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Basic concepts

e I'— bonds as main actors : a contract guaranteeing a
unit amount at a given maturity T' > 0

o p(t,T) : price, at t < T, of a T—bond
Assumptions :
i) 3 T— bonds for every T' > 0;

i) p(t,t) =p(T,T) =1,

iii) V¢, p(t,T) is differentiable in T



To introduce interest rates starting from I'—bonds
consider the scheme :

sell a T'—bond
————— == —=|-= ——|—
t T S
p(t,T)
collect p(t,T") and pay 1 collect p(t.9)

- p(t,T)
buy S-bonds in no. of (.5

The scheme concerns a contract, in t, that refers to a
unitary investment in T' for the period [T, S].



o L(t;T,5) : simple forward rate for [T, S| contracted at
t (LIBOR rate)

— 14+(S—-T)L(;T,5) = p(t’g)

p(t,S)

: _ pt,T)—p(t,S) _ 1 (¢,T)
= L(t7T7 S) _ ]?S—T);;(t,S) — S-T {2@,5) - 1}



o f(t,T) : instantaneous forward rate with maturity T
contracted att (rate, contracted in t for an instantaneous
investment at 7T)

- ST =ImLET,T+A)

C1ptT)—p(t.T+A) 0
- — 9 T
A (LT + A o e Pt T)

o _
Pt T) =exp |- / F(t, w)du

o 1; := f(t,t) : instantaneous short (spot) rate at t



e Money market account
(An investment that continuously matures and is
reinvested at the current short rate r;).

Bt—|—A — Bt(l —|—A7°t)
l alo
dBt — Bt’rtdt
l
Br = Biexp [ftT rsds}



o Absence of arbitrage implies that

B, =K BT’]:t

— p(t,T) = E@ {e— ftTTst‘ ]_-t}

— If r; is deterministic, then

T B
t T — _ft rsds — —t
p( Y ) € BT



— Notice that

T
D(t,T) := exp —/ rsds
t

is the value in t of a unit amount in T' (from an amount
D(t,T) in t one arrives at 1 inT" with a continuously
compounded investment at the current short rate r;)
and can thus be interpreted as (stochastic) ‘“discount

factor”

— On the other hand, p(t,T) is the value in t of a
contract that concerns a unitary amount in T'.

— From the above one has that, if r; is deterministic,
then D(t,T) = p(t,T).



e One now has the following scheme

p(t,T) — f(t,T)

4

dynamics forp «—  dynamics for f
dp df



Exemplifying the implication df — dp let

df (t,T) = a(t,T) + o(t,T)dw;

Putting
T
Y(t,T):= —/ f(t,s)ds
t
one has
p(t,T) = exp{Y(t,T)}
with

dY (¢, T) = f(t,t)dt — / ) df (t, s)ds



Now we have

T T T
—/ df (t, S)ds:—/ a(t, s)dtds—/ o(t, s)dwds

_ (/tToz(t,s)ds> dt — (/tTa(t, s)d5> dw,

= A(t,T)dt + S(t,T)dw,



—  dY (t,T) = rdt + A(t, T)dt + S(t, T)dwy
and, finally,

dp(t,T) =

=pt,T) [re + A(t,T) 4+ 252, T)| dt + S(¢, T)dw;



Short rate models

r. = f(t,1) a scalar process modeled as a Markov diffusion

dry = pu(t,re)dt + o(t, ry)dw,

? p(t,T)
a — { f(t,T)
T T

finite dim. “factor” oo — dim.



e Postulate
p(t, T) = FT(t, Tt)

I.e. the bond is seen as a ‘derivative” with underlying
T¢.

e How to determine F'1(t,r;) ?
— Use Principle of absence of arbitrage (AOA)

— Since the “underlying” r; has no market, pricing is
not relative to r; but relative to other bonds.



Idea : Take two bonds
p(t,T) =FT(t,ry) ; p(t,S)=F>(t,r)

and with them form a self financing portfolio that is
locally riskless, i.e. such that

dVy = Vikdt
— Since we have already the locally riskless asset
dBt — Bt’f'tdt

absence of arbitrage implies k; = 4.



e How to implement this idea 7

e By Ito's formula

dF " (t,ry) = FU(t,me) [ (¢, me)dt 4+ o (L, r4)dwy]

with
( FL O 4+u(OEF(O)+ia2(OEL(
oI = i () M()FCS”().)Q () Fr ()
\
Ty — oOF()
\ g () o FT()




e Doing the same for p(t,S) = F°(t,r,) it is possible to
form a self financing portfolio for which

4 [250070) — a7 (%)
dVy = V4 oT(-) — o5() it
— O‘S( )JT( ) B aT( )OS( ) =r
ol'(-) —o°(") t
- ad(t,re) —re oL (tre) — 1 — At )

O-S(tart) B O-T(ta /rt)



e For any T we thus obtain for the corresponding F'* (¢, r)
the following Term structure equation

FT() 4 () = A()o () FT() + 2o2(VFL() — rFT() = 0
FI(T,r)=1
e \(t,r) : market price of (interest rate) risk : not

determined endogenously by the model, but by the
market.



e One thus has

At,r) —  FI(t,r )

o Let p(t,T;), 1 =1,--- K be prices observed on the
market.

— Calibration : choose \* s.t., possibly

Flit,r; X)) ~pt,T3) ,i=1,--- , K



e By Feynman-Kac

] - _
FL(t,r;\) = E® {exp —/ rsds| | Ty = r}
¢

(Q) dry = (u(t,re) = A&, re)o(t, re))dt+o(t, 7“15)4/“}7?2
—  What matters is

a(t,r) := p(t,r) — A(t,r)o(t,r)



Martingale models for the short rate

(Dynamics of r directly under the martingale measure)

dry = a(t,r; 0)dt + o(t, re; 0) dw?

