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Abstract

Graph grammars(or graph transformation systems), originally introduced as a gen-
eralization of string grammars, can be seen as a powerful formalism for the speci-
�cation of concurrent and distributed systems, which properly extends Petri nets.
The idea is that the state of a distributed system can be naturally represented (at
a suitable level of abstraction) as a graph and local state transformations can be
expressed as production applications.

With the aim of consolidating the foundations of the concurrency theory for
graph transformation systems, the thesis extends to this more general setting some
fundamental approaches to the semantics coming from Petri net theory. More specif-
ically, focusing on the so-calleddouble pushout(dpo ) algebraic approachto graph
rewriting, the thesis provides graph transformation systems with truly concurrent
semantics based on (concatenable) processes and on a Winskel's style unfolding
construction, as well as with more abstract semantics basedon event structures and
domains.

The �rst part of the thesis studies two generalizations of Petri nets, already
known in the literature, which reveal a close relationship with graph transformation
systems, namelycontextual nets(also called nets with read, activator or test arcs)
and inhibitor nets (or nets with inhibitor arcs). Extending Winskel's seminalwork
on safe nets, the truly concurrent semantics of contextual nets is given via a chain
of core
ections leading from the category of contextual nets to the category of �ni-
tary coherent prime algebraic domains. A basic role is played by asymmetric event
structures, which generalize prime event structures by allowing a non-symmetric
con
ict relation. The work is then generalized to inhibitor nets, where, due to the
non-monotonicity of the enabling, the causal structure of computations is far more
complex, and a new, very general, notion of event structure,called inhibitor event
structure, is needed to faithfully describe them.

The second part of the thesis, relying on the conceptual basis drawn in the
�rst part, focuses on graph grammars. Inhibitor event structures turn out to be
expressive enough to model graph grammar computations, andthe theory developed
for contextual and inhibitor nets, comprising the unfolding and the (concatenable)
process semantics, can be lifted to graph grammars. The developed semantics is
shown to to be consistent also with the classical theory of concurrency for dpo
graph grammars relying onshift-equivalence.
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Chapter 1

Introduction

Over the last thirty years there has been a steadily growing interest in concurrent and
distributed systems. An unbroken thread leads from the moreclassical ideas related
to the sharing of many computing resources among various users (multiuser systems,
databases, etc.) and the use of many distinct computing resources to obtain a greater
computational power (multiprocessor computing), to the current widespread di�u-
sion of Internet and network applications. Day by day real systems become more
complex and sophisticated, but at the same time more di�cult to test and verify,
and thus possibly more unreliable. Because of this, new formal models adequate to
ease the speci�cation, development and veri�cation of concurrent systems are called
for.

Generally speaking, a formal model must give a representation of a system which
is abstract enough to disregard unnecessary details, and, at the same time, is suf-
�ciently rich to allow one to represent properties and aspects of the system which
may be relevant for the design and veri�cation activities. Besides representing the
state and the architectural aspects of a system, a model typically comes equipped
with an operational semantics which formally explains how the system behaves. On
top of the concrete operational description, depending on which observations one
wants to take into account, more abstract semantics can be introduced. At this level
one can de�ne techniques for checking the equivalence of systems with respect to
the selected observations, for verifying if a systems satis�es a given property, for
synthesizing in an e�cient way a system satisfying a given property, etc.

For sequential systems it is often su�cient to consider an input/output semantics
and thus the appropriate semantic domain is usually a suitable class of functions
from the input to the output domains. When concurrent or distributed features are
involved, instead, typically more information about the actual computation of the
system has to be recorded in the semantic domain. For instance, one may want
to know which steps of computation are independent (concurrent), which steps are
causally related and which steps represent the (nondeterministic) choice points. This
information is necessary, for example, if one wants to have acompositional semantics,
allowing to reduce the complexity of the analysis of concurrent systems built from
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smaller parts, or if one wants to allocate a computation on a distributed architecture.
Roughly speaking,nondeterminismcan be represented either by collecting all the
possible di�erent computations in a set, or by merging the di�erent computations in
a uniquebranchingstructure where the choice points are explicitly represented. On
the other hand, concurrent aspects can be represented by using atruly concurrent
approach, where the causal dependencies among events are described directly in the
semantics using a partially ordered structure. There is some agreement in consid-
ering this choice more appropriate for the analysis of concurrent and distributed
systems than theinterleaving approach, where concurrency is confused with nonde-
terminism, in the sense that the concurrent execution of events is represented as the
nondeterministic choice among the possible interleavingsof such events.

Petri nets are one of the the most widely used models of concurrency, which has
attracted, since its introduction, the interest of both theoreticians and practitioners.
Along the years Petri nets have been equipped with satisfactory semantics, making
justice of their intrinsically concurrent nature and which have served as basis for
the development of a variety of modelling and veri�cation techniques. However, the
simplicity of Petri nets, which is one of the reasons of theirsuccess, represents also a
limit in their expressiveness. If one is interested in giving a more structured descrip-
tion of the state, or if the kind of dependencies between steps of computation cannot
be reduced simply to causality and con
ict, Petri nets are likely to be inadequate.

This thesis is part of a project aimed at proposing graph transformation systems
as an alternative model of concurrency, extending Petri nets. The basic intuition
underlying the use of graph transformation systems for formal speci�cations is to
represent the states of a system as graphs (possibly attributed with data-values) and
state transformations by means of rule-based graph transformations. Since a rule has
only a local e�ect on the state, it is natural to allow for the parallel application of
rules acting on di�erent parts of the state, a fact that makesgraph transformation
systems suited for the representation of concurrency.

Needless to say, the idea of representing system states by means of graphs is
pervasive in computer science. Whenever one is interested in giving an explicit rep-
resentation of the interconnections, or more generally of the relationships among the
various components of a system, a natural solutions is to use(possibly hierarchical
and attributed) graphs. The possibility of giving a suggestive pictorial representa-
tion of graphical states makes them adequate for the description of the meaning of a
system speci�cation, even to a non-technical audience. A popular example of graph-
based speci�cation language is given by the Uni�ed ModelingLanguage (UML). In
UML the conceptual models of system states, the collection of admissible states, and,
on an higher level, the distribution of systems are represented by means of diagrams,
which are of course graphs, sometimes attributed with textual information. Recall
also the more classical Entity/Relationship (ER) approach, where graphs are used
to specify the conceptual organization of the data, or Statecharts, a speci�cation
language suited for reactive systems, where states are organized in a hierarchical
tree-like structure. Furthermore, graphs provides a privileged representation of sys-
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tems consisting of a set of processes communicating throughports. When one is
interested in modelling the dynamic aspects of systems whose states have a graphi-
cal nature, graph transformation systems are clearly one ofthe most natural choices.

With the aim of consolidating the foundations of the concurrency theory of graph
transformation systems, this thesis extends to this more general setting some fun-
damental approaches to the semantics of Petri nets. More speci�cally, inspired by
the close relationships existing between nets and graph transformation systems, we
provide graph transformation systems with truly concurrent semantics based on de-
terministic processes and on a Winskel-like unfolding construction, as well as with
more abstract semantics based on event structures and domains.

As an intermediate step, we study two generalizations of Petri nets proposed in
the literature, which reveal a close relationship with graph transformation systems,
namely contextual nets (also called nets with read, activator or test arcs) and nets
with inhibitor arcs. Due to their relatively wide di�usion, we believe that the work
on these extended kinds of nets may be understood as an additional outcome of
the thesis, independently from its usefulness in carrying out our program on graph
transformation systems.

The rest of this introductory chapter is aimed at presentingthe general frame-
work in which this thesis has been developed, the main motivations and concepts
from Petri net theory, and an overview of the results. First,in Sections 1.1 and 1.2,
we give a description of the basic models, namely ordinary Petri nets, contextual
and inhibitor nets and �nally graph transformation systems, organized in an ideal
chain where each model generalizes its predecessor. Then Section 1.3 outlines the
approach to the truly concurrent semantics of ordinary Petri nets which we propose
as a paradigm. Section 1.4 gives an overview of the thesis, byexplaining how the
semantical framework of ordinary nets has been lifted alongthe chain of models,
�rst to contextual and inhibitor nets and then to graph grammars. We give a 
avour
of the main problems which we encountered and we outline the main achievements
of the thesis. Finally, Section 1.5 describes how the thesisis organized and explains
the origin of the chapters.

1.1 Petri nets

Petri nets, introduced by Carl Adam Petri in the early Sixties [Pet62] (see
also [Rei85]), are one of the most widely accepted models of concurrent and dis-
tributed systems, and one of the rare meeting point of theoreticians and practition-
ers. The success of Petri nets in the last thirty years can be measured by looking
not only at the uncountably many applications of nets, but also at the development
of the theoretical aspects, which range from a complete analysis of the various phe-
nomena arising in simple models to the de�nition of more expressive (and complex)
classes of nets.
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�

s0

�

s1

t0s2 s3

t1 t2 t3

Figure 1.1: A simple Petri net.

One of the reasons of the popularity of Petri nets is probablythe simplicity of
the basic model, whose behaviour, at a fundamental level, can be understood simply
in terms of the so-calledtoken game. The state of a net is a set oftokensdistributed
among a set ofplaces. A transition is enabled in a state if enough tokens are present
in the places in its pre-set. The �ring of the transition removessome tokens and
producesnew tokens in its postconditions.

Petri nets admit a very pleasant and simple graphical representation where places
are drawn as circles, transitions as rectangular boxes and arrows are used to rep-
resent the
ow relation , specifying which resources are consumed and produced by
each transition. To visualize the state of the net, usually called marking, the tokens
are depicted as bullets inside the corresponding places. For instance, in the net of
Figure 1.1, the transition t0 consumes two tokens, one froms0 and one froms1, and
thus it is enabled in the represented marking. Its �ring produces the new marking
wheres0 and s1 are empty and a new token is produced both ins2 and s3.

The above informal description is probably su�cient to suggest the appropriate-
ness of nets as models of concurrency. The state of a net has anintrinsic distributed
nature, and a transition modi�es a local part of the state, making natural to allow
the concurrent �ring of transitions when they consume mutually disjoint sets of to-
kens (e.g.,t2 and t3 in the state produced after the �ring of t0). A situation of mutual
exclusion is naturally represented by two transitions competing for a single token,
like t1 and t2 in the �gure. The nondeterministic behaviour of a net is intimately
connected with such kind of situations.

A limit in the expressiveness of Petri nets is represented bythe fact that a
transition can only consume and produce tokens, and thus a net cannot express in a
natural way activities which involves non-destructive testing operations on resources.
In the following we review contextual nets and inhibitor nets, two generalizations of
classical nets aimed at overcoming this limit.
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Figure 1.2: Traditional nets do not allow for concurrent read-only operations.

Contextual nets.

Contextual nets[MR95], also called nets with test arcs in [CH93], activatorarcs in
[JK95] or read arcs in [Vog96], extend classical nets with the possibility of checking
for the presence of tokens which are not consumed. Concretely, besides the usual
preconditions and postconditions, a transition of a contextual net has also some
contextconditions, which specify that the presence of some tokens in certain places is
necessary to enable the transition, but such tokens are not a�ected by the �ring of the
transition. In other words, a context can be thought of as a resource which isread but
not consumedby the transition, in the same way as preconditions can be considered
being read and consumed and postconditions being simply written. Coherently with
this view, the same token can be used as context by many transitions at the same
time and with multiplicity greater than one by the same transition. For instance, the
situation of two agents, which access a shared resource in a read-only manner can be
modelled directly by the contextual netN0 of Figure 1.2, where the transitionst0 and
t1 use the places as context. According to the informal description of the semantics
of contextual nets, inN0 the transitions t0 and t1 can �re concurrently. Notice that
in the pictorial representation of a contextual net, directed arcs represent, as usual,
preconditions and postconditions, while, following [MR95], non-directed (usually
horizontal) arcs are used to represent context conditions.

It is worth remarking that the na•�ve technique of representing the reading of a
token via a consume/produce cycle may cause a loss in concurrency, even if the same
markings are reachable. For instance, in the netN1 of Figure 1.2, the two transitions
t0 and t1 cannot read the shared resources concurrently, but their accesses must be
serialized.

The ability of faithfully representing the \reading of resources" allows contextual
nets to model many concrete situations more naturally than classical nets. In re-
cent years they have been used to model the concurrent accessto shared data (e.g.,
reading in a database) [Ris94, DFMR94], to provide concurrent semantics to concur-
rent constraint (CC) programs [MR94, BHMR98] where severalagents may access
a common store, to model priorities [JK91] and to compare temporal e�ciency in
asynchronous systems [Vog97a].

As a concrete example we hint how contextual nets allow to face the problem of
serializability of concurrent transactions in the �eld of databases [Ris94]. Roughly
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speaking atransaction implements an \activity" on the database by means of a
sequence of read and write operations, which, starting froma consistent state of the
database, produces a new consistent state. When several agents access a database
it is natural to allow transactions to be executed concurrently. However in this way
the operations of distinct transactions may interleave in an arbitrary way and this
may cause interferences which lead the database to an inconsistent state. To ensure
that the consistency of the state is maintained we must show that the considered
interleaving, called aschedulingof the transactions, is indeed equivalent to a serial
scheduling of the same transactions, where no interleavingis admitted.

A transaction T = t1; : : : ; tn where eacht i is a read or write operation can
be represented by means of a contextual net process (formally de�ned later, in
Chapter 2). For instance a transactionT0 = t1; t2; t3, given by

t1 : read(x; y);
t2 : write(z);
t3 : read(z)

is represented by the process in Figure 1.3. The places labelled by s0, in the left part
of the �gure, represent the internal state of the agent performing the transaction,
which evolves step by step. The places labelled byx, y and z, in the top part of
the �gure, represent the initial values of the variables. Aread(x1; : : : ; xn ) operation
is represented by a single transition (e.g.,t1 in the �gure) which reads the places
corresponding to the current values ofx1; : : : ; xn . A write(x) operation is instead
represented by two transitions (e.g.,t21 and t22 in the �gure), one consuming the
previous value ofx and the other producing a new value forx. The two transitions
are distinct since the write operation does not depend on theprevious value ofx but
only destroys it. Observe that both read and write operations consume the place
corresponding to the previous internal state of the agent and produce the new state.

Given two transactionsT0 and T00and a scheduling consisting of a possible in-
terleaving of their actions, we can construct, in the same way, a corresponding
contextual net process. In [Ris94] it is shown that two such schedulings lead to the
same �nal state for all the possible interpretation of the transitions if and only if
the corresponding processes are isomorphic. Hence a scheduling of T0 and T00is seri-
alizable if and only if the corresponding process is isomorphic either to the process
for T0; T00or to the process forT00; T0.

For example, letT0be the transaction de�ned above and letT00be the transaction
consisting of the only operation

t4 : read(z)

Figure 1.4 reports the processes corresponding to the schedulings (a) t1; t4; t2; t3 and
and (b) t1; t2; t4; t3, of T0 and T00. The two processes are not isomorphic, witnessing
that the two schedulings are not equivalent. Indeed observethat in the �rst schedul-
ing t4 read the initial value of the variablez, while in the second schedulingt4 read
the value written in z by t2.
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Figure 1.3: The contextual net process corresponding to a transaction.
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s0 s00

t21 t22
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(a) (b)

Figure 1.4: The contextual net processes for two possible schedulings of the trans-
actions T0 and T00.
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t0 t1

Figure 1.5: Representing priorities via inhibitor arcs.

Instead, it is not di�cult to realize that the serial schedul ings T0; T00and T00; T0

have associated exactly the processes in Figure 1.4 (a) and (b), respectively. There-
fore both the considered schedulingst1; t4; t2; t3 and t1; t2; t4; t3 of T0 and T00 are
serializable.

Inhibitor nets

Inhibitor nets (or nets with inhibitor arcs) [AF73] further generalize contextual nets
with the possibility of checking not only for the presence, but also for the absenceof
tokens in a place. For each transition aninhibitor set is de�ned and the transition
is enabled only if no token is present in the places of its inhibitor set. When a place
s is in the inhibitor set of a transition t we say that s inhibits (the �ring of) t.

While, at a �rst glance, this could seem a minor extension, itde�nitely increases
the expressive power of the model. In fact, many other extensions of ordinary nets
can be simulated in a direct way by using nets with inhibitor arcs (see, e.g., [Pet81]).
For instance, this is the case for prioritized nets [Hac76, DGV93], where each tran-
sition is assigned a priority and whenever two transitions are enabled at a given
marking, then the transition with the highest priority �res . To have an informal
idea of how the encoding may proceed, two transitionst0 and t1 of a prioritized
net, with t0 having the highest priority, may be represented by simply forgetting
the priorities and adding an inhibitor arc, as depicted in Figure 1.5. Observe that
the fact that a place s inhibits a transition t is graphically represented by drawing
a dotted line from s to t, ending with an empty circle.

Indeed the crucial observation is that traditional nets caneasily simulate all the
operation of RAM machines, with the exception of thezero-testing. Enriching nets
with inhibitor arcs is the simplest extension which allows to overcome this limit, thus
giving the model the computational power of Turing machines[Age74, Kel72, Kos73].

It is worth stressing that while from the point of view of expressiveness Turing
completeness is surely a desirable property, when analysisis concerned it may be-
come a problem since many properties which were known to be decidable for Petri
nets become undecidable. The thesis [Bus98] shows that thisproblem can be par-
tially overcome by singling out restricted, but still interesting, subclasses of inhibitor
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nets for which algorithms and techniques of classical nets may be extended.

1.2 Graph Grammars

The theory of graph grammars(or of graph transformation systems) studies a variety
of formalisms which extend the theory of formal languages inorder to deal with
structures more general than strings, like graphs and maps.A graph grammar allows
one to describe �nitely a (possibly in�nite) collection of graphs, i.e., those graphs
which can be obtained from a start graph through repeated applications of graph
productions. A graph productionis a rule of the kindp : L ; R, that speci�es that,
under certain conditions, once an occurrence (amatch) of the left-hand sideL in a
graph G has been detected, it can be replaced by the right-hand sideR. The form of
graph productions, the notion of match and in general the mechanisms stating how
a production can be applied to a graph and what the resulting graph is, depend on
the speci�c graph rewriting formalism.

Graph grammars have been deeply studied following the classical lines of the
theory of formal languages, namely focusing on the properties of the generated
graph languages and on their decidability; brie
y, on theresults of the generation
process. However, quite early, graph grammars have been recognized as a powerful
tool for the speci�cation of concurrent and distributed systems. The basic idea is that
the state of many distributed systems can be naturally represented (at a suitable
level of abstraction) as a graph, and (local) transformations of the state can be
expressed as production applications. Thus a stream of research, mainly dealing with
the algebraic approaches, has grown, concentrating on therewriting process itself,
seen as a representation of systems computations, studyingproperties of derivation
sequences, their transformations and equivalences.

Double-pushout algebraic approach

Here we follow the so-calleddouble-pushout(dpo ) algebraic approach(dpo ap-
proach, for short) [Ehr87], where the basic notions of production and direct deriva-
tion are de�ned in terms of constructions and diagrams in a suitable category. Con-
sequently, the resulting theory is very general and 
exible, easily adaptable to a
very wide range of structures, simply by changing the underlying category. In this
thesis we will concentrate on directed (typed) graphs, but it is easy to realize that
the results immediately extends also to hypergraphs. The generalization to more
general structures and to abstract categories (e.g., to high level replacement sys-
tems [EHKPP91]) is instead less trivial and left as a matter of further investigation.

In the dpo approach a graph production consists of a left-hand side graph L, a
right-hand side graphR and a (common) interface graphK embedded both inR
and in L, as depicted in the top part of Figure 1.6. Informally, to apply such a rule to
a graphG we must �nd a match, namely an occurrence of its left-hand sideL in G.
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Figure 1.6: A (double-pushout) graph rewriting step.

The rewriting mechanism �rst removes the part of the left-hand sideL which is not
in the interface K producing the graphD, and then adds the part of the right-hand
sideR which is not in the interfaceK , thus obtaining the graphH . Formally, this is
obtained by requiring the two squares in Figure 1.6 to be pushouts in the category
of graphs, hence the name of the approach. The interface graph K is \preserved":
it is necessary to perform the rewriting step, but it is not a�ected by the step itself,
and as such it corresponds to the context of a transition in contextual nets. Notice
that the interface K plays a fundamental role in specifying how the right-hand
side has to be glued with the graphD. Working without contexts, which for graph
grammars would mean working with productions having an empty interface graph
K , the expressive power would drastically decrease: only disconnected subgraphs
could be added.

A basic observation belonging to the folklore (see, e.g., [Cor96]) regards the close
relationship existing between graph grammars and Petri nets. Basically a Petri net
can be viewed as a graph transformation system that acts on a restricted kind of
graphs, namely discrete, labelled graphs (that can be considered as sets of tokens
labelled by places), the productions being the transitionsof the net. In this view,
general graph transformation systems are aproper extension of ordinary Petri nets
in two dimensions:

1. they allow for the speci�cation ofcontext-dependent rewritings, where part of
the state is required, but not a�ected by the rewriting step;

2. they allow for a more structured description of the state, that is an arbitrary,
possibly non-discrete, graph.

The relevance of the �rst capability in the representation of concurrent accesses
to shared resources has been already stressed when we have presented contextual
nets.
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Figure 1.7: A graph grammar representation of systemRing .

As for the second capability, even if multisets may be su�cient in many situa-
tions, it is easy to believe that graphs are more appropriatewhen one is interested
in giving an explicit representation of the interconnections among the various com-
ponents of the systems, e.g. if one wants to describe the topology of a distributed
system and the way it evolves.

Furthermore, in a graph transformation system each rewriting step is required
to preserve the consistency of the graphical structure of the state, namely each step
must produce a well-de�ned graph. In thedpo approach this is expressed by the so-
calledapplication conditionfor productions, which, technically, ensures the existence
of the left-pushout of Figure 1.6 for the given match and thusthe applicability of
the rule. The restrictions to the behaviour which are imposed by such requirement
have often a very natural interpretation in the modelled system.

Let us present an example, which even if very simple, may helpthe reader to
get convinced of the gain in expressiveness determined by the use of graphs in place
of multisets. Consider a systemRing consisting of a set of processes using a single
common resource which is accessed in mutual exclusion. The processes are connected
to form a ring and the right to access the resource passes fromone process to its
successor in the ring.

This situation can be modelled by the graph grammar consisting of the start
graph depicted in the left part of Figure 1.7 and the production Mov. The state of
the system is naturally represented as a graph where processes are nodes labelled
by P and the connections are established by means of edges, labelled by E. The
fact that a process has the right to access the resource is represented by adding a
loop R to the corresponding node. The behaviour of the system is represented via
production Mov, which moves the loop from the node currently holding the resource
its successor in the ring, preserving their connection.
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Figure 1.8: A Petri net representation of systemRing .

One can observe that the same system can be represented also by the Petri
net of Figure 1.8, where processors are modelled as places and the right to access
the resource is given by the token moving around the ring. This representation is
surely reasonable and simple, but conceptually it seems more natural to represent
the topology of the system as part of the state and to model themoving of the
resource from a processor the its successor via a single rule(ideally applied by some
supervisor of the system).

At a more concrete level one can notice that the net representation is not very

exible. In fact, consider a slightly di�erent system, where processors are not always
part of the ring. The topology of the system can change dynamically, since a pro-
cessor can (ask to) be inserted and removed from the ring, with the constraint that
the processor holding the resource cannot be removed form the ring. While the net
of Figure 1.8 cannot be easily extended to deal with the new situation, the graph
grammar of Figure 1.7 can be adapted by just including the twonew rulesAdd and
Remfor adding and removing a processor from the ring, respectively.

It is worth noting that, since the consistency of the graphical structure of the
state must be preserved, the ruleRemcannot be applied to the processor holding
the resource because after its removal the loopR would remain dangling. Therefore
the satisfaction of the constraint imposing that the processor holding the resource
cannot be removed is entailed by the basic properties of the rewriting mechanism.

The above observation leads us to another crucial remark. Asshown by the
example, to ensure that after each rewriting step the new state is a well de�ned
graph, before applying a productionq which removes a noden we must be sure that
any edge with source or target inn is removed byq as well, otherwise it would remain
dangling in the new state. This requirement, a part of the application condition called
dangling condition in the dpo approach, can be interpreted by thinking that the
edges with source or target in the noden, not removed byq, inhibits the application
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of q. This establishes a deep connection between inhibitor netsand graph grammars
which will be exploited throughout the thesis. Among other things this suggests the
appropriateness of graph grammars to model phenomena whichcan be expressed by
using inhibitor nets.

1.3 Truly concurrent semantics of Petri nets

In this section we describe the approaches to the semantics of Petri nets which
represent the starting point of the results presented in this thesis. Then we hint at
the possible applications of such semantics and we comment on the role of category
theory in its development.

1.3.1 Semantics of Petri nets

Along the years Petri nets have been equipped with several semantics, aimed at
describing appropriately, at the right degree of abstraction, the truly concurrent
nature of net computations. The approach that we propose as aparadigm, comprises
the semantics based ondeterministic processes, whose origin dates back to an early
proposal by Petri himself [Pet77] and the semantics based onthe nondeterministic
unfolding introduced in a seminal paper by Nielsen, Plotkin and Winskel [NPW81],
and shows how the two may be reconciled in a very satisfactoryframework.

Deterministic process semantics

The notion of deterministic processnaturally arises when trying to give a truly
concurrent description of net computations, taking explicitly into account the causal
relationshipswhich rule the occurrences of events insinglecomputations.

Apart from Best-Devillers processes [BD87] which do not account for causality,
the prototypical example of process for Petri nets is given by the Goltz-Reisig pro-
cesses[GR83]. A Goltz-Reisig process of a netN is a (deterministic) occurrence net
O, i.e. a (safe) �nite net satisfying suitable acyclicity andcon
ict freeness proper-
ties, plus a mapping to the original net' : O ! N . The 
ow relation induces a
partial order on the elements of the netO, which can be naturally interpreted as
causality. The mapping essentially labels the places and transitions ofO with places
and transitions of N , in such a way that places inO can be thought of as tokens in
a computation ofN and transitions of O as occurrences of transition �rings in such
computation.

A limitation of Goltz-Reisig processes resides in the fact that they cannot be
endowed with an operation of sequential composition, meaningful with respect to
causality. The na•�ve attempt of concatenating a process' 1 with target u with a
second one' 2, with sourceu, by merging the source and the target immediately fails.
In fact, there are in general, many ways of putting in one-to-one correspondence the
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maximal places of' 1 with the minimal places of ' 2, respecting the labelling, and
they lead to di�erent resulting processes of the net. The problem is that the places
of a process representtokensproduced in a computations, and tokens in the same
place should not be confused since they may have di�erent (causal) histories.

Concatenable processesare de�ned in [DMM96] as Goltz-Reisig processes in
which minimal and maximal places carrying the same label arelinearly ordered.
Such an ordering allows one to disambiguate token identities and thus an opera-
tion of concatenation can be safely de�ned. This brings us tothe de�nition of a
category CP [N ] of concatenable processes, in which objects are markings (states
of the net), arrows are processes (computations) and arrow composition models the
sequential composition of computations. It turns out that such category is asymmet-
ric monoidal category, in which the tensor product represents faithfully the parallel
composition of processes.

Unfolding semantics

A deterministic process speci�es only the meaning of a single, deterministic com-
putation of a net. Nondeterminism is captured only implicitly by the existence of
several di�erent \non con
uent" processes having the same source. Instead the ac-
curate description of the �ne interplay between concurrency and nondeterminism is
one of the most interesting features of Petri nets.

An alternative classical approach to the semantics of Petrinets is based on an
unfolding construction, which maps each net into a single denotational structure,
representing, in an unambiguous way, all the possible events that can occur in all
the possible computations of the net and the relations existing between them. This
structure expresses not only the causal ordering between the events, but also gives
an explicit representation of the branching (choice) points of the computations.

In the seminal work of Nielsen, Plotkin and Winskel [NPW81],the denotation of
a safe netis de�ned as acoherent �nitary prime algebraic Scott domain[Sco70], or
dI-domain [Ber78] (brie
y domain), via a construction which �rst unfolds the net
into a (nondeterministic) occurrence net which is then abstracted to a prime event
structure. Building on such result, Winskel [Win87a] proves the existence of a chain
of core
ections (a particularly nice kind of adjunction), leading from the category
S-N of safe (marked) P/T nets to the categoryDom of �nitary prime algebraic
domains, through the categoriesO-N of occurrence nets andPES of prime event
structures.

S-N
U

? O-N
E

?

I Occ

PES
L

�

N

Dom
P

The �rst step unfolds a safe netN into a nondeterministic occurrencenet U (N ).
Such a net can be understood as a nondeterministic process ofthe net N where
each transition represents a precise �ring of a transition in N , and places represent
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occurrences of tokens in the places ofN . Di�erently from deterministic processes,
the unfolding can be in�nite and can contain (forward) con
icts. In this way it can
take advantage of its branching (tree-like) structure to represent all the possible
computations of the original netN .

The subsequent step abstracts the occurrence net obtained via the unfolding
construction to a prime event structure. Recall that prime event structures(pes)
are a simple event based model of (concurrent) computationsin which events are
considered as atomic, indivisible and instantaneous steps, which can appear only
once in a computation. An event can occur only after some other events (its causes)
have taken place and the execution of an event can inhibit theexecution of other
events. This is formalized via two binary relations:causality, modelled by a partial
order relation � and con
ict , modelled by a symmetric and irre
exive relation #,
hereditary with respect to causality. Thepes semantics is obtained from the unfold-
ing simply by forgetting the places, but remembering the basic relations of causality
and con
ict between transitions that they induce.

The last step of Winskel's construction shows that the category of prime event
structures is equivalent to the category of domains. An element of the domain cor-
responding to apes is a set of events (con�guration) which can be understood as a
possible computation in thepes. The order (which is simply set inclusion) represents
a computational order: if C v C0, then C can evolve and becomeC0.

In [MMS92, MMS97] it has been shown that essentially the sameconstruction
applies to the wider category ofsemi-weightednets, i.e., P/T nets in which the
initial marking is a set and transitions can generate at mostone token in each
post-condition. It is worth noting that, besides being moregeneral than safe nets,
semi-weighted nets present the advantage of being characterized by a \static con-
dition", not involving the behaviour but just the structure of the net. Figure 1.9
shows an example of semi-weighted P/T net, which is not safe.The generalization
of Winskel's construction to the whole category of P/T nets requires some original
technical machinery and allows one to obtain a proper adjunction rather than a
core
ection [MMS92].

Reconciling deterministic processes and unfolding

Since the unfolding of a net is essentially a nondeterministic process that completely
describes the behaviour of the net, one would expect that a relation exists between
the unfolding and the deterministic process semantics. Indeed, as shown in [MMS96],
the domain associated to a netN through the unfolding construction can be equiva-
lently characterized as the set of deterministic processesof the net starting from the
initial marking, endowed with a kind of pre�x ordering. This result is stated in an
elegant categorical way. The comma categoryhm # CP [N ]i , where m is the initial
marking of the net, is shown to be a preorder (more precisely,this is true for semi-
weighted nets, while for general nets a slight variation of the notion of process has
to be considered, calleddecorated process). Intuitively, the elements of such preorder
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Figure 1.9: A semi-weighted P/T net, which is not safe.

are computations starting from the initial state, and if' 1 and ' 2 are elements of the
preorder, we have' 1 � ' 2 if ' 1 can be extended to' 2 by performing appropriate
steps of computation. Finally, the ideal completion of suchpreorder, which can be
seen as a representation of the (�nite and in�nite) computations of the net, is shown
to be isomorphic to the domain associated to the unfolding.

Deterministic processes

P=T Nets Domains

Unfolding

Although not central in this thesis, we recall that there exists a third approach
to Petri net semantics which �ts nicely in the above picture,calledalgebraic seman-
tics. Roughly speaking, the algebraic approaches to Petri net semantics, originated
from [MM90], characterize net computations as an equational term algebra, freely
generated starting from the basic elements of the net and having (suitable kinds
of) monoidal categories as models. For instance, the category of concatenable pro-
cesses can be given a purely algebraic and completely abstract characterization as
the free symmetric strict monoidal categorygenerated by the netN , modulo some
suitable axioms [Sas96]. In particular the distributivityof tensor product and arrow
composition in monoidal categories is shown to capture the basic facts about net
computations.

1.3.2 A view on applications

The semantical framework for Petri nets illustrated before, besides being elegant
and satisfactory from a theoretical point of view, represents a basis on which the
bridge towards applications can be settled. The discussed constructions provide a
description of the behaviour of a net which is, in general, \in�nite" and thus appar-
ently di�cult to deal with. However, on top of them one can build more abstract
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\approximated" descriptions of the behaviour which turn out to be useful in the
veri�cation of several properties of the modelled systems.

The deterministic process and event structure semantics represent the basis for
the de�nition of history preserving bisimulation[RT88, BDKP91], a bisimulation-
like observational equivalence suited to deal with concurrent systems. For instance it
is a congruence with respect to some kind of re�nement operations and it preserves
the amount of autoconcurrency. History preserving bisimulation is known to be
decidable forn-safe nets, where the number of tokens in each place is bounded by n.
Algorithms for checking the bisimilarity of two nets and to get a minimal realization
in a class of bisimilar systems have been proposed in the literature [Vog91, MP98].

Furthermore, although the unfolding is in�nite for non triv ial nets, as observed by
McMillan in his PhD thesis [McM93], limiting attention to ( n-)safe nets it is possible
to construct a �nite initial part of the unfolding which cont ains as much information
as the unfolding itself, the so-called�nite complete pre�x . The advantage of complete
pre�xes is that they can be much smaller of the state space of the system, when they
are generated via \clever" algorithms, and, as such, they represent a useful technique
to attack the well-known state explosion problem of model-checking techniques.
Moreover, the information about causality, concurrency and distribution contained
in the unfolding may be used to verify properties expressed in local logics, which
allow to reason on the knowledge that each component has of the global state of
the system. The unfolding technique has been applied to the veri�cation of circuits,
telecommunication systems, distributed algorithms, etc.

1.3.3 The role of category theory

Category theory originated as an abstract theory of mathematical structures and
of the relationships between structures, aimed at giving a uni�ed view of \similar"
results from disparate areas of mathematics.

The categorical language, with its elegance and abstractness, has been exploited
in Computer Science as a tool to give alternative systematicformulations of existing
theories, making clear their real essence and disregardingunnecessary details, and
as a guidance for the development and justi�cation of new concepts, properties and
results. The advantages of the use of category theory in Computer Science are well
summarized in [Gog91]. Here we try to point out some aspects which are particularly
relevant to our approach.

Considering categories of systems, one is lead to introducean appropriate notion
of morphism between systems, typically formalizing the idea of \simulation". Then
expressing the semantics via afunctor means to de�ne the semantical transforma-
tion consistently with such notion: a morphism between two systems must yield a
morphism between their models.

Moreover, the notion ofuniversal construction(e.g., adjunction, re
ection , core-

ection ) provides a formal way to justify the naturality of the semantics, by express-
ing its \optimality". It is often the case that an obvious functor maps models back
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into the category of systems (e.g., this happens for Petri nets, where occurrence nets
are particular nets and thus such a functor is simply the inclusion). Consequently
the semantics can be de�ned naturally as the functor in the opposite direction, form-
ing an adjunction, which (if it exists) is unique up to natural isomorphism. In other
words, once one has decided the notion of simulation, there is a unique way to de�ne
the semantics consistently with such notion.

Finally, several composition operations can be naturally expressed at categorical
level as limit/colimit constructions (products, sums, pushouts, pullbacks, just to cite a
few). For instance, a pushout construction can be used to compose two nets, merging
some part of them, obtaining a kind of generalized nondeterministic composition,
while synchronization of nets can be modelled as a product (see [Win87a, MMS97]).

Remarkably, since left/right adjoint functors preserve colimits/limits, a seman-
tics de�ned via an adjunction turns out to be compositional with respect to such
operations.

1.4 From Petri nets to graph grammars: an
overview of the thesis

Inspired by the close relationship between graph grammars and Petri nets, in or-
der to present graph grammars as a formalism for the speci�cation of concur-
rent/distributed systems alternative to Petri nets, the thesis explores the possibility
of developing a theory of concurrency for graph transformation systems recasting
in this more general framework notions, constructions and results from Petri nets
theory. More precisely, the thesis investigates the possibility of generalizing to graph
grammars the nice semantical framework described for Petrinets in the previous
section, by endowing them with deterministic process and unfolding semantics, as
well as with more abstract semantics based on (suitable of extensions of) event
structures and domains.

Remarkably, the reason for which graph grammars represent an appealing gener-
alization of Petri nets, namely the fact that they extend nets with some non-trivial
features, makes non-trivial also such generalization. In fact, the main complications
which arise in the treatment of graph grammars are related onthe one hand to the
possibility of expressing contextual rewritings, and on the other hand to the neces-
sity of preserving the consistency of the graphical structure of the state, a constraint
which leads to the described \inhibiting e�ects" between productions applications.

We already observed that contextual nets, where a transition can test for the
presence of a token without consuming it, share with graph grammars the ability of
specifying a \context-sensitive" �ring of events. Furthermore inhibitor nets, where
the presence of a token in a place can disable a transition, allow one to model
a kind of dependency between events analogous to the one which arises in dpo
graph grammars due to the requirement of preserving the consistency of the state.
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Informally, we can organize the considered formalisms in anideal chain leading from
Petri nets to graph transformation systems as follows

Petri
nets

Contextual
nets

Inhibitor
nets

Graph
grammars

Motivated by the idea that contextual nets and nets with inhibitor arcs can
serve as a bridge for transferring notions and results from classical nets to graph
grammars, the �rst part of the thesis concentrates on these intermediate models,
while the second part is devoted to the study of graph grammars.

Di�erently from what happens for ordinary nets, we de�ne an unfolding seman-
tics (essentially based on nondeterministic processes) before developing a theory of
deterministic processes. To understand why we proceed in this way observe that for
traditional nets the only source of nondeterminism is the the presence of pairs of
di�erent transitions with a common precondition, and therefore there is an obvious
notion of \deterministic net". When considering contextual nets, inhibitor nets or
graph grammars the situation becomes much more involved: the dependencies be-
tween event occurrences cannot be described only in terms ofcausality and con
ict,
and the deterministic systems cannot be given a purely syntactical characterization.
Consequently, a clear understanding of the structure of nondeterministic computa-
tions becomes essential to be able to single out which are thegood representatives
of deterministic computations.

The core of the theory developed for each one of the considered models is the
formalization of the kind of dependencies among events in their computations and
the de�nition of an appropriate notion of event structure for faithfully modelling
such dependencies.

Contextual nets and asymmetric con
icts

When dealing with contextual nets, the crucial point is the fact that the presence
of context conditions leads toasymmetric con
icts or weak dependenciesbetween
events. Consider, for instance, the netN3 of Figure 1.10, with two transitions t0

and t1 such that the same places is a context for t0 and a precondition fort1. The
possible �ring sequences are given by the �ring oft0, the �ring of t1 and the �ring
of t0 followed by t1, denotedt0; t1, while t1; t0 is not allowed. This represents a new
situation not arising within ordinary net theory: t0 and t1 are neither in con
ict nor
concurrent nor causal dependent. Simply, as for a traditional con
ict, the �ring of
t1 prevents t0 to be executed, so thatt0 can never followt1 in a computation. But
the converse is not true, sincet1 can �re after t0. This situation can be interpreted
naturally as an asymmetric con
ict between the two transitions. Equivalently, since
t0 precedest1 in any computation where both transitions are executed, in such
computations t0 acts as a cause oft1. However, di�erently from a true cause,t0 is
not necessary fort1 to be �red. Therefore we can also think of the relation between
the two transitions as aweakform of causal dependency.
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s

t1

Figure 1.10: Asymmetric con
ict in contextual nets.

Prime event structures and in general Winskel's event structures result inade-
quate to give a direct representation of situations of asymmetric con
ict. To give a
faithful representation of the dependencies between events arising in contextual nets
we introduce asymmetric event structures(aes's), a generalization ofpes's where
symmetric con
ict is replaced by a relation% modelling asymmetric con
ict. An
aes allows us to specify the new kind of dependency described above for transitions
t0 and t1 of the net in Figure 1.10 simply ast0 % t1.

