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1 The main result.Consider a classical nonlinear integral equation associated with a decreasingoperator, i.e. the \Chandrasekhar -type" equationu(x) = ZD �(x; t)1 + u(t) dt ; x 2 D ; (1)where �(x; t) is measurable and nonnegative in D2, D being a closed subsetof RN , 0 < supx2D RD �(x; t)dt < +1, limx!x0 RD j�(x; t)� �(x0; t)jdt = 0for every x0 2 D.Equations of the form (1) have been extensively and deeply investigatedin the literature, in view of their important meaning as physical models(especially in heat transfer problems and nuclear physics), and also of theirinteresting mathematical features (cf., e.g., [3, 9, 12]). Indeed, the well-knownChandrasekhar H - equation, which plays a key role in the theory of radiativeheat transfer in semi-in�nite atmosphere, can be easily rewritten in the form(1), with D = [0; 1], cf. [9, 12, 14].Starting from the late '40s, various instances, as well as generalizations,of (1) have been studied, both analitically and numerically, by means ofsuccessive approximations (cf. the pioneering work of Chandrasekhar [2]),resting essentially (if not explicitly) on the fact that they are �xed-pointequations of the form u =  (u) ; (2)where  : C+(D) ! C+(D), is a decreasing (nonlinear) integral operator.What is usually shown is that, given the sequenceun+1 =  (un) ; u0 = 0 ; (3)then u2n � u2n+1, u2n " u�, u2n+1 # v�, where u� =  (v�) and v� =  (u�),and more that u� = v� by exploiting the special structure of the operator;cf., e.g., [5, 8, 9, 12].It should be noticed that complete continuity of  (with respect to thesup-norm on C(D) for D compact) is typically a key ingredient of the proofs,in that it ensures uniform convergence of the subsequences fu2ng and fu2n+1g.In particular, equation (1) and some generalizations have been solved byapplying a general result on completely continuous decreasing operators inthe framework of abstract cones, cf. [7, 9].2



We recall, in fact, that the integral operator in (1) is certainly completelycontinuous when D is bounded and the limit as x! x0 is uniform, as provedfor a generalization of (1) in [5, 9] (this being indeed the case of the classicalChandrasekhar H-equation). On the contrary, in absence of uniformity forthe limit above, compactness (and hence complete continuity) may fail (cf.[8]).The lackness of compactness has been cleverly circumvented for (a gener-alization of) (1) with D = Rm in [8], where uniform (monotone) convergenceof u2n and u2n+1 to the unique �xed-point is obtained by an extremely so-phisticated use of the structure of the nonlinearity. Such a proof rests ona quite general �xed-point result for a class of noncompact (and even dis-continuous) decreasing operators in ordered Banach spaces. We recall alsoanother important �xed-point theorem for (��)-convex decreasing operators[9, Thm.2.2.6], which does not require complete continuity at all: it is notapplicable, however, to the integral equations above.We started our analysis from the following question: is compactness reallyneeded in the analysis of the iterative process (3), to obtain constructively ex-istence and uniqueness of a nonnegative continuous �xed-point? The answeris negative by a quite simple argument, since we can conveniently exploitthe properties that the corresponding integral operator preserves pointwisemonotone convergence, and regularizes nonnegative measurable functions.These entail that u� =  (v�) and v� =  (u�) (see (3) and below) are contin-uous, hence we are done as soon as we prove that u� = v� (by resorting inthe usual way to the special structure of the operator). Moreover, in viewof a famous theorem of Dini, convergence of u2n to u� and of u2n+1 to v�,being pointwise monotone, becomes uniform on compact subsets of the sup-port D. In such a way we recover all the features of the iterative process(3) usually obtained via complete continuity; observe that neither continuitywith respect to the uniform convergence topology is used.The approach just sketched can be extended to a general class of decreas-ing operators in spaces of (vector-valued) functions, as it will be shown inTheorem 1.1 below. For basic notations, de�nitions, and results concerningmonotone operators in ordered Banach spaces we refer the reader, e.g, to[9, 10, 11]. Let X be a topological space, and Y a regularly partially orderedBanach space; we are concerned with nonlinear operators : (P � V )! P ; (4)3