¢ : an (infinite-dimensional) parameter to be calibrated to
the market.



o Calibration (with respect to the “derivative” prices) then

becomes
o6 — Fl(t,r 0

— Choose 0* s.t., possibly,

Fli(t,ri0" =~ pt,T;), i=1,--- K

— Interest in having models for which F*(t,r;0) can be
more easily determined.



(Exponentially) affine term structure models

These are models for which
p(t,T) = explA(t, T) — B(t, T)r]
One has that, if
dry = a(t,ry; 0)dt + o (¢, ry; 0)dw?
a(t,r;0) = our + S
with
o2t ri0) = e+ 6

then the term structure (TS) is affine and

0 = [ata ﬁtv Yt 575]



e If the term structure is affine, then the solution of the
term structure equation reduces to :

i) the solution of a Riccati-type equation to obtain B(t,T),
l.e.

B(t,T) + auB(t,T) — 374+ B(t,T) = —1
B(T,T) =0
ii) an integration to obtain A(t,T), i.e.
At(t, T) — ﬂtB(t, T) — %5tBQ(t, T)

A(T,T) =0



Example : Ho-Lee model

dry = ®,dt + odw® (o supposed known)

( B(t,T) = -1
! = BtT)=T—t

| B(T\T) = 0

[ At,T) = ®B(t,T)— Lo?B(t,T)

\
AT, T) = 0
T 2 _1\3
= A(t,T):/ o (S—T)ds+"2(T3t)
t



Since

F(1,T) = =108 p(t, T) = ~Ar(t,T) + Br(t, T)r

02T

T
= f*(O,T)=/ b.ds — + 7o
0

and so
B 0f*(0,1)

2
t
5T + 0

o




Calibration (Issues)

Purpose : Obtaining a possibly good fit
Flit,ri0 ~pt,T;), i=1,--- ,K

— for finite-dimensional 6 procedure simpler, but fit
poorer;

— for oco—dimensional 6 procedure more complicated, but
fit better.



Alternative possibilities

i) Instead of a scalar “factor” r;, a multivariate “factor”
x:. Furthermore, instead of an exponentially affine, an
exponentially quadratic term structure.

ii) Take the entire forward curve as an oco—dimensional
“factor” .



Heath-Jarrow-Morton (HJM) framework
e Take as “factor” the entire forward rate curve
df (t,T) = a(t,T)dt + o(t, T)dw;
— The initially observed forward-rate curve enters

directly into the model as initial condition (thus
reducing the burden of model calibration), i.e.

f(t,T):f(O,T)+/O oz(s,T)der/O o(s,T)dws

e One (vector) Wiener and many (infinite) assets, namely
I'—bonds for various 1" = possibility of arbitrage



Absence of arbitrage for HIM
e Impose conditions so that d at least one martingale

measure (under which the discounted prices of all
T'—bonds are martingales).

e Define the model directly under a martingale measure.

— The condition becomes the HJM “drift condition”

a(t,T) = a(t,T)/t o(t,u)du



e Recall in fact that from
df (t,T) = a(t,T) + o(t,T)dw,
we obtained
dp(t,T) =
=pt,T) |re + A, T) 4+ 252, T)| dt + S(¢, T)dw;

with
)

A(t,T) = — /Ta(t, s)ds

S(t,T) = —/Ta(t, s)ds

\



e In order that the discounted value of p(¢,T), i.e.
B; 'p(t,T) is a martingale, one needs that

dp(t, T) = p(t,T) [ridt + S(t,T)] dw,
l.e. that, for all T,
L o
A(t,T) +§S (¢, T)=0

Differentiating with respect to 1T’ leads to the required
condition (HJM drift condition).



Inputs to the HJM model

i) volatility structure o(t,T);
ii) initially observed forward rate.
— Calibration reduces to determining possible parameters

in o(t,T) (which is a priori simpler than in the finite
dimensional factor models).



Procedure
1. Choose o(t,T);
T
2. put a(t, T) = o(t,T) / o (£ ) dus
t

3. from the market obtain {f*(0,7T); VI > 0}
(reconstruction and interpolation);

4. f(t,T)=f*(O,T)—|—/O a(s,T)ds+/O o(s,T)dws;

- ]
5. p(t,T) = exp —/t f(t,u)du|.




Example (leading to Ho-Lee)

Choose o(t,T) =0

T
= oz(t,T)za/ ods = o*(T — )
t

It follows
t t
ft, T) = f*(O,T)+/ JQ(T—s)ds+/ odwg
0 0
= f0,7) + ot (T — %) + ow
and

2

t
ry = f*(0,t) + 025 + owy



From the last relation one obtains
dry = [f7(0,t) + 0°t] dt + odw; = Oydt + odwy

with
®, = f5(0,t) + o°t

— One reobtains thus the Ho-Lee model. Notice the
perfect “fitting” without the need of “inverting the yield
curve’ as in the classical model.