The notion of asymmetric con
ict plays an essential role both in the ordering
of the con�gurations of an aes, which is di�erent from set-inclusion, and in the
de�nition of (deterministic) occurrence contextual nets,which are introduced as
the net-theoretical counterpart of (deterministic) aes's. Then the entire Winskel's
construction naturally lifts to contextual nets.

Inhibitor nets and the disabling-enabling relation

When considering inhibitor nets, the nonmonotonic features related to the presence
of inhibitor arcs (negative conditions) make the situationfar more complicated. First
if a place s is in the post-set of a transitiont0, in the inhibitor set of t and in the
pre-set of t0 (see the netN4 in Figure 1.11), then the execution oft0 inhibits the
�ring of t, which can be enabled again by the �ring oft0. Thus t can �re before or
after the \sequence"t0; t0, but not in between the two transitions. Roughly speaking
there is a sort of atomicity of the sequencet0; t0 with respect to t.

The situation can be more involved since many transitionst0, . . . , tn may have
the places in their pre-set (see the netN5 in Figure 1.11). Therefore, aftert0 has
been �red, t can be re-enabled by any of the con
icting transitionst0, . . . , tn . This
leads to a sort ofor-causality. With a logical terminology we can say thatt causally
depends on the implicationt0 ) t0 _ t1 _ : : : _ tn .

To face these additional complications we introduceinhibitor event structures
(ies's), which enrich asymmetric event structures with a ternary relation, called
DE-relation (disabling-enabling relation), denoted by (�; �; �). Such a relation is
used to model the previously described situation as(f t0g; t; f t0; : : : ; tng). The DE-
relation is su�cient to represent both causality and asymmetric con
ict and thus
concretely it is the only relation of aies.
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Figure 1.11: Two basic nets with inhibitor arc.

Remarkably, computations of an inhibitor net (and thus con�gurations of anies)
involving the same events may be di�erent from the point of view of causality. For
instance, in the basic netN4 of Figure 1.11 there are two possible orders of execution
of transitions t, t0 and t0, namely t; t0; t0 and t0; t0; t, and while in the �rst case it is
natural to think of t as a cause oft0, in the second case we can imagine instead thatt0

(and thus t0) causest. To take into account correctly this further information, both
con�gurations of ies's and processes of inhibitor nets are enriched with a so-called
choice relation specifying which of the possible computations we are referring to.

The unfolding construction for inhibitor nets makes an essential use of the con-
struction already developed for contextual nets. The main problem emerges in the
passage from occurrence inhibitor net toies's where the backward steps is impos-
sible, basically because of complications due to the complex kind of causality ex-
pressible inies's. More technically, the construction associating an inhibitor event
structure to an occurrence net is functorial, but does not give rise to a categorical
core
ection.

Lifting the results to graph grammars

When we �nally turn our attention to graph grammars we are rewarded of the e�ort
spent in the �rst part, since basically nothing new has to be invented. Inhibitor
event structures are expressive enough to model the structure of graph grammar
computations and the theory developed for inhibitor nets smoothly lifts, at the price
of some technical complications, to grammars. Furthermore, not only the process and
the unfolding semantics proposed for a graph grammars are shown to agree, but the
theory developed in this thesis is shown to be consistent also with the classical
theory of concurrency fordpo grammar in the literature, basically relying onshift-
equivalence[Kre77, CMR+ 97, CEL+ 96b]. We hope that this can be considered a
valuable contribution to the understanding of the theory ofconcurrency fordpo
graph transformation.
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1.4.1 The general approach

For each one of the mentioned formalisms, namely contextualnets, inhibitor nets
and graph grammars we develop a similar theory by following acommon schema
which can be described as follows:

1. We de�ne a category of systemsSys. The morphisms, which basically origins
from an algebraic view of the systems, can be interpreted as simulations.

2. We develop anunfolding semantics, expressed as a core
ection betweenSys
and a subcategoryO-Sys, where objects are suitable systems exhibiting an
acyclic behaviour.

From the unfolding we extract an (appropriate kind of)event structure, the
transformation being expressed as a functor fromO-Sys, to the considered
category of event structuresES.

Finally, a connection is established with domains and traditional pes by show-
ing that the category ES of generalized event structures core
ects into the
categoryDom of domains.

Summing up, we obtain the following chain of functors, leading from systems
to event structures and domains

Sys ? O-Sys ES ? Dom � PES

The last step in the chain is the equivalence between the categoriesDom of
domains andPES of prime event structures, due to Winskel.

In the case of contextual nets, the step leading fromO-Sys to ES is not only
a functor, but a true core
ection.

3. We de�ne a notion ofdeterministic processfor systems inSys. Relying on the
work developed in the previous point, a general (possibly nondeterministic)
processof a systemS is introduced as \occurrence system" inO-Sys, plus a
(suitable kind) of morphism back to the original systemS (the prototypical
example of nondeterministic process being the unfolding).

Then, roughly speaking, a process isdeterministic if it contains no con
ict,
or, in other words, if it uniquely identi�es a single con�guration of the event
structure associated to the system, in such a way that it can be seen as the
representative of a single deterministic (concurrent) computation of S .

The deterministic processes of a systemS are turned into a categoryCP [S ],
by endowing them with a notion of concatenation, modelling the sequential
composition of computations.
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4. We show that the deterministic process and the unfolding semantics can
be reconciled by proving that, as for traditional nets, the comma category
hInitial State # CP [S ]i , is a preorder whose ideal completion is isomorphic
to the domain obtained from the unfolding, as de�ned at point(2).

1.4.2 Summary of the results

The main achievement of the thesis is the development of a systematic theory of
concurrency for graph grammars which contribute to close the gap existing between
graph transformation systems and Petri nets.

1. We de�ne a Winskel's style semantics for graph grammars. An unfolding con-
struction is presented, which associates to each graph grammar a nondeter-
ministic occurrence grammar describing its behaviour. Such a construction
establishes a core
ection between suitable categories of grammars and the
category of occurrence grammars. The unfolding is then abstracted to an in-
hibitor event structure and �nally to a prime algebraic domain (or equivalently
to a prime event structure).

2. We introduce a notion ofnondeterministic graph processgeneralizing the de-
terministic processes of [CMR96]. The notion �ts nicely in our theory since a
graph process of a grammarG can be de�ned simply as a (special kind of)
grammar morphism from an occurrence grammar intoG (while in [CMR96]
an ad hoc mapping was used).

3. We de�ne concatenable graph processes, as a variation of (deterministic �nite)
processes endowed with an operation of concatenation, consistent with the

ow of causality, which models sequential composition of computations.

The appropriateness of this notion is con�rmed by the fact that the category
CP [G] of concatenable processes of a grammarG turns out to be isomorphic
to the classical truly concurrent model of computation of a grammar based on
traces of [CMR+ 97, BCE+ 99].

4. The event structure obtained via the unfolding is shown tocoincide both with
the one de�ned by Corradini et al. [CEL+ 96b] via a comma category con-
struction on the category of concatenable derivation traces, and with the one
proposed by Schied [Sch94], based on a deterministic variant of the dpo ap-
proach. These results, besides con�rming the appropriateness of the proposed
unfolding construction, give an uni�ed view of the various event structure
semantics for thedpo approach to graph transformation.

A second achievement is the development of an analogous unifying theory for two
widely di�used generalizations of Petri nets, namelycontextual netsand inhibitor
nets. While a theory of deterministic processes for these kind ofnets was already
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available in the literature, the Winskel-style semantics,comprising the unfolding
construction, its abstraction to a prime algebraic semantics, as well as its relation
with the deterministic process semantics are original.

Finally, we like to mention as a result also the development of a categorical theory
of two kind of generalized event structures, namelyasymmetric event structures
and inhibitor event structuresand of their relation with Winskel's event structures.
In this thesis they are presented as a mean for the treatment of (extended nets
and) grammars, but the generality of the phenomena they allow to model and their
connections with other extensions of event structures in the literature makes us
convinced that their applicability goes beyond the considered examples.

1.5 Structure of the thesis

The thesis is divided into two parts. TheFirst Part is devoted to the study of
contextual and inhibitor nets, while theSecond Part , exploiting also some notions
and results from theFirst Part , concentrates on the theory of concurrency ofdpo
graph transformation systems.

The First Part consists of three chapters. InChapter 2 we introduce some
background material. After �xing the basic mathematical notation, we present the
notions of contextual and inhibitor net and we review some concurrent semantics
proposed in the literature for these generalized kinds of nets. Then we present the
work of Winskel on prime event structures, their equivalence with prime algebraic
domains and we present some generalizations of the basic notion of event structure
proposed in the literature.

Chapters 3 and4 contain the original contributions of theFirst Part . Chap-
ter 3 proposes a truly concurrent semantics for (semi-weighted)contextual nets
by following the general approach described in theIntroduction . First, we de�ne
asymmetric event structures(aes's) as a new event based model capable to represent
the dependencies between events in contextual net computations and we study their
relationship with pes's and domains. Then, exploiting an unfolding construction,
the semantics of semi-weighted contextual nets is given viaa chain of core
ections
leading from the category of semi-weighted contextual netsto the category of prime
algebraic domains. Finally, we prove that the unfolding andthe (deterministic) pro-
cess semantics of contextual nets can be reconciled by showing that concatenable
processesallow to give an alternative characterization of the domainobtained from
the unfolding.

Chapter 4 generalizes (part of) the work in the previous chapter to thecase
of inhibitor nets. This chapter has the same structure as the previous one. First, in
order to deal with the greater complexity of inhibitor net computations we introduce
a generalization of asymmetric event structures, calledinhibitor event structures
(ies's) and we study their relationship withpes's and domains. Then we give a truly
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concurrent semantics for (semi-weighted) inhibitor nets via functorial construction
which �rst associates to each inhibitor net an occurrence inhibitor net. The unfolding
is mapped to an inhibitor event structure and then to a prime algebraic domain.
Finally we discuss the notion of deterministic process for inhibitor nets arising from
our theory, we de�ne their concatenable version and we show that, as for contextual
nets, concatenable processes allow us to recover the domainsemantics of an inhibitor
net as obtained via the unfolding construction.

The second part is divided into four chapters.Chapter 5 provides an introduc-
tion to the algebraic approachto graph transformation based on thedouble-pushout
(dpo ) construction, by presenting some (partly revisited) background notions. We
�rst give the basic de�nitions of dpo graph grammar, rewriting step and deriva-
tion. Then we introduce the fundamental notions of the concurrency theory of the
dpo approach by presenting thetrace semanticsbased on theshift equivalence. The
chapter is closed by the de�nition of thecategory of graph grammarsconsidered in
this thesis.

The original contributions of theSecond Part are presented inChapters 6-8 .
Chapter 6 de�nes an unfolding semanticsfor dpo graph transformation systems.
As for inhibitor nets, the unfolding construction is characterized as a categorical
core
ection. Then we de�ne a functorial construction whichmaps the unfolding to
an inhibitor event structure, and �nally, by the results in Chapter 4 , to a prime
algebraic domain. This chapter uses many notions and intuitions from Chapter 4
on inhibitor nets (in particular it resorts to inhibitor event structures and to their
relationship with domains).

Chapter 7 presents the notion ofconcatenable processfor dpo graph transfor-
mation systems, and proves that the category of concatenable processes provides a
semantics for a graph grammar which is equivalent to the classical abstract truly
model of computation, discussed inChapter 5 . We also study the relationship
between the process and the unfolding semantics of a graph grammar, by showing,
that, as for nets, concatenable graph processes allow to recover the same domain
semantics de�ned inChapter 6 .

Chapter 8 reviews two other event structure semantics which have beenpro-
posed in the literature fordpo graph transformation systems in [CEL+ 96b, Sch94].
By exploiting the results in Chapters 6 and 7, these two alternative event struc-
tures are shown to coincide with the one obtained from the unfolding, which thus
can be claimed to be \the" event structure semantics ofdpo graph transformation.

Both the First Part and the Second Part end with a summary of the pre-
sented results and some �nal remarks. TheConclusions contains a general dis-
cussion on the thesis and sketches possible future directions of research.

Finally, the Appendix collects some basic notions of category theory which are
used in the thesis.
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Origins of the chapters

The truly concurrent semantics for contextual nets presented in Chapter 3 �rst ap-
peared as [BCM98b], while a complete version, including full proofs and the relation
with the process semantics, appeared in [BCM99a].

The notion of nondeterministic process and the unfolding construction for graph
transformation systems described inChapter 6 can be found in [BCM99b]. The
characterization of the unfolding as a universal construction, in the case of semi-
weighted grammars, will appear as [BCM99c].

Concatenable graph processes and their relation with the derivation trace se-
mantics, presented inChapter 7 , appeared in [BCM98a, BCE+ 99]. The relation
between the process and the unfolding semantics, with a di�erent proof, has been
presented in [BCM99b].

Finally, Chapter 8 relating our event structure semantics with other proposal
in the literature has been extracted from [BCM99b].



Part I

Contextual and inhibitor nets





Chapter 2

Background

This chapter presents some background material which will be used in theFirst
Part . We �rst �x the basic mathematical notation. Then we presentcontextual and
inhibitor nets and we review some concurrent semantics proposed in the literature
for these generalized kinds of nets. In the last part of the chapter we review the
work by Winskel on prime event structures, their equivalence with prime algebraic
domains and we present some generalizations of the basic notion of event structure
proposed in the literature.

2.1 Basic notation

This section introduces the basic mathematical concepts and notation which are
used in the rest of the thesis. It is mainly intended to provide a list of symbols
and keywords with the aim of �xing the notation for sets, relations, functions and
multirelations.

Sets

Without referring to a formal set-theory, we resort to the intuitive notion of set as
unordered collection of elements and we use the common operations on sets. For
instance, given two setsX and X 0 we can consider theirunion X [ X 0, intersection
X \ X 0, di�erence X � X 0, cartesian productX � X 0, etc. The cardinality of a set
X is denoted byjX j.

The powersetof a set X is denoted by2X , while 2X
�n denotes the set of �nite

subsets ofX and 2X
1 the set of subsets ofX of cardinality at most one (singletons

and the empty set; ). When Y 2 2X
�n we will write Y � �n X . Given a set of sets

Y � 2X , the big union of Y is de�ned as
[

Y = f y j 9Z 2 Y: y 2 Zg

and similarly the big intersection of Y is the set
T

Y = f y j 8Z 2 Y: y 2 Zg. If the
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set Y is indexed, i.e.,Y = f Z i : i 2 I g, its big union and intersection are written asS
i 2 I Z i and

T
i 2 I Z i , respectively.

Relations

Let X and Y be sets. A (binary) relation r from X to Y is a subset of the cartesian
product of X and Y, namely r � X � Y. We often use the \in�x" and \pre�x"
notation for relations by writing x r y and r (x; y), respectively, in place of (x; y) 2 r .
We denote byr � 1 the inverse relation of r , namely f (y; x) j (x; y) 2 rg. The domain
dom(r ) and codomain cod(r ) of the relation r are de�ned by

dom(r ) = f x 2 X j 9y 2 Y:(x; y) 2 rg cod(r ) = f y 2 Y j 9x 2 X: (x; y) 2 rg.

Given X 0 � X we sometimes writer (X 0) for the set f y j 9x 2 X: (x; y) 2 rg, called
the image ofX 0 through r .

The composition of two relations r1 � X � Y and r2 � Y � Z is the relation
r2 � r1 � X � Z , sometimes writtenr1; r2, de�ned as follows

r2 � r1 = f (x; z) j 9y 2 Y: (x; y) 2 r1 ^ (y; z) 2 r2g

Let us turn our attention to relations r � X � X (which we call binary relations
over X ). By r + we denote thetransitive closure of r , and by r � the re
exive and
transitive closure of r . Given X 0 � X the symbol rX 0 indicates the restriction of r
to X 0 � X 0, i.e., r \ (X 0 � X 0).

We say that r is acyclic if it has no \cycles" e0 r e1 r : : : r en r e0, with ei 2 X ,
or, in other words, if r + is irre
exive. We call r well-foundedif it has no in�nite
descending chains, i.e.,f ei gi 2 N 2 X such that ei +1 r ei , ei 6= ei +1 , for all i 2 N. In
particular, if r is well-founded it has no (non-trivial) cycles.

The relation r is called apreorder if it is re
exive and transitive; it is a partial
order if it is also antisymmetric. The relation r is an equivalenceif it is re
exive,
transitive and symmetric.

Functions

A partial function f : X ! Y is a special relationf � X � Y with the property that
for any x 2 X there is at most oney 2 Y such that (x; y) 2 f , namely jf (f xg)j � 1.
In this case we write f (x) = y instead of f (f xg) = f yg. Furthermore we write
f (x) = ? and we say thatf is unde�ned on x when x 62dom(f ), or equivalently if
f (f xg) = ; . A function f : X ! Y is calledtotal if dom(f ) = X .

Multisets and Multirelations

Let A be a set. Amultiset of A is a function M : A ! N. Such a multiset is denoted
sometimes as a formal sumM =

P
a2 A na �a, wherena = M (a). The coe�cients 1 are
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usually implicit and terms with a zero coe�cient are omitted. The set of multisets
of A is denoted by�A .

The usual operations and relations on multisets are used. For instance, multiset
union is denoted by + and de�ned as (M + M 0)(a) = M (a) + M 0(a); multiset
di�erence (M � M 0) is de�ned as (M � M 0)(a) = M (a) � M 0(a) if M (a) � M 0(a)
and (M � M 0)(a) = 0 otherwise. We write M � M 0 if M (a) � M 0(a) for all
a 2 A. If M is a multiset of A, we denote by [[M ]] the 
attening of M , namely
the multiset

P
f a2 A jM (a)> 0g 1 � a, obtained by changing all non-zero coe�cients of

M to 1. Sometimes we confuse the multiset [[M ]] with the corresponding subset
f a 2 A j M (a) > 0g of A, and use on them the usual set operations and relations.

A multirelation f : A ! B is a multiset of A � B . It induces in an obvious way
a function �f : �A ! �B , de�ned as

�f (
X

a2 A

na � a) =
X

b2 B

X

a2 A

(na � f (a; b)) � b:

If the multirelation f satis�es f (a; b) � 1 for all a 2 A and b2 B then we sometimes
confuse it with the corresponding set-relation and writea f b or f (a; b) for f (a; b) =
1. We call inverse of f the multirelation f � 1 : B ! A, de�ned by f � 1(b; a) = f (a; b)
for all a 2 A, b2 B.

A multirelation f : A ! B is called �nitary if for any a in A the set f b 2 B j
f (a; b) > 0g is �nite. In the following we will consider only �nitary mult irelations,
and thus the quali�cation \�nitary" will be often omitted.

The composition of two multirelations f : A ! B and g : B ! C is the
multirelation g � f : A ! C de�ned as

(g � f )(a; c) =
X

b2 B

f (a; b) � g(b; c):

Observe that the above de�nition is well given only if the involved multirelations
are �nitary (since \in�nite" coe�cients are not allowed). T he category having sets
as objects and (�nitary) multirelations as arrows is denoted by MSet .

We conclude by recalling some trivial properties of multisets which will be used
in the sequel.

Proposition 2.1
Let h : A ! B be a multirelation and letM; M 0 2 �A . Then

1. �h (M + M 0) = �h (M ) + �h (M 0);

2. if M � M 0 then �h (M ) � �h (M 0);

3. [[�h (M )]] � �h ([[M ]]), for all M 2 �A .
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2.2 Contextual and inhibitor nets

In this section we review the de�nition of contextual and inhibitor nets, the two
generalizations of ordinary Petri nets which are investigated in the First Part .
The adopted notions of concurrent enabling and step sequence (token game) are
compared with other proposals in the literature.

2.2.1 Contextual nets

Contextual netsextend ordinary Petri nets with the possibility of handlingcontexts:
in a contextual net transitions can have not only preconditions and postconditions,
but also context conditions. A transition can �re if enough tokens are present in
its preconditions and context conditions. In the �ring, preconditions are consumed,
context conditions remainunchangedand new tokens are generated in the postcondi-
tions. We next introduce(marked) contextual P/T nets[Ris94, Bus98] (orc-netsfor
short), that following the lines suggested in [MR95] for C/Esystems, add contexts
to P/T Petri nets.

Definition 2.2 (c-net)
A (marked) contextual Petri net (c-net) is a tuple N = hS; T; F; C; mi , where

� S is a set ofplaces;

� T is a set oftransitions;

� F = hFpre; Fposti is a pair of multirelations, from T to S.

� C is a multirelation from T to S, called thecontext relation;

� m is a multiset of S, called theinitial marking .

We assume, without loss of generality, thatS \ T = ; . Moreover, we require that for
each transition t 2 T, there exists at least a places 2 S such that Fpre(t; s) > 0.1

This is a common assumption when one is interested in having acausal semantics
for nets. In fact given a transition with empty pre-set, an unbounded number of in-
distinguishable occurrences of such transition can be �redin parallel. Consequently,
although a theory of deterministic processes could be stilldeveloped, very serious
problems arise when trying to de�ne an unfolding and an eventstructure semantics,
where each event is intended to represent a uniquely determined occurrence of a
transition.

1This is a weak version of the condition ofT-restrictedness that requires also Fpost (t; s) > 0,
for somes 2 S.
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Definition 2.3 (pre-set, post-set, and context)
Let N be a c-net. As usual, the functions from�T to �S induced by the multirelations
Fpre and Fpost are denoted by� ( ) and ( ) � , respectively. If A 2 �T is a multiset of
transitions, � A is called its pre-set, while A � is called its post-set. Moreover, byA
we denote thecontext of A, de�ned as A = �C (A).

An analogous notation is used to denote the functions fromS to 2T de�ned
as, for s 2 S, � s = f t 2 T j Fpost(t; s) > 0g, s� = f t 2 T j Fpre(t; s) > 0g,
s = f t 2 T j C(t; s) > 0g.

For a multiset of transitions A to be enabled by a markingM it is su�cient that
M contains the pre-set ofA and at least oneadditional token in each place in the
context of A. This corresponds to the intuition that a token in a place canbe used
as context by many transitions at the same time and with multiplicity greater than
one by the same transition.

Definition 2.4 (token game)
Let N be a c-net and letM be amarking of N , that is a multiset M 2 �S . Given a
�nite multiset of transitions A 2 �T , we say thatA is enabledbyM if � A+[[ A]] � M .
The transition relation between markings is de�ned as

M [Ai M 0 i� A is enabled byM and M 0 = M � � A + A � .

We call M [Ai M 0 a step. A simple step(also called a�ring ) is a step involving just
one transition, i.e.,M [ti M 0.

Definition 2.5 (reachable marking)
Let N be a c-net. A markingM is called reachable if there exists a �nite step
sequence

m [A0i M1 [A1i M2 : : : [An i M

starting from the initial marking and leading toM .

2.2.2 Inhibitor nets

Inhibitor nets (or nets with inhibitor arcs) further generalize contextual nets with
the possibility of checking not only for the presence, but also for the absenceof
tokens in a place. Concretely, inhibitor nets are contextual nets enriched with a new
relation that speci�es, for each transition, which are the places that inhibit its �ring.

Definition 2.6 (i-net)
A (marked) inhibitor Petri net (i-net) is a tuple N = hS; T; F; C; I; mi , where
hS; T; F; C; mi is a contextual net andI � T � S is a relation, called theinhibitor
relation.
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Let N be an i-net. The pre-set, post-set and context of transitions and places are
de�ned as for c-nets. Furthermore, for a multiset of transitionsA 2 �T we de�ne the
inhibitor set of A, denoted by � A, as the set of places which inhibit the transitions
in A, namely � A = I ([[A]]). Similarly, for a places we de�ne � s = f t 2 T j I (t; s)g.

The notion of enabling changes in order to take into account also the e�ect of
the inhibitor arcs. As for c-nets, a �nite multiset of transitions A is enabled by a
marking M , if M contains the pre-set ofA and covers the context ofA. In addition
no token must be present nor produced by the step in the placesof the inhibitor set
of A.

Definition 2.7 (token game)
Let N be an i-net and letM 2 �S be a marking of N . Given a �nite multiset
of transitions A 2 �T , we say thatA is enabled by M if � A + [[ A]] � M and
[[M + A � ]] \ � A = ; . The transition relation between markings is de�ned as

M [Ai M 0 i� A is enabled byM and M 0 = M � � A + A � .

Steps, �rings and reachable markings are de�ned in the obvious way.

2.2.3 Alternative approaches

In the literature there is not a complete agreement on the notion of enabling for
transitions and steps of contextual and inhibitor nets. Thealternative proposals, for
instance in [Vog97b] and in [JK95], allow for the execution of steps where the same
token is used both as context and as precondition, or dually of steps where a token
is generated in the inhibitor set.

The basic assumption which motivates our choice is that concurrent transitions
should be allowed to �re also in any order. In other words we require that given two
multisets of transitions A1; A2 2 �T , then

M [A1 + A2i M 0 ) M [A1i M 00[A2i M 0 for someM 00.

Consequently, any marking reachable via step sequences is also reachable by �ring
sequences where each step consists of a single transition.

Without getting into technical details, let us compare the di�erent approaches by
means of simple examples. Consider the c-netsN0 and N1 in Figure 2.1. According
to our de�nition, the step consisting of the concurrent execution of t0 and t1 is not
legal for both nets.

The de�nition of [Vog97b] allows for the concurrent execution of t0 and t1 in N0

but not in N1, the idea being that the �rings are not instantaneous and twoactions
should be considered concurrent if their executions can overlap in time. This is the
case fort0 and t1 in N0, where the only constraint is that the �ring of t0 must start
after the �ring of t1 has begun. Instead, inN1 when the �ring of a transition starts
the other transition is no more executable. The property that any �ring sequence
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� �

t0 t1

� �

t0 t1

N0 N1

Figure 2.1: Di�erent notions of enabling in the literature.

serializing a concurrent step must be admissible is weakened to the existenceof a
possible serialization. Consequently it is still true thatthe markings reachable via
step sequences coincide with the markings reachable via �ring sequences. According
to [JK95], instead, the concurrent execution oft0 and t1 is permitted also in N1.
Observe that the �ring of one of t0 or t1 inhibits the other transition. Hence also
the weaker property of coincidence of the markings reachable via step and �ring
sequences is lost.

As already pointed out in [MR95, JK95] the more liberal de�nitions of enabling
are suited to deal with timed systems, where action have non-zero durations, while
our approach is more appropriate when the �rings are considered as instantaneous.

We conclude by observing that minor di�erences exist also with respect
to [Bus98], where a single transition is allowed to produce atoken in its inhibitor set
and the context is a set (rather than a multiset). As for the �rst point, since in both
approaches a transition cannot use the same token as precondition and context, we
judge more coherent to forbid the �ring also in the dual situation. Moreover, in this
way a multiset of transitions can be safely thought of as a single \composed" tran-
sition, making the treatment more uniform. Instead, the choice of viewing contexts
as multisets, allowing the �ring when at least one token is present in each context
place, is taken by analogy with graph grammars: a graph production may specify a
context with multiple occurrences of the same resource, butit can be applied with
a match which is non-injective on the context. Anyway both choices are mainly a
matter of taste, and they have little in
uence on the developed theory

2.3 Process semantics of generalized Petri nets

The problem of providing a (deterministic) process semantics for contextual and
inhibitor nets has been faced by various authors [Vog97b, Ris94, GM98, Win98,
Bus98, JK95]. This section is aimed at giving some pointers to the related literature
and an overview of the approaches in [Ris94, GM98, Win98, Bus98] which will be
\rediscovered" in the next chapters as special cases of the developed theory. Rather
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than giving a formal introduction, the section is intended to explain the framework
in which our results have been developed.

2.3.1 Contextual nets

A theory of non-sequential processes for contextual nets has been �rst proposed
in [MR95], where two kind of processes for C/E contextual nets are de�ned. A c-
processconsists of an ordinary occurrence net with a suitable mapping to the given
contextual net. A simpler notion, calledcc-processis obtained by allowing for the
presence of contexts in the occurrence net underlying the process. Contextual P/T
nets and a corresponding notion of deterministic process can be found in the PhD
thesis [Ris94] and in [GM98, Win98].

The causal dependencyrelation for a contextual net N is obtained as the tran-
sitive and re
exive closure of the relation� N , de�ned as t � N t0 i�

t � \ ( � t0 [ t0) 6= ; _ t \ � t0 6= ; : (y)

A (deterministic) occurrence contextual netis de�ned as a c-netO where � N is
irre
exive, the causal dependency relation is a partial order and each place is in
the pre- and post-set of at most one transition. Then, a (deterministic) processof
a c-net N is a deterministic occurrence c-netO, with a total mapping ' : O ! N
preserving the pre-set, post-set and the context of transitions.

Observe that since an occurrence net is intended to represent a deterministic
computation, the problem described in theIntroduction , related to the presence
of asymmetric con
icts in c-nets does not arise here. Simply, as expressed by (y)
above, if t \ � t0 6= ; then transition t must precedet0 in the computation represented
by the net, exactly as it happens for causality, and thus the kind of dependency
betweent and t0 can be safely assimilated to causality.

The papers [GM98, Win98] extend the theory of concatenable processes of ordi-
nary nets [DMM89] to c-nets, by showing that the concatenable processes of a c-net
N form the arrows of a symmetric monoidal categoryCP [N ], where the objects
are the elements of the free commutative monoid over the set of places (multisets of
places). In particular, in [GM98] a purely algebraic characterization of such category
is given.

A di�erent approach to the process semantics of contextual nets is considered
in [Vog97b]. As explained before, there the author assumes adi�erent notion of
enabling, allowing for the concurrent �ring of two transitions also if one consumes a
token read by the other. Therefore \syntactically" the processes of [Vog97b] coincide
with those in [MR95], but they are intended to represent di�erent step sequences.
The paper argues that a partial order is not su�cient to express the dependencies
between transitions occurrences even inside a deterministic computation. Thus a
process is associated with a relational structure consisting of two relations modelling
causality and start precedence (spc-structure) and it is shown that they allow to
recover exactly the concurrent computations represented by the process.
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2.3.2 Inhibitor nets

The deterministic processes of [MR95, Ris94] are generalized to nets with read and
inhibitor arcs in [BP96, Bus98, BP99]. An occurrence i-net is naturally de�ned as
an acyclic i-net where all transitions may �re. The main problem in this case is that
the informations contained in an occurrence i-net may not besu�cient to single out
a unique deterministic computation. Consider the simple net below.

�

� t0

t s

t0

As already discussed, there are two possible di�erent executions of the net and
they cannot be reasonably identi�ed from the point of view ofcausality. To get rid of
this ambiguity the occurrence i-net underlying a process isenrichedby partitioning
the inhibitor arcs in two disjoint sets: the \before" arcsI b and the \after" arcs I a.
Intuitively, if ( t; s) 2 I b is a \before" arc then t must be executed before the places
is �lled, while if ( t; s) 2 I a is an \after" arc then t must be executed after the place
s has been emptied.

Processes of i-nets are shown to be appropriate, in the sensethat they uniquely
determine the causal dependencies among their events, independent transitions can
�re concurrently and concurrent sets of places correspond to reachable markings.

A notion of process for elementary net systems (a kind of C/E nets) extended
with inhibitor arcs is proposed also in [JK95, JK93, JK91]. This work relies on
the more liberal notion of enabling discussed in the previous section, which per-
mits the concurrent �ring of non serializable transitions.As it happens for c-nets
in [Vog97b], this choice makes partial orders insu�cient toexpress the dependencies
between events also in a single deterministic computation.To overcome the problem
the authors introduce strati�ed order structures, where two di�erent relations are
employed to represent causality and weak causality, and weak dependent events may
also happen simultaneously.

2.4 Event structures and domains

Event structures [NPW81, Win87a] are a widely used model of concurrent compu-
tations which arose from the attempt of developing a theory of concurrency incor-
porating both the insights of C.A. Petri and D.S. Scott. In this section we introduce
the fundamental notions of prime event structure and of prime algebraic domain,
and we review the close relationship between these mathematical models explaining
how they can be seen as equivalent presentations of the same fundamental idea.
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Finally we review some generalizations of prime event structures which have been
proposed in the literature to overcome some limitations of expressiveness of prime
event structures.

2.4.1 Prime event structures

Prime event structures(pes) [NPW81] are a simple event-based model of concurrent
computations in which events are considered as atomic and instantaneous steps,
which can appear only once in a computation. An event can occur only after some
other events (its causes) have taken place and the executionof an event can inhibit
the execution of other events. This is formalized via two binary relations: causality,
modelled by a partial order relation� and con
ict , modelled by a symmetric and
irre
exive relation #, hereditary with respect to causality.

Definition 2.8 (prime event structures)
A prime event structure (pes) is a tuple P = hE; � ; # i , whereE is a set ofevents
and � , # are binary relations on E called causality relation and con
ict relation
respectively, such that:

1. the relation � is a partial order and bec = f e0 2 E : e0 � eg is �nite for all
e 2 E;

2. the relation # is irre
exive, symmetric and hereditary with respect to� , i.e.,
e# e0 � e00implies e# e00for all e; e0; e002 E;

A con�guration of a pes is a set of events representing a possible computation
of the system modelled by the event structure.

Definition 2.9 (configuration)
A con�guration of a pes P = hE; � ; # i is a subset of eventsC � E such that for
all e; e0 2 C

1. : (e# e0) (con
ict-freeness)

2. bec � C (left-closedness)

Given two con�gurations C1 � C2 if e0; : : : ; en is any linearization of the events in
C2 � C1, compatible with causality, then

C1 � C1 [ f e0g � C1 [ f e0; e1g � : : : � C2

is a sequence of well-de�ned con�gurations. Therefore subset inclusion can be safely
thought of as a computational ordering on con�gurations.

Definition 2.10 (poset of configurations)
We denote by Conf(P) the set of con�gurations of a prime event structureP, ordered
by subset inclusion.
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The class ofpes is turned into a category by introducing a notion of morphism.

Definition 2.11 (category PES)
Let P0 = hE0; � 0; # 0i and P1 = hE1; � 1; # 1i be two pes's. A pes-morphism
f : P0 ! P1 is a partial function f : E0 ! E1 such that:

1. for all e0 2 E0, if f (e0) 6= ? then bf (e0)c � f (be0c);

2. for all e0; e0
0 2 E0, if f (e0) 6= ? 6= f (e0

0) then

(a) (f (e0) = f (e0
0)) ^ (e0 6= e0

0) ) e0# 0e0
0;

(b) f (e0)# 1f (e0
0) ) e0# 0e0

0;

The category of prime event structures andpes-morphisms is denoted byPES.

It is possible to verify that pes morphisms \preserve computations", in the sense that
the image through apes morphism of a con�guration is a con�guration. Therefore
a pes morphism naturally induces a monotone mapping between the corresponding
posets of con�gurations.

2.4.2 Prime algebraic domains

This subsection reviews the de�nition of the categoryDom of �nitary prime alge-
braic domains as introduced in [Win87a]. The intuition behind their computational
interpretation helps in understanding the close relationship existing between do-
mains and event structures, which can be formalized, at categorical level, as an
equivalence of categories.

First we need some basic notions and notations for partial orders. A preordered
or partially ordered set hD; vi will be often denoted simply asD, by omitting
the (pre)order relation. Given an elementx 2 D, we write # x to denote the set
f y 2 D j y v xg. A subset X � D is compatible, written " X , if there exists an
upper bound d 2 D for X (i.e., x v d for all x 2 X ). It is pairwise compatibleif
" f x; yg (often written x " y) for all x; y 2 X . A subset X � D is calleddirected if
for any x; y 2 X there existsz 2 X such that x v z and y v z.

Definition 2.12 ((finitary) (algebraic) complete partial o rder)
A partial order D is (directed) complete (cpo ) if for any directed subsetX � D
there exists the least upper bound

F
X in D. An elemente 2 D is compact if for any

directed setX � D, e v
F

X implies e v x for somex 2 X . The set of compact
elements ofD is denoted byK(D).

A cpo D is calledalgebraic if for any x 2 D, x =
F

(# x \ K(D)). We say that
D is �nitary if for each compact elemente 2 D the set# e is �nite.

Given a �nitary algebraic cpo D we can think of its elements as \pieces of informa-
tion" expressing the states of evolution of a process. Finite elements represent states
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which are reached after a �nite number of steps. Thus algebraicity essentially says
that each in�nite computation can be approximated with arbitrary precision by the
�nite ones.

Winskel's domains satisfy stronger completeness properties, which are formalized
by the following de�nition.

Definition 2.13 ((prime algebraic) coherent poset)
A partial order D is calledcoherent(pairwise complete) if for all pairwise compatible
X � D, there exists the least upper bound

F
X of X in D.

A complete prime of D is an elementp 2 D such that, for any compatible
X � D, if p v

F
X then p v x for somex 2 X . The set of complete primes ofD is

denoted by Pr(D). The partial order D is calledprime algebraicif for any element
d 2 D we haved = (

F
# d \ Pr (D)). The set# d \ Pr (D) of complete primes ofD

belowd will be denoted Pr(d).

Being not expressible as the least upper bound of other elements, the complete
primes ofD can be seen as elementary indivisible pieces of information(events). Thus
prime algebraicity expresses the fact that all the possiblecomputations of the system
at hand can be obtained by composing these elementary blocksof information.

Notice that directed sets are pairwise compatible, and thuseach coherent partial
order is a cpo . For the same reason each complete prime is a compact element,
namely Pr (D) � K(D) and thus prime algebraicity implies algebraicity. Moreover if
D is coherent then for each non emptyX � D there exists the greatest lower boundd

X , which can be expressed as
F

f y 2 D j 8x 2 X: y v xg.

Definition 2.14 (domains)
The partial orders we shall work with are coherent, prime algebraic, �nitary partial
orders, hereinafter simply referred to as(Winskel's) domains.2

The de�nition of morphism between domains is based on the notion of immediate
precedence. Given a domainD and two distinct elementsd 6= d0 2 D we say that d
is an immediate predecessorof d0, written d � d0 if

d v d0 ^ 8 d002 D: (d v d00v d0 ) d00= d _ d00= d0)

Moreover we writed � d0 if d � d0or d = d0. According to the informal interpretation
of domain elements sketched above,d � d0 intuitively means that d0 is obtained from
d by adding a quantum of information. Domain morphisms are required to preserve
such relation.

2The use of this kind of structures in semantics have been �rstinvestigated by Berry [Ber78],
where they are calleddI-domains. The relation between Winskel domains and dI-domains, which are
�nitary distributive consistent-complete algebraic cpo 's is established by the fact that for a �nitary
algebraic consistent-complete (or coherent)cpo , prime algebraicity is equivalent to distributivity.
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Definition 2.15 (category Dom )
Let D0 and D1 be domains. Adomain morphismf : D0 ! D1 is a function, such
that:

� 8 x; y 2 D0, if x � y then f (x) � f (y). (� -preserving)

� 8 X � D0, X pairwise compatible,f (
F

X ) =
F

f (X ); (Additive)

� 8 X � D0, X 6= ; and compatible,f (
d

X ) =
d

f (X ); (Stable)

We denote byDom the category having domains as objects and domain morphisms
as arrows.

Relating prime event structures and domains

Both event structures and domains can be seen as models of systems where com-
putations are built out from atomic pieces. Formalizing this intuition, in [Win87a]
the categoryDom is shown to be equivalent to the categoryPES, the equivalence
being established by two functorsL : PES ! Dom and P : Dom ! PES

PES
L

� Dom
P

The functor L associates to eachpes the poset Conf (P) of its con�gurations
which can be shown to be a domain. The image viaL of a pes-morphism f : P0 !
P1 is the obvious extension off to sets of events.

The de�nition of the functor P , mapping domains back topes's requires the
introduction of the notion of prime interval.

Definition 2.16 (prime interval)
Let hD; vi be a domain. Aprime interval is a pair [d; d0] of elements ofD such that
d � d0. Let us de�ne

[c; c0] � [d; d0] if (c = c0u d) ^ (c0t d = d0),

and let � be the equivalence obtained as the transitive and symmetricclosure of (the
preorder) � .