where P is the cone of positive functions of V , V being a linear subspace ofY -valued functions de�ned on X. We assume that V is closed with respect topointwise convergence, i.e., it is characterized by some additional propertieswhich are mantained by pointwise limits (for example measurability whenX is a measure space). Making a little abuse, we shall denote by � theorder relation in Y as well as that canonically induced in spaces of Y -valuedfunctions de�ned on X. Moreover we shall denote by � the zero elementof Y as well as the zero function on X. Following [9], the \order interval"fz : u � z � vg will be written as [u; v]. We recall that an operator : (P � V )! P is termed decreasing when (u) �  (v) for every u; v 2 P ; u � v : (5)We are now ready to state and prove the followingTheorem 1.1 Consider the �xed-point equation (2), where =  1 +  2 ; (6) 1;  2 : P ! P being two decreasing operators which are pointwise monoton-ically demicontinuous, i.e., if vn 2 P converges pointwise increasing [decrea-sing] to v, then  i(vn) converges pointwise weakly (decreasing [increasing])to  i(v), i = 1; 2 (observe that necessarily v 2 P , since V is closed underpointwise convergence). Moreover assume that(i)  1(�) � � or  2(�) � �.(ii)  1 : P ! P \ C(X;Y ),  2(P \ C(X;Y )) � P \ C(X;Y ).(iii) The �xed-point equation u =  2(u) + � ; (7)has a unique solution in P , say u� with u� 2 C(X;Y ), for every � 2[�;  (�)] \ C(X;Y ).(iv) There exists "0 > 0 such that  2(�) � "0 (�); for every u 2 [ 2(�);  (�)],for every � 2 (0; 1), there exists �i = �i(�; u) > 0 such that i(�u) � (� (1 + �i))�1 i(u) ; i = 1; 2 : (8)4



Then, the sequence fung de�ned recursively byun+1 =  (un) ; u0 = � ; n = 0; 1; 2; ::: (9)converges (pointwise) to the unique �xed-point of  in P , say u� 2 C(X;Y ),and moreover,� � "0 (�) �  2(�) � ::: � u2n � ::: � u� � ::: � u2n�1 � ::: �  (�) ; (10)n = 2; 3; ::: . Finally, the iterative process (9) converges uniformly to the�xed-point on compact subsets of X, starting from any initial choice u0 2 P .Before proving the theorem, some observations are in order. First, we stressonce again that the result is constructive: from the computational pointof view, the inequality u2n � u� � u2n�1, when applied on a suitable dis-cretization of X, can provide a simple and reliable stopping criterion in theimplementation of the successive approximations algorithm. MoreoverRemark 1.2 Observe that by (ii) we require that the operator  1 has some\regularizing" e�ect. This is a typical feature of integral operators, such asfor example that in (1) (where we can take  2 � 0), as well as the featureof preserving pointwise monotone convergence (essentially in view of Beppo-Levi's monotone convergence theorem). On the other hand, by (ii)  2 mustpreserve continuity; this feature can be exhibited even by local operators,like the superposition (or Nemytskii [1]) operator generated by a continuousfunction (see the example below).Remark 1.3 If we take as topological space X the singleton f1g, then bothV and C(X;Y ) can be trivially identi�ed with the space Y . This entailsthat Theorem 1.1 provides also a constructive �xed-point result in regularlypartially ordered Banach spaces, where the operators  1 and  2 are assumedto be only monotonically demicontinuous. This is reminiscent of a well-known�xed-point (existence) theorem for increasing demicontinuous operators, cf.,e.g., [9, Thm.2.1.1]. Observe also that when Y = RN (whatever be X), ormore generally when Y = ZN , with Z regularly partially ordered Banachspace, then Theorem 1.1 becomes a tool for studying systems of operatorequations. 5