Change of numeraire
(forward measures)

o By default one takes B; as numeraire, i.e. for () a
martingale measure one has that

S, S -
E — E9 {Ei | ]—“S} , Vs <t and all asset prices S;

e In particular, for the price II; of a derivative asset with
claim Hy one has (recall B; = Byexp Uo rsds}

( H
I H II, = B,E¥ {—T | ft}
t—EQ{ T|ft}:>< B?
B M, = B9 {e= i rdop | 7,

\



— A change of numeraire induces a change in the MM,
which may result in certain cases convenient for the
calculation of derivative prices.

e Since for a generic numeraire S with associated MM
Q" one has

11 H H
S DR S Al S | A DA
St St

the following two examples illustrate possible advantages
resulting from a change of numeraire.



1. Assume a claim can be factored as Hy = S%FIT.

o With B; as numeraire one would have to calculate

SO H
Ht:BtEQ{ T T]ft}

e with S? as numeraire, and Q° the corresponding MM,
the same 11; can be obtained as

I, = S°EQ {Hy | )



2. Let the short rate be stochastic.

e With B; as numeraire one would have to calculate
Q — fTr ds
I, = E {e ;s HTyft}

l.e. the conditional expectation of the product of
the (correlated) random variables exp {— | tT rsds} and
Hr.

o With p(t,T) as numeraire, and denoting by Q! the
corresponding MM (forward measure)

Hr
(T, T

0, = p(t, T)E?" {p 1 ft} — p(t, T)E" {Hy | )



Theorem

o Let ) be a MM for the filtered probability space
(QF, F,Q) (t<T and Fpr = F).

e Let S; be the price process, under AOA, of any given

asset on the market, 1.e. %’i is a (Q, Fy)—martingale.

e For any fixed price process SP > 0 there exists then

a probability measure QY ~ @ such that g@ is a

(QY, Fi)—martingale. The R.-N. derivative is

dQ° _ Sy

[ =2 —
dQ ~ BrSY

(assuming By = 1)

from which one obtains the mean-1 (@, F;)—martingale

SO
BSY)

L, = E9{L | F} =



Proof :

E@{Li\fs}
0 S o SO
S {ﬁwji}“.ﬂ%ng

EQ{%EQ{LIE}IFS} EQ{%LAFS}

— t —
T LS LS

0
_ SoBsQ [ 51 S} }_SOBS Ss _ Ss
- S0 b SY BiS§ ’ Fsp = Sy BsSy)  SY



Caps, Floors, Swaptions

o :=T;,—T; 1, 1=1,---,N ("tenors")

T; . ‘“resettlement dates”

pi(t) == p(t,T;)

Lz(t) = L(t, Ti—la Tz)

a; p;(t) a; \ pi(t)

Li(t) = L pi—1(t)—pi(t) _ 1 (p¢—1(t) _ 1)



Caps

e Assume one has to make a series of interest rate
payments on a (unitary) notional/principal at the current
spot LIBOR rate. The rate is set at T;_1, payment is
made at T;; i =1, --- , N (“settlement in arrears”)

e Cap=)>_ C(aplets : a contract, established at ¢ < Ty,
that puts a “cap’ on the interest rate; denote it by R.

o 1—th Caplet : an option with expiration 7; and claim
Xz' — Oy maX[LZ-(Tq;_l) — R, O] — (Lz(Tz—l) — R)+

— One always has to pay at the rate L;(T;_1), the
exceeding part (L;(T;_1)—R)™ is however reimbursed.
— The rate at which one actually pays is therefore

Li(Ti—l) — (Lz(Tz—l) — R)+ == min{Li(Ti_l), R}



LIBOR market model

e Since a Caplet is of the form of an European call option,
it would be convenient to price it with the Black and
Scholes formula, which requires the underlying - here
L;(t) - to be lognormal.

— Despite of the fact that the B.&S. formula considers
a deterministic r, while here L;(t) and thus also r; are
stochastic, this is in fact market practice and to justify
it one introduces a model guaranteeing lognormality
—  “market model”.

— Market models also turn out to be convenient for
calibration.



e The i—th Caplet can be evaluated as follows (E* denotes
expectation w.r. to QQ%, i.e. the MM corresponding to

p(t,T;) as numeraire)

OKZ'EQ {6_ ftTi rsds (Lz(Tz—l) — R)+ ‘ ft}
Capl;(t) =
() B (LT, 1) = R)* | i}

Lemma : L;(t) is, on [0,T;_1], a martingale w.r. to Q".

Proof : Since «;L;(t) = p;f(lt()t) — 1, it suffices to show

that p;f(lt()t) is a martingale, which follows from the fact
that the price p;_1(%) is here expressed in units of p;(t).




e For the "“LIBOR market model” one would now like

to define the LIBOR dynamics such that, for each ¢ =
1,---, N, L;(t) is a lognormal martingale in the measure

Q"
— This reduces to putting
dLi(t) = Li(t)oi(t)dw;, i=1,--- N

with o;(t) deterministic and w! Wiener in the measure

Q"

— Existence of the Wiener processes w; can be shown.



Under Q! one then has

log Li(t) ~ N (—% /Ot o7 (s)ds, /Ot af(s)ds>

and so the price of the :—th Caplet can be computed by
the following Black& Scholes formula (setting r = 0)

Capl;(t) = a;p;(t) [Li(t)N (d1) — RN (da)]

L; T
dl — Zz‘(tasz’—l) {lOg ( }%t)) | %E$(t7 i—l)
with

do =dy — 3;(t,T;—1)

where $2(¢, T;_1) = [ 02(s)ds

' 7

— Need to determine o;(t) (implied volatility)



Pricing of Caps via the standard MM ()

Capli(t) = o B9 {6_ Jitrsds (Ly(T,_y) — R)T | ft}

— azEQ {EQ {6_ ftTi rsds (Lz(Tz—l) — R)+ | ‘FTz‘—l} ’ ft}
T; _

— OJZ'EQ {6_ ft ! TSdSp(Ti_]_, TZ) (Lz(Tz—l) — R)+ ’ ft}

.
T; 1

_|_
_ EQ le— ft ’I"stp(TZ-_1’ T’L) (p(Ti—llaTi) —1— RCM) ‘ Ft}
’

i1

= FEQ{e Lo A1 — (14 Ray)p(Ty_1, T3)] " | ft}

\ T f
— (1 —l— RO(Z)EQ {6 ft 17“3d8 (ﬁm _p(Tz—laTZ)) ‘ ft}

which can be computed as a European-type put option
with maturity 7;_1, exercise price K; = 1+1Ra- and having
as underlying the bond with maturity T; (r; may be

stochastic).




