [6] dead-end states, [3] bad states
and [4, 5] irrelevant states. The refinement heuristic of CEGAR tells us that irrelevant states are
joined with bad states so that A is refined to the abstract transition system A,. In turn, consider
the spurious path n’ = ([2],[3, 4, 5], [7]) in A, so that CEGAR refines A; to Ajz by splitting the
block [3,4,5] into [3,4] and [5], i.e., bad and irrelevant states in [3,4] and dead-end states in
[5]. In the first abstraction refinement, let us observe that if irrelevant states in [4, 5] would have
been joined together with dead-end states in [6] rather than with bad states in [3] we would have
obtained the abstract system A4, and A4 does not contain spurious paths so that it does not need
to be further refined. Let us also notice that if the irrelevant state 5 would have been joined with
dead-end states [6] while the irrelevant state 4 would have been joined with bad states [3] we
would have obtained the abstract system A, that still does not need to be further refined since it
does not contain spurious paths.



5.2. EGAS

EGAS can be integrated within the CEGAR loop thanks to the following remark. If 7; and
my are paths, respectively, in (P, —»37) and (P, ), where P, P, € Part(Z) and P, < P, then
we say that m; is abstracted to m,, denoted by m; C m,, when length(rr;) = length(s;) and for any
J € [1,1ength(mry)], 71(j) € m2()).

Corollary 5.1. Consider an abstract transition system A = (P, =) over a partition P € Part(Z)
and its simplification A = (P, =) induced by the correctness kernel X_ (P). If n is a spurious
abstract path in A, then there exists a spurious abstract path n’ in A such that n’ C 7.

Proor. Let = (By, ..., B,), where, for any i € [1,n], B; € Px, and let By be the block of 7 that
generates the spuriousness of . Since P < Py, we have that for each i € [1,n], B; = Uj¢ J,.Cij",
for some set of blocks C{"’ € P. By Corollary for each i € [1,n) and j; € J;, U post?g< (By) =
U post,*(C/') and for each i € (1,n] and j; € J;, Uprep! (B;) = Uprep (Cl'). Then, in order to
define the path 7’ in A, for any i € [1,n], one can choose any block C/" in P such that C{' C B;.

The key point to note is that by Corollary it turns out that C,{k causes the spuriousness of the
path n’. Moreover, n’ £ m, and this concludes the proof. O

This means that the abstraction simplification induced by the correctness kernel does not add
spurious paths.

5.3. Bad- and Dead-irrelevant States

The above observations suggest us a new refinement strategy within the CEGAR loop. Let
m = (By,..., B,) be a spurious path in A and let sp(r) = (S, ..., S ) such that S;,; = & for some
minimum k € [1,n — 1], so that the block B, needs to be split. The set of irrelevant states in
B}(” is thus partitioned as specified by the following strategy. An irrelevant state s € B}(" is called
bad-irrelevant when

prep (BYY U {s}) = pre (B*!) and postp (B U {s}) = post;'(B*)

Thus, a bad-irrelevant state can be joined to bad states without affecting the set of abstract paths
in P that go through Bzad. Dead-irrelevant states are analogously defined w.r.t. the set Bgead of
dead-end states. It may happen that an irrelevant state s is both bad- and dead-irrelevant: in this
case, s could be equivalently merged with bad or dead states since in both cases no spurious
path would be added. Clearly, it may also happen that an irrelevant state is neither bad- nor
dead-irrelevant. These states are called fully-irrelevant.

Let us denote by S ]'zad‘i" and S ]‘3ead'i“ , respectively, the set of all bad- and dead-irrelevant states
in B;". We can therefore partition the set of irrelevant states in B} as follows:

) A y .
bad-irrelevant block: Bzad =g Ead TS iead 1
dead-irrelevant block: Bjeadim £ gdeadir g bad-irr

fully-irrelevant block: By £ (§bad-im  gdeadimy (it (gbadeirr g dead-irry)

Hence, the set of irrelevant states in BI is partitioned into three disjoint blocks: BT,

Bl and B Notice that it may happen that one or two of these sets is empty, whereas at
least one of them must be non-empty.