The intuition that a prime interval represents a pair of elements di�ering only for a
\quantum" of information is con�rmed by the fact that there exists a bijective cor-
respondence between� -classes of prime intervals and complete primes of a domain
D (see [NPW81]). More precisely, the map

[d; d0]� 7! p,

wherep is the unique element inPr (d0) � Pr (d), is an isomorphism between the� -
classes of prime intervals ofD and the complete primesPr (D) of D, whose inverse
is the function:
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p 7! [
F

f c 2 D j c @pg; p]� .

The above machinery allows us to give the de�nition of the functor P \extracting"
an event structure from a domain.

Definition 2.17 (from domains to pes's)
The functor P : Dom ! PES is de�ned as follows:

� given a domainD, P (D) = hPr (D); � ; # i where

p � p0 i� p v p0 and p# p0 i� : (p " p0);

� given a domain morphismf : D0 ! D1, the morphism P (f ) : P (D0) !
P (D1) is the function:

P (f )(p0) =

8
><

>:

p1 if p0 7! [d0; d0
0]� ; f (d0) � f (d0

0)
and [f (d0); f (d0

0)]� 7! p1;

? otherwise; i:e:; if f (d0) = f (d0
0):

2.4.3 Generalized event structure models

To represent in a direct way the behaviour of languages or models of computations
where the dependencies between events are not adequately described in terms of
causality and con
ict, several extensions of prime event structures have been con-
sidered in the literature. Some of these extensions can be seen as special subclasses
of the more general Winskel's event structures, while others represents orthogonal
generalizations of Winskel's model.

Flow and bundle event structures

In a prime event structure, and more generally in a stable event structure, each event
has a uniquely determined history, namely given an event we can always identify
a unique subset of events which are necessary for the execution of e, the set of its
causes.

While in certain situations the mentioned property is appreciable since it gives to
the events a very simple operational meaning, in other casesit may be an undesirable
restriction. Consider for instance a process algebra with nondeterministic choice
\+"and sequential composition \;" operators. To give a pes semantics of a term
(a + b); c we are forced to use two di�erent events to represent the execution of c,
one for the execution ofc after a and the other for the execution ofc after b.

To model nondeterministic choices, or equivalently the possibility of having mul-
tiple disjunctive and mutually exclusive causes for an event, Boudol and Castel-
lani [BC88] introduce the notion of
ow event structure, where the causality relation
is replaced by an irre
exive (in general non transitive)
ow relation , representing
essentially immediate causal dependency, and con
ict is nomore hereditary.
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e1 # e2 # e3 # e4 # e5

e

Figure 2.2: A 
ow event structure F such that there are no bundle event structures
with the same con�gurations.

Definition 2.18 (flow event structure)
A 
ow event structure is a triple hE; � ; # i , whereE is a denumerable set of events,
�� E � E is an irre
exive relation called the 
ow relation , and # � E � E is the
symmetric con
ict relation.

A con�guration is then de�ned as a con
ict free set of events,where the 
ow relation
is acyclic, and given any evente in the con�guration, if e0 � e then the con�guration
must contain e0 or another evente00in con
ict with e0 such that e00� e (thus one of
the disjunctive causes must be present in the con�guration).

To face a similar problem in the semantics oflotos , Langerak [Lan92a, Lan92b]
de�nes bundle event structures, where a set of multiple disjunctive and mutually
exclusive causes for an event is called abundle setfor the event, and comes into play
as a primitive notion.

Definition 2.19 (bundle event structure)
A bundle event structure is a triple hE; 7! ; # i , where E is the denumerable set of
events,# � E � E is the (irre
exive) symmetric con
ict relation and 7!� 2E

�n � E is
the bundle relation. Distinct events in the same bundle are required to be in con
ict.

The explicit representation of the bundles makes bundle event structures strictly less
expressive than 
ow event structures. For instance, consider the 
ow event structure
F in Figure 2.2, where con
ict is represented by dotted lines labelled by #, while
the 
ow relation is represented by arrows. The con�gurations of F are f e1; e3; e5g,
f e1; e4g and f e2; e4g. Observing that the only possible bundles are pairs of con
ictual
events it is not di�cult to see that there are no bundle event structures having the
same set of con�gurations (see [Lan92b] for a wider discussion). On the other hand,
bundle event structures o�er the advantage of having a simpler theory. For instance,
di�erently from what happens for 
ow event structures, non-executable events can
be removed without a�ecting the behaviour of the event structure.

Event automata and asymmetric con
icts

The papers [PP92, PP95] introduce the \operational" notionof event automaton,
which can be seen as a generalization of the set of con�gurations of an event struc-
ture. An event automaton is a triple E = hE; St; _ i , where E is a set of events,
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St � 2E
�n is a set of states and_ � St � St is a relation such that if X _ Y then

the state Y is obtained fromX by adjoining a single event.
A language is introduced which allows one to specify in logical terms the be-

haviour of an event automata, and an event structure can thenbe thought of as a
speci�cation expressed in the language. In particular, including negation in the lan-
guage and allowing for prescriptions of the kind \: e1 ` e0", meaning that the event
e0 is enabled in a stateS if e1 62S, one is naturally lead to the notion of possible
event and asymmetric con
ict. In fact, if \ : e1 ` e0" holds then if both events are
in the same state, necessarilye0 must have been executed �rst. Hence, as already
discussed, we can think thate0 is a possible cause ofe1, or that an asymmetric
con
ict exists between the two events.

Inspired by these considerations, the paper [PP95] extendsprime and 
ow event
structures with possible events/
ow. A prime event structure with possible eventsis
a tuple hE; Ep; � ; # i , wherehE; � ; # i is apes and Ep � E is a set ofpossible events.
A con�guration is then required to contain all the causes of an event in E � Ep, but
some possible causes may be absent.

Similarly, a 
ow event structure with possible 
ow is a 
ow event structure en-
riched with a new relation< p, called thepossible 
ow relation. The 
ow and possible

ow relations must be acyclic on a con�guration, but the causal closure is requested
only with respect to the 
ow relation. Again the precedencesimposed by the possible

ow relation can be thought of as possible precedences.

To conclude, it is worth remarking that similar ideas are developed, under a
di�erent perspective by Degano, Vigna and Gorrieri, in [DGV93, Bod98], wherepri-
oritized event structuresare introduced aspes enriched with a partial order relation
modelling priorities between events. Furthermore also bundle event structures have
been extended by Langerak in [Lan92b] to take into account asymmetric con
icts.



Chapter 3

Semantics of Contextual Nets

This chapter presents an event structure semantics forcontextual nets, an extension
of P/T Petri nets where transitions can check for the presence of tokens without
consuming them (read-only operations). A basic role is played by asymmetric event
structures, a generalization of Winskel's prime event structures where symmetric
con
ict is replaced by a relation modellingasymmetric con
ict or weak causality,
used to represent the new kind of dependency between events arising in contextual
nets. Extending Winskel's seminal work on safe nets, the truly concurrent event
based semantics of contextual nets is given at categorical level via a chain of core-

ections leading from the categorySW-CN of semi-weighted contextual nets to the
categoryDom of �nitary prime algebraic domains:

SW-CN
Ua

? O-CN
Ea

?

I O

AES
L a

?

N a

Dom
P a

P

� PES
L

First an unfolding construction generates from a contextual net N a corresponding
occurrence contextual netUa(N ). The unfolding describes the behaviour ofN in a
static way by making explicit the possible events in the computations of the net
and the dependency relations between them. The construction can be extended to
a functor from SW-CN to the categoryO-CN of occurrence contextual nets, that
is right adjoint to the inclusion functor. The transitions of an occurrence contextual
net are related by causal dependency and asymmetric con
ict, and thus, the seman-
tics of semi-weighted contextual nets given in terms of occurrence contextual nets
can be naturally abstracted to anaes semantics: given an occurrence contextual
net we obtain an aes simply forgetting the places, but remembering the depen-
dency relations that they induce between transitions. Again, this transformation is
expressed, at categorical level, as a core
ection between the categoryAES of asym-
metric event structures andO-CN . Finally, the con�gurations of the asymmetric
event structure, endowed with a suitable order, are shown toform a �nitary prime
algebraic domain. This last step generalizes Winskel's equivalence betweenPES and
Dom to the existence of a core
ection betweenAES and Dom . Such a core
ection
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allows for an elegant translation of theaes semantics into a domain, and thus (via
Winskel's equivalence) into a traditionalpes semantics.

We also investigate the relation between the proposed unfolding semantics and
several deterministic process semantics for contextual nets in the literature. First
we show that the notion ofdeterministic processnaturally arising from our theory
coincides with other common proposals in the literature. Then a tight relationship
is established between the unfolding and the deterministicprocess semantics, by
showing that the domain obtained via the unfolding can be characterized as the
collection of the deterministic processes of the net endowed with a kind of pre�x
ordering.

The rest of the chapter is organized as follows. Section 3.1 introduces the cat-
egory AES of asymmetric event structures and describes some properties of such
structures. Section 3.2 de�nes the core
ection betweenAES and the categoryDom
of �nitary prime algebraic domains. Section 3.3 presents the category of contextual
nets and focuses on the subcategorySW-CN of (semi-weighted) contextual nets
which we shall work with. Section 3.4 is devoted to the de�nition and analysis of the
category O-CN of occurrence contextual nets. Section 3.5 describes the unfolding
construction for semi-weighted contextual nets and shows how such a construction
gives rise, at categorical level, to a core
ection betweenSW-CN and O-CN . Sec-
tion 3.6 completes the chain of core
ections fromSW-CN to Dom , by presenting
a core
ection betweenO-CN and AES . Section 3.7 discusses the relation between
the unfolding and the deterministic process semantics of contextual nets.

3.1 Asymmetric con
icts and asymmetric event
structures

We stressed in theIntroduction that pes's (and in general Winskel's event struc-
tures) are not expressive enough to model in a direct way the behaviour of models
of computation, such as string, term, graph rewriting and contextual nets, where a
rule may preserve a part of the state, in the sense that part ofthe state is necessary
for the application of the rule, but it is not a�ected by such application.

The critical situation when dealing with contextual nets isrepresented by the
net in Figure 3.1.(a), where the �ring of t1 inhibits t0, but not vice versa. The
dependency between the two transitions can be seen either asa kind of asymmetric
con
ict or as a weak form of causality, and cannot be modelleddirectly via a pes.

A reasonable way to encode this situation in apes is to represent the �ring of
t0 with an event e0 and the �ring of t1 with two distinct mutually exclusive events:
e0

1, representing the execution oft1 that prevents t0, thus mutually exclusive with
e0; and e00

1, representing the execution oft1 after t0 (thus caused bye0). Such pes is
depicted in Figure 3.1.(b), where causal dependency is represented by a plain arrow
and con
ict is represented by a dotted line, labelled by #. However, this solution is
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N0

�
s0

t0 �
s

t1

e0
1 # e0

e00
1

(a) (b)

Figure 3.1: A simple contextual net and a prime event structure representing its
behaviour.

not completely satisfactory with respect to the interpretation of contexts as \read-
only resources": sincet0 just reads the token ins without changing it, one would
expect the �ring of t1, preceded or not byt0, to be represented by a unique event.
This encoding may lead to an explosion of the size of thepes, since whenever an
event is \duplicated" also all its consequences must be duplicated. In addition it
should be noted that the information on the new kind of dependency determined
by read-only operations is completely lost because it is \confused" with causality or
symmetric con
ict.

It is worth noting that the inability of representing the asymmetric con
ict be-
tween events without resorting to duplications is not speci�c to prime event struc-
tures, but it is basically related to the axiom of general Winskel's event structures
(see [Win87a], De�nition 1.1.1) stating that the enabling relation ` is \monotone"
with respect to set inclusion:

A ` e ^ A � B ^ B consistent ) B ` e.

A consequence of this axiom is that the computational order between con�gurations
is set inclusion, the idea being that ifA and B are �nite con�gurations such as
A � B , then starting from A we can reachB by performing the events inB � A,
whenever they become enabled. Obviously, this axiom does not hold in the presence
of asymmetric con
ict.

As mentioned in the previous chapter (Section 2.4), the problem of represent-
ing asymmetric con
icts in event structures has been already faced in the litera-
ture [PP92, Lan92b]. However none of the proposed models is suited for our aims.
On the one hand,pes's with possible events [PP92]are not su�ciently expressive
since they resort to a \global" notion of possible event. Forexample, the net of Fig-
ure 3.2 cannot be modelled by apes with possible events since transitiont0 should
be a \possible" cause fort1, but a \strong" cause for t2. On the other hand 
ow event
structures with possible 
ow and bundle event structures with asymmetric con
ict
are expressive enough, but unnecessarily complicate for our aims due to their possi-
bility of expressing multiple disjunctive causes. Technically, as it will become clear
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in the next chapter, this greater generality would have prevented us from realizing
the step from occurrence c-nets to event structures as a core
ection. Furthermore no
categorical treatment of such models was available, and their relation with domains
and pes's was not fully investigated.

�

t0 �

t1

t2

Figure 3.2: A contextual net for whichpes's with possible events are not adequate.

3.1.1 Asymmetric event structures

In order to provide a more direct, event based representation of the behaviour of
contextual nets this section introduces a new kind of event structure, called asym-
metric event structure (aes). An aes, besides of the usual causal relation� of a
prime event structure, has a relation% that allows us to specify the new kind of
dependency described above for transitionst0 and t1 of the net in Figure 3.1 simply
as t0 % t1. As already remarked, the same relation has two natural interpretations:
it can be thought of either as an asymmetric version of con
ict or as a weak form
of causality. We decided to call itasymmetric con
ict, but the reader should keep
in mind both views, since in some situations it will be preferable to refer to the
weak causalityinterpretation. Informally, in an aes each event has a set of \strong"
causes (given by the causal dependency relation) and a set ofweak causes (due to
the presence of the asymmetric con
ict relation). To be �red, each event must be
preceded by all strong causes and by a (suitable) subset of the weak causes. There-
fore, di�erently from pes's, the �ring of an event can have more than one history.
However observe thataes's still satisfy a property of stability, since a least history
always exists, coinciding with the set of strong causes.

It comes of no surprise that in this setting the symmetric binary con
ict is not
anymore needed as a primitive relation, but it can be represented via \cycles" of
asymmetric con
ict. For instance, if e % e0 and e0 % e then clearly e and e0 can
never occur in the same computation. As a consequence,pes's can be identi�ed with
a special subclass of asymmetric event structures, namely those where all con
icts
are actually symmetric.
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The basic ideas for the treatment of asymmetric con
ict in our approach are
similar to those suggested by Pinna and Poign�e in [PP92, PP95]. Apart from a
di�erent presentation, asymmetric event structures can beseen as a generalization
of pes with possible events. Using their terminology, whene0 % e1 we can say
that e0 is a possible cause ofe1. However, di�erently from what happens for event
structures with possible events, where a distinct set of possible events is singled
out, our notion of possible cause is local, being induced by the asymmetric con
ict
relation. The extended bundle event structures of Langerak[Lan92b] share with our
approach also the intuition that when asymmetric con
ict isavailable, the symmetric
con
ict becomes useless.

For technical reasons we �rst introduce pre-asymmetric event structures. Then
asymmetric event structures will be de�ned as special pre-asymmetric event struc-
tures satisfying a suitable condition of \saturation".

Recall from Section 2.1 that given a relationr � X � X and a subsetY � X ,
we denote byrY the restriction of r to Y, namely r \ (Y � Y).

Definition 3.1 (pre-asymmetric event structure)
A pre-asymmetric event structure (pre-aes) is a tuple G = hE; � ; %i , whereE is
a set of events and � , % are binary relations on E called causality relation and
asymmetric con
ict respectively, such that:

1. the relation � is a partial order and bec = f e0 2 E j e0 � eg is �nite for all
e 2 E;

2. the relation % satis�es, for all e; e0 2 E:

(a) e < e0 ) e % e0;1

(b) % bec is acyclic.2

If e % e0, according to the double interpretation of%, we say thate is preventedby
e0 or e weakly causese0. Moreover we say thate is strictly prevented by e0 (or that
e strictly weakly causese0), written e  e0, if e % e0 and : (e < e0).

The de�nition can be easily understood by giving a more precise account of the
ideas presented in theIntroduction . Let FiredC (e) denote the fact that the event
e has been �red in a computationC, later formalized by the notion of con�guration,
and let precC (e; e0) denote that e precedese0 in the computation. Then

e < e0 means that 8C: FiredC (e0) ) FiredC (e) ^ precC (e; e0)

e % e0 means that 8C: FiredC (e) ^ Fired C (e0) ) precC (e; e0).

1With e < e0 we meane � e and e 6= e0.
2Equivalently, we can require (%bec)+ irre
exive. This implies, in particular, that the relation

% is irre
exive.
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e0 e0
0

e e0

Figure 3.3: A pre-aes with two con
ictual events e and e0, not related by asymmetric
con
ict.

Therefore< represents a global order of execution, while% determines an order of
execution only locally to each computation. Thus it is natural to impose% to be an
extension of< . Moreover notice that if a set of events form a cycle of asymmetric
con
ict then such events cannot appear in the same computation, otherwise the
execution of each event should precede the execution of the event itself. This explains
why we require the transitive closure of%, restricted to the causesbec of an evente,
to be acyclic (and thus well-founded, beingbec �nite). Otherwise not all causes ofe
could be executed in the same computation and thuse itself could not be executed.
The informal interpretation makes also clear that% is not in general transitive. If
e % e0 % e00it is not true that e must precedee00when both �re. This holds only in
a computation where alsoe0 �res.

The fact that a set of events in a cycle of asymmetric con
ict can never occur
in the same computation can be naturally interpreted as a kind of con
ict. More
formally, it is useful to associate to each pre-aes an explicit con
ict relation (on sets
of events) de�ned in the following way:

Definition 3.2 (induced conflict relation)
Let G = hE; � ; %i be a pre-aes. The con
ict relation # a � 2E

�n associated toG is
de�ned as:

e0 % e1 % : : : % en % e0

# af e0; e1; : : : ; eng
# a(A [ f eg) e � e0

# a(A [ f e0g)

whereA denotes a generic �nite subset ofE. The superscript \a" in # a reminds that
this relation is induced by asymmetric con
ict. Sometimes we use the in�x notation
for the \binary version" of the con
ict, i.e., we write e# ae0 for # af e; e0g.

Notice that if # aA then bAc contains a cycle of asymmetric con
ict, and, vice versa,
if bAc contains a cyclee0 % e1 : : : en % e0 then there exists a subsetA0 � A such
that # aA0 (for instance, by choosing an eventai 2 A such that ei � ai for each
i 2 f 0; : : : ; ng the set A0 can bef ai j i 2 f 0; : : : ; ngg).

Clearly, by the rules above, ife % e0 and e0 % e then # af e; e0g. The converse,
instead, does not hold, namely in general we can havee# ae0 and : (e % e0), as in
the aes Figure 3.3, because #a is inherited along< , while % is not. An asymmetric
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event structure is a pre-aes where each binary con
ict is induced directly by an
asymmetric con
ict in both directions.

Definition 3.3
An asymmetric event structure(aes) is a pre-aes G = hE; � ; %i such that for any
e; e0 2 E, if e# ae0 then e % e0.

Observe that given any pre-aes G = hE; � ; %i , we can always \saturate"G in
order to obtain an aes G = hE; � ; % 0i , by de�ning % 0 as e % 0 e0 if and only if
(e % e0) _ (e# ae0). Furthermore it is easy to verify that the con
ict relation s of G
and of G0 coincide.

3.1.2 Morphisms of asymmetric event structures

The notion of aes-morphism is a quite natural extension of that ofpes-morphism.
Intuitively, it is a (possibly partial) mapping of events that \preserves computa-
tions".

Definition 3.4 (aes-morphism)
Let G0 = hE0; � 0; % 0i and G1 = hE1; � 1; % 1i be two aes's. An aes-morphism
f : G0 ! G1 is a partial function f : E0 ! E1 such that:

1. for all e0 2 E0, if f (e0) 6= ? then bf (e0)c � f (be0c);

2. for all e0; e0
0 2 E0, if f (e0) 6= ? 6= f (e0

0) then

(a) (f (e0) = f (e0
0)) ^ (e0 6= e0

0) ) e0# a
0e0

0.

(b) f (e0) % 1 f (e0
0) ) e0 % 0 e0

0;

It is easy to show that aes-morphisms are closed under composition. In fact, let
f 0 : G0 ! G1 and f 1 : G1 ! G2 be aes-morphisms. The fact that f 1 � f 0 satis�es
conditions (1) and (2.a) of De�nition 3.4 is proved as for ordinary pes's. The validity
of condition (2.b) is straightforward.

Definition 3.5 (category AES )
We denote byAES the category having asymmetric event structures as objectsand
aes-morphisms as arrows.

Notation 3.6
In the following when considering apes P and anaes G, we implicitly assume that
P = hE; � ; # i and G = hE; � ; %i . Moreover superscripts and subscripts on the
structure name carry over the names of the involved sets, functions and relations
(e.g., Gi = hE i ; � i ; % i i ).
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The binary con
ict in an aes is represented by asymmetric con
ict in both
directions, and thus, analogously to what happens forpes's, it is re
ected by aes-
morphisms. The next lemma shows thataes-morphisms re
ect also the general
(induced) con
ict relation.

Lemma 3.7 (aes-morphisms reflect conflicts)
Let G0 and G1 be twoaes's and let f : G0 ! G1 be anaes-morphism. Given a set
of eventsA � �n E0, if # a

1f (A) then # a
0A0 for someA0 � A.

Proof. Let A � �n E0 and let # a
1 f (A). By de�nition of con
ict there is a %1-cycle e0

0 %1

e0
1 %1 : : : %1 e0

n %1 e0
0 in bf (A)c. By de�nition of aes-morphism, we have that bf (A)c � f (bAc)

and thus we can �nd e0; : : : ; en 2 bAc such that e0
i = f (ei ) for all i 2 f 0; : : : ; ng. Consider

A0 = f a0; : : : ; an g � A such that ei � 0 ai for i 2 f 0; : : : ; ng. By de�nition of aes-morphism,
e0 %0 e1 %0 : : : %0 e0, and thus # a

0A0. 2

3.1.3 Relating asymmetric and prime event structures

We conclude this section by formalizing the relation between aes's and pes's. We
show that aes's are a proper extension ofpes's, in the sense that, as one would
expect,pes's can be identi�ed with the subclass ofaes's where the strict asymmetric
con
ict relation is actually symmetric. The correspondingfull embedding functor is
right adjoint to the forgetful functor from AES to PES.

Lemma 3.8
Let P = hE; � ; # i be apes. Then G = hE; � ; < [ # i is an aes, where the asym-
metric con
ict relation is de�ned as the union of the \strict " causality and con
ict
relations.

Moreover, if f : P0 ! P1 is a pes-morphism thenf is an aes-morphism between
the correspondingaes's G0 and G1, and if g : G0 ! G1 is an aes-morphism then
it is also a pes-morphism between the originalpes's.

Proof. Let P = hE; � ; # i be a pes. The fact that G = hE; � ; < [ # i is an aes is a trivial
consequence of the de�nitions. In particular, the asymmetric con
ict relation of G is acyclic on
the causes of each event since # is hereditary with respect to� and irre
exive, and < is a strict
partial order (namely an irre
exive and transitive relatio n) in P.

Now, let f : P0 ! P1 be apes-morphism. To prove that f is also anaes-morphism between the
correspondingaes's G0 and G1, �rst observe that, according the de�nition of � G i and %G i , the
validity of the conditions (1) and (2.a) of De�nition 3.4 fol lows immediately from the corresponding
conditions in the de�nition of pes-morphism (De�nition 2.11). As for condition (2.b), if f (e0) %G1

f (e1), then, by construction, f (e0) < P1 f (e1) or f (e0)# P1 f (e1) and thus, by properties of pes's
(easily derivable from De�nition 2.11), in the �rst case e0 < P0 e1 or e0# P0 e1 whilst, in the second
case,e0# P0 e1. Hence, in both cases,e0 %G0 e1.

Similar considerations allow us to conclude that, ifg : G0 ! G1 is an aes-morphism, then it
is also apes-morphism between the originalpes's. 2
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By the previous lemma, there is a full embedding functor fromPES into AES
that transforms eachpes by replacing the symmetric con
ict with an asymmetric
con
ict relation given by the union of \strict" causality an d con
ict relation, and
that is identity on arrows.

Proposition 3.9 (from pes's to aes's)
The functor J : PES ! AES de�ned by

� J (hE; � ; # i ) = hE; � ; < [ # i ;

� J (f : P0 ! P1 ) = f

is a full embedding ofPES into AES .

Observe that given anyaes G = hE; � ; %i the induced binary con
ict, which
can be expressed as% \ % � 1, satis�es all the properties of the con
ict relation of
pes's, i.e., it is irre
exive (since % is irre
exive), symmetric and hereditary with
respect to � . ThereforehE; � ; # i , where # = % \ % � 1, is a pes, in the following
referred to as thepes underlying the aes G.

Definition 3.10 (pes underlying an aes)
We denote byF ap : AES ! PES the forgetful functor de�ned on objects as
F ap(G) = hE; � ; % \ % � 1i and which is the identity on arrows.

The functor is well-de�ned, as it can be veri�ed by showing that eachaes-morphism
is a pes-morphism between the underlyingpes's. Furthermore for any pes P it is
easy to see thatF ap(J (P)) = P. The functor F ap is left adjoint to J and they
establish a re
ection betweenAES and PES, the component of the counit at apes
P being the identity idP .

Proposition 3.11 (relating aes's and pes's)
F ap a J .

3.2 From asymmetric event structures to domains

As shown in Section 2.4, the categoryPES of prime event structures is equivalent to
the categoryDom of (�nitary coherent) prime algebraic domains. For asymmetric
event structures this result generalizes to the existence of a core
ection between
AES and Dom . Such a core
ection allows for an elegant translation of anaes
semantics into a domain, and thus into a classicalpes semantics. Thepes semantics
obtained in this way represents asymmetric con
icts via symmetric con
ict and
causality with a duplication of events, as described in Section 3.1 (see Figure 3.1).

The domain corresponding to anaes G is obtained by considering the con�g-
urations of G, suitably ordered using the asymmetric con
ict relation. Vice versa,
given a domainD we obtain the correspondingaes by applying �rst the functor
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P : Dom ! PES (see Section 2.4) and then the embeddingJ : PES ! AES ,
de�ned in Proposition 3.9.

3.2.1 The domain of con�gurations of an aes

As already explained, a con�guration of an event structure is a set of events rep-
resenting a possible computation of the system modelled by the event structure.
The presence of the asymmetric con
ict relation makes such de�nition slightly more
involved than the traditional one.

Definition 3.12 (configuration)
Let G = hE; � ; %i be anaes. A con�guration of G is a set of eventsC � E such
that

1. %C is well-founded;

2. f e0 2 C j e0 % eg is �nite for all e 2 C;

3. C is left-closed with respect to� , i.e., for all e 2 C, e0 2 E, e0 � e implies
e0 2 C.

The set of all con�gurations of G is denoted by Conf(G).

Condition (1) �rst ensures that in C there are no%-cycles, and thus excludes the
possibility of having in C a subset of events in con
ict (formally, for anyA � �n C,
we have: (# aA)). Moreover it guarantees that% has no in�nite descending chains
in C, that, together with condition (2), implies that the set f e0 2 C j e0(%C )+ eg
is �nite for each event e in C; thus each event has to be preceded only by �nitely
many other events of the con�guration. Finally condition (3) requires that all the
causes of each event are present.

If a set of eventsA satis�es only the �rst two properties of De�nition 3.12 it
is called consistent and we write co(A). Notice that, unlike for traditional event
structures, consistency is not a �nitary property.3 For instance, let A = f ei j i 2
Ng � E be a set of events such that allei 's are distinct and ei +1 % ei for all i 2 N.
Then A is not consistent, but each �nite subset ofA is.

Let us now de�ne an orderv on the con�gurations of anaes, aimed at formal-
izing the idea of \computational extension", namely such that C1 v C2 if the con-
�guration C1 can evolve intoC2. A remarkable di�erence with respect to Winskel's
event structures (see, e.g., De�nition 2.10) is that the order on con�gurations is
not simply set-inclusion, since a con�gurationC cannot be extended with an event
inhibited by some of the events already present inC.

3A property Q on the subsets of a setX is �nitary if given any Y � X , from Q(Z ) for all �nite
subsetsZ � Y it follows Q(Y ).
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Definition 3.13 (extension)
Let G = hE; � ; %i be anaes and let A; A 0 � E be sets of events. We say thatA0

extendsA and we writeA v A0, if

1. A � A0;

2. : (e0 % e) for all e 2 A; e0 2 A0 � A.

Often in the sequel it will be preferable to use the followingcondition, equivalent
to (2):

8e 2 A: 8e0 2 A0: e0 % e ) e0 2 A.

The extension relation is a partial order on the setConf (G) of con�gurations
of an aes. Our aim is now to prove that hConf (G); vi is a �nitary prime algebraic
domain. This means that like prime event structures [Win87a], 
ow event structure
[Bou90], and prioritized event structures [DGV93], also asymmetric event structures
provide a concrete presentation of prime algebraic domains.

Given an aes G, in the following we will denote byConf (G) both the set of
con�gurations of G and the corresponding partial order. The following proposition
presents a simple but useful property of the partial order ofcon�gurations of an
aes, strictly connected with coherence. Recall from Section 2.4 that, given a partial
order (D; v ), two elementsd; d0 2 D are called compatible, writtend " d0, if there
exists d002 D such that d v d00and d0 v d00. Furthermore, a subsetX � D is called
pairwise compatibled " d0 for any d; d0 2 X .

Lemma 3.14
Let G be anaes and letA � Conf (E) be a pairwise compatible set of con�gurations.
Then for all C 2 A and e 2 C

e0 2
S

A ^ e0 % e ) e0 2 C;

Proof. Let e0 2
S

A be an event such thate0 % e. Then there is a con�guration C0 2 A such
that e0 2 C0. Being C and C0 compatible, there is C00 2 Conf (G) such that C; C0 v C00. Thus
e0 2 C00and, sinceC v C00, by de�nition of v we conclude that e0 2 C. 2

The next lemma proves that for pairwise compatible sets of con�gurations the
least upper bound and the greatest lower bound are simply given by union and
intersection.

Lemma 3.15 (
F

and
d

for sets of configurations)
Let G be anaes. Then

1. if A � Conf (E) is pairwise compatible then
F

A =
S

A;

2. if C0 " C1 then C0 u C1 = C0 \ C1.
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Proof.

1. Let A � Conf (E) be a pairwise compatible set of con�gurations. First notice that
S

A is a
con�guration. In fact:

� % S
A is well-founded.

Let us suppose that there is in
S

A an in�nite descending chain:

: : : ei +1 % ei % ei � 1 % : : : % e0.

Let C 2 A such that e0 2 C. Lemma 3.14, together with an inductive reasoning, ensure
that this in�nite chain is entirely contained in C. But this contradicts C 2 Conf (G).

� f e0 2
S

A j e0 % eg is �nite for all e 2
S

A.
Let e 2

S
A, then there exists C 2 A such that e 2 C. By Lemma 3.14, the set

f e0 2
S

A j e0 % eg = f e0 2 C j e0 % eg, and thus it is �nite.

�
S

A is left-closed, since eachC 2 A is left-closed.

The con�guration
S

A is an upper bound for A. In fact, for any C 2 A, clearly C �
S

A
and for all e 2 C, e0 2

S
A, if e0 % e then, by Lemma 3.14, e0 2 C. Thus C v

S
A.

Moreover, if C0 is another upper bound for A, namely a con�guration such that C v C0

for all C 2 A, then
S

A � C0. Furthermore, for any e 2
S

A, e0 2 C0 with e0 % e, since
e 2 C for someC 2 A we conclude that e0 2 C �

S
A. Thus

S
A v C0 and this shows thatS

A is the least upper bound ofA.

2. Let C0 and C1 be two compatible con�gurations and let C = C0 \ C1. Then it is easily seen
that C is a con�guration. Moreover C v C0. In fact C � C0 and for all e 2 C, e0 2 C0,
if e0 % e then, since e 2 C1 and C0 " C1, by Lemma 3.14, e0 2 C1 and thus e0 2 C. In
the same wayC v C1, and thus C is a lower bound for C0 and C1. To show that C is
the greatest lower bound observe that ifC0 v C0; C1 is another lower bound then, clearly
C0 � C. Furthermore, if e 2 C0, e0 2 C with e0 % e, since, in particular, e0 2 C0, we
concludee0 2 C0. HenceC0 v C. 2

For prime event structures an evente uniquely determines its history, that is
the set bec of its causes, independently of the con�guration at hand. Inthe case of
asymmetric event structures, instead, an evente may have di�erent histories, in the
sense that the set of events that must precedee in a con�guration C depends onC.
Essentially, the possible histories ofe are obtained inserting or not in a con�guration
the weak causes ofe, which thus can be seen as \possible causes".

Definition 3.16 (possible history)
Let G be anaes and lete 2 E. Given a con�guration C 2 Conf (G) such thate 2 C,
the history of e in C is de�ned as C[[e]] = f e0 2 C j e0 % �

C eg. The set of (possible)
histories of e, denoted by Hist(e), is then de�ned as

Hist (e) = f C[[e]] j C 2 Conf (E) ^ e 2 Cg.

We denote by Hist(G) the set of possible histories of all events in G, namely

Hist (G) =
S

f Hist (e) j e 2 Eg.
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Notice that each history is a�nite set of events since, by conditions (1) and (2) in
the de�nition of con�guration, ( %C )� is a �nitary partial order.

Let us now give some properties of the set of histories. Point(1) shows that
each history of an evente in a con�guration C, is itself a con�guration which is
extended byC. Point (2) essentially states that although an evente has in general
more than one history, as one would expect, the history cannot change after the
event has occurred. Point (3) asserts that di�erent histories of the same event are
incompatible.

Lemma 3.17 (history properties)
Let G be anaes. Then in hConf (G); vi we have that:

1. if C 2 Conf (G) and e 2 C, then C[[e]] 2 Conf (G). Moreover C[[e]] v C;

2. if C; C0 2 Conf (G), C " C0 and e 2 C \ C0 then C[[e]] = C0[[e]]; in particular
this holds forC v C0;

3. if e 2 E, C0; C1 2 Hist (e) and C0 " C1 then C0 = C1.

Proof.

1. Obviously, C[[e]] 2 Conf (G). In fact, the requirements (1) and (2) of the de�nition of
con�guration are trivially satis�ed, while (3) follows by r ecalling that %� < . Moreover
C[[e]] � C and if e0 2 C[[e]], e00 2 C and e00 % e0, then e00 % e0(%C )� e, thus e00 2 C[[e]].
Therefore C[[e]] v C.

2. By Lemma 3.14, sinceC " C0 and e 2 C, an inductive reasoning ensures that if
e0 % e1 % : : : % en % e, with ei 2 C [ C0, then each ei is in C. Therefore
C[[e]] = ( C [ C0)[[e]] = C0[[e]].

3. SinceC0 " C1 and e 2 C0 \ C1, by (2), we have that C0 = C0[[e]] = C1[[e]] = C1. 2

We are now able to show that the complete primes ofConf (G) are exactly the
possible histories of events inG.

Lemma 3.18 (primes)
Let G be anaes. Then

1. for all con�gurations C 2 Conf (G)

C =
F

f C0 2 Hist (G) j C0 v Cg =
F

f C[[e]] j e 2 Cg.

2. Pr (Conf (G)) = Hist (G) and Pr(C) = f C[[e]] j e 2 Cg.
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Proof.

1. Let C 2 Conf (G) and let C0 =
F

f C0 2 Hist (G) j C0 v Cg. Then clearly C0 v C. Moreover
for all e 2 C, by Lemma 3.17.(1), the history C[[e]] v C and thus e 2 C[[e]] � C0. This gives
the converse inclusion and allows us to concludeC = C0.

2. Let C[[e]] 2 Hist (e), for some e 2 E, be a history and let A � Conf (G) be a pairwise
compatible set of con�gurations. If C[[e]] v

F
A, then e 2

S
A. Thus there exists Ce 2 A

such that e 2 Ce. Therefore:

C[[e]]= (
F

A)[[e]] [by Lemma 3.17.(2), sinceC[[e]] v
F

A]
= Ce[[e]] [by Lemma 3.17.(2), sinceCe v

F
A]

v Ce [by Lemma 3.17.(1)]

Therefore C[[e]] is a complete prime inConf (G).

Conversely, let C 2 Pr (Conf (G)). Then, by point (1),

C =
F

f C0 2 Hist (G) j C0 v Cg.

Being C a complete prime, there must existC0 2 Hist (G), C0 v C such that C v C0 and
thus C = C0 2 Hist (G). 2

It is now immediate to prove that the con�gurations of anaes ordered by the
extension relation form a �nitary prime algebraic domain.

Theorem 3.19 (configurations form a domain)
Let G be anaes. Then hConf (G); vi is a (coherent �nitary prime algebraic) do-
main.

Proof. By Lemma 3.15.(1), Conf (G) is a coherent partial order. By Lemma 3.18, for any con-
�guration C 2 Conf (G)

Pr (C) = f C[[e]] j e 2 Cg

and C =
F

C[[e]]. Therefore Conf (G) is prime algebraic.
Finally, Conf (G) is �nitary, as it immediately follows from the fact that com pact elements

in Conf (G) are exactly the �nite con�gurations. To see this, let C 2 Conf (G) be �nite and let
us consider a directedA � Conf (G) such that C v

F
A. Then we can choose, for alle 2 C,

Ce 2 A such that e 2 Ce. Being A directed and C �nite, the set f Ce j e 2 Cg has an upper bound
C0 2 A. Then C =

F
e2 C C[[e]] =

F
e2 C Ce[[e]] v C0 follows immediately from Lemma 3.17. ThusC

is compact. For the converse, letC 2 Conf (G) be a compact element. Since each possible history
is �nite, f

S
e2 Z C[[e]] j Z � �n Cg is a directed set of�nite con�gurations, having C as least upper

bound. SinceC is compact, we conclude that there existsZ � �n C such that C v
S

e2 Z C[[e]].
Thus C =

S
e2 Z C[[e]] is �nite. 2

An example ofaes with the corresponding domain can be found in Figure 3.7,
(a) and (b), at the end of Section 3.6 (for the moment, the reader should disregard
how the aes is obtained from the c-netN ). In particular notice how asymmetric
con
ict in
uences the order on con�gurations, which is di�erent from set-inclusion.
For instance, f t0; t4g � f t0; t0

1; t4g, but f t0; t4g 6v ft0; t0
1; t4g sincet0

1 % t4.
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3.2.2 A core
ection between AES and Dom

To prove that the construction which associates to anaes the domain of its con�g-
urations is functorial we �rst give a characterization of the immediate predecessors
of a con�guration. As one could expect, we pass from a con�guration to one of its
immediate successors by executing a single event.

Lemma 3.20 (immediate precedence)
Let G be anaes and let C v C0 be con�gurations in Conf(G). Then

C � C0 i� j C0 � C j= 1.

where� denotes the immediate precedence relation on con�gurations.

Proof. () ) Let C � C0 and let e0; e002 C0 � C. We have C @C t (C0[[e0]]) v C0 and thus, by
de�nition of immediate precedence,C0 = C [ (C0[[e0]]). In the same way C0 = C [ C0[[e00]]. Hence,
by de�nition of history, we have e0(%C 0)� e00(%C 0)� e0 and thus e0 = e00(otherwise %C 0 would not
be acyclic, contradicting the de�nition of con�guration).

(( ) Obvious. 2

The following lemma leads to the de�nition of a functor fromAES to Dom . First
we prove that aes-morphisms preserve con�gurations and then we show that the
function naturally induced by anaes-morphism between the corresponding domains
of con�gurations is a domain morphism.

Lemma 3.21 (aes-morphisms preserve configurations)
Let G0, G1 be twoaes's and let f : G0 ! G1 be anaes-morphism. Then for each
C0 2 Conf (G0) the morphism f is injective on C0 and the f -image of C0 is a
con�guration of G1, i.e.,

f � (C0) = f f (e) j e 2 C0g 2 Conf (G1).