Floors

Floor=>_ Floorlets : a contract that puts a “floor” on
the interest rate; denote it by R.

1—th Floorlet : an option with expiration 1; and claim
Xz' — Oy maX[R — Li(Ti—l)y O] — (R — L,L'(Ti_l))—i_

—  One always receives at the rate L;(T;_1), the missing
part (R — L;(T;_1))" is however reimbursed.

— The rate at which one actually receives payments is
therefore

Lz’(Tz’—l) -+ (R — Li(Ti_l))—i_ — max{Li(Ti_l), R}



—  While a Cap protects those who have to make payments
against rising rates, Floors protect those who receive
payments against falling rates.

— Floors can be priced in perfect duality with Caps.
Since the former correspond to a put option and the
latter to a call option, a put-call-parity-type relation can
be exploited here as well.



Interest Rate Swaps (IRS)
(forward swaps settled in arrears)

e Exchanging a sequence of payments at a “floating rate”
( “floating leg”) against a sequence of payments at a
fixed rate “fixed leg” (the sequence concerns the same
resettlement dates Ty, - -- , T, as before).

e Referring always to the fixed leg, one distinguishes :

i) receiver swap : one receives at the dates 71, --- ,Tn
the fixed leg and pays the floating leg.

ii) payer swap : one receives the floating and pays the
fixed leg.



More precisely : Payer IRS

e Payments occur at dates 17, -- ,1T;

e for each period |T;, T;11];1=0,--- ,N — 1 the LIBOR
rate L;.1(T;) is set at time T; and the payment of
a;11L;11(T;) (for unitary nominal/principal) is received
at time 15 1;

e the fixed amount ;.1 K is paid at T}, .



— Notice that, due to the equality
(L-R)*"—-(R-L)*"=L-R

the difference between a Cap and a Floor is equivalent
to a forward payer IRS. (For IRS we use K for the fixed
rate, the symbol R will be reserved for the Swap rate to
be introduced below).



Arbitrage free value of a payer IRS

1. Value int < Iy of the floating leg ?

e Recalling that L;,41(¢t) is, on [0,T;] a
Q™! —martingale, the value in t of the floating
payment made in 151 is

T (t) = pia () B {1 Ly (Th) | Fi}

= pir1(t)air1Liy1(t) = pi+1(t)pi(2;f@)l(t) = pi(t) — pir1(?)

o The total value int < Iy of the floating leg is then

N—-1

— pi+1(t)] = po(t) — pn(1)



2. Value int < T} of the fixed leg ?

The total value is just the sum of the discounted
individual amounts, 1.e.

N—1 N
> piri(t) i K =K aipi(t)
i=0 i=1

3. Total value PSY (t; K) int < Ty of the payer IRS

It is given by the difference of the values of the two legs,
l.e.

PSy (t; K) = po(t) — pn(t) — Kzaipi(t)



Forward swap rate (payer IRS)

e The swap rate for a forward payer IRS is that value of
the fixed amount K for which PSY (t; K) =0, i.e. it is

the value R (t) given by

Rév(t) — po(t) — pn(t)

N
27:1 a;p;(t)



— For N = 1 the swap rate coincides with the LIBOR
rate.

— The denominator S{Y (t) := fo\;1 a;p;(t) (also referred
to as accrual factor) can be interpreted as the value of a
traded asset, namely a buy-and-hold portfolio consisting,
for each 7, of «; units of the T;—bond.

. RY (1) 1= it

is, on [0, 7], a martingale in the measure corresponding
to S{Y(t) as numeraire.



Swaption (Payer IRS)

o It is a contract, established at t < T{, that gives the
holder the right but not the obligation to enter, at
t =Ty, a payer IRS with given fixed rate K.

— A Swaption (swap-option) for a payer IRS and a
fixed rate K is thus an option with maturity Ty and

claim

Xy = (PSYJJV(T();K))+



— Noticing that in terms of R (t) (swap rate) and S} (¢)
(accrual factor) one may rewrite

PSy (t; K) = (Rg (t) — K) Sp' (1)
the Swaption claim also takes the form
Xo' = (PSy (1K) = (R (Ty) — K)* S (Th)

which reminds one of a call option with underlying the
swap rate RY and strike K.



Arbitrage-free value in t < Iy of a Swaption

e Given the factor S{¥(Tp) in the claim, one may choose
as numeraire S{'(t) so that for the value PSW () in
t < 1p of a payer IRS swaption one has

PSW (t) = S () EON {(RY (Ty) — K)T | i)

with E%" denoting the expectation in the martingale
measure Q¥ that corresponds to S{¥ (t) as numeraire.

— Convenient to have lognormality of RY (t) in the
measure QVV.