We denote by P" the refined partition obtained from P by replacing the block By with at most
five (and at least three) non-empty blocks: Bzad, Bgad‘i" + O, Bl‘jead, Bﬁead‘i” # @ and Biuuy'm + O.
By Corollary @, it is clear that in the partition P7. obtained from the correctness kernel of PT,
B is merged with BY**i™, Bdead js merged with B{***™™, while B,iuny "™ remains a separate block
in X (P;). Also, by Corollary it turns out that no spurious path is added in the abstract
system (P*., —»37) w.r.t. the system (P", 7).

Summing up, the refinement strategy EGAS goes as follows:

(A) If B % o5 then merge B2 with bad states.

(B) If B{®**i™ # & then merge B with dead-end states.

©) If Biuny T % & then these fully-irrelevant states can be indifferently merged with bad or
dead states; for these states, one could use, for example, the basic refinement heuristic of
CEGAR that merge them with bad states.

In the above example, for the spurious path ([1], [3,4, 5, 6], [7]) in A, the block B = [3,4,5, 6]
needs to be refined. We have that:

B™! = [3], B = [6], B" =[4,5].

Here, 5 is a dead-irrelevant state because preﬂ([S, 6]) ={[1],[2]} = preaa([6]) and postaa([S, 6)) =
{[8]} = post33([6]); also, 5 is not bad-irrelevant because preaa([3, 5]) # preaa([S]). Moreover,
4 is both dead- and bad-irrelevant and therefore it is fully-irrelevant. Hence, according to the
EGAS refinement strategy, the block [3,4, 5, 6] is split into [3, 4] and [5, 6], so that EGAS gives
rise to the abstract system A, that does not need further refinements.

6. Correctness Kernels in Predicate Abstraction

Let us discuss how correctness kernels can be also used in the context of predicate abstraction-
based model checking [[12, 20]. Following Ball et al.’s approach [2f], predicate abstraction can
be formalized by abstract interpretation as follows. Let us consider a program P with k in-
teger variables xi,...,x;. The concrete domain of computation of P is (p(States), C) where
States £ {xi, ..., x;} — Z. Values in States are denoted by tuples {zy,...,zx) € Zk. The program
P generates a transition system (States, —) so that the concrete semantics of P is defined by the
corresponding successor function post : p(States) — g(States).

A finite set P = {py, ..., p,,} of state predicates is considered, where each predicate p; denotes
the subset of states that satisfy p;, i.e. {s € States | s = p;}. These predicates give rise to
the so-called Boolean abstraction B = (p({0, 1}"), C) which is related to p(States) through the
following abstraction and concretization maps (here, s = p; is understood to assume values in
{0, 1}):

ap(S) £ (S E P SE pa) €{0,1}" | s € S},
ve(V) £ {s € States | (s = p1,....5 E p.) € V).

These functions give rise to a disjunctive (i.e., yp preserves arbitrary lub’s in (p({0, 1}"),C))
Galois connection (ag, p(States)c, ({0, 1}")c, va).



Verification of reachability properties based on predicate abstraction consists in computing
the least fixpoint of the best correct approximation of post on the Boolean abstraction B, i.e.,
post? £ ap o postoys. As argued in [2]], the Boolean abstraction B may be too costly for
the purpose of reachability verification, so that one usually abstracts B through the so-called
Cartesian abstraction. The Cartesian abstraction is defined as

C = {0,1,%)" U{Lc}), <)

where < is the component-wise ordering between tuples of values in {0, 1, *} ordered by 0 < * and
1 < *, while L¢ is a bottom element that represents the empty set of states. The concretization
function y¢ : C — @(States) is as follows:

Ye((Vi, s va)) = {5 € States | (s E pP1yos S E Pu) < (V1y ooy Vi)

This latter abstraction formalizes precisely the abstract post operator computed by the verification
algorithm of the c2bp tool in SLAM [3]]. However, the Cartesian abstraction of B may cause a loss
of precision, so that this abstraction is successively refined by reduced disjunctive completion and
the so-called focus operation, and this formalizes the bebop tool in SLAM [2].