Moreover f � : Conf (G0) ! Conf (G1) is a domain morphism.

Proof. Let C0 2 Conf (G0) be a con�guration. Since %C0 is well founded and thus: (e# ae0) for
all e; e0 2 C0, the conditions of the de�nition of aes-morphism (De�nition 3.4) imply that for all
e; e0 in C0 such that f (e) 6= ? 6= f (e0):

bf (e)c � f (bec);
f (e) = f (e0) ) e = e0;
f (e) %1 f (e0) ) e %0 e0.

Therefore f is injective on C0 (as expressed by the second condition) and we immediately conclude
that f � (C0) is a con�guration in G1.

Let us now prove that f � : Conf (G0) ! Conf (G1) is a domain morphism. Additivity and
stability follow from Lemma 3.15. In particular for stabili ty one should also observe that ifC0 and
C1 are compatible then f is injective on C1 [ C2 and thus f (C1 \ C2) = f (C1) \ f (C2). Finally, the
fact that f � preserves immediate precedence can be straightforwardly derived from Lemma 3.20.

2
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Theorem 3.19 and Lemma 3.21 suggest how to de�ne a functor from the category
AES of asymmetric event structures to the categoryDom of domains. Instead, the
functor going back fromDom to AES �rst transforms a domain into a pes via
P : Dom ! PES, introduced in De�nition 2.17, and then embeds suchpes into
AES via J : PES ! AES , de�ned in Proposition 3.9.

Definition 3.22 (from aes's to domains and backwards)
The functor L a : AES ! Dom is de�ned as:

� for any AES -object G,

L a(G) = hConf (G); vi ;

� for any AES -morphism f : G0 ! G1,

L a(f ) = f � : L a(G0) ! L a(G1).

The functor P a : Dom ! AES is de�ned as J � P .

It is worth recalling that, concretely, given a domainhD; vi , the pes P (D) is de�ned
as hPr (D); v ; # i , where # is the incompatibility relation (i.e., p# p0 i� p and p0 do
not have a common upper bound). ThenP a(D) = J (P (D)) is the corresponding
aes, namely hPr (D); v ; @[ # i .

The functor P a is left adjoint to L a and they establish a core
ection between
AES and Dom . The counit of the adjunction maps each history of an evente into
the event e itself. The next technical lemma shows that the function de�ned in this
way is indeed anaes-morphism.

Lemma 3.23
Let G be anaes. Then � G : P a(L a(G)) ! G de�ned as:

� G (C) = e if C 2 Hist (e),

is an aes-morphism.

Proof. Let us verify that � G satis�es the three conditions imposed onaes-morphisms: for all
C; C0 2 Hist (G), with C 2 Hist (e), C0 2 Hist (e0):

� b � G (C)c � � G (bCc).
We have:

� G (bCc) =
= � G (Pr (C))
= � G (f C[[e0]] j e0 2 Cg) [by Lemma 3.18]
= C
� b ec [sinceC is left-closed]
= b� G (C)c



3.2. From asymmetric event structures to domains 61

� (� G (C) = � G (C0)) ^ C 6= C0 ) C# aC0.
Let � G (C) = e = e0 = � G (C0) and C 6= C0. SinceC; C0 2 Hist (e), by Lemma 3.17, we have
: (C " C0) and thus C# C0 in P (L a(G)) and therefore, by de�nition of J , C# aC0 in
P a(L a(G)).

� � G (C) % � G (C0) ) C % C0.
Let � G (C) = e % e0 = � G (C0). Since the relation % is irre
exive, surely e 6= e0 and thus
C 6= C0. Now, if e 62C0 then, by Lemma 3.14, surely: (C " C0), thus C# C0 in P (L a(G)) and
therefore, by de�nition of J , C % C0 in P a (L a(G)). Otherwise, if e 2 C0 we distinguish
two cases:

{ C = C[[e]] = C0[[e]].
In this case, by Lemma 3.17.(1), we have thatC v C0, and the relation is strict, since
C 6= C0. Thus, by de�nition of P a , C % C0 in P a(L a(G)).

{ C = C[[e]] 6= C0[[e]].
In this case, by Lemma 3.17.(2), we conclude thatC and C0 are not compatible,
namely : (C " C0). HenceC# C0 in P (L a(G)) and therefore C % C0 in P a(L a(G)).

2

The next technical lemma characterizes the behaviour of thefunctor P a on
morphisms having a domain of con�gurations as codomain.

Lemma 3.24
Let G be anaes, D a domain and letg : D ! L a(G) be a domain morphism. Then
for all p 2 Pr (D), j g(p) �

S
g(Pr (p) � f pg) j� 1 and

P a(g)(p) =
�

? if g(p) �
S

g(Pr (p) � f pg) = ;
g(p)[[e]] if g(p) �

S
g(Pr (p) � f pg) = f eg

Proof. Let p 2 Pr (D) and let us consider the corresponding prime interval

[
F

(Pr (p) � f pg); p] ;

then also h
g(

G
(Pr (p) � f pg)) ; g(p)

i
; (3.1)

is a prime interval in L a(G), and, by de�nition of the functor Ea (De�nition 3.22)

P a (g)(p) =
�

? if g(p) = g(
F

(Pr (p) � f pg))
C if Pr (g(p)) � Pr (g(

F
(Pr (p) � f pg))) = f Cg

Now, by additivity of g and Lemma 3.15.(1),g(
F

(Pr (p) � f pg)) =
F

g(Pr (p) � f pg) =
S

g(Pr (p) �
f pg), and, since (3.1) is a prime interval, by Lemma 3.20,g(p) �

S
g(Pr (p) � f pg) has at most one

element. If g(p) =
S

g(Pr (p)�f pg) then P a(g)(p) = ? . Otherwise, if g(p)�
S

g(Pr (p)�f pg) = f eg,
then, by Lemma 3.18.(2), we have thatPr (g(p)) � Pr (

S
g(Pr (p) � f pg)) = f g(p)[[e]]g and thus we

conclude. 2

Finally we can prove the main result of this section, namely,that P a is left
adjoint to L a and they establish a core
ection betweenAES and Dom . Given an
aes G, the component atG of the counit of the adjunction is� G : P a � L a(G) ! G.
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Theorem 3.25 (coreflection between AES and Dom )
P a a L a.

Proof. Let G be anaes and let � G : P a (L a(G)) ! G be the morphism de�ned as in Lemma 3.23.
We have to show that given any domainD and aes-morphism h : P a(D ) ! G, there is a unique
domain morphism g : D ! L a(G) such that the following diagram commutes:

P a (L a(G))
� G

G

P a (D )

P a (g)
h

Existence
Let g : D ! L a(G) be de�ned as:

g(d) = h� (Pr (d)).

A straightforward checking shows that Pr (d) is a con�guration in P a(D ) and thus, by Lemma 3.21,
h is injective on Pr (d) and h� (Pr (d)) is a con�guration in G, i.e., an element ofL a(G). Moreover
g is a domain morphism. In fact it is

� � -preserving. Let d; d0 2 D, with d � d0. Then Pr (d0) � Pr (d) = f pg and thus

g(d0) � g(d) =
= h� (Pr (d0)) � h� (Pr (d))
� f h(p)g

Therefore jg(d0) � g(d)j � 1 and, since it is easy to see thatg(d) v g(d0), by Lemma 3.20
we concludeg(d) � g(d0).

� Additive. Let X � D be a pairwise compatible set. Then:

g(
F

X ) =
= h� (Pr (

F
X ))

= h� (
S

x 2 X Pr (x)) [since Pr (
F

X ) =
S

x 2 X Pr (x)]
=

S
x 2 X h� (Pr (x))

=
F

x 2 X g(x)

� Stable. Let d; d0 2 D with d " d0, then:

g(d u d0) =
= h� (Pr (d u d0))
= h� (Pr (d) \ Pr (d0)) [since Pr (d u d0) = Pr (d) \ Pr (d0) and

h injective on Pr (d) [ Pr (d0)]
= h� (Pr (d)) \ h� (Pr (d0))
= g(d) u g(d0)

The morphism g de�ned as above makes the diagram commute. In fact, letp 2 Pr (D) (=
P a(D ) ) and let us use Lemma 3.24 to determineP a (g)(p). We have:
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g(p) �
S

g(Pr (p) � f pg) =
= h� (Pr (p)) �

S
f h� (Pr (p0)) j p0 2 Pr (D); p0 @pg

= h� (Pr (p)) � f h(p00) j p002 Pr (D); p00@pg
= h� (Pr (p)) � h� (Pr (p) � f pg)
= f h(p)g [sinceh injective on Pr (p)]

Therefore, if h(p) is unde�ned then P a(g)(p) = ? and thus � G (P a (g)(p)) = ? . If h(p) = e then
P a (g)(p) = g(p)[[e]] and thus � G (P a (g)(p)) = e = h(p). Summing up we conclude

� G � P a(g) = h.

Uniqueness
Let g0 : D ! L a(G) be another morphism such that

� G � P a (g0) = h.

By Lemma 3.24, for all p 2 Pr (D) we have:

P a(g0)(p) =
�

? if g0(p) �
S

g0(Pr (p) � f pg) = ;
g0(p)[[e]] if g0(p) �

S
g0(Pr (p) � f pg) = f eg

Therefore

h(p) = � G (P a(g0)(p)) =
�

? if g0(p) �
S

g0(Pr (p) � f pg) = ;
e if g0(p) �

S
g0(Pr (p) � f pg) = f eg

(3.2)

Let us show that g0(p) = g(p) for all p 2 Pr (D), by induction on k = jPr (p)j (that is �nite, since
D is �nitary).

(k = 1) In this case g0(p) �
S

g0(Pr (p) � f pg) = g0(p). Thus, by (3.2) above, if h(p) = ? then
g0(p) = ; = g(p), otherwise, g0(p) = f h(p)g = g(p).

(k ! k + 1) First notice that being g0 monotonic, for all p0 2 Pr (p) we haveg0(p0) v g0(p), thus

g0(p) = ( g0(p) � (
S

g0(Pr (p) � f pg))) [ (
S

g0(Pr (p) � f pg)).

By inductive hypothesis,
S

g0(Pr (p) � f pg) =
S

g(Pr (p) � f pg), thus, reasoning as in the case
(k = 1) we conclude.

Being g and g0 additive, since they coincide on the complete primes ofD , which is prime
algebraic, they coincide also on the whole domainD . 2

3.3 The category of contextual nets

This section introduces a notion of morphism for contextualnets, turning the class
of c-nets into a categoryCN . Morphisms are shown to preserve the token game in
such a way that they can be thought of as simulations of the source net into the
target net.

In the following when considering a c-netN , we implicitly assume that N =
hS; T; F; C; mi . Moreover superscripts and subscripts on the nets names carry over
the names of the involved sets, functions and relations (e.g., N i = hSi ; Ti ; Fi ; Ci ; mi i ).

A c-net morphism between two nets maps transitions and places of the �rst net
into transitions and multisets of places of the second net, respectively, in such a
way that the initial marking as well as the pre- and post-setsof transitions are
\preserved". Contexts are preserved in a weak sense.
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Definition 3.26 (c-net morphism)
Let N0 and N1 be c-nets. Amorphism h : N0 ! N1 is a pair h = hhT ; hSi , where
hT : T0 ! T1 is a partial function and hS : S0 ! S1 is a multirelation such that

1. �h S(m0) = m1

2. for eachA 2 �T ,

(a) �h S( � A) = � �h T (A);

(b) �h S(A � ) = �h T (A)� ;

(c) [[�h T (A)]] � �h S(A) � �h T (A).

We denote byCN the category having c-nets as objects and c-net morphisms as
arrows.

Conditions (1), (2.a) and (2.b) are standard for ordinary nets, but condition (2.c),
regarding contexts, deserves some comments. It can be explained by recalling that,
since in our model a single token can be used as context with multiplicity greater
than one, the �ring of a transition t can use as context any multisetX satisfying

[[t]] � X � t.

Given any multiset of tokens that can be used as context in the�ring of a transition,
its image should be a set of tokens that can be used as context by the image of the
transition. This can be formalized by requiring that [[�h T (A)]] � �h S(X ) � �h T (A)
for any X 2 �S 0 such that [[A]] � X � A, which is equivalent to the above condition
(2.c). Observe that, in particular, [[�h T (A)]] = [[ �h S(A)]].

It is worth remarking that if hT is unde�ned on a transition t0 2 T0, written
hT (t0) = ? , then, by de�nition of c-net morphism, the places in the pre-, post-set
and context oft0 are forced to be mapped to the empty set, i.e.,�h S( � t + t � + t) = ; .

A basic result to prove (to check that the de�nition of morphism is \meaning-
ful") is that the token game is preserved by c-net morphisms.As an immediate
consequence morphisms preserve reachable markings.

Proposition 3.27 (morphisms preserve the token game)
Let N0 and N1 be c-nets, and leth = hhT ; hS i : N0 ! N1 be a morphism. Then for
eachM; M 0 2 �S and A 2 �T

M [Ai M 0 ) �h S(M ) [�h T (A)i �h S(M 0).

Therefore c-net morphisms preserve reachable markings, i.e., if M0 is a reachable
marking in N0 then �h S(M0) is reachable inN1.
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Proof. First notice that �h T (A) is enabled by �h S (M ). In fact, since A is enabled by M , we
have M � � A + [[ A]]. Thus

�h S (M )
� �h S ( � A + [[ A]])
= �h S ( � A) + �h S ([[A]])
� �h S ( � A) + [[ �h S (A)]]
= � �h T (A) + [[ �h T (A)]] [by def. of c-net morphism]

Moreover �h S (M 0) = �h S (M ) � � �h T (A) + �h T (A) � . In fact, M 0 = M � � A + A � , therefore
we have:

�h S (M 0)
= �h S (M ) � �h S ( � A) + �h S (A � )
= �h S (M ) � � �h T (A) + �h T (A) � [by def. of c-net morphism] 2

The seminal work by Winskel [Win87a] presents a core
ectionbetween prime
event structures and a subclass of P/T nets, namelysafe nets. In [MMS97] it is
shown that essentially the same constructions work for the larger category of \semi-
weighted nets" as well (while the generalization to the whole category of P/T nets
requires some original technical machinery and allows one to obtain a proper ad-
junction rather than a core
ection [MMS96]). In the next sections we will relate by
a core
ection (asymmetric and prime) event structures and \semi-weighted c-nets".

Definition 3.28 (semi-weighted and safe c-nets)
A semi-weightedc-net is a c-net N such that the initial marking m is a set and
Fpost is a relation (i.e., t � is a set for all t 2 T). We denote bySW-CN the full
subcategory ofCN having semi-weighted c-nets as objects.

A semi-weighted c-net is calledsafeif also Fpre and C are relations (i.e., � t and
t are sets for allt 2 T) and each reachable marking is a set. The full subcategory of
SW-CN containing all safe c-nets is denoted byS-CN .

Notice that the condition characterizing safe nets involves the dynamics of the net
itself, while the one de�ning semi-weighted nets is \syntactical" in the sense that it
can be checked statically, by looking only at structure of the net.

3.4 Occurrence contextual nets

In the previous section we gave a description of the behaviour of a c-net in a dynamic
way, by describing how the token game evolves. Occurrence c-nets are intended to
represent, via the unfolding construction, the behaviour of general c-nets in a more
static way, by expressing the events (�ring of transitions)which can appear in a
computation and the dependency relations between them. Occurrence c-nets will be
de�ned as safe c-nets such that the dependency relations between transitions satisfy
suitable acyclicity and well-foundedness requirements. While for traditional occur-
rence nets one has to take into account the causal dependencyand the (symmetric)
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con
ict relations, by the presence of contexts, we have to consider an asymmetric
con
ict (or weak dependency) relation as well. The con
ict relation, as already seen
in the more abstract setting ofaes's, turns out to be a derived relation.

3.4.1 Dependency relations on transitions

Causal dependency is de�ned as for traditional safe nets, with an additional clause
stating that transition t causest0 if it generates a token in a context place oft0.

Definition 3.29 (causal dependency)
Let N be a safe c-net. Thecausal dependency relation< N is the transitive closure
of the relation � de�ned by:

1. if s 2 � t then s � t;

2. if s 2 t � then t � s;

3. if t � \ t0 6= ; then t � t0.

Given a place or transitionx 2 S [ T, we denote bybxc the set ofcausesof x in T,
de�ned as bxc = f t 2 T j t � N xg � T, where� N is the re
exive closure of< N .

Definition 3.30 (asymmetric conflict)
Let N be a safe c-net. Thestrict asymmetric con
ict relation  N is de�ned as

t  N t0 i� t \ � t0 6= ; or (t 6= t0 ^ � t \ � t0 6= ; ).

The asymmetric con
ict relation %N is the union of the strict asymmetric con
ict
and causal dependency relations:

t %N t0 i� t < N t0 or t  N t0.

In our informal interpretation, if t %N t0 then t must precedet0 in each compu-
tation in which both �re or, equivalently, t0 prevents t to be �red, namely

FiredC (t) ^ Fired C (t0) ) precC (t; t 0) (y)

As noticed in the Introduction , in an acyclic safe c-net where any transition is
enabled at most once in each computation, condition (y) is surely satis�ed when the
same places appears in the context oft and in the pre-set oft0. But ( y) is trivially true
(with t and t0 in interchangeable roles) whent and t0 have a common precondition,
since they never �re in the same computation. This is apparently a little tricky but
corresponds to the clear intuition that a (usual) symmetric(direct) con
ict leads
to asymmetric con
ict in both directions. Furthermore, since, as noticed for the
general model ofaes, (y) is weaker than the condition that expresses causality, the
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N4 � � �

t1 t2 t3

Figure 3.4: An occurrence c-net with a cycle of asymmetric con
ict.

condition (y) is satis�ed when t causes (in the usual sense)t0.4 For technical reasons
it is convenient to distinguish the strict asymmetric con
ict from causality.

In the sequel, when the netN is clear from the context, the subscripts in the
relations � N and %N will be omitted.

The c-net N4 in Figure 3.4 shows that, as expected, also in this setting the
relation % is not transitive. In fact we havet1 % t3 % t2 % t1, but, for instance, it
is not true that t1 % t2.

An occurrence c-net is a safe c-net that exhibits an acyclic behaviour and such
that each transition can �re in some computation of the net. Furthermore, to allow
for the interpretation of the places as token occurrences, each place has at most one
transition in its pre-set.

Definition 3.31 (occurrence c-nets)
An occurrence c-netis a safe c-netN such that

1. each places 2 S is in the post-set of at most one transition, i.e.,j � sj � 1;

2. the re
exive closure� N of the causal relation< N is a partial order such that
btc is �nite for any t 2 T;

3. the initial marking m coincides with the set of minimal places with respect to
� N , i.e., m = f s 2 S j � s = ;g ;

4. (%N )btc is acyclic for all transitions t 2 T.

With O-CN we denote the full subcategory ofS-CN having occurrence c-nets as
objects.

Conditions (1)-(3) are the same as for ordinary occurrence nets. Condition (4) cor-
responds to the requirement of irre
exivity for the con
ict relation in ordinary oc-
currence nets. In fact, if a transitiont has a%N cycle in its causes then it can never
�re, since in an occurrence c-netN , the order in which transitions appear in a �ring
sequence must be compatible with the transitive closure of the (restriction to the
transitions in the sequence of the) asymmetric con
ict relation.

As anticipated the asymmetric con
ict relation induces a symmetric con
ict
relation (on sets of transitions) de�ned in the following way:

4This is the origin of the weak causality interpretation of %.
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Definition 3.32 (conflict)
Let N be a c-net. Thecon
ict relation # � 2T

�n associated toN is de�ned as:

t0 % t1 % : : : % tn % t0

# f t0; t1; : : : ; tng
#( A [ f tg) t � t0

#( A [ f t0g)

whereA denotes a generic �nite subset ofT. As for aes's, we use the in�x notation
t# t0 for # f t; t 0g.

For instance, referring to Figure 3.4, we have #f t1; t2; t3g, but not # f t i ; t j g for
any i; j 2 f 1; 2; 3g. Notice that, by de�nition, the binary con
ict relation # is
symmetric. Moreover in an occurrence c-net # is irre
exive by the fourth condition
of De�nition 3.31.

Finally, observe that irre
exivity of the asymmetric con
i ct relation %N in an
occurrence c-netN implies that the pre-set, the post-set and the context of any
transition t in N are disjoint (any possible intersection would lead tot %N t).

3.4.2 Concurrency and reachability

As for ordinary occurrence nets, a set of placesM is called concurrent if there is
a reachable marking in which all the places ofM contain a token. Di�erently from
the classical case, for the presence of contexts some placesthat a transition needs
to be �red (contexts) can be concurrent with the places it produces. However, the
concurrency of a set of places can still be checked locally bylooking only at the
causes of such places and thus can be expressed via a \syntactical" condition. This
subsection introduces such condition and then shows that itcorrectly formalizes the
intuitive idea of concurrency.

Definition 3.33 (concurrency relation)
Let N be an occurrence c-net. A set of placesM � S is called concurrent, written
conc(M ), if

1. 8s; s0 2 M: : (s < s0);

2. bM c is �nite, where bM c =
S

fbsc j s 2 M g;

3. % bM c is acyclic (and thus well-founded, sincebM c is �nite).

In particular, for each transition t in an occurrence c-net, the set of places consisting
of its pre-set and context is concurrent.

Proposition 3.34
For any transition t of an occurrence c-net, conc( � t + t).

Proof. Sinceb � t + tc [ f tg = btc, by de�nition of occurrence c-net, conditions (2) and (3) of the
de�nition of concurrency are satis�ed. As for the �rst condi tion, suppose thats < s 0 for s; s0 2 � t+ t.
Then there is a transition t0 such that s 2 � t0 and t0 < s 0. Now, since t0 < s 0 and s0 2 � t + t we
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have t0 < t and, sinces 2 � t + t and s 2 � t0, we have alsot % t0. Therefore t0 < t % t0 is a %-cycle
in btc, contradicting the de�nition of occurrence c-net. Thus, also condition (1) is satis�ed. 2

The next two lemmata show that given a concurrent set of places, we can inter-
pret it as the result of a computation and perform a backward or forward step in
such a computation, still obtaining a concurrent set.

Lemma 3.35 (backward steps preserve concurrency)
Let N be an occurrence c-net and letM � S be a set of places. If conc(M ) and
t 2 bM c is maximal with respect to(% bM c)� then

1. 9st 2 S: st 2 t � \ M ;

2. conc(M � t � + � t).

Proof.

1. Sincet 2 bM c, there is st 2 M and t0 2 T such that t � t0 and st 2 t0� . But recalling that
% implies < , by using maximality of t, we can conclude thatt = t0.

2. Let M 0 = M � t � + � t. Clearly bM 0c = bM c � f tg and thus bM 0c is �nite and %bM 0c is
acyclic.

Moreover, we have to show that there are no causal dependent (distinct) places in M 0. Since
conc(M � t � ), by hypothesis, and conc( � t), by Proposition 3.34, the only problematic case
could be s 2 M � t � and s0 2 � t. But

� if s < s 0 then, by transitivity of < , we haves < s t ;

� if s0 < s then there is a transition t0 such that s0 2 � t0 and t0 � s. Sinces0 2 � t \ � t0,
we have that t % t0 % t is a %-cycle in bM c.

In both cases we reach a contradiction with the hypothesisconc(M ). 2

Lemma 3.36 (forward steps preserve concurrency)
Let N be an occurrence c-net and letM � S be a set of places. If conc(M ) and
M [ti M 0 then conc(M 0).

Proof. The transition t is enabled byM , i.e., � t + t � M and thus : (t % t0) for all t0 2 bM c.
In fact, let t0 2 bM c, that is t0 < s 0 for somes0 2 M . Clearly it can not be t  t0, otherwise, if
s 2 � t0\ ( � t [ t) � M then s < s 0, contradicting the hypothesis conc(M ). In the same way, if t < t 0

then given any s 2 � t(� M ), we would haves < s 0.
Therefore, sincebM 0c � b M c [ f tg (the strict inclusion holds when t � = ; ) and, by hypothesis,

%bM c is acyclic, we can conclude that%bM 0c is acyclic. Moreover, beingbM c �nite, also bM 0c is
�nite.

Finally, we have to show that there are no (distinct) causal dependent places inM 0. Since
conc(M � � t) and conc(t � ) the only problematic case could bes 2 M � � t and s0 2 t � . But

� if s < s 0 then s < s 00for somes002 � t [ t ;

� if s0 < s then, for s002 � t, by transitivity of < , s00< s .
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In both cases we reach a contradiction with the hypothesisconc(M ). 2

It is now quite easy to conclude that, as mentioned before, the concurrent sets
of places of a c-net indeed coincide with the (subsets of) reachable markings.

Proposition 3.37 (concurrency and reachability)
Let N be an occurrence c-net and letM � S be a set of places. Then

conc(M ) i� M � M 0 for some reachable markingM 0.

Proof.
() ) By de�nition of the concurrency relation, bM c is �nite. Moreover %bM c is acyclic and

therefore there is an enumerationt (1) ; : : : ; t (k ) of the transitions in bM c compatible with ( %bM c)+ .
Let us show by induction on k = jbM cj that

m = M (0) [t (1) i M (1) [t (2) i M (2) : : : [t (k ) i M (k ) � M .

(k = 0) In this case simply m � M and thus m = M (0) � M .

(k > 0) By construction, t (k ) is maximal in bM c with respect to (%bM c)+ . Thus, by Lemma 3.35,
if we de�ne M 00= M � t (k ) � + � t (k ) , we haveconc(M 00) and bM 00c = f t (1) ; : : : ; t (k � 1) g. Therefore,
by inductive hypothesis, there is a �ring sequence

m [t (1) i M (1) : : : [t (k � 1) i M (k � 1) � M 00: (3.3)

Now, by construction, � t (k ) � M 00. Moreover also t (k ) � M 00. In fact, if s 2 t (k ) then s 2 m
or s 2 t (h) � for some h < k . Thus a token in s is generated in the �ring sequence (3.3), and no
transition t ( l ) can consume this token, otherwiset (k ) % t ( l ) , contradicting the maximality of t (k ) .
Finally, by de�nition of occurrence c-net, � t (k ) \ t (k ) = ; , being % irre
exive. Therefore t (k ) is
enabled in M 00so that we can extend the �ring sequence (3.3) to

m [t (1) i M (1) : : : [t (k � 1) i M (k � 1) [t (k ) i M (k ) ,

where M (k ) = M (k � 1) � � t (k ) + t (k ) � � M 00� � t (k ) + t (k ) � = M .

(( ) Let us suppose that there exists a �ring sequence

m [t (1) i M (1) [t (2) i M (2) : : : [t (k ) i M (k ) � M .

and let us prove that conc(M (k ) ) (and thus conc(M )).
If ( k = 0), then M � m and clearly conc(m). If k > 0 then an inductive reasoning that uses

Lemma 3.36 allows one to conclude. 2

As an immediate corollary we obtain that each transition of an occurrence c-net
is �rable in some computation of the net.

Corollary 3.38
For any transition t of an occurrence c-netN there is a reachable markingM of N
which enablest.

Proof. By Proposition 3.34, conc( � t + t) and thus, by Proposition 3.37, we can �nd a reachable
marking M of N , such that M � � t + t, enabling t. 2
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3.4.3 Morphisms on occurrence c-nets

This subsection shows some properties of c-net morphisms between occurrence c-nets
that will be useful in the sequel. We start with a characterization of such morphisms.

Lemma 3.39 (occurrence c-nets morphisms)
Let N0 and N1 be occurrence c-nets and leth = hhT ; hS i : N0 ! N1 be a morphism.
Then hS is a relation and

� 8 s1 2 m1: 9!s0 2 m0: hS(s0; s1);

� for eacht0 2 T0, if hT (t0) = t1 then

{ 8s1 2 � t1: 9!s0 2 � t0: hS(s0; s1);

{ 8s1 2 t1: 9!s0 2 t0: hS(s0; s1);

{ 8s1 2 t1
� : 9!s0 2 t0

� : hS(s0; s1);

Moreover given anys0 2 S0, s1 2 S1, t1 2 T1:

� s1 2 m1 ^ hS(s0; s1) ) s0 2 m0;

� s1 2 t1
� ^ hS(s0; s1) ) 9 !t0 2 T0: (s0 2 t0

� ^ hT (t0) = t1).

Proof. The result is easily proved by using the structural properties of occurrence c-nets. We
treat just the �rst point. Let s1 2 m1. Since it must be �h S (m0) = m1, there exists s0 2 m0 such
that hS (s0; s1). Such s0 must be unique, since otherwise the initial marking ofN1 should be a
proper multiset, rather than a set, contradicting the de�ni tion of occurrence c-net. 2

As an easy consequence of the results in the previous subsection, c-net morphisms
preserve the concurrency relation.

Corollary 3.40 (morphisms preserve concurrency)
Let N0 and N1 be occurrence c-nets and leth : N0 ! N1 be a morphism. Given
M0 � S0, if conc(M0) then �h S(M0) is a set and conc(�h S(M0)) .

Proof. Let M 0 � S0, with conc(M 0). Then, by Proposition 3.37, there exists a �ring sequence
in N0:

m0 [t (1) i M (1) : : : [t (n ) i M (n ) � M 0.

By Proposition 3.27, morphisms preserve the token game and thus

m1 = �h S (m0) [hT (t (1) )i �h S (M (1) ) : : : [hT (t (n ) )i �h S (M (n ) ) � �h S (M 0).

is a �ring sequence inN1. Hence�h S (M 0) is a set and, by Proposition 3.37,conc(�h S (M 0)). 2

Notice that the corollary implicitly states that morphisms are \injective" on
concurrent sets, in the sense that ifconc(M ) and s 6= s0 are in M , then �h S(s),
�h S(s0) are sets and�h S(s) \ �h S(s0) = ; (otherwise � S(M ) would be a proper
multiset).
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The next lemmata show that, more generally, morphisms preserve the \amount
of concurrency". Let the symbol� denote the immediate causal dependency between
transitions, namely t � t0 if t < t 0 and there does not existst00such that t < t 00< t 0.
First we prove that c-net morphisms re
ect� -chains. Then, by means of some other
technical results, we can conclude that c-net morphisms re
ect causality and con
ict,
while asymmetric con
ict is re
ected or becomes con
ict.

Lemma 3.41 (morphisms reflect � -chains)
Let N0 and N1 be occurrence c-nets, leth : N0 ! N1 be a morphism and lett (0)

1 �

t (1)
1 � : : : � t (n)

1 be a chain of transitions in T1 such that t (n)
1 = hT (t (n)

0 ). Then
there exists a chaint (0)

0 � t (1)
0 � : : : � t (n)

0 in T0 such that t (i )
1 = hT (t (i )

0 ) for all
i 2 f 0; : : : ; ng.

Proof. We proceed by induction onn:

(n = 0) Obvious.

(n > 0) Let t (0)
1 � t (1)

1 � : : : � t (n )
1 = hT (t (n )

0 ). By inductive hypothesis (applied to the �nal part
of the chain) there is a chaint (1)

0 � : : : � t (n )
0 such that t ( i )

1 = hT (t ( i )
0 ) for i 2 f 1; : : : ; ng.

Moreover, sincet (0)
1 � t (1)

1 = hT (t (1)
0 ), two cases arise:

� t (0)
1

� \ t (1)
1 6= ; .

Let s1 2 t (0)
1

� \ t (1)
1 . Since t (1)

1 = hT (t (1)
0 ) there is s0 2 t (1)

0 such that f S (s0; s1). Moreover,

by Lemma 3.39, froms1 2 t (0)
1

� we have that that 9!t (0)
0 2 T0 such that hT (t (0)

0 ) = t (0)
1 and

s0 2 t (0)
0

� . Therefore t (0)
0 � t (1)

0 is the transition that completes the chain.

� t (0)
1

� \ � t (1)
1 6= ; .

Analogous to the previous case.
2

Lemma 3.42
Let N0 and N1 be occurrence c-nets and leth : N0 ! N1 be a morphism. Then, for
all t0; t0

0 2 T0, with hT (t0) 6= ? 6= hT (t0
0),

1. (hT (t0) = hT (t0
0)) ^ (t0 6= t0

0) ) t0# 0t0
0;

2. hT (t0) � 1 hT (t0
0) ) 9 !t00

0 2 T0: (t00
0 � 0 t0

0 ^ hT (t00
0) = hT (t0)) ;

3. (a) hT (t0)  1 hT (t0
0) ) (t0  0 t0

0) _ (t0# 0t0
0);

(b) hT (t0) < 1 hT (t0
0) ) (t0 < 0 t0

0) _ (t0# 0t0
0);

Proof.

1. Let hT (t0) = hT (t0
0) and t0 6= t0

0. Consider a chain of transitionst (0)
1 � : : : � t (k )

1 = hT (t0)
such that � t (0)

1 � m1 and t ( i )
1

� \ � t ( i +1)
1 6= ; for all i 2 f 0; : : : ; k � 1g (the existence of

such a �nite chain is an immediate consequence of the de�nition of occurrence c-net). By
Lemma 3.41, we can �nd in T0 two � -chains of transitions,
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t (0)
0 � : : : � t (k )

0 and t0(0)
0 � : : : � t0(k)

0 ,

such that, hT (t ( i )
0 ) = hT (t0( i )

0 ) = t ( i )
1 , for all i 2 f 1; : : : ; kg and t0 = t (k )

0 , t0
0 = t0(k)

0 .

Let j be the least index such that t ( j )
0 6= t0( j )

0 . If j = 0 (and thus � t ( j )
1 � m1) consider a

generics1 2 � t (0)
1 . By de�nition of morphism, there are s0 2 � t (0)

0 and s0
0 2 � t0(0)

0 such that
hS (s0; s1) and hS (s0

0; s1). By Lemma 3.39, sinces1 2 m1, also s0 and s0
0 are in the initial

marking and thus s0 = s0
0. Hence t (0)

0 %0 t0(0)
0 %0 t (0)

0 , thus t (0)
0 # m

0 t0(0)
0 and therefore, by

de�nition of #, t0# 0t0
0. If j > 0, then considerings1 2 t ( j � 1)

1
� \ � t ( j )

1 , the same reasoning
applies.

2. Existence easily follows from Lemma 3.41. As for uniqueness, let t000
0 � 0 t0

0 and hT (t000
0 ) =

hT (t0). If t000
0 6= t00

0 then, by point (1) t000
0 # 0t00

0 and therefore t0
0# 0t0

0, contradicting the de�ni-
tion of occurrence c-net.

3. (a) Let hT (t0)  1 hT (t0
0). Then there is a places1 2 (hT (t0) [ � hT (t0)) \ � hT (t0

0). Thus
there ares0 2 (t0 [ � t0) such that hS (s0; s1) and s0

0 2 � t0
0 such that hS (s0

0; s1). If s1 is
in the initial marking then s0 = s0

0 and thus t0  1 t0
0. Otherwise s0 and s0

0 are in the
post-sets of two transitions t (0)

0 and t0(0)
0 , which are mapped to the same transition in

N1 (the transition which has s1 in its post-set). By point (1), t (0)
0 and t0(0)

0 are identical
or in con
ict: in the �rst case s0 = s0

0 and thus t0  0 t0
0, while in the second case

t0# 0t0
0.

(b) Let hT (t0) < 1 hT (t0
0). By Lemma 3.41, there existst00

0 2 T0 such that t00
0 < 0 t0

0 and
hT (t00

0 ) = hT (t0). It follows from point (1) that either t00
0 = t0 and thus t0 < 0 t0

0, or
t00
0# 0t0 and thus t0# 0t0

0. 2

Corollary 3.43
Let N0 and N1 be occurrence c-nets and leth : N0 ! N1 be a morphism. Then, for
all t0; t0

0 2 T0 with hT (t0) 6= ? 6= hT (t0
0),

1. bhT (t0)c � hT (bt0c);

2. (hT (t0) = hT (t0
0)) ^ (t0 6= t0

0) ) t0# 0t0
0;

3. hT (t0) % 1 hT (t0
0) ) (t0 % 0 t0

0) _ (t0# 0t0
0);

4. # hT (A) ) # A0, for someA0 � A.

It is worth observing that, since the asymmetric con
ict relation de�ned for an
occurrence c-net does not satisfy the saturation conditionrequired for aes's (see
De�nition 3.3) asymmetric con
ict is not necessarily re
ected by a c-net morphism,
but it can also become con
ict.
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3.5 Unfolding: from semi-weighted to occurrence
contextual nets

This section shows how, given a semi-weighted c-netN , an unfolding construction
allows us to obtain an occurrence c-netUa(N ) that describes the behaviour ofN .
As for traditional nets, each transition in Ua(N ) represents an instance of a precise
�ring of a transition in N , and places inUa(N ) represent occurrences of tokens
in the places ofN . Each item (place or transition) of the unfolding is mapped to
the corresponding item of the original net by a c-net morphism f N : Ua(N ) ! N ,
called the folding morphism. The unfolding operation can beextended to a functor
Ua : SW-CN ! O-CN that is right adjoint to the inclusion functor I O : O-CN !
SW-CN and thus establishes a core
ection betweenSW-CN and O-CN .

We �rst introduce some technical notions. We say that a c-netN0 is a subnetof
N1, written N0 � N1, if S0 � S1, T0 � T1 and the inclusionhiT ; iS i (with iT (t) = t,
for all t 2 T0, and iS(s; s) = 1, for all s 2 S0) is a c-net morphism. In words,N0 � N1

if N0 coincides with an initial segment ofN1. In the following it will be useful to
consider the subnets of an occurrence c-net obtained by truncating the original net
at a given \causal depth", where the notion of depth is de�nedin the natural way.

Definition 3.44 (depth)
Let N be an occurrence c-net. The function depth: S [ T ! N is de�ned inductively
as follows:

depth(s) = 0 for s 2 m;
depth(t) = max f depth(s) j s 2 � t [ tg + 1 for t 2 T;
depth(s) = depth(t) for s 2 t � .

It is not di�cult to prove that depth is a well-de�ned total function, since in�nite
descending chains of causality are disallowed in occurrence c-nets. Moreover, given
an occurrence c-netN , the net containing only the items ofdepth less or equal to
k, denoted byN [k], is a well-de�ned occurrence c-net and it is a subnet ofN . The
following simple result holds:

Proposition 3.45 (truncation)
An occurrence c-netN is the (componentwise) union of its subnetsN [k], of depthk.

The unfolding of a semi-weighted c-netN can be constructed inductively by
starting from the initial marking of N , and then by adding, at each step, an instance
of each transition ofN enabled by (the image of) a concurrent subset of places in
the partial unfolding currently generated. For technical reasons we prefer to give an
axiomatic de�nition.
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Definition 3.46 (unfolding)
Let N be a semi-weighted c-net. The unfoldingUa(N ) = hS0; T0; F 0; C0; m0i of the net
N and thefolding morphism f N = hf T ; f Si : Ua(N ) ! N are the unique occurrence
c-net and c-net morphism satisfying the following equations.

m0 = fh; ; si j s 2 mg
S0 = m0 [ fh t0; si j t0 = hMp; M c; ti 2 T0 ^ s 2 t � g
T0 = fhMp; M c; ti j Mp; M c � S0 ^ Mp \ M c = ; ^ conc(Mp [ M c) ^

t 2 T ^ �f S(Mp) = � t ^ [[t]] � �f S(M c) � tg

F 0
pre(t0; s0) i� t0 = hMp; M c; ti ^ s0 2 Mp (t 2 T)

C0(t0; s0) i� t0 = hMp; M c; ti ^ s0 2 M c (t 2 T)
F 0

post(t
0; s0) i� s0 = ht0; si (s 2 S)

f T (t0) = t i� t0 = hMp; M c; ti
f S(s0; s) i� s0 = hx; si (x 2 T0[ f;g )

The existence of the unfolding can be proved by explicitly giving its inductive de�-
nition. Uniqueness follows from the fact that each item in a occurrence c-net has a
�nite depth.