Swap market model

e Analogously to the LIBOR market model one would now
like to define the swap rate dynamics such that R ()
is a lognormal martingale in the measure Q.

— This reduces to putting

dRY (t) = RY (t) o dwy™

) 0.N .. 0.N ; .
with o, deterministic and w,”” a Wiener in the

measure QY.



— One can then use the B.& S. formula obtaining

PSW (1) = SN () [RY ()N (d1) — KN (ds)]

y

Ry ()
| h =51 [mg( ) + %Eg,N(t)}
with <

do = di — Yo n(t)

\

where g (1) = ftTO o Nds

— a? N has to be calibrated to the Swaption market

analogously to what happens for the LIBOR market
models.



o Remark 1 : The Swap market model is incompatible with
the LIBOR market model in the sense that lognormality
in one model does not imply lognormality in the other
(this incompatibility is however more theoretical than
practical).

e Remark 2 : The preceding development concerned payer
IRS and corresponding swaptions. For a receiver IRS
and corresponding swaption the development can be
obtained analogously by inverting the floating and fixed
legs (like passing from a call to a put option). Notice
furthermore that, always due to the equality

(R-K)Y"—-(K-R"=R-K

one has that the difference between a payer swaption
and the corresponding receiver swaption is equivalent to
a forward payer IRS.



Al. Option pricing when interest rate is stochastic
(an application of the change of numeraire technique)

e Consider an European call option on an underlying with
price S;. The claim is

Hr = (St — K)" = (St — K)1l{5,> K}

o Considering besides B; also S; and p(t,T") as numeraires,
one obtains the following expressions for the same
arbitrage free price Il at time t=0, namely (put By = 1)

HO_EQ{HT} { So B { &1

Br p(0,T) E* {Hr}

with E€, E° ET denoting expectation w.r. to the
martingale measures corresponding to the above three
numeraires respectively.



e From the foregoing it follows that one can write

My = E9{B:'Srlis,>xy} — KE? {Br'1(s, 5k}

= SoQ°{Sr > K} — Kp(0,T)QT {Sr > K}

l.e. Iy can be computed by computing the probability
of the event St > K under the two measures Q° and

Q.



For actual computation assume that S; is such that

S e . .
2t = 5T satisfies (for any measure under which w; is

a Wiener process)

dZt = Zt [mtdt -+ O'tZdwt]

with o7 a deterministic time function.

s 7= p(ffT) is a Q1 —martingale so that, under Q7

dZy = Zyof dw!

with w! a Q1T —Wiener and, consequently, under Q7

S, 1 (T T
Zr = exp —5/ (o7)?dt + / of dw!
0 0




e Putting Y2 := fOT(UtZ)Zdt one then has

QT {Sr > K} = QT {3y > K } = Q" {Zr > K}

P{log 200, T) —|—N( %Z%,E%) > logK}

where




e Next, putting
1 t. T
)/;5 = p— p( ’ )
Ly Sy

which is a QS—martingaIe, under QS one obtains

dY; = —Yiof dw?

with w? a Q°—Wiener and, consequently, under QQ°

0,T 1" g
Yr = p(0.7) exp ——/ (of)?dt —/ of dw?
So 2 Jo 0




e It follows that

QS {5 > K} = Q5 {E0 < 1 = Q% {vr < &)

where



St
p(t,T)

e Summarizing, one has that, if Z; := satisfies

dZt — Zt [mtdt -+ atZdwt]

with o; a deterministic time function, then the price Il
at time ¢ = 0 of the claim Hy = (St — K)™ is given by

[Ip = SoN (d1) — Kp(0, T)N (do)

where A/ (-) denotes the cumulative Gaussian distribution
function and

S0 12
log Zry 2T

ds di — X

with 2. := [V (a7)2dL.



Application
(Pricing a call option on a bond)

o Consider the Hull-White model for the spot rate, i.e.

dry = [®; — ary|dt + o dw®

e [his leads to an affine term structure, I.e.
p(t, T) = explA(t,T) — B(t,T)r]

with
B(t,T) =

SHN-

|:1 o e—a(T—t)



e Putting 17 = 1" with T' the maturity of the option, take
Sy = p(t, TQ) with T5 > T7.

e For this case one has
p(taTQ)

p(t,T1)
exp [(A(t,T2) — A(t,T1)) — (B(t, 1) — B(t,T1))r]

2

and therefore (one has to verify only the volatility)
dZt = Zt[ """ ]dt -+ ZtO'tZd’U}t

with of = —o[B(t,To)—B(t,T1)] = Z e |e 11 — ¢7012]
which is indeed deterministic.



o Summarizing, for Hy, = (p(T1,T2) — K)™T one then has

Iy = p(0, T5)N (d1) — Kp(0,T1)N (d2)

p(0,7%) 52

. log 772 +55
with d; = Kp(%?) 2 ; do = di — X7, and where
1
2 21 _aT —aT T
ZTl — %[6 aly _ o—a 2} f 1 2atdt

_ o (€207t — 1) [e=aT1 — 6—aT2}2

0_2 (1 . 6_2G’T1) 62aT1 [e—aTl —QT2]2

— €

_ ;_23 (1—e~2eT1) (1 — e—a(TQ—Tl))Z

— (Can be used to calibrate the parameter a.



A2. Solved problems/additional topics

Problem 1.