Proof of Theorem 1.1. The sum  =  1 +  2 is clearly positive anddecreasing, as such are its summands. First we observe that the order in-terval [�;  (�)] is  -invariant, and that un 2 [�;  (�)] \ C(X;Y ) for everyn, by (ii). Now, we prove by induction on n that every order interval[u2n; u2n+1] is  -invariant. This is true for n = 0 (see above); assumingthat [u2n; u2n+1] is  -invariant, we obtain easily that if u 2 [u2n+2; u2n+1]where u2n+2 =  (u2n+1) � u2n, then u2n+1 �  (u) �  (u2n+1) = u2n+2, i.e.that [u2n+2; u2n+1] is  -invariant. In a similar way, from the  -invarianceof [u2n+2; u2n+1] we recover that of [u2n+2; u2n+3], which terminates the in-ductive argument. The such proved invariance implies that u2n � u2n+2 �u2n+3 � u2n+1 for every n � 0, i.e.,� � "0 (�) �  2(�) � ::: � u2n � ::: � u2n�1 � ::: �  (�) :Now, the sequences fu2ng and fu2n+1g are monotone (increasing anddecreasing respectively), and pointwise bounded in order: hence, they arepointwise convergent since the cone of Y is regular, i.e., there exist u�; v� 2P \ [ 2(�);  (�)], such that u2n(x) " u�(x), u2n+1(x) # v�(x) in Y for everyx 2 X (recall that V is closed with respect to pointwise convergence).The operators  1 and  2, and thus  , are pointwise monotonically demi-continuous, so that, taking the pointwise weak limits as n ! 1, we obtainimmediately from (9) v� =  (u�) ; u� =  (v�) : (11)It remains to prove that u� = v� 2 C(X;Y ), and that this is the unique�xed point of  in P . As for the former, if (iv) is veri�ed, we can proceed asin [9, Thm.2.1.5]. Set �0 = sup f� 2 (0; 1] : �v� � u�g ; (12)which is well de�ned since u� �  2(�) � "0 (�) � "0v�. If �0 = 1 we aredone; if �0 < 1, taking � = minf�1; �2g, we getv� =  (u�) �  (�0v�) � (�0(1 + �1))�1 1(v�) + (�0(1 + �2))�1 2(v�)� (�0(1 + �))�1( 1(v�) +  2(v�)) = (�0(1 + �))�1u� ;which contradicts the de�nition of �0. Moreover, any �xed-point of  in P ,say z =  1(z) +  2(z), is continuous. In fact,  1(z) 2 [�;  (�)]\C(X;Y ) by(ii), so taking � =  1(z) in (iii) we get u� = z 2 C(X;Y ).6