Places and transitions in the unfolding of a c-net representrespectively tokens
and �ring of transitions in the original net. Each place in the unfolding is a pair
recording the \history" of the token and the corresponding place in the original net.
Each transition is a triple recording the pre-set and context used in the �ring, and the
corresponding transition in the original net. A new place with empty history h;; si
is generated for each places in the initial marking of N . Moreover a new transition
t0 = hMp; M c; ti is inserted in the unfolding whenever we can �nd a concurrentset
of places that corresponds, in the original net, to a markingthat enables t (Mp is
mapped to the pre-set andM c to the context of t). For each places in the post-set
of sucht, a new placeht0; si is generated, belonging to the post-set oft0. The folding
morphismf maps each place (transition) of the unfolding to the corresponding place
(transition) in the original net. Figure 3.5 shows a c-netN and the initial part of its
unfolding (formally, it is the subnet of the unfolding of depth 3, namely Ua(N )[3]).
The folding morphism is represented by labelling the items of the unfolding with
the names of the corresponding items ofN .

Occurrence c-nets are particular semi-weighted c-nets, thus we can consider the
inclusion functor I O : O-CN ! SW-CN that acts as identity on objects and
morphisms. We show now that the unfolding of a c-netUa(N ) and the folding
morphism f N are cofree overN . Therefore Ua extends to a functor that is right
adjoint to I O and thus establishes a core
ection betweenSW-CN and O-CN .
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�
s0

�
s1

t0 �
s2

t1

s4
t2 t3

t4
s3s5

N

�
s0

�
s1

t0 �
s2

t1

s4
t2 t3

s1
t4

s3 s3
t1

s5

s1

t1
s1

Ua(N )[3]

Figure 3.5: A c-net and (part of ) its unfolding.
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Theorem 3.47 (coreflection between SW-CN and O-CN )
I O a Ua

Proof. Let N be a semi-weighted c-net, letUa(N ) = hS0; T 0; F 0; C0; m0i be its unfolding and
let f N : Ua(N ) ! N be the folding morphism as in De�nition 3.46. We have to show that for
any occurrence c-netN1 and for any morphism g : N1 ! N there exists a unique morphism
h : N1 ! Ua (N ) such that the following diagram commutes:

Ua (N )
f N

N

N1

h g

Existence
We de�ne a sequence of morphismsh[k ] : N1

[k ] ! Ua(N ) such that, for any k,

h[k ] � h[k+1] and f N � h[k ] = gjN 1
[k ] ,

then the morphism h we are looking for will be h =
S

k h[k ]. We give an inductive de�nition:

(k = 0) The c-net N1
[0] consists only of the initial marking of N1 with no transitions, i.e., N1

[0] =
hm1; ; ; ; ; ; ; m1i . Therefore h[0] has to be de�ned:

hT
[0] = ; ,

hS
[0] (s1; h;; si ) � gS (s1; s) for all s1 2 S1

[0] = m1 and s 2 S.

(k ! k + 1) The morphism h[k+1] extends h[k ] on items with depth equal to k + 1 as follows. Let
t1 2 T [k+1] with depth(t1) = k + 1. By de�nition of depth, depth(s) � k for all s 2 � t1 [ t1 and
thus h[k ] is de�ned on the pre-set and on the context oft1. We must de�ne hT on t1 and hS on its
post-set. Two cases arise:

� If gT (t1) = ? then necessarily

hT
[k+1] (t1) = ?

hS
[k+1] (s1; s0) = 0 for all s1 2 t1

� and s0 2 S0.

� If gT (t1) = t then consider the sets

M p = �h S
[k ]( � t1) M c = �h S

[k ](t1).

SinceN1 is an occurrence c-net,� t1 \ t1 = ; and, by Proposition 3.34,conc( � t1 [ t1). Hence,
by Corollary 3.40,

M p \ M c = ; and conc(M p [ M c).

Moreover, by construction, f N � h[k ] = gjN 1
[k ] , and therefore

�f S(M p)
= �f S (�h S

[k ]( � t1))
= �g S ( � t1)
= � t [by def. of morphism]
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and in the same way [[t ]] � �f S (M c) � t. Thus, by de�nition of unfolding, there exists a
transition t0 = hM p; M c; t i in T 0.

It is clear that, to obtain a well de�ned morphism that makes t he diagram commute, we
have to de�ne

hT
[k+1] (t1) = t0

and, since�g S(t1
� ) = t � , for all s1 2 t1

� and s 2 t �

hS
[k+1] (s1; ht0; si ) = gS (s1; s).

A routine checking allows to prove that, for each k, h[k ] is a well-de�ned morphism and
f N � h[k ] = gjN 1

[k ] .

Uniqueness
The morphism h is clearly unique since at each step we were forced to de�ne itas we did to ensure
commutativity. Formally, let h0 : N1 ! Ua(N ) be a morphism such that the diagram commutes,
i.e., f N � h0 = g. Then, we show, that for all k

h0
jN 1

[k ] = hjN 1
[k ] .

We proceed by induction onk:

(k = 0) The c-net N1
[0] consists only of the initial marking of N1 and thus we have:

h0
T

[0] = ; = hT
[0] ,

h0
S

[0] (s1; h;; si ) = gS(s1; s) = hS
[0] (s1; h;; si ), for all s1 2 S1

[0] = m1 and s 2 S.

(k ! k + 1) For all t1 2 T [k+1] , with depth(t1) = k + 1 we distinguish two cases:

� If gT (t1) = ? then necessarily

h0
T

[k+1] (t1) = ? and �h S
[k+1] (t1

� ) = ; ,

thus h0[k+1] coincides with h[k+1] , on t1 and its post-set.

� If gT (t1) = t then

h0
T

[k+1] (t1) = t0 = hM p; M c; t i 2 T 0,

with M p = � t0 = �h 0
S ( � t1) and M c = t0 = �h 0

S (t1).5 By inductive hypothesis, since
depth(s1) � k for all s1 2 � t1 [ t1, we have that �h S( � t1) = M p and �h S (t1) = M c.
Therefore, by de�nition of h, hT (t1) = hM p; M c; t i = h0

T (t1).

Moreover, for all s1 2 t1
� and for all s 2 t � , again by reasoning on commutativity of the

diagram, h0
S (s1; ht0; si ) = gS (s1; s) = hS (s1; ht0; si ).

2

5Notice that here equality holds since we are working with occurrence c-nets and thus contexts
can only have multiplicity 1.
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3.6 Occurrence contextual nets and asymmetric
event structures

This section shows that the semantics of semi-weighted c-nets given in terms of oc-
currence c-nets can be abstracted to an event structure and to a domain semantics.
First the existence of a core
ection betweenAES and O-CN is proved, substanti-
ating the claim according to whichaes's represent a suitable model for giving event
based semantics to c-nets. Then the core
ection betweenAES and Dom , de�ned
in Section 3.1, can be exploited to complete the chain of core
ections from SW-CN
to Dom .

Given an occurrence c-net we can obtain a pre-aes by simply forgetting the
places, but remembering the dependency relations that theyinduce between transi-
tions, namely causality and asymmetric con
ict. The corresponding (saturated)aes
has the same causal relation� N , while asymmetric con
ict is given by the union
of asymmetric con
ict %N and of the induced binary con
ict # N . Furthermore a
morphism between occurrence c-nets naturally restricts toa morphism between the
correspondingaes's.

Definition 3.48 (from occurrence c-nets to aes's)
Let Ea : O-CN ! AES be the functor de�ned as:

� for each occurrence c-netN , if # N denotes the induced binary con
ict inN :

Ea(N ) = hT; � N ; %N [ # N i ;

� for each morphismh : N0 ! N1:

Ea(h : N0 ! N1) = hT .

Notice that the induced con
ict relation # a in the aes Ea(N ) (see De�nition 3.2)
coincides with the induced con
ict relation in the netN (see De�nition 3.32). There-
fore in the following we will confuse the two relations and simply write # to denote
both of them.

Proposition 3.49 (well-definedness)
Ea is a well-de�ned functor.

Proof. Given any occurrence c-netN , De�nition 3.31 and the considerations on the saturation
of pre-aes's following De�nition 3.3, immediately imply that Ea(N ) is an aes. Furthermore, if
h : N0 ! N1 is a c-net morphism, then, by Corollary 3.43, Ea(h) = hT is an aes-morphism.
Finally Ea obviously preserves arrow composition and identities. 2

An aes can be identi�ed with a canonical occurrence c-net, via a free construction
that mimics Winskel's: for each set of events related in a certain way by causality and
asymmetric con
ict we generate a unique place that induces such kind of relations
on the events.
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Definition 3.50 (from aes's to occurrence c-nets)
Let G = hE; � ; %i be anaes. Then N a(G) is the net N = hS; T; F; C; mi de�ned
as follows:

� m =
�

h;; A; B i j
A; B � E; 8a 2 A: 8b 2 B: a % b;
8b; b0 2 B: b 6= b0 ) b# b0

�
;

� S = m [

8
<

:
hfeg; A; B i j

A; B � E; e 2 E; 8x 2 A [ B: e < x;
8a 2 A: 8b 2 B: a % b;
8b; b0 2 B: b 6= b0 ) b# b0

9
=

;
;

� T = E;

� F = hFpre; Fposti , with

Fpre = f (e; s) j s = hx; A; B i 2 S; e2 Bg,
Fpost = f (e; s) j s = hfeg; A; B i 2 Sg;

� C = f (e; s) j s = hx; A; B i 2 S; e2 Ag.

The transitions of N a(G) are simply the events ofG, while places are triples of the
form hx; A; B i , with x; A; B � E, and jxj � 1. A place hx; A; B i is a precondition
for all the events in B and a context for all the events inA. Moreover, if x = f eg,
such a place is a postcondition fore, otherwise if x = ; the place belongs to the
initial marking. Therefore each place gives rise to a con
ict between each pair of
(distinct) events in B and to an asymmetric con
ict between each pair of events
a 2 A and b 2 B. Figure 3.6 presents some examples of basicaes's with the
corresponding c-nets. The cases of anaes with two events related, respectively, by
causality, asymmetric con
ict and (immediate symmetric) con
ict are considered.
Pictorially, an asymmetric con
ict e0 % e1 is represented by a dotted arrow frome0

to e1. Causality is represented, as usual, by plain arrows.
The next proposition relates the causality and asymmetric con
ict relations of

an aes with the corresponding relations of the c-netN a(G). In particular it is useful
in proving that N a(G) is indeed an occurrence c-net.

Lemma 3.51
Let G = hE; � ; %i be anaes and let N a(G) be the netN = hS; T; F; C; mi . Then
for all e; e0 2 E:

1. e <N e0 i� e < e0;

2. e  N e0 i� e % e0;

3. e %N e0 i� e % e0.
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G0

e0

e1

N a(G0)

�
h; ;; ;f e0gi

�h; ;f e0g;;i e0 � h; ;f e0g;f e1gi

hfe0g;; ;;i

hfe0g;; ;f e1gi � h; ;f e0 ;e1g;;i

�h; ;; ;f e1gi

�h; ;f e1g;;i e1 hfe0g;f e1g;;i

hfe1g;; ;;i

G1 e0 e1 N a(G1)

�

� e0 � �

� e1 �

G2 e0 e1 N a(G2)

� � � � �

� e0 � e1 �

Figure 3.6: Three simpleaes's and the corresponding occurrence c-nets produced
by the functor N a.
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Proof.

1. Let � N denote the immediate causality relation in N . If e � N e0 then there exists a place
hfeg; A; B i 2 S with e0 2 A [ B and thus, by de�nition of N a , e < e0. Vice versa, if e < e0

then hfeg; ; ; f e0gi 2 S and thus e � N e0. Since< N is the transitive closure of � N and < is
a transitive relation we conclude the thesis.

2. If e  N e0 then there exists a placehx; A; B i 2 S with e 2 A [ B and e0 2 B and thus either
e % e0 or e# e0. But since G is an aes, the binary con
ict is included in the asymmetric
con
ict and thus, also in the second case,e % e0. Vice versa, if e % e0 then h;; f eg; f e0gi 2 S
and thus e  N e0.

3. Immediate consequence of points (1) and (2).
2

As an immediate corollary we have:

Corollary 3.52
Let G = hE; � ; %i be anaes. Then N a(G) = N = hS; T; F; C; mi is an occurrence
c-net.

Proof. By Lemma 3.51 the causality relation� N = � and the asymmetric con
ict %N = % inherit
the necessary properties from those ofG. 2

Let G = hE; � ; %i be an aes. For e 2 E, we de�ne the set ofconsequences
dfege, as follows (considering the singletonf eg instead of e itself will simplify the
notation later).

dfege= f e0 2 E j e < e0g.

This function is extended also to the empty set, byd;e = E. We use the same
notation for occurrence c-nets, referring to the underlying aes.

The next technical lemma gives a property of morphisms between occurrence
c-nets which will be useful in the proof of the core
ection result.

Lemma 3.53
Let N0 and N1 be occurrence c-nets and leth : N0 ! N1 be a morphism. For all
s0 2 S0 and s1 2 S1, if hS(s0; s1) then

1. hT ( � s0) = � s1;

2. s0
� = h� 1

T (s1
� ) \ d � s0e;

3. s0 = h� 1
T (s1) \ d � s0e.
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Proof. Let s0 2 S0 and s1 2 S1 such that hS(s0; s1).

1. If � s0 = ; , i.e., s0 2 m0 then s1 2 m1 and thus � s1 = ; = hT ( � s0). Otherwise, let
� s0 = f t0g.6 Therefore hT (t0) = t1 is de�ned (see the remark after De�nition 3.26) and
s1 2 t1

� . Thus � s1 = f t1g = hT ( � s0).

2. Let t0 2 s0
� , i.e., s0 2 � t0. SincehS (s0; s1), we have that hT (t0) = t1 is de�ned and s1 2 � t1.

Thus t0 2 h� 1
T (s1

� ) \ d � s0e.

For the converse inclusion, lett0 2 h� 1
T (s1

� ) \ d � s0e. Then s1 2 � hT (t0) and thus there is
s0

0 2 � t0 such that hS (s0
0; s1). Now, reasoning as in Lemma 3.42.(1), we conclude thats0

0
and s0 necessarily coincide, otherwise they would be in the post-condition of con
icting
transitions and thus, since t0 2 d � s0e, we would havet0# t0.

3. Analogous to (2). 2

Recall that, by Lemma 3.51, for anyaes G = hE; � ; %i the causality and
asymmetric con
ict relations in N a(G) coincide with � and %. HenceEa(N a(G)) =
hE; � ; % 0i , where % 0= % [ # = %, where the last equality is justi�ed by the fact
that in an aes # �% . HenceEa � N a is the identity on objects.

We next prove that N a extends to a functor fromAES to O-CN , which is left
adjoint to Ea (with unit the identity idG). More precisely they establish a core
ection
from AES to O-CN .

Theorem 3.54 (coreflection between O-CN and AES )
N a a Ea

Proof. Let G = hE; � ; %i be an aes and let N a(G) = hS; T; F; C; mi be as in De�nition 3.50.
We have to show that for any occurrence c-netN0 and for any morphism g : G ! Ea(N0) there
exists a unique morphismh : N a(G) ! N0, such that the following diagram commutes:

G
id G

g

Ea(N a(G)) = G

Ea (h)

Ea(N0)

The behaviour of h on transitions is determined immediately by g:

hT = g.

Therefore we only have to show that a multirelation hS : S ! S0 such that hhT ; hS i is a morphism
exists and is uniquely determined byhT .

Existence
Let us de�ne hS in such a way it satis�es the conditions of Lemma 3.53, specialized to the net
N a(G), that is, for all s = hx; A; B i 2 S and s0 2 S0:

6There is a unique transition generatings0, sinceN0 is an occurrence c-net.
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hS(s; s0) i� (( x = ; ^ s0 2 m0) _ (x = f tg ^ s0 2 hT (t)� ))
^ B = h� 1

T (s0
� ) \ d xe

^ A = h� 1
T (s0) \ d xe

To prove that the pair h = hhT ; hS i is indeed a morphism, let us verify the conditions on the
preservation of the initial marking and of the pre-set, post-set and context of transitions.

First observe that �h S (m) = m0. In fact, if s = hx; A; B i 2 m and hS (s; s0) then x = ; and
thus, by de�nition of hS , s0 2 m0. Vice versa, let s0 2 m0 and let

A = h� 1
T (s0) and B = h� 1

T (s0
� )

Sincet0# t0
0 for all t0; t0

0 2 s0
� and t0 % t0

0 for all t0 2 s0, t0
0 2 s0

� , by de�nition of aes-morphism,
t# t0 for all t; t 0 2 B and t % t0 for all t 2 A and t0 2 B . Hence there is a places = h;; A; B i 2 m
and hS (s; s0).

Now, let t 2 T be any transition, such that hT (t) is de�ned. Then

� �h S ( � t) = � hT (t).
In fact, let s = hx; A; B i 2 � t, that is t 2 B , and let hS (s; s0). Then, by de�nition of hS ,
hT (t) 2 s0

� , or equivalently s0 2 � hT (t). For the converse inclusion, let s0 2 � hT (t) and
let x = h� 1

T ( � s0) \ b tc. SinceN0 is an occurrence c-netj � s0 j� 1 and thus j x j� 1 (more
precisely x = ; if s0 2 m0, otherwise, x contains the unique t0 � t , such that hT (t0) = t0,
with � s0 = f t0g). Consider

A = h� 1
T (s0) \ d xe and B = h� 1

T (s0
� ) \ d xe.

Sincet0# t0
0 for all t0; t0

0 2 s0
� and t0 % t0

0 for all t0 2 s0, t0
0 2 s0

� , as in the previous case,
we have that s = hx; A; B i 2 S is a place such thathS (s; s0). Clearly t 2 dxe, thus t 2 B
and therefores 2 � t and s0 2 �h S ( � t).

� �h S (t) = hT (t).
Analogous to the previous case.

� �h S (t � ) = hT (t) � .
If s = hx; A; B i 2 t � , that is x = f tg, and hS (s; s0), then, by de�nition of hS , we have
s0 2 hT (t)� . For the converse, lets0 2 hT (t) � . As above, consider

A = h� 1
T (s0) \ df tge and B = h� 1

T (s0
� ) \ df tge.

Then s = hftg; A; B i 2 t � and, by de�nition of hS , we havehS (s; s0).

Finally, if hT (t) is not de�ned, then the de�nition of hS implies that �h S ( � t) = �h S (t) = �h S (t � ) =
; . This concludes the proof that h is a morphism.

Uniqueness
The multirelation hS such that hhT ; hS i is a c-net morphism is unique essentially because it must
satisfy the conditions of Lemma 3.53. More precisely, ifh0

S : S ! S0 is another multirelation, such
that hhT ; h0

S i is a morphism andh0
S (s; s0) then necessarily by Lemma 3.53,hS (s; s0). Conversely,

let hS (s; s0), with s = hx; A; B i . Then, if x = ; , by properties of net morphisms, s0 2 m0.
Therefore there must bes0 2 m such that h0

S (s0; s0). But, by Lemma 3.53 and de�nition of hS ,
s0 = h� 1

T (s0) = A and similarly s0� = h� 1
T (s0

� ) = B . Therefore s0 = h;; A; B i = s and thus
h0

S (s; s0). An analogous reasoning allow us to conclude in the casex = f tg. 2
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We know by the previous theorem thatN a extends to a functor fromAES to
O-CN . The behaviour ofN a on morphisms is suggested by the proof of the theorem.
Let h : G0 ! G1, be an aes-morphism and let N a(Gi ) = hSi ; Ti ; Fi ; Ci ; mi i for
i 2 f 0; 1g. Then N a(h) = hh; hS i , with hS de�ned as follows:

� for all placesh;; A1; B1i

hS(h;; h� 1(A1); h� 1(B1)i ; h;; A1; B1i )

� for all e0 2 T0 such that hT (e0) = e1 and for all placeshfe1g; A1; B1i

hS(hfe0g; h� 1(A1) \ d e0e; h� 1(B1) \ d e0ei; hfe1g; A1; B1i )

Finally, notice that the equivalence betweenPES and Dom (see Section 2.4)
can be used to \translate" the domain semantics of semi-weighted c-nets into a
prime event structure semantics. This completes the following chain of core
ections
betweenSW-CN and PES

SW-CN
Ua

? O-CN
Ea

?

I O

AES
L a

?

N a

Dom
P a

P

� PES
L

Figure 3.7 shows (part of) theaes, the domain and thepes associated to the c-net
of Figure 3.5. Although (for the sake of readability) not explicitly drawn, in the pes
all the \copies" of t4, namely the eventstx

4 are in con
ict.
We remark that the pes semantics is obtained from theaes semantics by intro-

ducing an event for each possible di�erent history of eventsin the aes. For instance,
the pes semantics of the netN0 in Figure 3.8 is given byP, wheree0

1 represents the
�ring of the transition t1 by itself, with an empty history, and e00

1 the �ring of the
transition t1 after t0. Obviously the aes semantics is �ner than thepes semantics,
or in other words the translation from AES to PES causes a loss of information.
For example, the netsN3 and N 0

3 in Figure 3.8 have the samepes semantics, but
di�erent aes semantics.

3.7 Processes of c-nets and their relation with the
unfolding

The notion of occurrence c-net introduced in Section 3.4 naturally suggests a no-
tion of nondeterministic process for c-nets, which can be de�ned as an occur-
rence c-net with a morphism (mapping places into places and total on transi-
tions) to the original net. Deterministic c-net processes can then be de�ned as
particular nondeterministic processes such that the underlying occurrence c-net
satis�es a further con
ict-freeness requirement. Interestingly, the resulting notion
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t0

t0
1 t4 t2 t3

t00
1

t000
1

t0

t0
1 # t4 t2# t3#

t0
4 t00

1 ## t02
4 t2

4

t00
4 t000

1# # t002
4

(a) Ea(Ua(N )) (c) P (L a(Ea(Ua(N ))))

;

f t0g f t3g

f t0; t0
1g f t0; t4g f t0; t2g f t0; t3g

f t0; t0
1; t4g f t0; t0

1; t00
1g f t0; t0

1; t2g f t0; t0
1; t3g f t0; t2; t4g f t0; t3; t4g

f t0; t0
1; t00

1 ; t4g f t0; t0
1; t00

1 ; t000
1 g f t0; t0

1; t3; t4g f t0; t0
1; t00

1 ; t2g f t0; t0
1; t00

1 ; t3g f t0; t0
1; t2; t4g

: : : : : : : : : : : :

(b) L a(Ea(Ua(N )))

Figure 3.7: The (a)aes (b) domain and (c) pes for the c-net N of Figure 3.5
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�

t0 �

t1

e1 e2

�

t1 t0

t0
1

e0
1

# e0

e00
1

N3 G = Ea(N3) N 0
3

P = Ea(N 0
3)

= P (L a(Ea(N3)))

Figure 3.8:aes semantics is �ner thanpes semantics.

of deterministic process turns out to coincide with those proposed by other au-
thors [Vog97b, Ris94, GM98, Win98, Bus98] (see Section 2.3). It is worth recalling
that the stress on the necessity of using an additional relation of \weak-causality"
to be able to fully express the causal structure of net computations in the presence
of read or inhibitor arcs can be found already in [JK93, JK95]. However, we already
observed that a di�erent notion of enabling allowing for thesimultaneous �ring of
weakly dependent transitions is used in [JK95], making di�cult a complete direct
comparison. For the same reason, although \syntactically"the processes of [Vog97b]
coincide with ours, they are intended to represent the same �ring sequences, but dif-
ferent step sequences.

The papers [GM98, Win98] extend the theory of concatenable processes of or-
dinary nets [DMM89] to c-nets, by showing that the concatenable processes of a
c-net N form the arrows of a symmetric monoidal categoryCP [N ], where objects
are the elements of the free commutative monoid over the set of places (multisets of
places). In particular, in [GM98] a purely algebraic characterization of such category
is given.

Since the categoryCP [N ] of concatenable processes of a netN provides a com-
putational model for N , describing its operational behaviour, we are naturally lead
to compare such semantics with the one based on the unfolding. This section, relying
on the notion of concatenable c-net process and exploiting the chain of core
ections
leading fromSW-CN to Dom , establishes a close relationship between process and
unfolding semantics for c-nets. More precisely, we generalize to c-nets (in the semi-
weighted case) a result proved in [MMS96] for ordinary nets,stating that the domain
L a(Ea(Ua(N ))) associated to a semi-weighted netN coincides with the completion
of the preorder obtained as the comma category ofCP [N ] under the initial marking.
Roughly speaking, the result says that the domain obtained via the unfolding of a
c-net can be equivalently described as the collection of thedeterministic processes
of the net, ordered by pre�x.
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3.7.1 Contextual nets processes

A process of a c-netN can be naturally de�ned as an occurrence c-netN ' , together
with a morphism ' to the original net. In fact, since morphisms preserve the token
game,' maps computations ofN ' into computations of N in such a way that the
process can be seen as a representative of a set of possible computations of N . The
occurrence c-netN ' makes explicit the causal structure of such computations since
each transition is �red at most once and each place is �lled atmost with one token
during each computation. In this way (as it happens in the unfolding) transitions
and places ofN ' can be thought of, respectively, as instances of �ring of transitions
and tokens in places of the original net. Actually, to allow for such an interpretation,
some further restrictions have to be imposed on the morphism' , namely it must
map places into places (rather than into multisets of places) and it must be total on
transitions.

Besides \marked processes", representing computations ofthe net starting from
the initial marking, we will introduce also \unmarked processes", representing com-
putations starting from a generic marking. This is needed tobe able to de�ne a
meaningful notion of concatenation between processes.

Definition 3.55 ((nondeterministic) process)
A marked processof a c-net N = hS; T; F; C; mi is a mapping ' : N ' ! N ,
whereN ' is an occurrence c-net and' is a strong c-net morphism, namely a c-net
morphism such that' T is total and ' S maps places into places. The process is called
discrete if N ' has no transitions.

An unmarked processof N is de�ned in the same way, where the mapping' is
an \unmarked morphism", namely' is not required to preserve the initial marking
(it satis�es all conditions of De�nition 3.26, but (1)).

Equivalently, if we denote by CN � the subcategory ofCN where the arrows are
strong c-net morphisms, the processes ofN can be seen as objects of the comma
categoryhO-CN # N i in CN � . This gives also the (obvious) notion of isomorphism
between processes, which is an isomorphism between the underlying occurrence nets
\consistent" with the mappings to the original net. Analogous de�nitions can be
given also for the unmarked processes of a netN .7

A deterministic process represents a set of computations which di�er only for
the order in which independent transitions are �red. In our setting a deterministic
process is thus de�ned as a process such that, in the underlying occurrence net, the
transitive closure of asymmetric con
ict is a �nitary parti al order, in such a way

7It is worth remarking that if we want each truly concurrent co mputation of the net N to be
represented by at most one con�guration of the nondeterministic process, an additional constraint
must be imposed on' , requiring that � t1 = � t2, t1 = t2 and ' (t1) = ' (t2) implies t1 = t2, as in
[VSY98]. However, the two notions of process collapse when we restrict to deterministic processes
which are the focus of this section.



3.7. Processes of c-nets and their relation with the unfoldi ng 89

that all transitions can be �red in a single computation of the net. Deterministic
occurrence c-nets will be always denoted byO, possibly with subscripts.

Definition 3.56 (deterministic occurrence c-net)
An occurrence c-netO is calleddeterministic if the asymmetric con
ict %O is acyclic
and well-founded.

Equivalently, one could have asked the transitive closure of the asymmetric con
ict
relation (%O)� to be a partial order, such that for each transitiont in O, the set
f t0 j t0(%O)� tg is �nite. Alternatively, it can be easily seen that a �nite occurrence
c-net is deterministic if and only if the correspondingaes is con
ict free.

We denote by min(O) and max(O) the sets of minimal and maximal places ofO
with respect to the partial order � O .

Definition 3.57 (deterministic process)
A (marked or unmarked) process' is calleddeterministic if the occurrence c-netO'

is deterministic. The process is�nite if the set of transitions in O' is �nite. In this
case, we denote bymin(' ) and max(' ) the setsmin(O' ) and max(O' ), respectively.
Moreover we denote with� ' and ' � the multisets�' S(min( ' )) and �' S(max(' )) ,
called respectively thesourceand the target of ' .

Clearly, in the case of a marked process' of a c-net N , the marking � ' coincides
with the initial marking of N .

3.7.2 Concatenable processes

As in [GM98, Win98] a notion of concatenable process for contextual nets, endowed
with an operation of sequential (and parallel) composition, can be easily de�ned,
generalizing the concatenable processes of [DMM89]. Obviously a meaningful op-
eration of sequential composition can be de�ned only on the unmarked processes
of a c-net. In order to properly de�ne the operation of concatenation of processes,
we need to impose a suitable ordering over the places in min(' ) and max(' ) for
each process' . Such ordering allows one to distinguish among \interface"places of
O' which are mapped to the same place of the original net, a capability which is
essential to make sequential composition consistent with the causal dependencies.

Definition 3.58
Let A and B be sets and letf : A ! B be a function. An f -indexed orderingis a
family � = f � b j b 2 Bg of bijections � b : f � 1(b) ! [jf � 1(b)j], where[i ] denotes the
subsetf 1; : : : ; ig of N, and f � 1(b) = f a 2 A j f (a) = bg.

The f -indexed ordering� will be often identi�ed with the function from A to N it
naturally induces (formally de�ned as

S
b2 B � b).
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Definition 3.59 (concatenable process)
A concatenable processof a c-net N is a triple 
 = h�; '; � i , where

� ' is a �nite deterministic unmarked process ofN ;

� � is ' -indexed ordering ofmin(' );

� � is ' -indexed ordering ofmax(' ).

Two concatenable processes
 1 = h� 1; ' 1; � 1i and 
 2 = h� 2; ' 2; � 2i of a c-net N
are isomorphic if there exists an isomorphism of processesf : ' 1 ! ' 2, consistent
with the decorations, i.e., such that� 2(f S(s1)) = � 1(s1) for each s1 2 min(' 1) and
� 2(f S(s1)) = � 1(s1) for each s1 2 max(' 1). An isomorphism class of processes is
called (abstract) concatenable processand denoted by [
 ], where 
 is a member of
that class. In the following we will often omit the word \abstract" and write 
 to
denote the corresponding equivalence class.

The operation of sequential composition on concatenable processes is de�ned in
the natural way. Given two concatenable processesh� 1; ' 1; � 1i and h� 2; ' 2; � 2i , such
that ' 1

� = � ' 2 their concatenation is de�ned as the process obtained by gluing the
maximal places of' 1 and the minimal places of' 2 according to the ordering of such
places.

Definition 3.60 (sequential composition)
Let 
 1 = h� 1; ' 1; � 1i and 
 2 = h� 2; ' 2; � 2i be two concatenable processes of a c-net
N such that ' 1

� = � ' 2. SupposeT1 \ T2 = ; and S1 \ S2 = max( ' 1) = min( ' 2),
with ' 1(s) = ' 2(s) and � 1(s) = � 2(s) for each s 2 S1 \ S2. In words 
 1 and 
 2

overlap only onmax(' 1) = min( ' 2), and on such places the labelling on the original
net and the ordering coincide. Then their concatenation
 1; 
 2 is the concatenable
process
 = h� 1; '; � 2i , where the process' is the (componentwise) union of' 1 and
' 2

It is easy to see that concatenation induces a well-de�ned operation of sequential
composition between abstract processes. In particular, if[
 1] and [
 2] are abstract
concatenable processes such that
 1

� = � 
 2 then we can always �nd 
 0
2 2 [
 2]

such that 
 1; 
 0
2 is de�ned. Moreover the result of the composition at abstract level,

namely [
 1; 
 0
2], does not depend on the particular choice of the representatives.

Definition 3.61 (category of concatenable processes)
Let N be a c-net. Thecategory of (abstract) concatenable processesof N , denoted by
CP [N ], is de�ned as follows. Objects are multisets of places ofN , namely elements
of �S . Each (abstract) concatenable process[h�; '; � i ] of N is an arrow from � ' to
' � .

One could also de�ne a tensor operation
 , modelling parallel composition of pro-
cesses, making the categoryCP [N ] a symmetric monoidal category (the symmetries
being the discrete processes). Since such operation is not relevant for our present
aim, we refer the interested reader to [GM98, Win98].
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3.7.3 Relating processes and unfolding

Let N = hS; T; F; C; mi be a c-net and consider the comma categoryhm # CP [N ]i .
The objects of such category are concatenable processes ofN starting from the initial
marking. An arrow exists from a process
 1 to 
 2 if the second one can be obtained
by concatenating the �rst one with a third process
 . This can be interpreted as a
kind of pre�x ordering.

Lemma 3.62
Let N = hS; T; F; C; mi be a c-net. Then the comma categoryhm # CP [N ]i is a
preorder.

Proof. Let 
 i : m ! M i (i 2 f 1; 2g) be two objects in hm # CP [N ]i , and suppose there are two
arrows 
 0; 
 00: 
 1 ! 
 2. By de�nition of comma category 
 1; 
 0 = 
 1; 
 00= 
 2, which, by de�nition
of sequential composition, easily implies
 0 = 
 00. 2

In the sequel the preorder relation overhm # CP [N ]i (induced by sequential
composition) will be denoted by. N or simply by . , when the netN is clear from
the context. Therefore
 1 . 
 2 if there exists 
 such that 
 1; 
 = 
 2.

We provide an alternative characterization of the preorderrelation . N which will
be useful in the sequel. It essentially formalizes the intuition given above, according
to which the preorder onhm # CP [N ]i is a generalization of the pre�x relation.
First, we need to introduce the notion of left-injection forprocesses.

Definition 3.63 (left injection)
Let 
 i : m ! M i (i 2 f 1; 2g) be two objects inhm # CP [N ]i , with 
 i = h� i ; ' i ; � i i . A
left injection � : 
 1 ! 
 2 is a morphism of marked processes� : ' 1 ! ' 2, such that

1. � is consistent with the indexing of minimal places, namely� 1(s) = � 2(�(s))
for all s 2 min(' 1);

2. � is \rigid" on transitions, namely for t0
2 in O' 2 and t1 in O' 1 , if t0

2 % �(t1)
then t0

2 = �(t0
1) for somet0

1 in O' 1 .

The name \injection" is justi�ed by the fact that a morphism � between marked
deterministic processes (being a morphism between the underlying deterministic
occurrence c-nets) is injective on places and transitions,as it can be shown easily
by using the properties of (occurrence) c-nets morphisms proved in Section 3.4. The
word \left" is instead related to the requirement of consistency with the decoration
of the minimal items. Finally, the rigidity of the morphism ensures that 
 2 does not
extend 
 1 with transitions inhibited in 
 1.

Lemma 3.64
Let 
 i : m ! M i (i 2 f 1; 2g) be two objects inhm # CP [N ]i , with 
 i = h� i ; ' i ; � i i .
Then


 1 . 
 2 i� there exists a left injection � : 
 1 ! 
 2.
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Proof. () ) Let 
 1 . 
 2, namely 
 2 = 
 1; 
 for some process
 = h�; '; � i . Without loss of
generality, we can assume that' 2 is obtained as the componentwise union of' 1 and ' and this
immediately gives a morphism of marked processes (the inclusion) � : ' 1 ! ' 2, consistent with
the indexing of minimal places. To conclude it remains only to show that � is rigid. Suppose that
t0
2 % �(t1) for some transitions t1 in O' 1 and t0

2 in O' 2 , and thus, by De�nition 3.30, either
t0
2  � (t1) or t0

2 < � (t1). To conclude that � is rigid we must show that in both casest0
2 is in O' 1 .

� If t0
2  � (t1), since the process' 2 is deterministic, t0

2 and �(t1) cannot be in con
ict and
thus it must be t0

2 \ � � (t1) 6= ; . Since t0
2 uses as context a place which is not maximal in

O' 1 , necessarilyt0
2 is in O' 1 , otherwise it could not be added by concatenating' to ' 1.

� If t0
2 < � (t1) then we can �nd a transition t0

3 in O' 2 such that t0
2 < t 0

3 and t0
3

� \ ( � � (t1) [ � (t1)).
As above, t0

3 must be in O' 1 since it uses as postcondition a place inO' 1 . An inductive
reasoning based on this argument shows that alsot0

2 is in O' 1 .

(( ) Let � : 
 1 ! 
 2 be a left injection. We can suppose without loss of generality that
O' 1 is a subnet of O' 2 , in such a way that � is the inclusion and � 1 = � 2. Let O' be the net
(O' 2 � O' 1 ) [ max(O' 1 ), where di�erence and union are de�ned componentwise. Moreprecisely
O' = hS; T; F; Ci , with:

� S = ( S2 � S1) [ max(' 1)

� T = T2 � T1

� the relations F and C are the restrictions of F2 and C2 to T .

It is easy to see thatO' is a well-de�ned occurrence c-net and min(O' ) = max( O' 1 ). In particular,
the fact that F is well-de�ned namely that if t 2 T then � t; t � � S immediately derives from the fact
that the inclusion � is a morphism of deterministic occurrence c-nets. Instead the well-de�nedness
of C is related to the fact that the injection is rigid. In fact, le t s 2 t for t 2 T and suppose that
s 62S. Therefore s 2 � t1, for some t1 2 T1 and thus t % t1, which, by rigidity, implies t 2 T1,
contradicting t 2 T .

Therefore if we denote by 
 the concatenable processh� 1; '; � 2i , then 
 1; 
 = 
 2, and thus

 1 . 
 2. 2

We can show now that the ideal completion of the preorderhm # CP [N ]i
is isomorphic to the domain obtained from the unfolding of the net N , namely
L a(Ea(Ua(N ))). Besides exploiting the characterization of the preorder relation on
hm # CP [N ]i given above, the result strongly relies on the description of the un-
folding construction as chain of adjunctions.

First, it is worth recalling some de�nitions and results on the ideal completion
of (pre)orders.

Definition 3.65 (ideal)
Let P be a preorder. Anideal of P is a subsetS � P, directed and downward closed
(namely S =

S
f# x j x 2 Sg). The set of ideals ofP, ordered by subset inclusion is

denoted byIdl(P).

Given a preorderP, the partial order Idl(P) is an algebraiccpo , with compact
elementsK(Idl(P)) = f# p j p 2 Pg. Moreover Idl(P) ' Idl(P=� ), where P=� is the
partial order induced by the preorderP. Finally, recall that if D is an algebraiccpo ,
then Idl(K(D)) ' D .
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Lemma 3.66
Let P1 and P2 be preorders and letf : P1 ! P2 be a surjective function such that
p1 v p0

1 i� f (p1) v f (p0
1). Then the function f � : Idl(P1) ! Idl(P2), de�ned by

f � (I ) = f f (x) j x 2 I g, for I 2 Idl(P1), is an isomorphism of partial orders.

Proof. The function f � is surjective since for every idealI 2 2 Idl(P2) it can be easily proved that
f � 1(I 2) is an ideal andf � (f � 1(I 2)) = I 2 by surjectivity of f . Moreover, notice that if I 1; I 0

1 2 Idl(P1)
are two ideals thenI 1 � I 0

1 if and only if f � (I 1) � f � (I 0
1). The right implication is obvious. For the

left one, assumef � (I 1) � f � (I 0
1). Then observe that if x 2 I 1 then f (x) 2 f � (I 1) � f � (I 0

1). Hence
there existsx0 2 I 0

1 such that f (x0) = f (x). Thus by hypothesis on f we havex v x0 and therefore,
by de�nition of ideal, x 2 I 0

1.
Then we can conclude thatf � is also injective, thus it is a bijection, and clearly f � as well as

its inverse are monotone functions. 2

Notice that in particular, if P is a preorder,D is an algebraiccpo and f : P !
K(D) is a surjection such thatp v p0 i� f (p) v f (p0), then Idl(P) ' Idl(K(D)) ' D .