The problem : Consider the following dynamics, under a
martingale measure (), of the spot rate 7y,

dr; = aridt + odw;

and assume that the term structure has the form

p(th) — FT(taTt)

— exp [A(t, T)+ B(t,T)r; + C(t, T)r? + D(t, T)r;?]



a) Imposing on F!(t,r) to satisfy the term structure
equation, show that this implies D(t,T) = 0.
What is the resulting system of equations for
A(t,T),B(t,T),C(t,T) 7

b) What changes if r; satisfies lognormal dynamics, i.e.
dr; = r¢ladt + odw;| 7

Knowing that for a deterministic spot rate r; one has

p(t,T) = exp {— | tT rsds}, verify the correctness of the
result in the case of o = 0.



Solution :

a) The term structure equation is

1
F,+arF, + 5021% —rF =0
Since
Ft = F[At —|— Btr —|— Ctr2 —|- Dtr3]
F. = F[B+2Cr+3Dr?

F.. = F{[B+2Cr+3Dr??*+[2C + 6Dr]}

and since the term structure equation has to hold for
any value of r, the coefficients of the various powers of
r have to vanish and this implies the following :



Ai+10%[B*+2C] =0 . AT, T)=0

B;+aB+2BCo?+3Dc*-1=0 , B(T,T)=0
{ Ci+2Ca+2C%0?+3BDo? =0 ., C(T,T)=0

D+ 3Da + 3CDo? =0 . D(T,T)=0
| 5D%0? =0

As a consequence D(t,T) = 0 and one has the remaining
system
Ar+ 202[B?4+2C) =0
B;+aB +2BCo?—-1=0
Ci+2Ca+2C?%c* =0

from which it follows that also C(¢,T") = 0.



b) In this case the system becomes (with the terminal
conditions always equal to zero)

(A, =0
Bi+aB+20%B*+2C]-1=0
C; 4+ 2Ca + 202BC + 302D = 0
D; +3Da + 20°C? 4+ 30°BD = 0
3C Do =0

%U2D2 =0




The system thus reduces to

{ Ay =0

Bi+aB+30°B*-1=0

which implies A(¢,T) = 0 and thus one finds
F(t,r) =exp|B(t,T)r]

with

Bi+aB+ 30*B? =1
B(T,T)=0



e In the case when ¢ = 0 the equation for B becomes
a(l'—
B, +aB = —1 with solution B(¢,T) = ¢ =1

thus .
p(t, T) = exp {—t (e“(T_t> — 1)}

a
On the other hand, for 0 = 0 one has as solution of the

equation for r; the following

and

rs =riexpla(s —t)]

but

T
p(t,T) = exp —/ r.ds| = exp {E (ea’(T_t) — 1)}
t

a

and this coincides in fact with the above expression.



Problem 2.

The problem : Assume that, under a martingale measure
(), the spot rate r; satisfies the following model (CIR)

dry = (a — bry)dt + o+/rs dwy

a) On the basis of the term structure equation show that,
for 3, A > 0, one has

Ey . {eﬁTT exp

T
— / r.ds
¢

} — exp|[A(¢t,T) — B(t,T)r]

where B(t,T) and A(t,T) satisfy

B(t,T) =bB(t,T) + 30°B*(t,T) -1, B(T,T)=0

A, T) = aB(t,T),

A(T,T) =0



b) Taking as known that the solution of previous system is

( _ Blytbe? T (b 27T 1)
B(t7 T) ﬂOQ(efy(T—t)_1)_|_,7_b_|_e’y(T—t) (7—|—b)

, (T—t)Q(W‘H?)
_  2a e
\ A(t7 T) 52 log 502(6’7(T_t)—1)—|—7—b—|—67(T_t)(’Y+b)

with v := v/b? 4 202, obtain an explicit expression for
the price p(t,T) of a T'—bond.



Solution :

a) Putting

- _
F(t,r) = E., {eﬁTT exp —/ rsds }
t

the function F'(t,7) gives the price, at t, of a claim
exp|—0 rp| with maturity T'. It therefore satisfies the
term structure equation

Fi+ (a —br)F,. + %UQTFW —rF =0

F(T,r) =exp|—37]



Since

Fi(t,r) = F(t,r)[A(t,T) — By(t, T)r]
F.(t,r) = —F(t,r)B(t,T)
F..(t,r) = F(t,r)B*(t,T)

one thus obtains
At—BtT—CLB—I—bBT‘—l—%O'ZBQT—T:O

which, having to hold for all values of r, leads to
Ay =aB AT, T)=0

B, =bB +152B%2 -1 B(T\T)=0



b) One hasp(t,T) = F(t,r) where A(t,T), B(t,T) satisfy
the system in point a) of the problem statement for
B = 0. Consequently

p(t,T) =

= exp

% log

2ve

(

(T—=t)(v+b)
2

2ve

(T—t)(y+b)

2

v—b+eV(T=t) (y+b)

B <7b+e’y<Tt>(v+b)

|l\D
|

) oo

)

Q(QW(T—U —1)
T bt T (r4p)

v b+’ TV (4 4b) }
t

2(e¥(T=1) 1)




Problem 3.