As for the uniqueness of the �xed-point, if z =  (z), � � z 2 P , then (�) � z � �, and so by induction on n, u2n � z � u2n+1 for every n =0; 1; 2; ::: . Taking the pointwise limit of both sides in the inequality above,and using the fact that the cone of Y is regular, and hence normal, we getz = u� = limu2n = limu2n+1, in view of the so-called \two militia-men"theorem (cf. [10, Thm.4.1.6]).At this point, a straightforward generalization to functions valued in or-dered Banach spaces of a well-known theorem of Dini [4, Thm.7.2.2] (weomit details for brevity), gives uniform convergence of the sequences fu2ngand fu2n+1g on compact subsets of X, since they are both monotonicallypointwise convergent to the continuous function u�.Finally, for any initial choice u0 2 P , the inequalities u2n �  2n(u0) �u2n�1, u2n �  2n+1(u0) � u2n+1, can be easily proved by induction onn � 1. Observe that, in view of the just written inequalities, we have� �  n(u0) �  (�) for every n � 1, wherefrom  n(u0) 2 B(K;Y ) = fu :K ! Y; supx2K ku(x)kY < +1g for every n � 1 (recall that  (�) is continu-ous on the compact K by (ii)). This shows that  n(u0) converges uniformlyto u� on every �xed compact subset K � D, by applying the \two militia-men" theorem in the normally ordered Banach space B(K;Y ) (endowed withthe norm kuk = supx2K ku(x)kY ).Remark 1.4 The assumption at the beginning of (iv) is essential in provingthat u� = v�, since it ensures that the set in (12) is nonempty. Existenceof such "0 is guaranteed, for example, when Y = R, X is compact, and 2(�)(x) > 0 for every x 2 X. In fact,  (�) and  2(�) are continuousfunctions of x by (ii), so they are bounded by positive numbers from aboveand from below, respectively.Observe also that, in this case, (8) holds with i = 1 whenever � 1(�u)(x) < 1(u)(x), and  1(u)(x) > 0 for every x 2 X, since � 1(�u)= 1(u) is contin-uous on the compact X.
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2 Applications.In two recent papers [5, 8], certain (possibly perturbed [5]) Hammersteinintegral equations, associated with decreasing (possibly noncompact [8]) op-erators, have been studied. We show that Theorem 1.1 above can be used torediscuss, generalize, and improve in part such results, as in the followingExample 2.1 (Perturbed Hammerstein equations.) Consider the perturbedHammerstein integral equationu(x) = � ZD �(x; t) f(t; u(t)) dt+ g(u(x)) ; � > 0 ; (13)where(I) the kernel �(x; t) is measurable and nonnegative inD2,D being a closedsubset ofRN (not necessarily bounded), 0 < M := supx2D RD �(x; t)dt <+1, limx!x0 RD j�(x; t)� �(x0; t)jdt = 0 for every �xed x0 2 D;(II) f : D � [0;+1) ! [0;+1) is measurable, f(t; �) is continuous andnonincreasing for a:e: t 2 D, f(�; 0) 2 L1(D), and there exists 0 < � =�(�; u) < 1, with �(�; �) 2 C[0;+1), such that�f(t; �u) � �(�; u)f(t; u) ; (14)for every � 2 (0; 1), u > 0, and for a.e. t 2 D; moreover, if g � 0, weassume that there exists a constant c� > 0 such that f(t; �) � c� fora:e: t 2 D, where � = �Mkf(�; 0)k1;(III) either g � 0, or g : [0;+1) ! (0;+1) is continuous and nonincreas-ing, and �g(�u) < g(u) ; (15)for every � 2 (0; 1), u > 0.Let u be a nonnegative measurable function; we can de�ne an operator  as (u) =  1(u) +  2(u), where 1(u)(x) = � ZD �(x; t) f(t; u(t)) dt ; (16)8



and  2(u)(x) = g(u(x)) : (17)It is easily seen that  1(u) is continuous on D by (I), (II), while  2(u) iscontinuous whenever such is u, in view of (III). It is also immediate thatany �xed point equation like u =  2(u) + � has a unique nonnegative andbounded measurable solution, say u� such thatu�(x) = (id� g)�1(�(x)) ; x 2 D ; (18)for every nonnegative and bounded measurable �. Clearly, u�(x) is continu-ous on D if such is �.Observe that, for every x 2 D,0 �  (�)(x) = � ZD �(x; t) f(t; 0) dt+ g(0)� �kf(�; 0)k1 ZD �(x; t) dt+ g(0) � �Mkf(�; 0)k1 + g(0) =: � ; (19)and that  2(�)(x) = � ZD �(x; t) f(t;  (�)(t)) dt+ g( (�)(x))� � ess inft2D f(t; �) ZD �(x; t) dt+ g(�) : (20)Moreover, if y 2 [0; �], then by (14), (15), for every �xed � and a:e: �xed t,�f(t; �y) � �1f(t; y) ; �1 := maxy2[0;�] �(�; y) < 1 ; (21)and, if g is not identically zero,�g(�y) � �2g(y) ; �2 := maxy2[0;�] �g(�y)g(y) < 1 : (22)In fact, g(y) � g(�) > 0 for y 2 [0; �], so that both �(�; y) and �g(�y)=g(y)are continuous functions on [0; �], strictly bounded by 1. If g � 0, we cantake, e.g., �2 = �1 in (22).By (21), (22) we obtain that, if u is a measurable function such that0 � u(x) �  (�)(x) for (almost) every x 2 D, then� i(�u)(x) � �i i(u)(x) ; i = 1; 2 ; (23)9