Let us consider the following example program P, taken from [2], where the goal is that of
verifying that the assert(0) statement at line (x) is never reached, regardless of the context in
which the function foo() is called.

int x, y, z, w;

void foo() {
do {
7:=0; x:=y;
if (W) {x++;z:=1;}
} while (!(x = y))
if (z)
assert(0); // (%)
}

Ball et al. [2] consider the following set of predicates P £ p1=@=0),p=(x=y)}so
that the Boolean abstraction is B = ¢({(0, 0), (0, 1), (1,0),(1, 1)})c. Clearly, the analysis based
on B allows us to conclude that line (x) is not reachable. This comes as a consequence of the fact
that the least fixpoint computation of the best correct approximation post? for the do-while loop
provides as result {{0, 0), (1, 1)} € B because:

7:=0; x:=y if(w){x++; z2=1;}

& — (1, )} ————— = KL, H} U {(0,0)}

where, according to a standard approach, the Boolean guard b of an if statement if(b) S is ignored
so that the corresponding successor function is defined as posty,, ¢ (X) = X U postg (X). Hence,
at the exit of the do-while loop, where p; holds, one can conclude that

{(1,1),€0,0)} N p2 = {(1, 1),€0, 00} N {0, 1), <1, 1)} = {1, 1)}

holds, hence p; is satisfied, so that z = 0 and therefore line (*) can never be reached.



Let us characterize the correctness kernel of the Boolean abstraction B in this example. Let

us define S| £ {z:= 0; x := y}and S» £ {x++; z := 1}. The best correct approximations of

postg, and postg, on the abstract domain B turn out to be as follows:

ap o postg, oyp = {{<0, 0)} = {1, D}, {0, )} &= (1, 1)},
1,00} = (K1, D}, (<1, D} - (€1, 1>}}
ap o postg, oyp = {{<0, 0)} = {(0,0),¢0, 1)}, {0, 1)} = {£0,0),(0, 1)},
(1,03} = {€0,0),40, 1), <1, 03}, {<1, 1)} = {0, 0),(1, 1>}}
where we define these functions only for singletons values in B, since their image on a (possibly

empty) set S of values can be retrieved by additivity, i.e. by joining their images on the singleton
values that are in S. Thus, it turns out that

img(a o postg, oyp) = {2, {(1, D}},
img(ap o posts, oys) = {2, {(0,0), €0, 1)}, {€0,0),(1, 1)}, {0, 0), €0, 1), (1, 0)},
{(0,0),40, 1), <1, 1)}, {0, 0),€0, 1), 1, 0), (1, 1)}}.

‘We thus have that:

max ({V € B | ap(posts, (yp(V))) = @}) = &
max ({V € B | ap(postg, (yp(V))) = {1, D}}) = {{(0,0),40, 1), (1,0, (1, H}}

max ({V € B | ap(posts, (ys(V))) = @}) = &
max ({V € B| ag(posts, (ys(V))) = {0,0),(0, H}}) = {0,0),¢0, 1)}
max ({V € B | ap(posts, (y(V))) = {(0,0), (1, H}}) = {1, 1)}
max ({V € B | ap(posts, (y(V))) = {0, 0,0, 1), <1, 0)}}) = {0, 0,0, 1), {1, 0)}
max ({V € B ag(posts,(yp(V))) = {(0,0),(0, 1), (1, )}}) = {(0,0),40, 1),{1, 1)}
max ({V € B | ap(posts, (ys(V))) = {0,0),¢0, 1), <1, 0), (1, )}}) = {{0,0),€0, 1),{1,0),<1, 1)}

Hence, by Theorem the kernel K (B) of B for F £ {posty,, postg, } is:

Cln ({2, (1, D}, {0, 0), €0, 1)}, {€0, 0,1, 1)}, {0, 0), €0, 1), <1, 0)},
{(0,0),€0, 1), <1, 1)}, {0, 0), €0, 1),<1,0), <1, DH}}) =
=1{2,{(0,0)}, ({1, 1)}, {0, 0), €0, 1)}, {0, 0), (1, 1)}, {0, 0), €0, 1), (1, 0)},
{(0,0),40, 1), <1, 1)}, {0, 0),€0, 1), (1, 0), (1, 1)}}.