The problem : Consider the following multifactor model
for the term structure

p(t,T) = FL(t,z,) = exp [A(t,T) + B(t,T)x]

where z; € RP is a multivariate Gaussian process which,
under a martingale measure (), satisfies

dl’t — GCBtCZt -+ Hdwt

with w; a multivariate Wiener process and G and H are
deterministic matrices (to be calibrated to market data).
Put 2} = r; namely the spot rate and let

a(t, T) — —AT(t, T) , b(t, T) — —BT(t, T)



a) Show that

b) Imposing the HJM drift condition (which justifies the
dynamics of x; under a martingale measure) show that
under absence of arbitrage the following has to hold

( b(t,T) = —b(t, T)G

a;(t,T)

\

T
b(t, T)E H / b (¢, u)dus
!
with terminal conditions
BT, T) = (1,0) (0€RP™); a(T,T) =0

(to show the latter, determine the expression for r; in t = T and

recall that we had put z; = ;).



c) Take as known that F!(t,x) satisfies the following
PDE, a generalization of the term structure equation,

El(t,x) + FI(t,x)Gz + 2r(HH'FL (t,2))
—rFT(t,2) =0
FIT,xz)=1

Show that from this PDE follows the same system
of equations as in the previous point b). To this
effect notice that, since B is a row vector, one has
tr(HH'B'B) = B(HH')B'. After having obtained the
conditions on A(t,T) e B(t,T'), the system of equations
of the previous point b) follows by differentiating with
respect to T and using the definitions of a(¢,7T) and
b(t,T).



Solution :

a) One has
ft,T) = —Flogp(t,T)=—Ar(t,T) — Br(t,T),
= a(t,T)+b(t,T)xy
from which



b) The HJM drift condition is
T
ar(t, T)+(bs(t, T) + b(t, T)G) x; = b(t, T)HH’/ ' (t,u)du
t

and it has to hold for all ;. Therefore

b(t,T) = —b(t,T)G
a(t,T) = b(t,T)HH' ["V(t,u)du

From the first relation in point a) above one obtains
ry = f(t,t) = a(t,t) + b(t,t)xs which, for t = T (one
initial or terminal condition for the above system suffices)
and recalling that z; = r;, gives the desired terminal
conditions.



c) From F1(t,z) = exp[A(t,T) + B(t,T)x] one has

Flt,x) = FT(t,z)(A(t,T) + Bs(t,T)x) ;
FT(t,x) = F7(ta)B(t,T)
Fl.(t,x) = F'(t,2)B'(t,T)B(t,T)

so that the PDE becomes

0 = Au(:)+Bi(-)x+ B()Gz + str(HH'B'(-)B(-)) — r

= A() + Bi()z + B()Gz + 3B'(-)(HH")B(") — a'



Since the equation has to hold for all values of x € RP,
one obtains

)+ (B(t,T)G)! =1 =0
Bf( T)+ (B, T)G)* =0 for k=2,---,p
A, T)+ B, TYHH)B'(t,T) =0

These equations in turn have to hold for all T' > ¢ and so,
being A(-) and B(-) differentiable, one finally obtains

be(t, T) + b(t, T)G = 0
{ ay(t,T) + b(t, T)(HH)B'(t,T) = 0

where (see the definition of b(t T) in the problem
statement) B’ (t,T) —ft b'(t,u)du. The terminal
conditions result from the same considerations as in the
previous point b) using the fact that r; = f(¢,t) =

= a(t,t) + b(t,t)x:.



Problem 4.

The problem : Following the HJM approach suppose
that o(¢,T) = o with o a given parameter. Let the
initially observed forward rate, namely f*(0,7T), be given.

a) Determine the explicit expression of f(¢,T) and r; (in

terms of w®)

b) Show that this setup leads to an affine term structure.

Using this fact and following the classical approach,
determine A(¢,T) and B(t,T) for which

p(t,T) =exp |A(t,T) — B(t,T)r]

Determine the explicit expression of p(t,T) in terms of
T¢.



c) Using the two explicit expressions in terms of w?

obtained under point a) for f(¢,7) and r;, determine
the explicit expression of p(¢t,T) on the basis of

p(t,T) = exp{ ft f(t,s ds} first in terms of th
and then of r;.

d) Using the expression of the moment generating function
of a Gaussian, in particular

0

B {exp [ A10,0]} = exp | 27|

on the basis of the explicit expression of p(¢,T) in terms
of th obtained under point c), determine the expected
value, int =0, of p(¢,T).



Solution :

a) By the HJM drift condition, having o(t,T) = o, one
obtains a(t,T) = (T — t), from which

*( f — s)ds + fg odw;

f(t7T) — f
f*( )+02t(T L) + owy

and
2

t
Tt:f*((),t)—i—OQE—l—awt



b) Differentiating the last relation one finds
dry = | f7(0,t) + o°t] dt + o dwy

and so one ends up with a Ho-Lee model, i.e. we obtain
an affine term structure. Therefore

p(t,T) = FY(t,r;) = exp[A(t,T) — B(t,T)ry]

with A(t,T) and B(t,T) satisfying the known ordinary
differential equations which leads to

B(t T)_T—t
— [T (f2(0,8) + 025) (s — T)ds + % [ (T — s)%ds



Taking into account that f(¢,T) = —a%logp(t,T), and
performing an integration by parts, one obtains for
A(t, T) the expression

p*(0,T) o°t
p*(0,1) 2

A(t,T) = f*(0,t)(T — t) + log

and so, finally,

p(t,T) =

* 2
= L0 exp (T = ) £7(0,) = ST — )2 (T — t)r,



c) One has

p(t,T) = exp[ T £4(0, 8)ds — TAT(T — t) — a(T—t)wﬂ

= 20D oxp [—§g2tT(T ) — o(T — t)wﬂ

From the expression of r; in terms of w? one obtains

. o2t?
cwy =1 — f (Oat)_T

Replacing this in the first relation one ends up with

p(t, T) =G5 exp| (7017 (0.0- 4T =07 ~(T~1)re



d) One has

E{p(t,T)} =

= 2;**((%{)) exp [——O'QtT(T )] E {e_U(T_t)w?}

— 1;*(0 1) exp [——O'QtT(T )] exp [02(T — t)2t}




Problem 5.