We can now prove the main result of this section, which establishes a tight
relationship between the unfolding and the process semantics of semi-weighted c-
nets. We show that the ideal completion of the preorderhm # CP [N ]i and the
domain associated to the netN through the unfolding construction are isomorphic.
To understand which is the meaning of taking the ideal completion of the preorder
hm # CP [N ]i , �rst notice that the elements of the partial order induced by the
preorder hm # CP [N ]i are classes of concatenable processes with respect to an
equivalence� l de�ned by 
 1 � l 
 2 if there exist a discrete concatenable process

 such that 
 1; 
 = 
 2. In other words, 
 1 � l 
 2 can be read as \
 1 and 
 2 left
isomorphic", where \left" means that the isomorphism is required to be consistent
only with respect to the ordering of the minimal places. Since the net N is semi-
weighted, the equivalence� l turns out to coincide with the isomorphism of marked
processes. In fact, being the initial marking ofN a set, only one possible ordering
function exists for the minimal places of a marked process. Finally, since processes
are �nite, taking the ideal completion of the partial order induced by the preorder
hm # CP [N ]i (which produces the same result as taking directly the idealcompletion
of hm # CP [N ]i ) is necessary to move from �nite computations to arbitrary ones.

Theorem 3.67 (unfolding vs. concatenable processes)
Let N be a semi-weighted c-net. Then the ideal completion ofhm # CP [N ]i is
isomorphic to the domainL a(Ea(Ua(N ))) .

Proof. Let N = hS; T; F; C; mi be a c-net. It is worth recalling that the compact elements ofthe
domain L a(Ea(Ua (N ))), associated to N , are exactly the �nite con�gurations of Ea(Ua (N )), as
shown in Theorem 3.19. By Lemma 3.66, to prove the thesis it su�ces to show that it is possible
to de�ne a function � : hm # CP [N ]i ! K(L a(Ea(Ua (N )))) such that f is surjective, and for all

 1; 
 2 in hm # CP [N ]i ,


 1 . 
 2 i� � (
 1) v � (
 2).

The function � can be de�ned as follows. Let 
 = h�; '; � i be a concatenable process in
hm # CP [N ]i . Being ' a marked process ofN (and thus a c-net morphism ' : O' ! N ), by
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the universal property of core
ections, there exists a unique arrow ' 0 : O' ! Ua(N ), making the
diagram below commute.

Ua(N )
f N

N

O'

' 0
'

In other words, the core
ection between SW-CN and O-CN gives a one-to-one correspondence
between the (marked) processes ofN and of those of its unfolding Ua(N ).

Then we de�ne � (
 ) = ' 0
T (T' ), where T' is the set of transitions of O' . To see that � is a well

de�ned function, just observe that it could have been written, more precisely, asEa(Ua (' ))( T' )
and T' is a con�guration of Ea(Ua (O' )) = Ea(O' ) since O' is a deterministic occurrence c-net.

� � is surjective
Let C 2 K(L a(Ea(Ua (N )))) be a �nite con�guration. Then C determines a deterministic
process' 0

C : O' 0
C

! Ua(N ) of the unfolding of N , having C as set of transitions.8 Thus
' = f N � ' 0

C is a deterministic process ofN , and, by the de�nition of � , we immediately
get that � (' ) = ' 0

C (T' 0
C

) = C.

� � is monotone
Let 
 1 and 
 2 be processes inhm # CP [N ]i and let 
 1 . 
 2. Then, by Lemma 3.64 there
exists a left-injection � : 
 1 ! 
 2. The picture below illustrates the situation, by depicting
also the processes' 0

1 and ' 0
2 of the unfolding of N , induced by ' 1 and ' 2, respectively.

Ua(N )
f N

N

O' 2

' 0
2

' 2

O' 1

�

' 0
1 ' 1

We have that � (
 1) = ' 0
1(T' 1 ) = ' 0

2(� (T' 1 )) � ' 0
2(T' 2 ) = � (
 2). Therefore, to conclude that

� (
 1) v � (
 2) we must show that also the second condition of De�nition 3.13 is satis�ed.
Let t2 2 � (
 2) and t1 2 � (
 1), with t2 % t1. By de�nition of � , t i = ' i (t0

i ) with t0
i in O' i ,

for i 2 f 1; 2g and thus:

' 0
2(t0

2) % ' 0
1(t0

1) = ' 0
2(� (t0

1))

By properties of occurrence net morphisms (Corollary 3.43 and the fact that O' 2 is
deterministic), this implies t0

2 % �(t0
1) and thus, being � a left injection, by rigidity t0

2 = �(t)
for somet in O' 1 . Therefore t2 = ' 0

2(t0
2) = ' 0

2(� (t)) = ' 0
1(t) belongs to � (
 1), as desired.

8Essentially O' 0
C

is the obvious subnet ofUa (N ) having C as set of transitions and' 0
C is an

inclusion.
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� � (
 1) v � (
 2) implies 
 1 . 
 2.
Let � (
 1) v � (
 2). The inclusion � (
 1) � � (
 2), immediately induces a mapping � of the
transitions of O' 1 into the transitions of O' 2 , de�ned by �(t1) = t2 if ' 0

1(t1) = ' 0
2(t2) (see

the picture above). This function is well-de�ned since processes are deterministic and thus
morphisms ' 0

i are injective. Since the initial marking of N is a set, the mapping of min(' 1)
into min( ' 2) is uniquely determined and thus � uniquely extends to places becoming a
(marked) process morphism between' 1 and ' 2. Again for the fact that N is semi-weighted
(and thus there exists a unique indexing for the minimal places of each process starting
from the initial marking) such morphism is consistent with t he indexing of minimal places.
Finally, � is rigid. In fact, let t2 % �(t1), for t1 in O' 1 and t2 in O' 2 . By de�nition of c-net
morphism (De�nition 3.26), recalling that ' 2 is total both on places and transitions, we
deduce' 0

2(t2) % ' 0
2(� (t1)). The way � is de�ned implies that ' 0

2(� (t1)) = ' 0
1(t1), and thus

' 0
2(t2) % ' 0

1(t1).

Since ' 0
i (t i ) 2 � (
 i ) for i 2 f 1; 2g, by de�nition of the order on con�gurations, we immedi-

ately have that ' 0
2(t2) 2 � (
 1), thus there is t0

1 in O' 1 such that ' 0
1(t0

1) = ' 0
2(t2), and thus

�(t0
1) = t2.

By lemma 3.64, the existence of the left injection� : 
 1 ! 
 2, implies 
 1 . 
 2.
2





Chapter 4

Semantics of Inhibitor Nets

The work developed in the previous chapter for contextual nets is extended here to
nets with contextual and inhibitor arcs, calledinhibitor nets, where transitions can
check both for the presence and the absence of tokens in the places of the net. To deal
with the non-monotonic features introduced by the presenceof inhibitor arcs, we de-
�ne inhibitor event structures (or ies for short), a new event structure model which
properly generalizesaes's. In such structures a relation, calleddisabling-enabling
relation, allows one to model, in a compact way, the presence of disjunctive con
ict-
ing causes and the situations of relative atomicity of pairsof events, determined by
inhibitor arcs. The same relation permits to represent, as particular cases, also the
relations of causality and asymmetric con
ict already present in asymmetric event
structures.

Following the general methodology outlined in theIntroduction , the truly
concurrent semantics for inhibitor nets is given via a chainof functors leading from
the categorySW-IN of semi-weighted inhibitor nets to the categoryDom of �nitary
prime algebraic domains:

SW-IN
U i

? O-IN Ei

I O

IES
L i

? Dom
P i

P

� PES
L

The unfolding and its characterization as a universal construction are \lifted" from
contextual to inhibitor nets. Roughly speaking, to construct the unfolding of an
inhibitor net N we unfold the contextual net obtained fromN by forgetting the
inhibitor arcs and then we enrich the resulting occurrence contextual net by adding
again the original inhibitor arcs. In this way the unfoldingremains decidable, the
price to pay being the presence of non-executable events in the resulting occurrence
inhibitor net. The unfolding can be naturally abstracted toan ies and then to a
prime algebraic domain. The main di�erence with respect to contextual nets is the
absence of a functor performing the backward step fromies's to occurrence inhibitor
nets. We argue that, under reasonable assumptions on the notions of occurrence net
and of unfolding, the problem has no solutions, being basically related to the the
complex kind of causality expressible inies's.
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Finally, the above semantics is shown to �t nicely with some of the deterministic
process semantics proposed in the literature for inhibitornets. We compare the two
approaches by characterizing the domain associated to the unfolding of a net as the
partial order of processes starting from its initial marking. To this aim a small gap
existing between the process semantics of ordinary and inhibitor nets has to be �lled
with the introduction of an appropriate notion of concatenableprocess for inhibitor
nets.

The rest of the chapter is organized as follows. Section 4.1 motivates and de-
�nes inhibitor event structures, by showing that they properly generalize asymmet-
ric event structures. Section 4.2 studies the relation between ies's and domains,
which is formalized as a categorical core
ection betweenIES and Dom . Section 4.3
presents the category of inhibitor nets and focuses on the subcategory SW-IN of
(semi-weighted) inhibitor nets which we shall work with. Section 4.4 introduces the
category of occurrence inhibitor nets and generalizes the unfolding construction from
contextual to inhibitor nets. Section 4.5 shows how the unfolding can be abstracted
to an ies semantics. Finally Section 4.6 discusses the relation between the unfolding
and the deterministic process semantics of inhibitor nets.

4.1 Inhibitor event structures

In the previous chapter, to model in a direct way the behaviour of contextual nets,
we generalized prime event structures by replacing the symmetric con
ict with an
asymmetric con
ict relation. Such a feature is obviously still necessary to be able
to model the dependencies arising between events in i-nets,but, as observed in the
Introduction , the nonmonotonic features related to the presence of inhibitor arcs
(negative conditions) makes the situation far more complicated.

First if a place s is in the post-set of a transitiont0, in the inhibitor set of t and in
the pre-set oft0 (see the netN0 in Figure 4.1), then the execution oft0 inhibits the
�ring of t, which can be enabled again by the �ring oft0. Thus t can �re before or
after the \sequence"t0; t0, but not in between the two transitions. Roughly speaking
there is a sort of atomicity of the sequencet0; t0 with respect to t. The situation can
be more involved since many transitionst0, . . . , tn may have the places in their
pre-set (see the netN1 in Figure 4.1). Therefore, aftert0 has been �red, t can be
re-enabled by any of the con
icting transitionst0, . . . , tn . This leads to a sort of
or-causality, but only when t �res after t0. With a logical terminology we can say
that t causally depends on the implicationt0 ) t0 _ t1 _ : : : _ tn .

To face these additional complications we introduceinhibitor event structures
(ies's), which enrich asymmetric event structures with a ternary relation, calledDE-
relation (disabling-enabling relation), denoted by (�; �; �). Such a relation is used
to model the dependency between transitions inN1 as (f t0g; t; f t0; : : : ; tng). The
�rst argument of the relation can be a singleton or also the empty set ; , (; ; e; A)
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�

� t0

t s

t0

�

� t0

t s

t0 : : : tn

N0 N1

Figure 4.1: Two basic inhibitor nets.

meaning that the evente is inhibited in the initial state of the system. Equivalently
; can be thought of as a special event that must precede any other event of the
system. Moreover the third argument (the set of eventsA) can be empty (f e0g; e;; )
meaning that there are no events that can re-enablee0 after it has been disabled by
e. The DE-relation is su�cient to represent both causality and asymmetric con
ict
and thus concretely it is the only relation of aies.

4.1.1 Inhibitor event structures and their dependency rela -
tions

Before giving the formal de�nitions, let us �x some notational conventions. Recall
that the powerset of a setX is denoted by2X , while 2X

�n denotes the set of �nite
subsets ofX and 2X

1 the set of subsets ofX of cardinality at most one (singletons
and the empty set). In the sequel generic subsets of events will be denoted by upper
case lettersA; B; : : : , and singletons or empty subsets bya; b; : : :

Definition 4.1 (pre-inhibitor event structure)
A pre-inhibitor event structure (pre-ies) is a pair I = hE; i , whereE is a set of
eventsand � 2E

1 � E � 2E is a ternary relation called disabling-enabling relation
(DE-relation for short).

According to the discussion above, it is not di�cult to see that the relation is
powerful enough to represent both causality and asymmetriccon
ict.

In fact, if (; ; e;f e0g) then the event e can be executed only aftere0 has been
�red. This is exactly what happens in traditional pes's when e0 causese, or in
symbols whene0 < e. Notice that more generally, if (; ; e; A) then we can imagine
A as a set of disjunctive causes fore, since at least one of the events inA will
appear in every history of the evente; intuitively we can think that e causally
depends on

W
A. This generalization of causality, restricted to the case in which the

set A is pairwise con
ictual (namely all distinct events inA are in con
ict), will be
represented in symbols asA < e . Notice that the under the assumption thatA is
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pairwise con
ictual, when A < e exactly oneevent in A appears in each history of
e. Therefore, in particular, for any evente0 2 A, if e and e0 are executed in the same
computation then surelye0 must precedee. As discussed in Chapter 2 (Section 2.4),
or-causality has been already investigated in general event structures [Win87a], 
ow
event structures [Bou90] and in bundle event structures [Lan92a, Lan92b]. Indeed,
if A < e in an ies then A plays exactly the role of the bundle set in bundle event
structures.

Furthermore, if (f e0g; e;; ) then e can never followe0 in a computation since
there are no events which can re-enablee after the execution of e0. Instead the
converse order of execution is admitted, namelye can �re before e0. This situation
is naturally interpreted as anasymmetric con
ict between the two events, and by
analogy with the case of asymmetric event structures it is written e % e0. Recall that
asymmetric con
ict can be also seen as aweakform of causal dependency, in the sense
that if e % e0 then e precedese0 in all computations containing both events. This
explains why we impose asymmetric con
ict to include (also generalized) causality,
by asking that A < e implies e0 % e for all e0 2 A.

Finally, as for aes's, cycles of asymmetric con
ict are used to de�ne a notion of
con
ict on sets of events. Ife0 % e1 : : : en % e0 then not all such events can appear
in the same computation, a fact that is formalized via a con
ict relation on sets of
events #f e0; e1 : : : ; eng. In particular, binary (symmetric) con
ict is represented by
asymmetric con
ict in both directions.

The intended meaning of the relations< , % and # is summarized below.

A < e means that in every computation wheree is executed, there is exactly
one evente0 2 A which is executed and it precedese;

e0 % e means that in every computation where bothe and e0 are executed,e0

precedese;

# A means that there are no computations where all events inA are executed.

We are now ready to present the de�nition of the dependency relations in a
pre-ies, making precise their informal interpretation discussed above.

Definition 4.2 (dependency relations)
Let I = hE; i be a pre-ies. The relations of (generalized) causality< � 2E � E ,
asymmetric con
ict %� E � E and con
ict # � 2E

�n are de�ned by the set of rules
in Table 4.1, where# pA means that the events inA are pairwise con
ictual, namely
# f e; e0g for all e; e0 2 A with e 6= e0.

We will use the in�x notation for the binary con
icts, writin g e# e0 instead of
# f e; e0g. Moreover we will writee < e0 to indicate f eg < e0.

The basic rules (< 1), (% 1) and (# 1), as well as (% 2) and (% 3) are justi�ed by
the discussion above.
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(; ; e; A) # pA
A < e

(< 1)

A < e 8e0 2 A: A e0 < e0 # p([f Ae0 j e0 2 Ag)
([f Ae0 j e0 2 Ag) < e

(< 2)

(f e0g; e;; )
e % e0 (% 1) e 2 A < e 0

e % e0 (% 2)
# f e; e0g
e % e0 (% 3)

e0 % : : : % en % e0

# f e0; : : : ; eng
(# 1)

A0 < e 8e0 2 A0: #( A [ f e0g)
#( A [ f eg)

(# 2)

Table 4.1: Causality, asymmetric con
ict and con
ict in a pre-ies.

Rule (< 2) generalizes the transitivity of the causality relation inaes's. If A < e
and for every evente0 2 A we can �nd a set of eventsAe0 such that Ae0 < e0, then
the union of all such sets, namely[f Ae0 j e0 2 Ag, can be seen as (generalized) cause
of e, provided that it is pairwise con
ictual. Observe that in particular, if f e0g < e
and f e00g < e0 then f e00g < e.

Rule (# 2) expresses a kind of hereditarity of the con
ict with respect to causality,
generalizing the inductive de�nition of the con
ict in aes's (see De�nition 3.2).
SupposeA0 < e and that any event e0 2 A0 is in con
ict with A, namely #( A [ f e0g)
for eache0 2 A. Since by de�nition of < the execution ofe must be preceded by
an event in A0 we can conclude that alsoe is in con
ict with A, i.e., #( A [ f eg).
In particular by taking A0 = f e0g and A = f e00g we obtain that if f e0g < e and
# f e0; e00g then # f e; e00g.

Notice that, due to the greater generality ofies's, the rules de�ning the depen-
dency relations are more involved than inaes's, and it is not possible to give a
separate de�nition of the various relations. In fact, according to rules (< 1) and
(< 2) one can deriveA0 < e only provided that the events inA0 are pairwise con-

ictual. Asymmetric con
ict is in turn induced both by gener alized causality (rule
(% 2)) and by con
ict (rule ( % 3)). Finally, the con
ict relation is de�ned by using
the asymmetric con
ict (rule (# 1)) and it is inherited along causality (rule (#2)).

We will see in the following that, as expected, inhibitor event structures properly
generalize asymmetric event structures; moreover, when applied to (the encoding
into ies's of) asymmetric event structures the above rules induce the usual relations
of causality and (asymmetric) con
ict.

It is worth observing that in an ies we can have (; ; e;; ), meaning that the
event e can never be executed. Indeed, observe that, by rule (< 1), we deduce; < e
and thus, by rule (# 2), we have #f eg, namely the evente is in con
ict with itself.
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Remark 4.3
The set of rules de�ning the relations of (generalized) causality, asymmetric con
ict
and con
ict are not intended to be complete in any sense. In fact, a natural notion
of completeness would require the con
ict relation to capture precisely the non-
executability of events, namely that ife is not executable in any computation then
# f eg. But the correspondence betweenies's and i-nets suggests that the problem
of establishing if an event does not appear in any computation is not semidecidable.
Thus trying to de�ne a proof system complete with respect to the computational
properties ofies's seems hopeless.

An inhibitor event structure is de�ned as a pre-ies where events related by the
DE-relation satisfy a few further requirements suggested by the intended meaning of
such relation. Furthermore the causality and asymmetric con
ict relations must be
induced \directly" by the DE-relation. This will allow us to have a simpler notion
of ies-morphism.

Definition 4.4 (inhibitor event structure)
An inhibitor event structure (ies) is a pre-ies I = hE; i satisfying, for all e 2 E,
a 2 2E

1 and A � E,

1. if (a; e; A) then # pA and 8e0 2 a: 8e002 A: e0 < e00;

2. if A < e then (; ; e; A);

3. if e % e0 then (f e0g; e;; ).

It is easy to see that given a pre-ies I satisfying only (1) it is always possible to
\saturate" the relation in order to obtain an ies where the relations of causality
and (asymmetric) con
ict are exactly the same as inI .

Proposition 4.5 (saturation of a pre-ies)
Let I = hE; i be a pre-ies satisfying condition (1) of De�nition 4.4. Then I =
hE; 0i , where 0 = [ f (; ; e; A) j A < e g [ f (f eg; e0; ; ) j e % e0g is a ies.
Moreover the relations of causality, asymmetric con
ict and con
ict in I are the
same as inI .

4.1.2 Morphisms of inhibitor event structures

The notion of ies-morphism is introduced as a generalization ofaes-morphisms.
The requirement of saturation in the de�nition of ies allows us to formulate the
conditions onies-morphisms in a compact way.
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Definition 4.6 (category IES )
Let I0 = hE0; 0i and I1 = hE1; 1i be twoies's. An ies-morphism f : I0 ! I1 is a
partial function f : E0 ! E1 such that for all e0; e0

0 2 E0, A1 � E1

1. (f (e0) = f (e0
0)) ^ (e0 6= e0

0) ) e0# 0e0
0;

2. A1 < f (e0) ) 9 A0 � f � 1(A1): A0 < e0;

3. 1(f f (e0
0)g; f (e0); A1) ) 9 A0 � f � 1(A1): 9a0 � f e0

0g: 0(a0; e0; A0).

where it is intended thatf (e0) and f (e0
0) are de�ned. We denote byIES the category

of inhibitor event structures andies-morphisms.

Condition (1) is the usual condition of event structure morphisms which allows one
to confuse only con
ictual branches of computations. As formally proved later in
Proposition 4.10, condition (2) can be seen as a generalization of the requirement
of preservation of causes, namely of the propertybf (e)c � f (bec), of pes (and
aes) morphisms. Finally, condition (3), as it commonly happensfor event struc-
tures morphisms, just imposes the preservation of computations by asking, whenever
some events in the image are constrained in some way, that stronger constraints are
present in the pre-image. More precisely suppose that(f f (e0

0)g; f (e0); A1). Thus
we can have a computation wheref (e0

0) is executed �rst and f (e0) can be executed
only after one of the events inA1. Otherwise the computation can start with the
execution of f (e0). According to condition (3), e0 and e0

0 are subject in I 0 to the
same constraint of their images or, whena0 = ; or A0 = ; , to stronger constraints
selecting one of the possible orders of execution. It is worth stressing that, since
A i < f (ei ) can be equivalently expressed as(; ; f (ei ); A i ), condition (2) just repre-
sents a reformulation of (3) aimed at covering the case in which the �rst argument
of the DE-relation is the empty set.

The next proposition proves some useful properties ofies-morphisms, which are
basically generalizations of analogous properties holding in the case of prime and
asymmetric event structures. They will help in showing thaties-morphisms are
closed under composition and thus categoryIES is well-de�ned.

Proposition 4.7
Let I0 and I1 be ies's and let f : I0 ! I1 be anies-morphism. For any e0; e0

0 2 E0,

1. if f (e0) < f (e0
0) then 9A0: e0 2 A0 < e0

0 or e0# e0
0;

2. if f (e0) % f (e0
0) then e0 % e0

0.

Proof.

1. Let f (e0) < f (e0
0), namely f f (e0)g < f (e0

0). By condition (2) in the de�nition of ies-
morphisms, there existsA0 � f � 1(f f (e0)g) such that A0 < e0

0. Now, if e0 2 A0 the desired
property is proved. Otherwise for eache00

0 2 A0, e00
0 6= e0 and, by construction f (e00

0 ) = f (e0).
Hence by condition (1) in the de�nition of ies-morphism, it must be e0# e00

0 for eache00
0 2 A0.

Hence, by rule (#2), we concludee0# e0
0.
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2. Let f (e0) % f (e0
0). Then, by de�nition of ies, (f f (e0

0)g; f (e0); ; ). By condition (3) in
the de�nition of ies-morphism there must exist a0 � f e0

0g and A0 � f � 1(; ) = ; such that
(a0; e0; A0). Therefore, if a0 = f e0

0g then (f e0
0g; e0; ; ) and thus, by rule (% 1), we

concludee0 % e0
0. If instead a0 = ; then (; ; e0; ; ) and thus, by rule (< 1), ; < e0. Hence,

by rule (# 2), we deduce #f e0; e0
0g and thus e0 % e0

0 by (% 3). 2

Proposition 4.8
The ies-morphisms are closed under composition.

Proof. Let f 0 : I 0 ! I 1 and f 1 : I 1 ! I 2 be ies-morphisms. We want to show that their
composition f 1 � f 0 still satis�es conditions (1)-(3) of De�nition 4.6.

1. Let e0; e0
0 2 E0 be events such thate0 6= e0

0 and f 1(f 0(e0)) = f 1(f 0(e0
0)). If f 0(e0) = f 0(e0

0)
then, being f 0 a morphism, e0# e0

0. Otherwise, since alsof 1 is a morphism, f 0(e0)# f 0(e0
0)

and thus, by rule (% 3), f 0(e0) % f (e0
0) % f (e0). Hence, by Proposition 4.7.(2), it must

hold e0 % e0
0 % e0, which in turn, by rule (# 1) allows us to deducee0# e0

0.

2. ConsiderA2 � E2 and e0 2 E0 such that A2 < f 1(f 0(e0)). Since f 1 is an ies-morphism there
exists A1 � f � 1

1 (A2) such that A1 < f 0(e0). By using again condition (2) in the de�nition of
ies-morphism, applied to f 0, we obtain the existence ofA0 � f � 1

0 (A1) satisfying A0 < e0.
We conclude observing thatA0 � f � 1

0 (A1) � f � 1
0 (f � 1

1 (A2)) = ( f 1 � f 0)� 1(A2).

3. Let us assume (f f 1(f 0(e0
0))g; f 1(f 0(e0)) ; A2). By de�nition of ies-morphism there exist

A1 � f � 1
1 (A2) and a1 � f f 0(e0

0)g such that (a1; f 0(e0); A1). We can distinguish two cases
according to the form of a1.

� If a1 = ; and thus A1 < f 0(e0), by de�nition of ies-morphism there will be A0 �
f � 1

0 (A1) such that A0 < e0. By de�nition of ies this implies (; ; e0; A0). Moreover
A0 � f � 1

0 (A1) � f � 1
0 (f � 1

1 (A2)) and thus condition (3) is satis�ed.

� If a1 = f f 0(e0
0)g and thus (f f 0(e0

0)g; f 0(e0); A1) reasoning as above, but using
point (3) in the de�nition of morphism, we deduce the existence of A0 � f � 1

0 (A1) �
f � 1

0 (f � 1
1 (A2)) and a0 � f e0g such that (a0; e0; A0), thus satisfying condition (3).

2

We conclude this subsection with a technical lemma, which will be useful later. It
gives some su�cient conditions for a function between pre-ies's to be a well-de�ned
ies-morphism between theies's obtained by saturating the original pre-ies's.

Lemma 4.9
Let I i = hE i ; i i (i 2 f 0; 1g) be pre-ies's satisfying condition (1) of De�nition 4.4,
let I i = hE i ; s

i i , and let < i , % i and # i be the relations of causality, asymmetric
con
ict and con
ict in I i . Let f : E0 ! E1 be a partial function such that for each
e0; e0

0 2 E0 and A1 � E1:

1. f (e0) = f (e0
0) ^ e0 6= e0

0 ) e0# 0e0
0;

2. 1(; ; f (e0); A1) ) 9 A0 � f � 1(A1): A0 < 0 e0;
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3. 1(f (e0
0); f (e0); ; ) ) e0 % 0 e0

0;

4. 1(f f (e0
0)g; f (e0); A1)^ A1 6= ; ) 9 A0 � f � 1(A1): 9a0 � f e0

0g: s
0(a0; e0; A0).

Then f : I 0 ! I 1 is an ies-morphism.

Proof. We �rst show that f satis�es the following properties:

a. A1 < 1 f (e0) ) 9 A0 � f � 1(A1): A0 < 0 e0;

b. f (e0) %1 f (e0
0) ) e0 %0 e0

0.

c. # 1f (A0) ) # 0A0.

The three points are proved simultaneously by induction on the height of the derivation of the
judgement, involving the relations < 1, %1 and # 1, which appears in the premise of each implication
and by cases on the form of the judgement.

a. JudgementA1 < 1 f (e0).
We distinguish various subcases according to the last rule used in the derivation:

(< 1) Let the last rule be

1(; ; f (e0); A1) # pA1

A1 < 1 f (e0)
(< 1)

In this case, since 1(; ; f (e0); A1), we immediately conclude by using point (2) in
the hypotheses.

(< 2) Let the last rule be

A1 < 1 f (e0) 8e1 2 A1: Ae1 < 1 e1 # p([f Ae1 j e1 2 A1g)

([f Ae1 j e1 2 A1g) < 1 f (e0)
(< 2)

By inductive hypothesis from A1 < 1 f (e0) we deduce that

9A0 � f � 1(A1): A0 < 0 e0 (y)

Now, for all e0
0 2 A0, by (y), f (e0

0) 2 A1. Therefore, by the second premise of the
rule above, A f (e0

0 ) < 1 f (e0
0), and thus, by inductive hypothesis, there exists Ae0

0
�

f � 1(A f (e0
0 ) ) such that Ae0

0
< 0 e0

0. Finally, [f Ae0
0

j e0
0 2 A0g is pairwise con
ictual. In

fact if e1
0; e2

0 2 [f Ae0
0

j e0
0 2 A0g with e1

0 6= e2
0, we have f (e1

0); f (e2
0) 2

S
e1 2 A 1

Ae1 ,
which is pairwise con
ictual. Therefore f (e1

0) = f (e2
0) or f (e1

0)# 1f (e2
0) and, by using

point (1) in the hypotheses in the �rst case, and by inductive hypothesis in the second
case, we concludee1

0# 0e2
0.

By using the facts proved so far we can apply rule (< 2) as follows:

A0 < 0 e0 8e0
0 2 A0: Ae0

0
< 0 e0

0 # p([f Ae0
0

j e0
0 2 A0g)

([f Ae0
0

j e0
0 2 A0g) < 0 e0

(< 2)

This concludes the proof of this case since

[f Ae0
0

j e0
0 2 A0g �

� [f f � 1(A f (e0
0 ) ) j e0

0 2 A0g

� f f � 1(Ae1 ) j e1 2 A1g

= f � 1([f Ae1 j e1 2 A1g)
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b. Judgementf (e0) %1 f (e0
0).

We distinguish various subcases according to the last rule used in the derivation:

(% 1) Let the last rule be

1(f f (e0
0)g; f (e0); ; )

f (e0) %1 f (e0
0)

(% 1)

From 1(f f (e0
0)g; f (e0); ; ), by point (3) in the hypotheses, we immediately have that

e0
0 %0 e0.

(% 2) Let the last rule be

f (e0) 2 A1 < 1 f (e0
0)

f (e0) %1 f (e0
0)

(% 2)

By inductive hypothesis there existsA0 � f � 1(A1) such that A0 < 0 e0
0.

For all e00
0 2 A0, we havef (e00

0 ) 2 A1. Thus recalling that, since A1 < 1 f (e0
0), the set

A1 is pairwise con
ictual, it follows that f (e00
0 ) = f (e0) or f (e00

0 )# 1f (e0). By using
point (1) of the hypotheses in the �rst case and the inductive hypothesis in the second
case, we can conclude that for alle00

0 2 A0, e0 = e00
0 or e0# 0e00

0 .
Consequently there are two possibilities. One is thate0 = e00

0 2 A0 for somee00
0 2 A0,

which allows us to conclude sinceA0 < 0 e0
0. The other one is that e0# 0e00

0 for all
e00

0 2 A0. Thus, by rule (# 2), we can derive that # 0f e0; e0
0g, and therefore e0 %0 e0

0
by rule (% 3).

(% 3) Let the last rule be

# 1f f (e0); f (e0
0)g

f (e0) %1 f (e0
0)

(% 3)

In this case by inductive hypothesis #0f e0; e0
0g and therefore, by rule (% 3), e0 %0 e0

0.

c. Judgement# 1f (A0).
We distinguish various subcases according to the last rule used in the derivation:

(# 1) Let the last rule be

f (e(0)
0 ) %1 : : : %1 f (e(n )

0 ) %1 f (e(0)
0 )

# 1f f (e(0)
0 ); : : : ; f (e(n )

0 )g
(# 1)

whereA0 = f e(0)
0 ; : : : ; e(n )

0 g. By inductive hypothesis e(0)
0 %0 : : : %0 e(n )

0 %0 e(0)
0 , and

therefore # A0.

(# 2) Let the last rule be

A1 < 1 f (e0) 8e1 2 A1: # 1(f (A0
0) [ f e1g)

# 1(f (A0
0) [ f f (e0)g)

(# 2)

where A0 = A0
0 [ f e0g.

By inductive hypothesis, from A1 < 1 f (e0) it follows that

9A00
0 � f � 1(A1): A00

0 < 0 e0 (y)

Now, for all e0
0 2 A00

0 , by (y), f (e0
0) 2 A1. Therefore, by the second premise of the rule

above, #1(f (A0
0) [ f f (e0

0)g), namely # 1f (A0
0 [ f e0

0g). Thus, by inductive hypothesis,
# 0(A0

0 [ f e0
0g) for all e0

0 2 A00
0 . Recalling that A00

0 < 0 e0, by using rule (# 2), we obtain
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A00
0 < 0 e0 8e0

0 2 A00
0 : # 0(A0

0 [ f e0
0g)

# 0(A0
0 [ f e0g)

(# 2)

which is the desired result.

This completes the proof of the properties (a), (b) and (c).

It is now easy to conclude that f : I 0 ! I 1 is a ies-morphism. Let I i = hE i ; s
i i for i 2 f 1; 2g.

Conditions (1) and (2) of the de�nition of ies-morphism (De�nition 4.6) are clearly satis�ed. In
fact, by Proposition 4.5 the relations of causality and con
ict in I i and I i coincide, and thus the
mentioned conditions coincide with point (1) in the hypotheses and point (a) proved above.

Hence it remains to verify condition (3) of De�nition 4.6, th at is

s
1(f f (e0

0)g; f (e0); A1) ) 9 A0 � f � 1(A1): 9a0 � f e0
0g: s

0(a0; e0; A0).

Suppose that s
1(f f (e0

0)g; f (e0); A1). If A1 6= ; , by de�nition of I i , it must be
1(f f (e0

0)g; f (e0); A1) and thus the thesis trivially holds by point (4) in the hypot heses. If in-
stead A1 = ; then, by rule (% 1), f (e0) %1 f (e0

0). Hence, by point (b) proved above, e0 %0 e0
0

and therefore s
0(f e0

0g; e0; ; ), which satis�es the desired condition. 2

4.1.3 Relating asymmetric and inhibitor event structures

The category AES of asymmetric event structures can be viewed as a full sub-
category ofIES . This result substantiates the claim according to whichies's (and
constructions on them) are a proper \conservative" extension of aes's and thus of
pes's.

Proposition 4.10 (from aes's to ies's)
Let J a : AES ! IES be the functor de�ned as follows. To anyaes G = hE; � ; %i
the functor J a associates theies I G = hE; i where

(; ; e;f e00g) if e00< e and (f e0g; e;; ) if e % e0.

and for any f : G1 ! G2 its imageJ a(f ) is f itself. Then the functor J a is a full
embedding ofAES into IES .

Proof. We start noticing that, given an aes G = hE; � ; %i , if < I G , % I G and # I G denote the
dependency relations inI G then

� A < I G e0 i� A = f eg ^ e < e0;

� e % I G e0 i� e % e0; (y)

� # I G A i� # A;

Since the causality, asymmetric con
ict and con
ict relati ons ofGi and I G i coincide, in the following
they will be denoted by the same symbols< , % and #.

By using the characterization (y) of the dependency relations inI G it is easy to prove that
the functor J a is well-de�ned. First, given any aes G = hE; � ; %i , the structure I G satis�es the
conditions (1)-(3) of De�nition 4.4, and thus I G is indeed anies. Observing that if (a; e; A), then
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either A = ; or a = ; , and A contains at most one element we see that condition (1) is trivially
satis�ed. The validity of conditions (2) and (3) immediatel y follows from (y).

Moreover, let f : G0 ! G1 be an aes-morphism. To see that f : I G0 ! I G1 is an ies-
morphism �rst notice that condition (1) of De�nition 4.6 is p resent also in the de�nition of aes-
morphism (De�nition 3.4). As for condition (2), if A1 < f (e0) then, by (y) above, A1 = f e1g and
e1 < f (e0). Hence, by condition (1) in the de�nition of aes-morphisms, there existse00

0 2 E0 such
that e00

0 < e0 and e1 = f (e00
0 ) (thus e00

0 2 f � 1(e1)). Finally, also condition (3) is satis�ed. In fact, if
(f f (e0

0)g; f (e0); A1), according to the de�nition of I G1 it must be A1 = ; . Hencef (e0) % f (e0
0)

and thus, by de�nition of aes-morphisms, e0 % e0
0. Thus, by construction of I G0 , it follows that

(f e0
0g; e0; ; ) proving (3).

To conclude it remains to show that also the converse holds, namely if f : I G0 ! I G1 is an ies-
morphism then f : G0 ! G1 is an aes-morphism. Let us verify the validity of the three condition s
of the de�nition of aes-morphism (De�nition 3.4).

1. bf (e0)c � f (be0c).
Let e1 2 bf (e0)c, namely e1 < f (e0). Thus, by condition (2) in the de�nition of ies-
morphism, there existsA0 � f � 1(e1) such that A0 < I e0. By the characterization (y) above
of the dependency relations inI G i , this means that A0 = f e0

0g and e0
0 < e0, with f (e0

0) = e1.
Hencee1 2 f (be0c).

2. f (e0) = f (e0
0) ^ e0 6= e0

0 ) e0# e0
0.

This condition is trivially satis�ed since it is also a condi tion for aes-morphisms and, as
observed above, the con
ict relations in A i and I G i coincide.

3. f (e0) % f (e0
0) ) e0 % e0

0 _ e0# e0
0.

Immediate by Proposition 4.7.(2). 2

Observe that by composingJ a with the full embedding J : PES ! AES
(Proposition 3.9) we obtain a full embedding ofPES into IES .

4.2 From inhibitor event structures to domains

This section establishes a connection betweenies's and prime algebraic domains.
The relation is expressed as a categorical core
ection betweenIES and Dom , which
allows one to translate eachies into the domain (or equivalently the pes) which, in
a sense, represents its best approximation. Then we study the problem of removing
the non-executable events from anies, by investigating the relation betweenIES
and its subcategoryIES � , consisting of theies's where all events are executable.

4.2.1 The domain of con�gurations of an ies

As for aes's the domain associated to anies is obtained by considering the family
of its con�gurations with a suitable order. Since here computations involving the
same events may be di�erent from the point of view of causality, a con�guration is
not uniquely identi�ed as a set of events, but some additional information has to be
added which plays a basic role also in the de�nition of the order on con�gurations.
More concretely, a con�guration of anies is a set of events endowed with achoice
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relation which chooses among the possible di�erent orders of execution of events
constrained by the DE-relation.

Consider a set of eventsC of an inhibitor event structure I , suppose that
e0; e; e002 C and assume (f e0g; e; A) for someA, with e002 A. We already noticed
that in this case there are two possible orders of execution of the three events (either
e; e0; e00or e0; e00; e), which cannot be identi�ed from the point of view of causality.
A choice relation for C must choose one of them by specifying thate precedese0

or that e00 precedese. To ease the de�nition of the notion of choice relation, we
�rst introduce, for a given set of eventsC, the setchoices(C), a relation on C which
\collects" all the possible precedences between events induced by the DE-relation. A
choice relation forC is then de�ned as suitable subset ofchoices(C). To ensure that
all the events in the con�guration are executable in the speci�ed order, the choice
relation is also required to satisfy suitable properties ofacyclicity and �nitariness.

Definition 4.11
Let I = hE; i be an ies and let C � E. We denote by choices(C) the subset of
C � C

choices(C) = f (e; e0) j C (f e0g; e; A)g [ f (e00; e) j C (a; e; A) ^ e002 Ag.

where the restriction of (; ; ) to C is de�ned by C (a; e; A) if and only if (a; e; A0),
for e 2 C, a � C and A = A0 \ C.

Definition 4.12 (choice)
Let I = hE; i be an ies and let C � E. A choice for C is a relation ,! C �
choices(C) such that

1. if C (a; e; A) then 9e0 2 a: e,! Ce0 or 9e002 A: e00,! Ce;

2. ,! C is acyclic;

3. 8e 2 C: f e0 2 C : e0,! �
Ceg is �nite .

Condition (1) intuitively requires that whenever the DE-relation permits two pos-
sible orders of execution, the relation,! C chooses one of them. The fact that
,! C � choices(C) ensures that,! C does not impose more precedences than neces-
sary. Conditions (2) and (3) guarantee that the precedencesspeci�ed by ,! C do not
give rise to cyclic situations and that each event must be preceded only by �nitely
many others. Notice that the acyclicity of,! C ensures that exactly one of the two
possible choices in condition (1), namely either9e0 2 a: e,! Ce0 or 9e002 A: e00,! Ce is
taken. It is worth observing that conditions (2) and (3) can be equivalently rephrased
by saying that ,! �

C is a �nitary partial order.
Con�gurations of pes's and aes's are required to be downward closed with re-

spect to causality. The following simple proposition observes that the property of
admitting a choice implies a generalization of causal closedness.
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Proposition 4.13
Let I = hE; i be anies and let C � E be a subset of events such that there exists
a choice forC. For any e 2 C, if A < e then A \ C 6= ; .

