
Example 1

Stochastic volatility with market completeness

(P )


dSt = Statdt + Stσt(Zt)dwt

dZt = µ(Zt)dt + τ(Zt)dwt

(Q)


dSt = Strtdt + Stσt(Zt)dwQ

t

dZt = [µ(Zt)− σ−1
t (Zt)τ(Zt)(at − rt)]︸ ︷︷ ︸ dt + τ(Zt)dwQ

t

ηt(Zt)

where

dwQ
t = dwt + σ−1

t (Zt)(at − rt)



It follows

(Q) dS̃t = S̃tσt(Zt)dwQ
t

Given the claim
HT = H(ST , ZT )

and, defining

M̃t := EQ{H̃T | Ft} = EQ{H̃T |St, Zt} = F̃ (t, St, Zt)

one has
dṼt = Ṽtutσt(Zt)dwQ

t

dM̃t = [· · · ]dt + [F̃S(·)Stσt(Zt) + F̃Z(·)τt(Zt)] dwQ
t



It follows

ut = Ṽ −1
t F̃S(·)St + Ṽ −1

t F̃Z(·)σ−1
t (Zt)τt(Zt)

and, respectively,

φt =
Vtut

St
=

ṼtBtut

St
= FS(t, St, Zt) + FZ(t, St, Zt)

τt(Zt)
Stσt(Zt)



Example 2

Stochastic volatility in incomplete market

(P )


dSt = Statdt + Stσt(Zt)dwt

((wt) ⊥ (vt))
dZt = µtdt + τtdvt

Given a claim
HT = H(ST , ZT )

for perfect hedging need an additional asset to complete the

market; this asset has to be driven by vt.



Introducing

dS̄t = S̄tātdt + S̄tσ
1
t (Zt)dwt + S̄tσ

2
t (Zt)dvt

one obtains a complete market and a unique mart.meas. Q

(translating the two Wieners to turn S̃t and ˜̄St into martingales).

Defining

M̃t := EQ{H̃T | Ft} = EQ{H̃T |St, Zt} = F̃ (t, St, Zt)

one has
dṼt = Ṽt

[(
uS

t σt(Zt) + uS̄
t σ1

t (Zt)
)

dwQ
t + uS̄

t σ2
t (Zt)dvQ

t

]
dM̃t = F̃S(t, St, Zt)Stσt(Zt)dwQ

t + F̃Z(t, St, Zt)τtdvQ
t



and it follows
uS

t σt(Zt) + uS̄
t σ1

t (Zt) = Ṽ −1
t F̃S(t, St, Zt)Stσt(Zt)

uS̄
t σ2

t (Zt) = Ṽ −1
t F̃Z(t, St, Zt)τt

from which
uS̄

t = FZ(t, St, Zt) τt

Vtσ
2
t (Zt)

(Vt = F (t, St, Zt))

uS
t = FS(t,St,Zt)St

Vt
− FZ(t,St,Zt)τtσ

1
t (Zt)

Vtσ
2
t (Zt)

and, respectively,
φS̄

t = FZ(t, St, Zt) τt

Stσ
2
t (Zt)

φS
t = FS(t, St, Zt)− FZ(t,St,Zt)τtσ

1
t (Zt)

Stσ
2
t (Zt)



Assume the more general claim

HT = H(ST , S̄T , ZT )

then

M̃t = EQ{H̃T |St, S̄t, Zt} = F̃ (t, St, S̄t, Zt)

and
dṼt = Ṽt

[(
uS

t σt(Zt) + uS̄
t σ1

t (Zt)
)

dwQ
t + uS̄

t σ2
t (Zt)dvQ

t

]
dM̃t =

[
F̃S(t, St, S̄t, Zt)Stσt(Zt) + F̃S̄(t, St, S̄t, Zt)S̄tσ

1
t (Zt)

]
dwQ

t

+
[
F̃S̄(t, St, S̄t, Zt)S̄tσ

2
t (Zt) + F̃Z(t, St, S̄t, Zt)τt

]
dvQ

t



and it follows
uS

t σt(Zt) + uS̄
t σ1

t (Zt)

= Ṽ −1
t

[
F̃S(t, St, S̄t, Zt)Stσt(Zt) + F̃S̄(t, St, S̄t, Zt)S̄tσ

1
t (Zt)