The problem : Assume that, under a martingale measure
@, the prices S;, S? of two risky assets satisfy

dSt — St {Ttdt -+ O'tdth} , dS? — S? Ttdt + vtdw?

a) Denoting by QY the martingale measure equivalent to
() that corresponds to having S? as numeraire, show
that

o) t 1 t
L; = E¥ {dQ ‘ .7'_75} = exXp [/ Usdw? — —/ v?ds]
dQ) 0 2 Jo

b) What are the dynamics of S; under Q° ?



Solution :

0
a) It is known that L; = St 5o that, under Q,

SO By
dl, — 5[B;lsgrthsQB;lvtdw?—rthlsgdt}
0
= Ltvtdw?

The solution of this equation leads immediately to the
desired formula.



b) Given the expression for L; obtained in a), one has that
the process thO obtained from w? by translating it by
V¢, 1.€.

dw?o = dwg2 — vpdt
is, under QV, a Wiener process and this implies that,
under Q°,

dSt — St (Tt + O"Ut)dt + O'd"LU?O



Problem 6.

The problem : Suppose that, under a martingale
measure (),

dr; = aridt + o dw;

It follows that one has an affine term structure, i.e.
p(t, T) =exp|A(t,T) — B(t,T)r
Assuming T; —1;_1 = 1 it is known that

et =Pt




(t,T;_1)
_ p(ta_Ti) ]
from the affine term structure, determine the dynamics,

for t < T; 1, of L(t,T;) under the martingale measure
Q" corresponding to p(t,T;) as numeraire.

a) Deriving first the expression for * as it results

b) Verify whether, under Q°, one has lognormality of
Lt.T)).



Solution : Under Q! the process L(t,T;) is a martingale
and therefore its drift vanishes. It thus suffices to consider
the term in dw’ (where w’ is a Wiener under Q).

a) One has

dL(t,T;) =

= d (exp [(A(t,Ti—1) — A(t,Ty)) — (B(t, T;—1) — B(t,T;))r4))

15— i
D ot (B0 T BT o]

= —[L(t,T;) + 1] [(B(t,Tq;_1) — B(t,Ti))adwﬂ

b) Due to the term +1 in the first factor of the rightmost
expression, one cannot have lognormality for L(t,T;)

under Q°.



Problem 7.

The problem : Assume that, under a martingale measure
(2, the spot rate r; satisfies the following Ho-Lee model

d”l“t = (I)tdt -+ adwt
so that
p(t, T) =exp|A(t,T) — B(t,T)r

with B(t,T) =T — t. Given two time points 77,75 with
t <Th1 <15, consider an European call option with
maturity 77 and p(¢,T5) as underlying. Its value in T7 is
thus

Hf, = (p(Th, Tz) — K)™



a) Show that the arbitrage free price in ¢ = 0 of this option
IS

I15 = p(0, T5)®(d1) — Kp(0, T1)®(d2)

with

p(0,T5) 12 2
L () denn

o(Te—T1)vT1

do = dy—o(To—T)VTh



b) Show that for the corresponding put option
Hy = (K —p(Th, T))"
the price in t = 0 is given by
[Ty = p(0, T5)[®(d1) — 1] + Kp(0,T1)[1 — P(d2)]
To this effect notice that one has

T
E“ {6_ Io rsdsp(, T2)} = p(0,T3)



c) Assume as known that the price in t = 0 of a Caplet
for the generic interval |T;_1,T;] and with cap rate R is,
putting ; = (Tz — Ti—l)v

Capl;(0) =

— OJZ'EQ {6_ fOTi rsds (L(Ti_l, Tz) — R)—l_}

; +
— (1 — RaZ)EQ {e_ fOT reds (1_}20% — p(Ti—17 T@)) }

What does this last expression become in the context of
the given problem 7



Solution :

a) Use the formula for the pricing of options when the
short rate is stochastic (section Al). It can be applied
whenever the process

L p(ta TQ)

Ly =
: p(thl)

has a deterministic volatility.



Since
Zy =exp|(A(t, Th) — A(t,T1)) — (To — T1)ry]
taking into account the dynamics of r;, one obtains
dZy = Zy{|- - |dt — o - (T — T1)dw, }

The result now follows immediately from the formula that
was derived in the subsection “Applications” of section
Al. for the case of the Hull and White model. Since
Ho-Lee corresponds to Hull and White for a = 0, it
suffices to let a — O.



b) Apply the put-call-parity that here is based on
(K _p(T17T2))+ =K T (p(TlaTQ) o K)+ _p(TlaTQ)
One then has

T

E@ {6_ 0 ""SdS(K —p(Tl,Tg))+}
= Kp((), Tl) + p(O, Tg)(b(dl) — Kp(O, Tl)q)(dg) — p(O, TQ)

= p(0,T2)[®(d1) — 1] + Kp(0,T1)[1 — ®(d2)]



The first equality in the previous formula follows from

EQ {e_ foTl r,agalsp(T17 Tg)}
— T2 Tsas
= E¢ {6 Jo ! reds £Q {6 Jry msd | le}}

T9

= B {eho* st — p(0, 1)

Notice that the difference I1 — 11§ of the two prices in in
t=01is Kp(0,T1) — p(0,Ts) in accordance with the fact
that the value of this difference int =T}, I.e.
K — p(T1,T5) has to be discounted tot = 0.

c) Except for the factor (1 — Ra;) we are in the context
of point b) with K = —~—, Ty =T;_; and T, = T,