Let us point out that {(0, 0)} has been obtained as the intersection {0, 0), (0, 1)} N {0, 0), (1, 1)}.



Let us also observe that K (B) can be logically represented as follows:

o = false
{(0,0)} = =p1 A —p2
(LD} =piAp:
{0,0),€0, 1)} = =py
{(0,0),<1, 1)} = p1 © pa
{(0,0),€0,1),{1,0)} = p1 = =p2
{(0,0),€0, 1), {1, 1)} = p1 = p2
{€0,0),¢0, 1),(1,0),(1, 1)} = true

Thus, K r(B) is a proper abstraction of the Boolean abstraction B that, for example, is not able to
express precisely the property p; A —p;.

It is interesting to compare this correctness kernel Ky(B) with Ball et al.’s [2] Cartesian
abstraction C whose definition has been recalled above. It turns out that these two abstractions
are not comparable. For instance, (1,0) € C represents p; A =p, which is not represented in
Xr(B), while p; & p, € Kp(B) cannot be represented in C. However, while the correctness
kernel K p(B) guarantees no loss of information in analyzing the program P — therefore the
analysis with ICg(B) is able to conclude that (x) cannot be reached — the analysis of P with the
Cartesian abstraction C is inconclusive because:

2:=0; x:=y if(w){x++; z=1;}

lc (1,1) 0,0y Ve (1, 1) = (x, %)

where yc((*,*)) = States, so that with the abstraction C at the exit of the do-while loop one
cannot infer that line (x) is unreachable.

7. Related and Future Work

Few examples of abstraction simplifications are known. A general notion of domain simplifi-
cation and compression in abstract interpretation has been introduced in [13}16] as a formal dual
of abstraction refinement. This duality has been further investigated in [[14] to include semantic
transforms in a general theory for transforming abstractions based on abstract interpretation. Our
domain transformation does not fit directly in this framework. Following [16], given a property
P of abstract domains, the so-called core of an abstract domain A, when it exists, provides the
most concrete simplification of A that satisfies the property P, while the so-called compressor
of A, when it exists, provides the most abstract simplification of A that induces the same refined
abstraction in P as A does. Examples of compressors include the least disjunctive basis [17],
where P is the abstract domain property of being disjunctive, and examples of cores include the
completeness core [[19], where P is the domain property of being complete for some semantic
function. The correctness kernel defined in this paper is neither an instance of a domain core nor
an instance of a domain compression. The first because, given an abstraction A, the correctness
kernel of A characterizes the most abstract domain that induces the same best correct approxi-
mation of a function f on A, whilst the notion of domain core for the domain property ﬂ’f\ of
inducing the same b.c.a. of f as A would not be meaningful, as this would trivially yield A it-
self. The second because there is no (unique) maximal domain refinement of an abstract domain
which induces the same property fPﬁ, as shown by Example



The EGAS methodology opens some directions for future work, such as (1) the formalization
of a precise relationship between EGAS and CEGAR and (2) an experimental evaluation of the
integration in the CEGAR loop of the EGAS-based refinement strategy of Section[3] It is here
useful to recall that some work formalizing CEGAR in abstract interpretation has already been
done [[1L1} 15} 21]. On the one hand, [15] shows that CEGAR corresponds to iteratively compute
a so-called complete shell [19] of the underlying abstract model A with respect to the concrete
successor transformer, while [11} 21] formally compare CEGAR with an abstraction refinement
strategy based on the computations of abstract fixpoints in an abstract domain. These works can
therefore provide a starting point for studying the relationship between EGAS and CEGAR in a
common abstract interpretation setting.
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