Proof. Observe that if A < e , by de�nition of ies, (; ; e; A). Therefore, if A \ C = ; then
we would have C (; ; e;; ). Therefore no relation over C could be a choice, since condition (1) of
De�nition 4.12 could not be satis�ed. 2

Another simple but important property is the fact that each choice agrees with
the asymmetric con
ict relation, in the sense expressed by the following proposition.

Proposition 4.14
For every subsetC of an ies I and for every choice,! C for C, %C � ,! C .

Proof. Consider C � E and e; e0 2 C. If e % e0 then, by de�nition of ies, (f e0g; e;; ) and thus
C (f e0g; e;; ). Therefore, if ,! C is a choice forC, by condition (1) in De�nition 4.12, necessarily

e,! C e0. 2

It is now easy to verify that a set of events for which a choice exists cannot
contain con
icts.

Proposition 4.15
Let I = hE; i be anies and let C � E be a subset of events such that there exists
a choice forC. For any A � C it is not the case that# A.

Proof. Let A � C and suppose that #A. Then it is easy to show that C contains a cycle
of asymmetric con
ict, and thus by Proposition 4.14, any choice for C would be cyclic as well,
contradicting the de�nition.

The proof of the fact that if # A for someA � C then C contains a cycle of asymmetric con
ict
proceeds by induction on the height of the derivation of #A. The base case in which the the last
rule in the derivation is (# 1), namely

e0 % : : : % en % e0

# f e0; : : : ; en g
(# 1)

is trivial. Suppose instead that the last rule in the derivation is (# 2), namely

A00< e 8e0 2 A00: #( A0 [ f e0g)
#( A0 [ f eg)

(# 2)

In this case, by Proposition 4.13, there existse00 2 A00\ C. Since #(A0 [ f e00g) by the second
premise of the rule, andA0 [ f e00g � C we conclude by inductive hypothesis. 2

A con�guration of an ies is now introduced as a set of events endowed with a
choice relation. The properties expressed by Propositions4.13 - 4.15 show how this
de�nition generalizes the notion ofaes con�guration.
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Definition 4.16 (configuration)
Let I = hE; i be anies. A con�guration of I is a pair hC; ,! C i , whereC � E is
a set of events and,! C � C � C is a choicefor C.

In the sequel, with abuse of notation, we will often denote a con�guration and the
underlying set of events with the same symbolC, referring to the corresponding
choice relation as,! C . We already know that the existence of a choice implies
the causal closedness and con
ict freeness of con�gurations. Moreover, if C is a
con�guration, given any e 2 C and A < e , not only A \ C 6= ; , but since by
de�nition of < necessarily #pA, we have that A \ C contains exactly one event.
More generally, for the same reason, ifC is a con�guration and (a; e; A) for some
e 2 C, then A \ C contains at most one element, and if it is non-empty then
a � C. The last assertion is obvious ifa = ; , while if a = f e0g it follows from
Proposition 4.13, recalling thate0 < e00for all e002 A.

The next technical proposition shows a kind of maximality property of the choice
relation for a con�guration. It states that if a choice for C relates two events, then
any other choice forC must establish an order between such events. Consequently
two compatible choices on the same set of events must coincide.

Proposition 4.17
Let hCi ; ,! Ci i for i 2 f 1; 2g be con�gurations of anies I .

1. If e; e0 2 C1 \ C2 and e,! C1 e0 then e,! C2 e0 or e0,! �
C2

e.

2. If C1 = C2 and ,! �
C1

� ,! �
C2

then ,! C1 = ,! C2 , namely the two con�gurations
coincide.

Proof.

1. Let e; e0 2 C1 \ C2 with e,! C1 e0. By de�nition of choice, it follows that C1 (f e0g; e; A)
or C1 (a; e0; A0), with e 2 A0. Assume that C1 (f e0g; e; A) and thus (f e0g; e; A00)
with A = A00\ C1 (the other case can be treated in a similar way). Sincee; e0 2 C2,

C2 (f e0g; e; A00\ C2), and thus, by de�nition of choice, also C2 must choose among the
two possible orders of executions, namelye,! C2 e0 or e00,! C2 e for e00 2 A00\ C2. In the
second case, since by de�nition ofies e0 < e00, by Proposition 4.14, we havee0,! C2 e00and
thus e0,! �

C2
e.

2. If e,! C1 e0, by point (1), e,! C2 e0 or e0,! �
C2

e. But the second possibility cannot arise, since
e,! C1 e0 implies e,! �

C1
e0 and thus e,! �

C2
e0. Vice versa, if e,! C2 e0, by point (1), e,! C1 e0

or e0,! �
C1

e. Again the second possibility cannot arise, otherwise we would have e0,! �
C2

e,
contradicting the acyclicity of ,! C2 .

The computational order on con�gurations is a generalization of the one intro-
duced in the previous chapter foraes's.
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Definition 4.18 (extension)
Let I = hE; i be anies and let C and C0 be con�gurations of I . We say thatC0

extendsC and we writeC v C0, if

1. C � C0;

2. 8e 2 C: 8e0 2 C0: e0,! C0e ) e0 2 C;

3. ,! C � ,! C0

The poset of all con�gurations of I , ordered by extension, isdenoted by Conf(I ).

The basic idea is still that a con�guration C cannot be extended by adding events
which are supposed to happen before the events already inC, as expressed by
condition (2). Moreover the extension relation takes into account the choice relations
of the two con�gurations, requiring a kind of consistency between them. Condition
(3) serves to ensure, together with (2), that the past history of events inC remains
the same inC0. Observe that the last condition is not present inaes's, where the
choice relation on a con�guration is uniquely determined asthe restriction of the
asymmetric con
ict to the set of events in the con�guration.

The intuition on the extension relation can be enforced by observing that, as an
easy consequence of the de�nition and of Proposition 4.17.(1), it can be equivalently
characterized asC v C0 i�

� C � C0;

� the inclusioni : hC; ,! �
C i ! h C0; ,! �

C0i is a rigid embedding, i.e., it is monotone
and for e 2 C, e0 2 C0, e0,! �

C0e implies e0 2 C.

Furthermore, it is worth noticing that if C v C0, by Proposition 4.17.(1) we imme-
diately get that ,! C = ,! C0 \ (C � C), and thus the inclusion ofC into C0 is also
order monic, namely for eache; e0 2 C, if e,! �

C0e0 then e,! �
Ce0. Roughly speaking

this means that C v C0 wheneverC coincides with a \truncation" of C0.
As in the case ofaes's, given an event in a con�guration it is possible to de�ne

the past history of the event in that con�guration as a con�guration itself.

Definition 4.19 (history)
Let I be anies and let C 2 Conf (I ) be a con�guration. For any e 2 C we de�ne the
history of e in C as the con�guration hC[[e]]; ,! C[[e]]i , whereC[[e]] = f e0 2 C j e0,! �

Ceg
and ,! C[[e]] = ,! C \ (C[[e]] � C[[e]]).

It is not di�cult to see that hC[[e]]; ,! C[[e]]i is a well-de�ned con�guration. The only
fact that is not obvious is the validity of condition (1) in the de�nition of choice
(De�nition 4.12). Now, if C[[e]](a; e0; A) then C (a; e0; A0) with a � C[[e]], e0 2 C[[e]]
and A = A0\ C[[e]]. BeingC a con�guration, it must be e0,! Ce0 for e0 2 a or e1,! Ce0

for somee1 2 A0. In the �rst case, e0 2 a � C[[e]] and thus e0,! C[[e]]e0, while in the
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second case, sincee0 2 C[[e]], by de�nition of history we must have e1 2 C[[e]], thus
e1,! C[[e]]e0.

It is worth recalling that by de�nition the re
exive and tran sitive closure of a
choice is a �nitary partial order, and thus each historyC[[e]] is a �nite con�guration.
Furthermore, it immediately follows from its de�nition tha t C[[e]] v C.

From now on the proof of the algebraic properties of the posetof con�gurations of
an ies follows closely the steps already performed in the case ofaes's. Hence we will
discuss explicitly only the points which are speci�c toies's. We start with a charac-
terization of least upper bounds and greatest lower bounds of pairwise compatible
sets of con�gurations.

Lemma 4.20
Let X � Conf (I ) be a pairwise compatible set of con�gurations of anies I and let
C1; C2 2 X . Then

1. if e,! �
C1

e0 and e0 2 C2 then e 2 C2 and e,! �
C2

e0;

2. if e 2 C1 \ C2 then C1[[e]] = C2[[e]];

3. C1 u C2 = C1 \ C2, with ,! C1 \ C2 = ,! C1 \ ,! C2 ;

4. the least upper bound ofX exists, and it is given by
G

X = h
[

C2 X

C;
[

C2 X

,! C i :

Proof.

1. Let us �rst suppose that e,! C1 e0 and e0 2 C2. Let C 2 X be an upper bound forC1 and C2,
which exists sinceX is pairwise compatible. From C1 v C, by de�nition of extension, we
have that e; e0 2 C and e,! C e0. Recalling that C2 v C and e0 2 C2 we deducee 2 C2. Since
e; e0 2 C2 = C2 \ C and e,! C e0, by Proposition 4.17.(1), it must be e,! C2 e0 or e0,! �

C2
e.

The second possibility cannot arise, otherwise we should have e0,! �
C e, contradicting the

acyclicity of ,! C . Hence we can concludee,! C2 e0.

In the general case in whiche,! �
C1

e0 the desired property is easily derived via an inductive
reasoning using the above argument.

2. Immediate consequence of point (1).

3. To show that ,! C1 \ C2 = ,! C1 \ ,! C2 is a choice forC1 \ C2, the only non trivial point is the
proof of condition (1) of De�nition 4.12. Suppose that C1 \ C2 (a; e; A), namely (a; e; A0)
with a � C1 \ C2 and A = A0\ (A1 \ A2). Hence C1 (a; e; A0 \ C1) and thus either e,! C1 e0

for e0 2 a or e00,! C1 e with e002 A0 \ C1. Being C1 and C2 compatible, by point (1) it must
be e,! C2 e0, or e002 A0 \ C2 and e00,! C2 e, respectively. Therefore, as desired,e,! C1 \ C2 e0 or
e002 A with e00,! C1 \ C2 e.

HenceC1 \ C2 is a con�guration. Moreover, it is the greatest lower bound of C1 and C2 as
one can check via a routine veri�cation using point (1).
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4. Let us verify that ,! S
X =

S
C 2 X ,! C is a choice for

S
X . First, it is quite easy to see that

,! S
X =

S
C 2 X ,! C � choices(

S
X ).

As for condition (1) of the de�nition of choice, suppose that S
X (a; e; A), namely

(a; e; A0) with a �
S

X and A = A0 \
S

X . Since a; f eg �
S

X we can �nd C; C0 2 X
such that a � C and e 2 C0. Moreover, being X pairwise compatible, there is C00 2 X ,
upper bound of C and C0, containing both a and e. Therefore C 00(a; e; A0 \ C00), and thus
by de�nition of choice e,! C 00e0 for e0 2 a or e00,! C 00e for e002 A0 \ C00. It follows that, as
desired,e,! S

X e0 or (e002
S

X and) e00,! S
X e.

The relation ,! S
X is acyclic since point (1) implies that a cycle of,! S

X in
S

X should
be entirely inside a single con�guration C 2 X . Furthermore it is easily seen that given an
event e 2

S
X , (

S
X )[[e]] = C[[e]], for any C 2 X such that e 2 C. Therefore (

S
X )[[e]] is

surely �nite.

Hence,! S
X is a choice and thus

F
X is a con�guration. A routine veri�cation, using point

(1) allows one to conclude that
S

X is the least upper bound ofX . 2

Theorem 4.21 (configurations form a domain)
Let I be an ies. Then hConf (I ); vi is a (�nitary prime algebraic) domain. The
complete primes of Conf(I ) are the possible histories of events inI , i.e.

Pr (Conf (I )) = f C[[e]] j C 2 Conf (I ); e 2 Cg:

Proof. Let us start by showing that for each C 2 Conf (I ) and e 2 C, the con�guration C[[e]] is
a complete prime element. SupposeC[[e]] v

F
X for X � Conf (I ) pairwise compatible. Therefore

there existsC1 2 X such that e 2 C1. SinceC1 and C[[e]] are bounded by
F

X , by Lemma 4.20.(1),
C[[e]] = C1[[e]]. Observing that C1[[e]] v C1, it follows that, as desired, C[[e]] v C1.

Now, by a set-theoretical calculation exploiting the de�ni tion of history (De�nition 4.19) and
the characterization of the least upper bound in Lemma 4.20,we obtain

C =
G

e2 C

C[[e]] =
G

Pr (C):

This shows that Conf (I ) is prime algebraic and that Pr (Conf (I )) = f C[[e]] j C 2 Conf (I ); e 2 Cg.
The fact that Conf (I ) is coherent has been proved in Lemma 4.20.(3). Finally, the�nitariness

of Conf (I ) follows from prime algebraicity and the fact that C[[e]] is �nite for each C 2 Conf (I )
and e 2 C. 2

We remark that if G is anaes and I = J a(G) is its encoding intoies's, then for
each con�guration ofI the choice relation is uniquely determined as the restriction of
the asymmetric con
ict to that con�guration. Therefore the domain of con�gurations
Conf (I ) de�ned in this section coincides with the domainConf (G) as de�ned in
the previous chapter.

4.2.2 A core
ection between IES and Dom

To prove that the construction which associates to anies its domain of con�gurations
lifts to a functor from IES to Dom a basic result is the fact that ies-morphisms
preserve con�gurations.



4.2. From inhibitor event structures to domains 115

Observe that since con�gurations are not simply sets of events it is not completely
obvious, a priori, what should be the image of a con�gurationthrough a morphism.
Let f : I 0 ! I 1 be an ies-morphism and letC0 be a con�guration of I 0. According
to the intuition underlying ies (and general event structures) morphisms, we expect
that any possible execution of the events inC0 can be simulated inf (C0). But
the converse implication is not required to hold, namely thelevel of concurrency in
f (C0) may be higher. For instance we can map two causally related events e0 � e1

to a pair of concurrent events. Hence we cannot pretend that the whole image of
the choice relation ofC0 is a choice forf (C0), but just that there is a choice for
f (C0) included in such image. By the properties of choices, thereis only one choice
on f (C0) included in the image of,! C0 , which is obtained as the intersection of the
image of,! C0 with choices(f (C0)).

Given a function f : X ! Y and a relation r � X � X , we will denote byf (r )
the relation in Y de�ned as f (r ) = f (y; y0) j 9(x; x0) 2 r: f (x) = y ^ f (x0) = y0g.

Lemma 4.22 (morphisms preserve configurations)
Let f : I 0 ! I 1 be an ies-morphism and lethC0; ,! 0i 2 Conf (I 0). Then the pair
hC1; ,! 1i with C1 = f (C0) and ,! 1 = f (,! 0) \ choices(f (C0)) , namely the unique
choice relation onC1 included in f (,! C0 ), is a con�guration in I 1.

Moreover the functionf � : Conf (I 0) ! Conf (I 1) which associates to each con-
�guration C0 the con�guration C1 de�ned as above, is a domain morphism.

Proof. To prove that ,! 1 is a choice for f (C0) and thus hf (C0); ,! 1i is a con�guration, �rst
observe that ,! 1 � choices(C1) by de�nition.

Let us verify the validity of condition (1) in the de�nition o f choice (De�nition 4.12). Assume
that f (C0 ) (a1; f (e0); A1). This means that (a1; f (e0); A0

1) with a1 � f (C0) and A1 = A0
1 \

f (C0). We distinguish two cases according to the shape ofa1:

� If a1 = ; , and thus A0
1 < f (e0), by condition (2) in the de�nition of ies-morphism it follows

that there exists A0 � f � 1(A0
1) such that A0 < e0. Since e0 2 C0, by Proposition 4.13,

A0 \ C0 is non-empty (precisely, it is a singleton). Takee00
0 2 A0 \ C0. By rule (% 2), e00

0 % e0

and thus, by Proposition 4.14, we havee00
0 ,! 0e0. Hence, by construction, f (e00

0 ),! 1f (e0).
Notice that f (e00

0 ) 2 A0
1 \ f (C0) = A1.

� If a1 = f f (e0
0)g, then by condition (3) in the de�nition of ies-morphism we can �nd a0 � f e0

0g
and A0 � f � 1(A0

1) such that (a0; e0; A0).

If a0 = ; we proceed as in the previous case. If insteada0 = f e0
0g then, by de�nition of

choice e0,! 0e0
0 or e00

0 ,! 0e0 for e00
0 2 A0. Therefore f (e0),! 1f (e0

0) or f (e00
0 ),! 1f (e0) (and

observe that f (e00
0 ) 2 A1).

As for condition (2), to show that ,! 1 is acyclic, �rst observe that a ies-morphism is injective
on a con�guration. In fact, if e0; e0

0 2 C0 and f (e0) = f (e0
0) then e0 = e0

0 or e0# e0
0. But, by

Proposition 4.15, the second possibility cannot arise. Now, if there were a cycle of,! 1 then, by
the above observation and by de�nition of ,! 1, a cycle should have been already present in,! 0,
contradicting the hypothesis that C0 is a con�guration.

Finally, observe that also condition (3) holds, since by an analogous reasoning, the �nitariness
of the choice inC0 implies the �nitariness of the choice in f (C0).
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Let us show that f � : Conf (I 0) ! Conf (I 1) is a morphism in Dom .

� If C and C0 are compatible thenf � (C u C0) = f � (C) u f � (C0).
Recalling how the greatest lower bound of con�gurations is computed (see Lemma 4.20.(3)),
we have that

f � (C u C0) = hf (C \ C0); f (,! C \ ,! C 0) \ choices(f (C \ C0)) i ;

while

f � (C) u f � (C0) =

= hf (C); f (,! C ) \ choices(f (C)) i u hf (C0); f (,! C 0) \ choices(f (C0)) i

= hf (C) \ f (C0); f (,! C ) \ f (,! C 0) \ choices(f (C)) \ choices(f (C0)) i

Observe that f is injective on C [ C0 since C and C0 have an upper boundC00, and, as
already observed,f is injective on con�gurations. By using this fact, we can deduce that
f (C) \ f (C0) = f (C \ C0), f (,! C ) \ f (,! C 0) = f (,! C \ ,! C 0). Moreover it is easy to see
that choices(C \ C0) = choices(C) \ choices(C0) holds in general. Therefore we conclude
that f � (C u C0) = f � (C) u f � (C0).

� f � (
F

X ) =
F

f � (X ), for X � Conf (I 0) pairwise compatible.
Keeping in mind the characterization of the least upper bound given in Lemma 4.20.(4), we
obtain

F
f � (X ) =

= h
S

f f (C) j C 2 X g;
S

f f (,! C ) \ choices(f (C)) j C 2 X gi

= hf (
S

X ); f (
S

f ,! C j C 2 X g) \ choices(f (
S

X )) i

= f � (h
S

X;
S

f ,! C j C 2 X gi)

= f � (
F

X )

To understand the second passage observe that

S
f f (,! C ) \ choices(f (C)) j C 2 X g � [by set-theoretical properties]

�
S

f f (,! C ) j C 2 X g \
S

f choices(f (C)) j C 2 X g [by de�nition of choices]

� f (
S

f ,! C j C 2 X g) \ choices(f (
S

X ))

Therefore Proposition 4.17.(2) and the equality
S

f f (C) j C 2 X g = f (
S

X ) allow us to
conclude.

� C � C0 implies f � (C) � f � (C0).
This property immediately follows form the observation that, as in the case ofaes's, C � C0

i� C v C0 and jC0 � Cj = 1.

2

The previous lemma implies that the construction taking anies into its domain
of con�gurations can be viewed as a functor.
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Proposition 4.23
There exists a functorL i : IES ! Dom de�ned as:

� L i (I ) = Conf (I ), for each ies I ;

� L i (f ) = f � , for each ies-morphism f : I 0 ! I 1.

A functor going back from domains toies's, namely P i : Dom ! IES can
be simply obtained as the composition of the functorP : Dom ! PES, de�ned
by Winskel (see Section 2.4), with the full embeddingJ a � J of PES into IES
discussed after Proposition 4.10, henceP i = J a � J � P .

We �nally prove that P i is left adjoint to L i and thus that they establish a
core
ection betweenIES and Dom . As for aes's, given anies I , the component at
I of the counit of the adjunction is the function� I : P i � L i (I ) ! I , mapping each
history of an evente into the event e itself. The next preliminary lemma proves that
such a mapping is indeed aies-morphism.

Lemma 4.24
The function � I : P i (L i (I )) ! I de�ned as � I (C[[e]]) = e, for all C 2 Conf (I ) and
e 2 C, is an ies-morphism.

Proof. Let us prove that � I satis�es conditions (1)-(3) of De�nition 4.6.

1. � I (C[[e]]) = � I (C0[[e0]]) ^ C[[e]] 6= C0[[e0]] ) C[[e]]# C0[[e0]].
Assume that � I (C[[e]]) = � I (C0[[e0]]), namely e = e0, and C[[e]] 6= C0[[e0]]. By Lemma 4.20.(2)
it follows that there is no upper bound for f C; C0g. In fact, if there were an upper bound
C00then necessarilyC[[e]] = C00[[e]] = C0[[e]]. Hencee# e0.

2. A1 < � I (C[[e]]) ) 9 A0 � � � 1
I (A1): A0 < C [[e]].

Let us assumeA1 < � I (C[[e]]) = e. Sincee 2 C, by Proposition 4.13, A1 \ C = f e0g for some
e0. Moreover, sincee0 2 A1 < e, by rule (% 2), e0 % e and thus, by Proposition 4.14 and
the de�nition of history, e0 2 C[[e]].

By point (2) of Lemma 4.20, one easily derives thatC[[e0]] v C[[e]]. Therefore, according to
the de�nition of P i , C[[e0]] < C [[e]] and sincee0 2 A1, f C[[e0]]g � � � 1

I (A1).

3. (f � I (C0[[e0]])g; � I (C[[e]]); A1) ) 9 A0 � � � 1
I (A1): 9a0 � f C0[[e0]]g: (a0; C[[e]]; A0).

Assume (f � I (C0[[e0]])g; � I (C[[e]]); A1), namely

(f e0g; e; A1):

If : (C[[e]] " C0[[e0]]) then, by de�nition of P i , C[[e]]# C0[[e0]] and thus C[[e]] % C0[[e0]]. Hence
(f C0[[e0]]g; C[[e]]; ; ), which clearly satis�es the desired condition.

Suppose, instead, thatC[[e]] " C0[[e0]]. We distinguish two subcases:

� If e0 2 C[[e]] then A1 \ C[[e]] 6= ; . Indeed, beingC[[e]] a con�guration, A1 \ C[[e]] must be
a singleton f e00g. As above, by Lemma 4.20.(2),C[[e00]] v C[[e]] and thus, by de�nition
of P i , C[[e00]] < C [[e]]. Therefore (; ; C[[e]]; f C[[e00]]g), which allows us to conclude,
sincee002 A1 implies f C[[e00]]g � � � 1

I (A1).
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� Assume e0 62C[[e]]. Consider a con�guration C00, upper bound of C[[e]] and C0[[e0]],
which exists by assumption. Sincee; e0 2 C00 it must be e,! C 00e0. In fact, otherwise
there would be e002 C00\ A1 and e00,! C 00e. But then, by Lemma 4.20.(1), e002 C[[e]],
an thus, being e0 < e00, we would havee0 2 C[[e]], contradicting the hypothesis.

Therefore, by Lemma 4.20.(1),e 2 C0[[e0]], and thus C[[e]] v C0[[e0]], implying C[[e]] <
C0[[e0]]. HenceC[[e]] % C0[[e0]], and therefore (f C0[[e0]]g; C[[e]]; ; ). 2

The main theorem relies on the following technical result. Its proof is a straight-
forward variation of the proof of the corresponding result for aes's (Lemma 3.24).

Lemma 4.25
Let I be an ies, D a domain and letg : D ! L i (I ) be a domain morphism. Then
for all p 2 Pr (D), j g(p) �

S
g(Pr (p) � f pg) j� 1 and

P i (g)(p) =
�

? if g(p) �
S

g(Pr (p) � f pg) = ;
g(p)[[e]] if g(p) �

S
g(Pr (p) � f pg) = f eg

Theorem 4.26 (coreflection between IES and Dom )
P i a L i .

Proof. Let I be an ies and let � I : P i (L i (I )) ! I be the morphism de�ned as in Lemma 4.24.
We have to show that given any domain (D; v ) and ies-morphism h : P i (D ) ! I , there is a
unique domain morphismg : D ! L i (I ) such that the following diagram commutes:

P i (L i (I ))
� I

I

P i (D )

P i (g)
h

The proof follows the same lines of that foraes's, and thus some parts are only sketched.

Existence
The morphism g : D ! L i (I ) can be de�ned as follows. Given d 2 D, observe that Cd =
hPr (d); @Pr (d) i is a con�guration of I , where@Pr (d) = @\ (Pr (d) � Pr (d)). Therefore we can de�ne

g(d) = h� (Cd).

The fact that h� (Cd) is a con�guration in P i (D ) and thus an element of L i (I ), follows from
Lemma 4.22.

Moreover g is a domain morphism. In fact it is

� � -preserving. By prime algebraicity, d; d0 2 D, with d � d0 then Pr (d0) � Pr (d) = f pg, for
somep 2 Pr (D). Thus

g(d0) � g(d) =
= h� (Pr (d0)) � h� (Pr (d))
� f h(p)g

Therefore jg(d0) � g(d)j � 1 and, since it is easy to see thatg(d) v g(d0), we conclude
g(d) � g(d0).
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� Additive. Let X � D be a pairwise compatible set. Then

g(
F

X ) = h� (hCX ; ,! CX i ) = hh(CX ); h(,! CX ) \ choices(h(CX )) i

where CX = Pr (
F

X ) =
S

x 2 X Pr (x) and ,! CX = @CX . On the other hand

F
x 2 X g(x) =

=
F

x 2 X h� (hPr (x); @Pr (x ) )i )

= h
S

x 2 X h(Pr (x)) ;
S

x 2 X (h(@Pr (x ) ) \ choices(h(Pr (x)))) i

= hh(CX );
S

x 2 X (h(@Pr (x ) ) \ choices(h(Pr (x)))) i

Now, the choice relation of the con�guration above is included in the choice of the con�gu-
ration g(

F
X ), namely

S
x 2 X (h(@Pr (x ) ) \ choices(h(Pr (x)))) � h(,! CX ) \ choices(CX )

Thus by using Proposition 4.17.(2) we can conclude thatg(
F

X ) =
F

x 2 X g(x).

� Stable. Let d; d0 2 D with d " d0, then:

g(d u d0) = h� (hC; ,! C i ) = hh(C); h(,! C ) \ choices(h(C)) i ,

where C = Pr (d u d0) = Pr (d) \ Pr (d0) and ,! C = @C . Moreover

g(d) u g(d0) =

= hh(Pr (d)) ; h(@Pr (d) ) \ choices(h(Pr (d))) i

uhh(Pr (d0)) ; h(@Pr (d0) ) \ choices(h(Pr (d0))) i

Now, sinced " d0 it is easy to see thath is injective on Pr (d) [ Pr (d0) and therefore the set
of events ofg(d) u g(d0) is

h(Pr (d)) \ h(Pr (d0)) = h(Pr (d) \ Pr (d0)) = h(C),

namely it coincides with the set of events ofg(d u d0).

By a similar argument, h(@Pr (d) ) \ h(@Pr (d0) ) = h(@Pr (d) \ Pr (d0) ) = h(@C ). Moreover,
reasoning as in the proof of Lemma 4.22, we have,

choices(h(Pr (d))) \ choices(h(Pr (d0)))

= choices(h(Pr (d)) \ h(Pr (d0))) [since choices(X \ Y ) = choices(X ) \ choices(Y )]

= choices(h(Pr (d) \ Pr (d0))) [by injectivity of h on C]

= choices(h(C))

and we are able to conclude that also the choice relation ing(d) u g(d0) is the same as in
g(d u d0). In fact

h(@Pr (d) ) \ h(@Pr (d0) ) \ choices(h(Pr (d))) \ choices(h(Pr (d0)))

= h(@C ) \ choices(h(Pr (d) \ Pr (d0))) [by injectivity of h on C and remark above]

= h(,! C ) \ choices(h(C))
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f eg # f e0g

f e;e0g f e0; e00
0g � � � f e0; e00

n g

f e; e0; e00
0g � � � f e; e0; e00

n g f e0; e0; eg � � � f e0; en ; eg

Figure 4.2: Thepes corresponding to theies where (f e0g; e;f e0; : : : ; eng).

The fact that the morphism g de�ned as above makes the diagram commute and its uniqueness
can be proved, as foraes's, by exploiting essentially Lemma 4.25. 2

It is worth stressing that the above result, together with Winskel's equivalence
between the categoryDom of domains and the categoryPES of prime event struc-
tures, allow to translate anies I into a pes P (L i (I )). The universal characterization
of the construction intuitively ensures that thepes obtained in this way is the \best
approximation" of I in the categoryPES. By the characterization of the complete
prime elements in the domain of con�gurations (see Theorem 4.21) we have that the
events in P (L i (I )) are the possible histories of the events inI . Figure 4.2 shows
the pes corresponding to a basicies containing the eventsf e; e0; e0; : : : ; eng related
by the DE-relation as (f e0g; e;f e0; : : : ; eng). We explicitly represent history of an
event e as a set of events, wheree appears in boldface style.

4.2.3 Removing non-executable events

We already observed that the non-executability of events inies's cannot be com-
pletely captured in a syntactic way, in the sense that there are no proof systems
singling out exactly the non-executable events. However, we can adopt a semantic
approach to rule out unused events from anies, namely we can simply remove from
a given ies all events which do not appear in any con�guration. Nicely, this can be
done functorially and the subcategoryIES � of ies's where all events are executable
turns out to be a core
ective subcategory ofIES . Moreover, the core
ection between
IES and Dom can be easily shown to restrict to a core
ection betweenIES � and
Dom . This subsection is not essential to the remainder of the chapter, since it will
be used only for discussing a negative result. Anyway, we think it answers a very
natural question onies's.

We start de�ning the subcategory ofies's where all events are executable.

Definition 4.27
We denote byIES � the full subcategory ofIES consisting of theies's I = hE; i
such that for anye 2 E there existsC 2 Conf (I ) with e 2 C.
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Any ies can be turned into an object ofIES � by forgetting the events which
do not appear in any con�guration. The next de�nition introd uces the functor 	 :
IES ! IES � performing such construction.

Definition 4.28
We denote by	 : IES ! IES � the functor mapping eachies I into the IES � object
	( I ) = h (E);  (E ) i , where (E) is the set of executable events inI , namely

 (E) = f e 2 E j 9C 2 Conf (I ): e 2 Cg:

Moreover if f : I 0 ! I 1 is an ies-morphism then 	( f ) = f j  (E0 ) . With J ies :
IES � ! IES we denote the inclusion.

The fact that 	( I ) is a IES � object follows easily from its de�nition. The well-
de�nedness of 	( f ) for any ies-morphism f is basically a consequence of the fact
that, by Lemma 4.22, anies-morphism preserves con�gurations and thus also exe-
cutable events.

Before formalizing the above claim, we make explicit two easy properties of the
relations of causality and asymmetric con
ict in 	( I ).

Fact 4.29
Let I be an ies. Then, for any e; e0 2  (E) and A � E

1. e % I e0 ) e % 	( I ) e0;

2. A < I e ) (A \  (E)) < 	( I ) e

3. # I A ^ A �  (E) ) # 	( I )A.

Proposition 4.30
Let I 0 and I 1 beies's and let f : I 0 ! I 1 be anies-morphism. Then	( f ) : 	( I 0) !
	( I 1), de�ned as above, is anies-morphism.

Proof. First observe that

f ( (E0)) �  (E1) (y)

and thus the restriction f j  (E 0 ) :  (E0) !  (E1) is a well-de�ned function. In fact, if e0 2  (E0)
then e0 2 C0 for some con�guration C0 2 Conf (I 0). Hence, if de�ned, f (e0) 2 f (C0) and, by
Lemma 4.22,f � (C0) is a con�guration of I 1. Thus f (e0) 2  (E1).

Now, for i 2 f 0; 1g, let us denote by i , < i , % i and # i the relations in I i , and by  i ,
<  i , %  i and #  i the relations in h (E i );  (E i ) i , the pre-ies which, when saturated, gives
the ies 	( I i ). To show that 	( f ) : 	( I 0) ! 	( I 1) is an ies-morphism we verify that 	( f ) :
h (E0);  (E 0 ) i ! h  (E1);  (E 1 ) i satis�es conditions (1)-(4) of Lemma 4.9, namely

1. 	( f )(e0) = 	( f )(e0
0) ^ e0 6= e0

0 ) e0#  0 e0
0;

2.  1 (; ; 	( f )(e0); A1) ) 9 A0 � 	( f )� 1(A1): A0 <  0 e0;
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3.  1 (f 	( f )(e0
0)g; 	( f )(e0); ; ) ) e0 %  0 e0

0;

4.  1 (f 	( f )(e0
0)g; 	( f )(e0); A1) ^ A1 6= ; )

9A0 � 	( f )� 1(A1): 9a0 � f e0
0g:  0 (a0; e0; A0).

To lighten the notation let f 0 denote 	( f ), i.e., the restriction f j  (E 0 ) .

1. If f 0(e0) = f 0(e0
0) and e0 6= e0

0, since f : I 0 ! I 1 is an ies-morphism, it must be e0# 0e0
0.

Hence, by Fact 4.29.(3),e0#  0 e0
0.

2. Assume that  1 (; ; f 0(e0); A1). By de�nition of 	( I 1), recalling that f 0(e0) = f (e0), we
have 1(; ; f (e0); A0

1), with A1 = A0
1 \  (E1). Since, by de�nition of ies, # pA0

1, we can
apply rule (< 1), thus obtaining

1(; ; f (e0); A0
1) # pA0

1

A0
1 < 1 f (e0)

(< 1)

By de�nition of morphism, there exists A0
0 � f � 1(A0

1) such that A0
0 < 0 e0. If we de�ne

A0 = A0
0 \  (E0) then, by Fact 4.29.(1), A0 <  0 e0 and, by the property (y) above, A0 �

f 0� 1(A1).

3. Assume that  1 (f f 0(e0
0)g; f 0(e0); ; ). By de�nition of  1 and recalling that f 0 is the

restriction of f , it must be 1(f f (e0
0)g; f (e0); A1) with A1 \  (E1) = ; . Hence, by de�nition

of morphism, there exist a0 � f e0
0g and A0 � f � 1(A1) such that 0(a0; e0; A0). Since

A1 \  (E1) = ; , we deduce thatA0 \  (E0) = ; . Moreover, recalling that e0 2  (E0), namely
it is executable, necessarilya0 = f e0

0g. Therefore  0 (f e0
0g; e0; ; ), and thus e0 %  0 e0

0.

4. Assume that  1 (f f 0(e0
0)g; f 0(e0); A1) with A1 6= ; . Then, by de�nition of  1 , we must

have
1(f f (e0

0)g; f 0(e0); A0
1)

whereA1 = A0
1 \  (E1). By de�nition of ies-morphism, there must exist A0

0 � f � 1(A0
1) and

a0 � f e0
0g such that 0(a0; e0; A0

0).

If we de�ne A0 = A0
0 \  (E0), then by de�nition of  0 , we have  0 (a0; e0; A0) and, by

the property ( y) proved above,A0 � f 0� 1(A1). 2

It is easy to verify that, if I is a IES � object andI 0 is an arbitrary ies, then any
ies-morphism f : I ! 	( I 0) is also a morphismf : I ! I 0. This simple observation
allows us to conclude immediately that the inclusion ofIES � into IES is left adjoint
of the functor 	 and thus that IES � is a core
ective subcategory ofIES .

Proposition 4.31 (relating IES and IES � )
	 ` J ies

Finally observe that the functor P i : Dom ! IES maps each domain into the
encoding of apes, which is clearly an object inIES � . Therefore it is easy to prove
that the core
ection betweenIES and Dom restricts to a core
ection betweenIES �

and Dom .

Corollary 4.32 (coreflection between IES � and Dom )
Let P ie : Dom ! IES � and L ie : IES � ! Dom denote the restrictions of the
functors P i and L i . Then P ie a L ie .
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4.3 The category of inhibitor nets

This section de�nes the categoryIN of inhibitor nets by introducing a suitable
notion of morphism. Morphisms of i-nets are morphisms between the underlying
c-nets, satisfying a further condition which takes into account the presence of the
inhibitor arcs. In this way the categoryCN of contextual nets is a (full) subcategory
of IN .

Definition 4.33 (i-net morphism)
Let N0, N1 be i-nets. A i-net morphism h : N0 ! N1 is a pair h = hhT ; hS i , where
hT : T0 ! T1 is a partial function and hS : S0 ! S1 is a multirelation such that

1. �h S(m0) = m1;

2. for eachA 2 �T ,

(a) �h S( � A) = � �h T (A),

(b) �h S(A � ) = �h T (A)� ,

(c) [[�h T (A)]] � �h S(A) � �h T (A).

(d) [[hS]]� 1( � �h T (A)) � � A.1

where[[hS]] is the set relation underlying the multirelationhS. We denote byIN the
category having i-nets as objects and i-net morphisms as arrows.

Conditions (1), (2.a) - (2.c) are the de�ning conditions of c-net morphisms (see Def-
inition 3.26). Finally, condition (2.d) regarding the inhibitor arcs can be understood
if we think of morphisms as simulations. As preconditions and contexts must be pre-
served to ensure that the morphism maps computations ofN0 into computations of
N1, similarly, inhibitor conditions, which are negative conditions, must be re
ected.
In fact condition (2.d) can be expressed, in words, by sayingthat if the image of a
places0 in N0 inhibits the image of a transition t0, then s0 must inhibit t0 (see also
the remark below).

Remark 4.34
Observe that condition (2.d) on inhibiting places can be rewritten as

s1 2 [[�h S(s0)]] ^ I 1(hT (t0); s1) ) I 0(t0; s0);

which shows more explicitly that inhibitor arcs are re
ected. In particular, if hS is
a total function then

I 1(hT (t0); hS(s0)) ) I 0(t0; s0).

1We are grateful to Nadia Busi and Michele Pinna for pointing out the appropriateness of this
condition, generalizing the one appeared in a preliminary version of the work.
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Although, to the best of our knowledge, no other categories of nets with inhibitor
arcs have been introduced in the literature, our i-net morphisms can be seen as a
generalization of the process mappings of [Bus98, BP96, BP99]. We will come back
on this point in Section 4.6, where a (deterministic) process of an i-net N will be
de�ned as a special morphism from a (deterministic) occurrence i-net to the netN .

Proposition 4.35 (composition of morphisms)
The class of i-net morphisms is closed under composition.

Proof. Let h0 : N0 ! N1 and h1 : N1 ! N2 be two i-net morphisms. Their composition
h1 � h0 obviously satis�es conditions (1) and (2.a)-(2.c) of De�ni tion 4.33, since these are exactly
the de�ning conditions of c-net morphisms which are known to be closed under composition.

Finally, h1 � h0 satis�es also condition (2.d). In fact, for any multiset of t ransition A in N0:

[[h1S � h0S ]]� 1( � � (h1T � h0T )(A)) =

= [[ h0S ]]� 1([[h1S ]]� 1( � �h 1T (�h 0T (A))))

� [[h0S ]]� 1( � �h 0T (A)) [since h1 is a morphism]

� � A [sinceh0 is a morphism]

Let us now verify that, as in the case of contextual nets, i-net morphisms preserve
the token game, and thus the reachability of markings.

Theorem 4.36 (morphisms preserve the token game)
Let N0 and N1 be i-nets, and leth = hhT ; hS i : N0 ! N1 be an i-net morphism.
Then for eachM; M 0 2 �S and A 2 �T

M [Ai M 0 ) �h S(M ) [�h T (A)i �h S(M 0).

Therefore i-net morphisms preserve reachable markings, i.e. if M0 is a reachable
marking in N0 then �h S(M0) is reachable inN1.

Proof. Suppose that M [Ai M 0, and thus, in particular, M [Ai , namely � A + [[ A]] � M and
[[M + A � ]] \ � A = ; .