]
uS̄

t σ2
t (Zt) = Ṽ −1

t

[
F̃S̄(t, St, S̄t, Zt)S̄tσ

2
t (Zt) + F̃Z(t, St, S̄t, Zt)τt

]
from which

uS̄
t = FS̄(t, St, S̄t, Zt)S̄t

Vt
+ FZ(t, St, S̄t, Zt) τt

Vtσ
2
t (Zt)

uS
t = FS(t,St,S̄t,Zt)St

Vt
+ FS̄(t,St,S̄t,Zt)S̄tσ

1
t (Zt)

Vtσt(Zt)

− FS̄(t,St,S̄t,Zt)S̄tσ
1
t (Zt)

Vtσt(Zt)
− FZ(t,St,S̄t,Zt)τtσ

1
t (Zt)

Vtσ
2
t (Zt)σt(Zt)



Example 3

Asian-type option

Let

(P ) dSt = Statdt + Stσtdwt

and consider the claim

HT =

(
1
ε

∫ T

T−ε

Stdt−K

)+



Define the process (Zt) as

Zt+τ = Zt +
∫ t+τ

t

g(u, Su)du

where

g(t, s) =
{

0 if s ≤ T − ε
s
ε if s > T − ε

and the initial condition is

Zt =


0 if t ≤ T − ε

1
ε

∫ t

T−ε

Sudu if T − ε < t ≤ T

It then follows that

HT = H(ST , ZT ) (depends actually only on ZT )



The market is complete and there exists a unique MM Q

Defining

M̃t := EQ{H̃T | Ft} = EQ{H̃T |St, Zt} = F̃ (t, St, Zt)

one has
dṼt = ṼtutσtdwQ

t

dM̃t = [· · · · · · ]︸ ︷︷ ︸ dt + F̃S(t, St, Zt)StσtdwQ
t

= 0



It follows

ut =
F̃S(t, St, Zt)St

Ṽt

=
FS(t, St, Zt)St

Vt

and, respectively,

φt =
utVt

St
= FS(t, St, Zt)



Example 4

More Wiener than assets

Let

dSt = St

[
atdt + σ1

t dw1
t + σ2

t dw2
t

]
→ on Fw1

t ⊗Fw2

t : ∞ MM’s

Equivalently one may write

dSt = St

[
atdt +

√
(σ1

t )2 + (σ2
t )2 dwt

]
and on Fw

t (FS
t ) ∃! MM Q.



Attention in the case
dS1

t = S1
t

[
a1

tdt + σ11
t dw1

t + σ12
t dw2

t

]
dS2

t = S2
t

[
a2

tdt + σ21
t dw1

t + σ22
t dw2

t

]
Rewriting it as

dS1
t = S1

t

[
a1

tdt +
√

(σ11
t )2 + (σ12

t )2 dwt

]
dS2

t = S2
t

[
a2

tdt +
√

(σ21
t )2 + (σ22

t )2 dwt

]



the two Wiener wt are not independent sources of randomness.

Instead one has to consider the marginals of the following

transformation of R2−valued Wiener processes


dw̄1

t =
√

(σ11
t )2 + (σ12

t )2
[
σ11

t dw1
t + σ12

t dw2
t

]
dw̄2

t =
√

(σ21
t )2 + (σ22

t )2
[
σ21

t dw1
t + σ22

t dw2
t

]



Example 5

Less Wiener than assets

• there does not exist a martingale measure;

• every claim can be hedged;

• it suffices to invest in as many assets as the number of

independent Wiener;

• the investment strategy depends in general on the values of all

the assets.



Arbitrage is possible in this case

Let Bt ≡ 1 and consider two assets with prices S1
t , S2

t s.t.
dS1

t = S1
t σ1

t dwt

dS2
t = S2

t

[
atdt + σ2

t dwt

]
The value of a self-financing portfolio satisfies

dVt = Vt

[
u1

t

dS1
t

S1
t

+ u2
t

dS2
t

S2
t

]
= Vt

[
u2

tatdt + (u1
tσ

1
t + u2

tσ
2
t )dwt

]



Choosing u1
t , u

2
t s.t.

{
u1

t + u2
t = 1

u1
tσ

1
t + u2

tσ
2
t = 0 with u2

t > 0

one has

dVt = Vtu
2
tatdt

so that, every time u2
tat 6= 0, there is arbitrage.