for (almost) every x 2 D, where �1, �2 depend only on � and �.With these considerations at hand, equation (13) can be studied in twodi�erent functional frameworks, via Theorem 1.1.First approach. Taking into account Remark 1.3, when D is bounded(hence compact), we could consider  as a decreasing operator from Lp(D)into Lp(D), 1 � p <1: observe that if u 2 Lp(D) is nonnegative, then both 1(u) and  2(u) are measurable, nonnegative, and bounded , and hence theirp-th power is integrable. As known, Lp(D) can be partially ordered in theobvious way, and its cone is fully regular but non solid [9, Ch.1].The properties discussed above, see (16)-(23), entail that all assump-tions of Theorem 1.1 are satis�ed. In particular, in (iv) we can take "0 =c�=kf(�; 0)k1 if g � 0, otherwise "0 = g(�)=�, and �i = ��1i � 1, i = 1; 2,cf. (19)-(23). The only remaining point concerns monotone demicontinuityof  1 and  2: this is an almost immediate consequence of the continuity off(t; �) and g, and of Beppo-Levi's monotone convergence theorem, in view ofthe Riesz representation theorem of linear continuous functionals on Lp(D)(cf. [6, Thm.6.15]).The �nal result is that equation (13) has a unique nonnegative andbounded �xed-point u� 2 Lp(D), and that the successive approximationsconverge to u� in the norm k � kLp, for any initial nonnegative functionu0 2 Lp(D). The �xed-point turns out to be strictly positive whenever gis not identically zero, or RD �(x; t) dt > 0 for every x 2 D. Moreover, inview of the considerations above (cf. (16)-(18)), the �xed-point u� turns outto be continuous on D, as well as the successive approximations startingfrom any continuous nonnegative function u0 (or even from any nonnegativeLp function, when g is constant).Second approach. If we make the natural choice X = D, Y = R (with Din general unbounded), and we take as V the space of measurable functionsde�ned on D, again (16)-(23) show that all assumptions of Theorem 1.1are ful�lled. As for monotone demicontinuity, it can be easily derived bythe continuity of f(t; �) and g, and by Beppo-Levi's monotone convergencetheorem.The �nal result is now that equation (13) has a unique nonnegative andbounded �xed-point u� 2 C(D), and the sequences u2n and u2n+1 de�nedin (9) converge, increasing and decreasing respectively, to u�, uniformly on10



compact subsets of D. Convergence of the successive approximations is alsouniform on compact subsets of D, starting from any nonnegative measurablefunction u0. The observations made above, concerning strict positivity of u�and continuity of the successive approximations, still apply.Various instances of the nonlinear integral equation (13) have been inves-tigated in [5, 8], under the common assumption thatf(t; u) = " mXi=0 ai(t)u�i#�1 ; (24)where 0 = �0 < �1 < ::: < �m = 1, the ai's are nonnegative and bounded onD, and ess inft2D a0(t) > 0.Note that the function f in (24) satis�es our assumption (II), in partic-ular kf(�; 0)k1 = (ess inft2D a0(t))�1, c� = (Pmi=0 supt2D ai(t)��i)�1, and bysimple calculations0 < � f(t; �u)f(t; u) = 1 +Pmi=1 ai(t)u�i=a0(t)1=� +Pmi=1 ai(t)u�i=a0(t)� ess inft2D a0(t) +Pmi=1 supt2D ai(t)u�i1� ess inft2D a0(t) +Pmi=1 supt2D ai(t)u�i =: �(�; u) < 1 ; (25)where we used the fact that (1 + w)=(1=� + w) is an increasing function ofw 2 R+ (clearly �(�; u) in (25) is a continuous function of u). Note thatwhen g is not identically zero, boundedness of a0(�) is not required, since itis explicitly needed only in the evaluation of the lower bound c�.We recall that in [5] the support D is bounded (hence compact) and thelimit in (I) is uniform with respect to x0, while in [8] D = RN , the limit is notassumed to be uniform, but only the unperturbed case (g � 0) is considered.Indeed, in absence of uniformity for the limit above, compactness may fail, cf.[8]. Here we are able to treat the case of a general (not necessarily bounded)integration domain D, and of a continuous and nonincreasing perturbation g,either identically zero, or satisfying only assumption (15). In [5] the analysisof the \perturbed" case is regarded as a di�cult problem, which requiresspecial tools and strong additional hypotheses on the perturbation.The application of Theorem 1.1 to equation (13), via the second approachdescribed above, represents a generalization of both [5] and [8], and an im-provement with respect to [5], since there, in addition, g is assumed to be a11



contraction (to allow the use of Darbo's �xed-point theorem); a trivial ex-ample of a function g which satis�es (III) but is not a contraction, is givenby g(u) = 1=(1 + u).On the other hand, when D is unbounded (e.g. D = RN , cf. [8]), weobtain uniform convergence of the successive approximations only restrictedto compact subsets of D. In a forthcoming paper [13], we'll show how Guo'stheorem [8] can be used as an alternative approach to the constructive anal-ysis of the nonlinear integral equation (13), under the general assumptions(I)� (III).References[1] R.K. Bose and M.C. Joshi, \Some topics in nonlinear functional analy-sis", Wiley Eastern Limited, New Dehli, 1985.[2] S.Chandrasekhar and F.H. Breen, On the radiative equilibrium of a stel-lar atmosphere. XVI , Astrophys. J. 105 (1947), 435-440.[3] S. Chandrasekhar, \Radiative Transfer", Dover, New York, 1960.[4] J. Dieudonn�e, \Foundations of Modern Analysis", Academic Press, NewYork, 1969.[5] L. Erbe, D. Guo and X. Liu, Positive solutions of a class of nonlinearintegral equations and applications, J. Integral Equations Appl. 4 (1992),179-195.[6] G.B. Folland, \Real Analysis", J. Wiley, New York, 1984.[7] D. Guo, Some �xed point theorems and applications, Nonlinear Anal. 10(1986), 77-84.[8] D. Guo, Positive �xed points and eigenvectors of noncompact decreasingoperators with applications to nonlinear integral equations, Chin. Ann.of Math. (Ser. B) 4 (1993), 419-426.[9] D. Guo and V. Lakshmikantham, \Nonlinear Problems in AbstractCones", Academic Press Inc., New York, 1988.12



[10] M.A. Krasnoselskii, \Positive solutions of operator equations", P. No-ordho�, Groningen, 1964.[11] M.A. Krasnoselskii, G. Vainikko, P. Zabreiko, Ya. Rutitskii, V. Stet-senko, \Approximate solution of operator equations" (translated fromthe Russian by D. Louvish), Wolters-Noordho� Publishing, Groningen,1972.[12] R.W. Leggett, A new approach to the H-equation of Chandrasekhar ,SIAM J. Math. Anal. 7 (1976), 542-550.[13] A. Sommariva and M. Vianello, Constructive approximation for a classof perturbed Hammerstein integral equations, december 1997, submitted.[14] C.A. Stuart, Positive solutions of a nonlinear integral equation, Math.Ann. 192 (1971), 119-124.

13