First notice that �h T (A) is enabled by �h S (M ). The proof of the fact that � �h T (A) +
[[�h T (A)]] � �h S (M ) is the same as for c-net. Hence let us consider the new condition for the
enabling regarding the inhibiting places. Observe that

[[�h S (M ) + �h T (A)� ]] \ � �h T (A) =

= [[ �h S (M ) + �h S (A � )]] \ � �h T (A) [by (2.b) in the de�nition of morphism]

= [[ �h S (M + A � )]] \ � �h T (A)

= ;

The last passage is justi�ed by observing that if s1 2 [[�h S (M + A � )]] \ � �h T (A), then there is
s0 2 [[M + A � ]] such that s1 2 [[�h S (s0)]] and s1 2 � hT (A). By condition (2.d) in the de�nition of
i-net morphism, this implies s0 2 � A and therefore s0 2 [[M + A � ]] \ � A, which instead is empty
by hypothesis.

It is now immediate to conclude that �h S (M ) [�h T (A)i �h S (M 0). 2
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As in the case of contextual nets, the Winskel's style semantics will be de�ned
on the subcategory ofIN having semi-weighted nets as objects. The next de�nition
introduces semi-weighted and safe inhibitor nets by generalizing in the obvious way
the corresponding notions for contextual nets.

Definition 4.37 (semi-weighted and safe i-nets)
A semi-weightedi-net is an i-net N such that the initial marking m is a set and
Fpost is a relation (i.e., t � is a set for all t 2 T). We denote bySW-IN the full
subcategory ofIN having semi-weighted i-nets as objects.

A semi-weighted i-net is calledsafeif also Fpre and C are relations (i.e., � t and
t are sets for allt 2 T) and each reachable marking is a set.

4.4 Occurrence i-nets and unfolding construction

Generally speaking, occurrence nets provide a static representation of the computa-
tions of general nets, in which the events (�ring of transitions) and the relationships
between events are made explicit. In the previous chapter the notion of occurrence
net has been generalized from ordinary nets to nets with context conditions. Here,
the presence of the inhibitor arcs and the complex kind of dependencies they induce
on transitions makes hard to �nd an appropriate notion of occurrence i-net.

As a �rst step, consider an i-net where only forward con
ictsare admitted,
namely where each place is in the post-set of at most one transition. The condition
of �niteness and acyclicity of the causes, which ensures that each transition of an
occurrence (contextual) net is �rable in some computation,has no natural general-
izations in this setting. Indeed also the notion of set of causes of a transition becomes
unclear. In fact, as already observed, a transitiont to be �red may require the ab-
sence of tokens in a places, and therefore it can be seen as a (weak) cause of the
transition t0 in the pre-set ofs if it �res before s is �lled, or as a consequence of any
of the transitions t1; : : : ; tn in the post-set ofs, otherwise. One could think to have
a set of causes depending on a kind of \choice", which speci�es for any inhibitor arc
(t; s) if transition t is executed before or after the places is �lled and in the second
case which of the transitions in the pre-set� s of the inhibitor place consumes the
token. Then the �rability of a transition t would amount to the existence of a choice
which is acyclic on the transitions which must be executed before t. However, relying
on this idea the notion of occurrence net would be not very easy to deal with and
furthermore the unfolding construction would produce a netwhich is not decidable,
in the sense the sets of transitions and places of the net are not recursive. In fact, due
to the Turing completeness of inhibitor nets (see, e.g., [Age74]) the reachability of a
marking, or equivalently the existence of a computation in which a given transition
�res, is undecidable.

We propose the following solution. Given an i-netN , we �rst consider the un-
derlying contextual net Nc, obtained from N by forgetting the inhibitor arcs. Then,
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SW-IN

R ic

O-IN
I O

SW-CN

I ci
Ua

O-CN
I O

Figure 4.3: Functors relating semi-weighted (occurrence)c-nets and i-nets.

disregarding the inhibitor arcs, we apply toNc the unfolding construction for c-nets
de�ned in the previous chapter (De�nition 3.46), which produces an occurrence c-
net. Finally, if a place s and a transition t were originally related by an inhibitor arc
in the net N , then we insert an inhibitor arc between each copy ofs and each copy
of t in Ua(Nc), thus obtaining the unfolding U i (N ) of the net N .

The characterization of the unfolding as a universal construction can be easily
lifted from contextual to inhibitor nets. Furthermore, in t his way the unfolding of an
inhibitor net is decidable, a fact which, besides being nicefrom a theoretical point of
view, may be helpful if one want to use the unfolding in practice to prove properties
of the modelled system. The price to pay is that, di�erently from what happens
for ordinary and contextual nets, some of the the transitions in the unfolding may
not be not �rable, since they are generated without taking care of inhibitor places.
Therefore not all the transitions of the unfolding correspond to a concrete �ring of
a transition of the original net, but only those which are executable.

Since our unfolding construction disregards the inhibitorarcs, we de�ne an oc-
currence i-net as an i-net which becomes an occurrence c-netwhen forgetting the
inhibitor arcs. To formalize this fact it is useful to introduce two functors, the �rst
one mapping each i-net to the underlying c-net, and the otherone embedding the
category of c-nets into the category of i-nets (see Figure 4.3).

Definition 4.38
We denote by R ic : SW-IN ! SW-CN the functor which maps each i-
net to the underlying c-net obtained by forgetting the inhibitor relation, namely
R ic (hS; T; F; C; I; mi ) = hS; T; F; C; mi , and by I ci : SW-CN ! SW-IN the
functor mapping each c-net into an i-net with an empty inhibitor relation, namely
I ci(hS; T; F; C; mi ) = hS; T; F; C;; ; mi . Both functors act as the identity on mor-
phisms.

Recall that causal dependency on contextual nets is de�ned as the least transitive
relation < such that t < t 0 if t � \ ( � t0 [ t0) 6= ; , the only novelty with respect
to classical nets being the fact that a transition causally depends on transitions
generating tokens in its context. Asymmetric con
ict% is de�ned by taking t % t0

if t0 consumes a token in the context oft, namely if t \ � t0 6= ; . Moreover t % t0

if ( t 6= t0 ^ � t \ � t0 6= ; ) to capture the usual symmetric con
ict, and �nally,



4.4. Occurrence i-nets and unfolding construction 127

�

t �

�

t �

N2 R ic (N2)

Figure 4.4: Not all events of an occurrence i-net are executable.

according to the weak causality interpretation of%, t % t0 whenevert < t 0. An
occurrence c-netis then de�ned as a c-netN where causality is a �nitary partial
order, asymmetric con
ict is acyclic on the causes of each transition, each place is
in the post-set of at most one transition and the initial marking is the minimal set
of places with respect to causality.

Definition 4.39 (occurrence i-nets)
An occurrence i-netis a safe i-netN such thatR ic (N ) is an occurrence c-net. The
full subcategory ofSW-IN having occurrence i-nets as objects is denoted byO-IN .

We remark that, since the above de�nition does not take into account the inhibitor
arcs of the net, we are not ensured that each transition in an occurrence i-net can
be �red. For instance in the i-net N2 of Figure 4.4, the only transition t can never
�re, but, by looking at the underlying c-net R ic (N2) depicted aside, it is immediate
to see that N2 is an occurrence i-net.

In the previous chapter we have de�ned an unfolding functorUa : SW-CN !
O-CN , mapping each semi-weighted c-net to an occurrence c-net. The functor Ua

has been shown to be right adjoint to the inclusion functorI O : O-CN ! SW-CN .
By suitably using the functors R ic and I ci we can lift both the construction and
the result to inhibitor nets.

Definition 4.40 (unfolding)
Let N = hS; T; F; C; I; mi be a semi-weighted i-net. Consider the occurrence c-net
Ua(R ic (N )) = hS0; T0; F 0; C0; m0i and the folding morphismf N : Ua(R ic (N )) !
R ic (N ). De�ne an inhibiting relation on the net Ua(R ic (N )) by taking for s0 2 S0

and t0 2 T0

I 0(s0; t0) i� I (f N (s0); f N (t0)) .

Then the unfoldingU i (N ) of the netN is the occurrence i-nethS0; T0; F 0; C0; I 0; m0i
and the folding morphism is given byf N seen as a function fromU i (N ) into N .

The fact that U i (N ) is an occurrence i-net immediately follows from its construction.
Furthermore, since the place component off N is a total function, according to what
observed in Remark 4.34, it immediately follows thatU i (N ) can be characterized
as the least i-net which extendsUa(N ) with the addition of inhibitor arcs in a way
that f N : U i (N ) ! N is a well de�ned i-net morphism.
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The unfolding construction is functorial, namely we can de�ne a functor U i :
SW-IN ! O-IN , which acts on arrows asUa � R ic . In other words, given h :
N0 ! N1, the arrow U i (h) : U i (N0) ! U i (N1) is obtained by interpreting h as a
morphism between the c-nets underlyingN0 and N1, taking its image via Ua, and
then considering the mapUa(h) as an arrow fromU i (N0) to U i (N1).

Proposition 4.41
The unfolding construction extends to a functorU i : SW-IN ! O-IN , which acts
on arrows asUa � R ic .

Proof. The only thing to verify is that given an i-net morphism h : N0 ! N1, the c-net morphism
h0 = Ua � R ic (h) : Ua (R ic (N0)) ! Ua(R ic (N1)), seen as a mappingh0 : U i (N0) ! U i (N1) is an
i-net morphism.

First notice that the following diagram, where f 0 and f 1 are the folding morphisms, commutes
by construction (although h0, in principle, may not be an i-net morphism).

N0
h N1

U i (N0)

f 0

h0= U a (h)
U i (N1)

f 1

As usual, conditions (1) and (2.a)-(2.c) are automaticallyveri�ed since h0 is a c-net morphism.
Let us prove the validity of condition (2.d), as expressed byRemark 4.34, namely

s0
1 2 [[�h 0

S (s0
0)]] ^ I 0

1(h0
T (t0

0); s0
1) ) I 0

0(t0
0; s0

0).

Assumes0
1 2 [[�h 0

S (s0
0)]] ^ I 0

1(h0
T (t0

0); s0
1). Hence, f 1S(s0

1) 2 [[� (f 1S � h0
S )(s0

0)]] and, by de�nition of
the unfolding, I 1(f 1T (h0

T (t0
0)) ; f 1S (s0

1)). Therefore, by commutativity of the diagram

f 1S (s0
1) 2 [[�h S (f 0S (s0

0))]] and I 1(hT (f 0T (t0
0)) ; f 1S (s0

1))

Being h an i-net morphism, by condition (2.d) in De�nition 4.33, we h ave that

I 0(f 0T (t0
0); f 0S (s0

0))

and therefore, by de�nition of the unfolding, I 0
0(t0

0; s0
0), which is the desired conclusion. 2

We can now state the main result of this section, establishing a core
ection be-
tween semi-weighted i-nets and occurrence i-nets. It essentially relies on the fact that
the unfolding for c-nets has been already characterized as an universal construction
(Theorem 4.42).

Theorem 4.42 (coreflection between SW-IN and O-IN )
The unfolding functorU i : SW-IN ! O-IN is right adjoint to the obvious inclusion
functor I O : O-IN ! SW-IN and thus establishes a core
ection betweenSW-IN
and O-IN .

The component at an objectN in SW-IN of the counit of the adjunction,f :
I O � U i

�! 1, is the folding morphismf N : U i (N ) ! N .
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Proof. Let N be a semi-weighted i-net, letU i (N ) = hS0; T 0; F 0; C0; I 0; m0i be its unfolding and
let f N : U i (N ) ! N be the folding morphism as in De�nition 4.40. We have to show that for
any occurrence i-net N1 and for any morphism g : N1 ! N there exists a unique morphism
h : N1 ! U i (N ) such that the following diagram commutes:

U i (N )
f N

N

N1

h g

The existenceis readily proved by observing that an appropriate choice ish = U i (g). The
commutativity of the diagram simply follows by the commutat ivity of the diagram involving the
underlying c-nets and c-net morphisms, namely

Ua(R ic (N ))
f N

R ic (N )

R ic (N1)

h g

With a little abuse of notation, we have denoted with the samesymbol the c-net morphism and
the same mapping seen as an i-net morphism.

Also uniquenessfollows easily by the universal property of the construction for c-nets. In fact
let h0 : N1 ! U i (N ) be another i-net morphism such that f N � h0 = g. This means that h0 is
another c-net morphism which makes commute the diagram involving the underlying c-nets. This
implies that, as desired,h and h0 coincide. 2

4.5 Inhibitor event structure semantics for i-nets

To give an event structure and a domain semantics for i-nets we investigate the
relationship between occurrence i-nets and inhibitor event structures. The kind of
dependencies arising among transitions in an occurrence i-net can be naturally rep-
resented by the DE-relation, and therefore theies corresponding to an occurrence
i-net is obtained, as in the case of c-nets, by forgetting theplaces and taking the
transitions of the net as events. Furthermore morphisms between occurrence i-nets
naturally restrict to morphisms between the correspondingies's, and therefore the
semantics can be expressed as a functorEi : O-IN ! IES .

The converse step, fromies's to occurrence i-nets, instead, is shown to be very
problematic. An object level construction can be easily performed, associating to
eachies a corresponding i-net. However such a construction does notgive rise to a
functor. We discuss the origin of this problem, showing thatit is intimately connected
to or-causality, and we argue that it has no reasonable solutions in the considered
framework.
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4.5.1 From occurrence i-nets to ies's

Let us introduce DE-relation naturally associated to an occurrence i-netN , denoted
with the symbol N . It will be used to de�ne �rst a pre- ies and then anies for the
net N .

Definition 4.43 (pre-ies for occurrence i-nets)
Let N be an occurrence i-net. The pre-ies associated toN is de�ned asI p

N = hT; p
N i ,

with N � 2T
1 � T � 2T , given by: for t; t 0 2 T and s 2 S

1. if t � \ ( � t0 [ t0) 6= ; then p
N (; ; t0; f tg)

2. if ( � t [ t) \ � t0 6= ; then p
N (f t0g; t; ; );

3. if s 2 � t then p
N ( � s; t; s� ).

The �rst two clauses of the de�nition encode, by means of the DE-relation, the
causal dependencies and the asymmetric con
icts induced by
ow and read arcs.
The last clause fully exploits the expressiveness of the DE-relation to represent the
dependencies induced by inhibitor places.

Notice that I p
N is a pre-ies, satisfying also condition (1) of the de�nition of ies.

Therefore, as proved in Proposition 4.5, it can be \saturated" to obtain an ies.

Definition 4.44 (ies for occurrence i-nets)
The ies associated to the occurrence i-netN , denoted byI N = hT; N i , is de�ned
as I p

N .

Recall that the causality, asymmetric con
ict and con
ict relations of I N and I p
N

coincide. They will be denoted by< N , %N and # N , respectively.
The next proposition shows that the above construction extends to a functor,

by proving that the transition component of an i-net morphism is an ies-morphism
between the correspondingies's.

Proposition 4.45
Let N0 and N1 be be occurrence i-nets and leth : N0 ! N1 be an i-net morphism.
Then hT : I N0 ! I N1 is a ies-morphism.

Proof. For i 2 f 0; 1g, let < i , % i and # i be the relations of causality, asymmetric con
ict and
con
ict in the pre- ies I p

N i
= hE i ; p i . We show that hT : I p

0 ! I p
1 satis�es conditions (1)-(4) in the

hypotheses of Lemma 4.9 and thushT is an ies-morphism between the corresponding \saturated"
ies's.

1. hT (t0) = hT (t0
0) ^ t0 6= t0

0 ) t0# 0t0
0.

This property can be proved exactly as for c-nets. Alternatively, we can observe that if #a0

denotes the con
ict relation in the c-net R ic (N0) then it is easy to see that #a0 � # 0. Since
R ic (h) = h : R ic (N0) ! R ic (N1) is an c-net morphism, by resorting to Lemma 3.42 in the
previous chapter we conclude thatt0# a0t0

0 and therefore t0# 0t0
0.
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2. p
1(; ; hT (t0); A1) ) 9 A0 � h� 1

T (A1): A0 < 0 t0.
Let us assume p

1(; ; hT (t0); A1). By the de�nition of p
1 we can have

(a) A1 = f t1g and t1
� \ � hT (t0) 6= ; .

Consider s1 2 t1
� \ � hT (t0). By de�nition of i-net morphism there must exist s0 2 � t0 such

that hS (s0; s1), and t0
0 2 T0 such that hT (t0

0) = t1 and s0 2 t0
0

� . By de�nition of p
0, if we

de�ne A0 = f t0
0g, it follows that p

0(; ; t0; A0), and thus by rule (< 1), A0 < t 0. Recalling
that t0

0 2 h� 1
T (t1) and thus A0 � h� 1

T (A1) we conclude.

(b) A1 = f t1g and t1
� \ hT (t0

0) 6= ; .
Analogous to case (a).

(c) 9s1 2 � hT (t0): � s1 = ; ^ s1
� = A1.

Since � s1 = ; , namely s1 is in the initial marking m1 of N1, by de�nition of i-net morphism,
there exists a uniques0 2 m0 such that hS (s0; s1). Again, by de�nition of i-net morphism,
from s1 2 � hT (t0) and hS (s0; s1) it follows that s0 2 � t0. Hence p

0( � s0; t0; s0
� ), namely,

recalling that s0 2 m0,

p
0(; ; t0; s0

� ).

Therefore, by rule (< 1), we have s0
� < 0 t0. Observe that, by the condition (2.a) in the

de�nition of i-net morphisms, hT (s0
� ) � s1

� and, sincehS (s0; s1), necessarilyh is de�ned
on eacht0

0 2 s0
� . Thus s0

� � h� 1
T (s1

� ) concluding the proof for this case.

3. p
1(f hT (t0

0)g; hT (t0); ; ) ) t0 %0 t0
0.

By de�nition of p
1, we can have

(a) ( � hT (t0) [ hT (t0)) \ � hT (t0
0) 6= ; .

Let s1 2 ( � hT (t0) [ hT (t0)) \ � hT (t0
0). If s1 is in the initial marking than, by the de�nition

of i-net morphisms, one easily deduces that there exists a unique places0 2 S0 such that
hS (s0; s1) and moreovers0 2 ( � t0 [ t0) \ � t0

0. Therefore, by de�nition, p
0(f t0

0g; t0; ; ) and
thus, by rule (% 1), t0 %0 t0

0.

Suppose instead thats1 62m1. If ( � t0 [ t0) \ � t0
0 6= ; then we conclude as above. Otherwise,

as in the case of c-nets (Lemma 3.42), one easily deduces thatt0# 0t0
0, and therefore, by rule

(% 3), we can concludet0 %0 t0
0.

(b) 9s 2 hT (t0)� \ � hT (t0
0) ^ s0

� = ; .
By condition (2.c) in the de�nition of i-net morphism (De�ni tion 4.33), there must be
s0 2 t0

� such that hS (s0; s1). By condition (2.d) in the same de�nition, s0 2 � t0. Observing
that necessarilys0

� = ; , we conclude p
0(f t0

0g; t0; ; ) and thus t0 %0 t0
0.

4. p
1(f hT (t0

0)g; hT (t0); A1) ^ A1 6= ; ) 9 A0 � h� 1
T (A1): 9a0 � f t0

0g: p
0(a0; t0; A0).

Assume p
N 1

(f hT (t0
0)g; hT (t0); A1) and A1 6= ; . Thus, by de�nition of p

N 1
there is a place

s1 2 � hT (t0) \ hT (t0
0)� such that A1 = s1

� . Hence there iss0 2 t0
0

� such that hS (s0; s1). By
condition (2.a) in the de�nition of i-net morphism hT (s0

� ) � s1
� = A1 and necessarilyhT

is de�ned on eacht0
0 2 s0

� . Therefore

s0
� � h� 1

T (A1):

Since s0 2 � hT (t0) and hS (s0; s1), by condition (2.d) in the de�nition of i-net morphism,
s0 2 � t0. Hence we conclude that, as desired, N 0 (f t0

0g; t0; s0
� ). 2
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By the above proposition we get the existence of a functor which maps each i-net
to the correspondingies de�ned as in De�nition 4.44 and each i-net morphism to
its transition component.

Definition 4.46
Let Ei : O-IN ! IES be the functor de�ned as:

� Ei (N ) = I N , for each occurrence i-netN ;

� Ei (h : N0 ! N1) = hT , for each morphismh : N0 ! N1.

The core
ection betweenIES and Dom can be �nally used to obtain a do-
main semantics, and, by exploiting Winskel's equivalence,a prime event structure
semantics for semi-weighted i-nets. As explained in Section 4.2, thepes semantics is
obtained from the ies semantics by introducing an event for each possible di�erent
history of events in theies.

4.5.2 From ies's to i-nets: a negative result

In [Win87a] Winskel maps each prime event structure into a canonical occurrence
net, via a free construction which generates, for each set ofevents related in a certain
way by the dependency relations, a unique place that inducesthat kind of relations
on the events. In the previous chapter this construction hasbeen generalized to
c-nets. This section shows that the result cannot be extended to inhibitor nets and
events structures, the problem being essentially the presence of or-causality.

A natural extension of Winskel's construction to inhibitor nets and ies's could
be as follows.

Definition 4.47 (from occurrence i-nets to ies's)
Let I = hE; i be an ies. Then N i (I ) is the net N = hS; T; F; C; I; mi de�ned as
follows:

� m =
�

h;; A; B; C i :
A; B; C � E; 8a 2 A: 8b 2 B: a % b;
# pB ^ 8 c 2 C: 9B 0 � B: B 0 < c

�
;

� S = m [

8
<

:
hfeg; A; B; C i :

A; B; C � E; e 2 E; 8x 2 A [ B: e < x;
8a 2 A: 8b 2 B: a % b;
# pB ^ 8 c 2 C: 9B 0 � B: (f eg; c; B0)

9
=

;
;

� T = E;

� F = hFpre; Fposti , with

Fpre = f (e; s) : s = hx; A; B; C i 2 S; e2 Bg,
Fpost = f (e; s) : s = he; A; B; Ci 2 Sg;
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� C = f (e; s) : s = hx; A; B; C i 2 S; e2 Ag.

� I = f (e; s) : s = hx; A; B; C i 2 S; e2 Cg

As one would expect, the main di�erence with respect to the construction Chap-
ter 3 resides in the fact that here also inhibitor places are added. Since the same kind
of dependency among a set of transitions can be induced by connecting the tran-
sitions to a place in di�erent ways, all the possibilities must appear in N i (Ei (N )).
For instance a dependencye < e0 may be related to the presence of a place which
appears both in the post-set ofe and in the pre-set ofe0. But it may be induced also
by the presence of a place in the initial marking of the net, which inhibits e0 and is
consumed bye.

A �rst problem with the described construction is the fact that, in general, it
does not mapIES objects into O-IN objects. The reason is essentially the fact that
in an occurrence i-net the dependencies induced by the 
ow and read arcs, and those
which are due to the inhibitor arcs are treated di�erently: the former must satisfy
the conditions characterizing occurrence c-nets, while the latter are not constrained
in any way. Instead, in an ies all kind of dependencies are represented via the
only relation . Consequently, the distinction between inhibitor and 
ow/read arcs
cannot be recovered from anies and the net N i (I ) encodes the (possibly cyclic)
situations of dependency among events in all possible ways.For instance, a cycle
of causality is represented not only with inhibitor arcs butalso with 
ow arcs. In
this way the c-net underlying N i (I ) may not be an occurrence c-net and thus, in
general,N i (I ) is not an occurrence i-net.

However this is a minor problem, since the problematic situations are clearly
related to the non executable events of anies, i.e., to events which do not appear
in any con�guration. The presence of such events leads to thegeneration of nets
containing cyclic or non-well founded situations, which donot satisfy the require-
ments to be an occurrence i-net. The mentioned problem disappear if we remove
the non-executable events and work withIES � objects. A functor from O-IN to
IES � , mapping each occurrence i-net into anies where all events are executable,
can be obtained simply as 	 � Ei , where 	 : IES ! IES � is the functor de�ned in
Section 4.2 (De�nition 4.27). The construction described in De�nition 4.47, applied
to a IES � object indeed produces an occurrence i-net.

Proposition 4.48
Let I be aIES � object. ThenN i (I ) is an occurrence i-net.

Proof. Let N i (I ) = ( S; T; F; C; I; m ). Then by construction, the initial marking and the pre-
set, post-set and context of any transition are sets. Moreover the net is safe since any transition
consumes a token in a place inm and thus it can be �red at most once.

Finally, if � and % are the causality and asymmetric con
ict relation in the und erlying c-net,
then it is easy to realize that � is a partial order and % is acyclic on the causes of each transition.
In fact one can prove that such relations are included into the corresponding relations of theies
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I , and thus the presence of a non-�rable transition in the net would imply the presence of a non-
executable event inI . 2

It is not di�cult to verify that if I is an IES � object then Ei (N i (I )) ' I . Hence
it is still possible to obtain a net representing a given event structure.

However a second problem exists, which instead appears hardto get rid of and
which makes impossible to turn the construction into a functor. The problem is illus-
trated by the following example. Consider twoies's I 0 and I 1, obtained by saturating
the pre-ies's hfe0; e0

0; e00
0g; f (; ; e0; f e0

0; e00
0g)gi , and hfe1; e0

1g; f (; ; e1; f e0
1g)gi . The nets

N i (I 0) and N i (I 1), are quite complicated, therefore the �gure below represents only
the parts of these nets which are relevant to our argument.

�

e0 �
s0

e0
0 e00

0

�
s1

e0
1 �

e1

N i (I 0) N i (I 1)

It is easy to see that theies-morphismf : I 0 ! I 1 de�ned by f (e0
0) = f (e00

0) = e1

and f (e0) = e0
1 is well de�ned, but it cannot be extended to the places of the nets

above in order to obtain an i-net morphism. Formally, the problem is that there is
no place in � e0 which can be mapped tos1.

Conceptually, the problem is related to the fact that in an occurrence i-net a
situation of or-causality can be induced only by a place likes0, which inhibits a
transition and is consumed by other transitions. Instead, the or-causality induced
by a backward con
ict is forbidden, while, as already observed, at the level ofies's,
where one forgets the state, the two dependency situations become indistinguishable.
Indeed one could be tempted to generate, instead ofN i (I 0) above, a di�erent net,
where or-causality is represented also by backward con
icts (see the picture below).

�

e0 �
s0

e0
0 e00

0

However, in this way the generated net is not an occurrence i-net, but, by analogy
with the 
ow nets of [Bou90], something which we could call a
ow i-net . Unfortu-
nately the na•�ve solution of enlarging the category of occurrence i-net to comprise
also such kind of nets does not work, as one can easily check. Therefore, the un-
folding construction should be changed in order to generatea 
ow net instead of
an occurrence i-net. However this would be a drastic change,modifying the basic
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intuition underlying the unfolding. In fact transitions and places in the \ordinary"
unfolding are identi�ed by their history, a concept which, in the presence of backward
con
icts, would become unclear.

4.6 Processes of i-nets and their relation with the
unfolding

We showed that i-nets can be given a functorial unfolding semantics which general-
izes the one de�ned for c-nets. Unfortunately, the results obtained for c-nets cannot
be fully extended to i-nets and the step which leads from occurrence i-nets to in-
hibitor event structures is not expressed as a core
ection.Nevertheless, the work
developed so far allows us to naturally provide i-nets with a(deterministic) process
semantics, which nicely �ts with the notions already existing in the literature. Also
a notion of concatenable i-net processcan be easily de�ned, and, as already done
for c-nets, by exploiting the characterization of the unfolding construction as a core-

ection between the categories of semi-weighted i-nets andoccurrence i-nets, a tight
relationship can be established between the (concatenable) process semantics and
the unfolding semantics of an i-net.

We will concentrate only on the peculiar aspects of i-nets, referring the reader to
the previous chapter for an extensive explanation of the notions and results which
are an easy adaptation of those for c-nets.

The de�nition of nondeterministic process remains exactlythe same. A (nonde-
terministic) process of an i-net is de�ned as as on occurrence i-net O' with a special
kind of morphism, calledstrong, to the original net. A strong morphism is total on
places and transitions, and maps places into places (ratherthan into multisets of
places). Furthermore to correctly represent a concurrent computation of the origi-
nal net N , a strong morphism is required to preserve (and not only to re
ect) the
inhibitor arcs. In this way the net underlying a process ofN turns out to have the
same \structure" of the net N .

Definition 4.49 (strong i-net morphism)
An i-net morphism f : N0 ! N1 is called strong if f T and f S are total functions,
and for any places0 and transition t0 in N0, if I 0(t0; s0) then I 1(f T (t0); f S(s0)) .

Observe that if f is a strong morphism thenI 0(t0; s0) i� I 1(f T (t0); f S(s0)) , since
the converse implication follows from the de�nition of general i-net morphisms (see
De�nition 4.33). Observe that, in particular, the folding morphism is a strong mor-
phism.

Definition 4.50 ((nondeterministic) process)
A marked processof an i-net N = hS; T; F; C; I; mi is a mapping ' : N ' ! N ,
whereN ' is an occurrence i-net and' is a strong i-net morphism. The process is
calleddiscrete if N ' has no transitions.
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An unmarked processof N is de�ned in the same way, where the mapping' is
an \unmarked morphism", namely' is not required to preserve the initial marking
(it satis�es all conditions of De�nition 4.33, but (1)).

As usual, an isomorphism between two processes of a netN is an isomorphism
between the underlying occurrence i-nets, which is consistent with the mapping
over the original netN .

A deterministic occurrence i-netis de�ned as an occurrence i-net where all the
events can be executed in a single computation. However, di�erently from what
happens for ordinary nets and c-nets, this requirement may not be su�cient to ensure
that a deterministic occurrence net is a good representative of a uniquely determined
computation. In fact, from the previous considerations on i-nets andies's it should
be clear that computations involving the same events may be di�erent from the
point of view of causality. For instance, consider the basicnet N0 of Figure 4.1 with
just one inhibitor arc. The transitions t, t0 and t0 may be executed in two di�erent
orders, namelyt; t0; t0 or t0; t0; t, and, while in the �rst case it is natural to think
of t as a cause oft0, in the second case we can imagine that insteadt0 (and thus
t0) causest. This further information is taken into account in the so-called enriched
occurrence i-nets, where a choice relation on the set of transitions speci�es which of
the possible computations we are referring to.

Definition 4.51 (deterministic occurrence i-net)
A deterministic occurrence i-netis an occurrence i-netO = hS; T; F; C; I; mi such
that, if Ei (O) = hTO; O i is the correspondingies then hTO; ,! TO i is a con�guration
of Ei (O) for some choice,! TO . In this case the pairhO; ,! TO i is called anenriched
deterministic occurrence i-net.

The notion of enriched deterministic occurrence i-net coincides, apart from the
slightly di�erent presentation, with that in [Bus98, BP99] (see also Section 2.3).
We recall that in such papers an enriched occurrence i-net isde�ned as an i-net,
where the set of inhibitor arcsI is partitioned into two subsets: the \before" arcs
I b and the \after" arcs I a. Intuitively, if ( t; s) 2 I b is a \before" arc then t must be
executed before the places is �lled, while if ( t; s) 2 I a is an \after" arc then t must
be executed after the places has been emptied. The precedence relation among
transitions induced by such a partition is required to be acyclic. A comparison of
the two de�nitions reveals that the only di�erence resides in the fact that in our case
the choice is done directly on transitions, while [Bus98, BP99] imposes requirements
on each single inhibiting arc. Therefore the two approachesare equivalent, although
we think that imposing precedences directly on transitionsis slightly more natural.

Definition 4.52 (deterministic process)
A (marked or unmarked) deterministic processfor an i-net N is a pair h'; , ! ' i ,
where ' : O ! N is a process ofN and hO' ; ,! ' i is an enriched deterministic
occurrence i-net.
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A process is called�nite if the set of transitions inO' is �nite. In this case, we denote
by min(' ) and max(' ) the sets of places inO' which have empty pre-set and post-
set, respectively. Moreover we denote with� ' and ' � the multisets �' S(min( ' ))
and �' S(max(' )), called respectively thesourceand the target of ' . We will usually
denote an enriched process simply by' , and use the symbol,! ' to refer to the
associated choice relation.

Two enriched processes' 1 and ' 2 are isomorphic if there exists a process iso-
morphismh : ' 1 ! ' 2, whose transition component is an isomorphism of the partial
ordershT' 1 ; ,! �

' 1
i and hT' 2 ; ,! �

' 2
i .

Also the notion of concatenable process can be naturally extended to i-nets. As
usual a meaningful operation of sequential composition canbe de�ned only on the
unmarked processes and a suitable ordering over the places in min(' ) and max(' )
is needed to distinguish di�erent occurrences of tokens in the same place.

Definition 4.53 (concatenable process)
A concatenable processof a c-net N is a triple 
 = h�; '; � i , where

� ' is a �nite deterministic unmarked process ofN ;

� � is ' -indexed ordering ofmin(' );

� � is ' -indexed ordering ofmax(' ).

An isomorphism between concatenable processes is de�ned, as usual, as a process
isomorphism which respects the ordering of the minimal and maximal places. An
isomorphism class of processes is called an(abstract) concatenable processand de-
noted by [
 ], where
 is a member of that class. In the following we will often omit
the word \abstract" and write 
 to denote the corresponding equivalence class.

The operation of sequential composition of two concatenable processes
 1 =
h� 1; ' 1; � 1i and 
 2 = h� 2; ' 2; � 2i of an i-net N is de�ned as the process obtained
by gluing the maximal places of' 1 and the minimal places of' 2 according to the
ordering of such places. Once the two underlying netsO1 and O2 have been glued
producing a new netO, a delicate point is the de�nition of the inhibiting relation in
O. In fact, if a place s inhibits a transition t in the original net, then each copy of
the places must inhibit each copy of the transition t. To achieve this result, some
inhibitor arcs must be added toO connecting places inO1 with transitions in O2,
and vice versa. Technically, the resulting net is the uniquepossible enrichment ofO
with inhibitor arcs which makes the gluing of the two processes a process ofN .

Moreover the choice relation associated to the sequential composition is given
by the union of ,! ' 1 and ,! ' 2 , with the new dependencies arising for the fact that
the two processes are \connected". As for c-nets some of these dependencies are
induced by the fact that places in max(' 1) can be used used by transitions of' 2.
Other dependencies are peculiar of the construction on i-nets, being related to the
newly added inhibitor arcs.
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Definition 4.54 (sequential composition)
Let 
 1 = h� 1; ' 1; � 1i and 
 2 = h� 2; ' 2; � 2i be two concatenable processes of an i-net
N such that' 1

� = � ' 2. SupposeT1 \ T2 = ; and S1 \ S2 = max( ' 1) = min( ' 2), with
' 1(s) = ' 2(s) and � 1(s) = � 2(s) for eachs 2 S1\ S2. In words 
 1 and 
 2 overlap only
on max(' 1) = min( ' 2), and on such places their labelling on the original net and
the ordering coincide. Denote by' : O ! N the componentwise union of' 1 and ' 2.
Then the concatenation
 1; 
 2 is the concatenable process
 = h� 1; ' : O0 ! N; � 2i ,
whereO0 is the unique enrichment ofO with new inhibitor arcs making' an i-net
morphism, namelyI O0 is de�ned as:

I O0(t0; s0) i� I N (' (t); ' (s)) .

The choice relation is de�ned as,! ' 1 [ ,! ' 2 [ r , where

r = f (t1; t2) 2 T' 1 � T' 2 j t1
� \ ( � t2 [ t2) 6= ; _ t1 \ � t2 6= ;g [

f (t1; t2) 2 T' 1 � T' 2 j � t1 \ t2
� 6= ; _ � t1 \ � t2 6= ;g

We remark that, as expected, the choice relation associatedto the sequential com-
position takes care of the precedences induced by the 
ow andcontext relations on
the transitions connected to the \interface" places. Moreover, whenever a choice is
necessary between two transitionst1 2 T' 1 and t2 2 T' 2 because a new inhibitor
arc has been added by the construction, the transitions are ordered in the expected
way, namelyt1 comes �rst.

It is not di�cult to see that sequential composition is well-de�ned. The only
doubt which may arise regards the acyclicity of the relation,! �

' . But observing that
the new dependencies added by the concatenation are only of the kind (t1; t2) with
t i 2 T' i for i 2 f 1; 2g, one easily realizes that a cycle should be entirely inside one
of the two original processes.

The above construction induces a well-de�ned operation of sequential composi-
tion between abstract processes. In particular, if [
 1] and [
 2] are abstract concaten-
able processes such that
 1

� = � 
 2 then we can always �nd
 0
2 2 [
 2] such that 
 1; 
 0

2
is de�ned. Moreover the result of the composition at abstract level, namely [
 1; 
 0

2],
does not depend on the particular choice of the representatives.

Definition 4.55 (category of concatenable processes)
Let N be an i-net. Thecategory of (abstract) concatenable processesof N , denoted
by CP [N ], is de�ned as follows. Objects are multisets of places ofN , namely ele-
ments of �S . Each (abstract) concatenable process[h�; '; � i ] of N is an arrow from
� ' to ' � .

In the case of c-nets one can prove that the prime algebraic domain obtained from
the unfolding of a net can be characterized as (ideal completion of) the collection
of processes starting from the initial marking, endowed with a kind of subprocess
order. This result, which establishes a quite intuitive correspondence between the
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two kinds of semantics, still holds for i-nets. Let us outline how the approach followed
for c-nets can be extended to i-nets.

First, it is immediate to see that for any i-netN = hS; T; F; C; I; mi the comma
categoryhm # CP [N ]i is a preorder. The objects of such category are concatenable
processes ofN starting from the initial marking. An arrow exists from a process
 1

to 
 2 if the second one can be obtained by concatenating the �rst one with a third
process
 .

Lemma 4.56
Let N = hS; T; F; C; mi be an i-net. Then, the comma categoryhm # CP [N ]i is a
preorder.

In the sequel the preorder relation overhm # CP [N ]i (induced by sequential com-
position) will be denoted by. N or simply by . , when the netN is clear from the
context. Therefore
 1 . 
 2 if there exists 
 such that 
 1; 
 = 
 2.

The main result is then based on a characterization of the preorder relation . N

in terms of left injections, formalizing the intuition according to which the preorder
on hm # CP [N ]i is a generalization of the pre�x relation. First, we must introduce
an appropriate notion of left-injection for processes of i-nets.

Definition 4.57 (left injection)
Let 
 i : m ! M i (i 2 f 1; 2g) be two objects inhm # CP [N ]i , with 
 i = h� i ; ' i ; � i i .
A left injection � : 
 1 ! 
 2 is a morphism of marked i-net processes� : ' 1 ! ' 2,
such that

1. � is consistent with the indexing of minimal places, namely� 1(s) = � 2(�(s))
for all s 2 min(' 1);

2. �T : hT' 1 ; ,! �
' 1

i ! h T' 2 ; ,! �
' 2

i is a rigid embedding.

As for c-nets, the rigidity condition ensures that
 2 does not extend
 1 with tran-
sitions which should occur before transitions already in
 1. Hence the past history
of each transition in 
 1 remains the same in
 2 (and thus the inclusion is also order
monic).

Lemma 4.58
Let 
 i : m ! M i (i 2 f 1; 2g) be two objects inhm # CP [N ]i , with 
 i = h� i ; ' i ; � i i .
Then


 1 . 
 2 i� there exists a left injection � : 
 1 ! 
 2.

Having this lemma, the theorem which characterizes the domain semantics of a
semi-weighted i-net in term of its deterministic processescomes as an easy conse-
quence.
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Theorem 4.59 (unfolding vs. concatenable processes)
Let N be a semi-weighted i-net. Then the ideal completion ofhm # CP [N ]i is iso-
morphic to the domainL i (Ei (U i (N ))) .

Proof (Sketch). Let N = hS; T; F; C; I; m i be an i-net and let 
 = h�; '; � i be a concatenable
process inhm # CP [N ]i . Being ' a marked process ofN (and thus a i-net morphism ' : O' ! N ),
by the universal property of core
ections, there exists a unique arrow ' 0 : O' ! U i (N ), making
the diagram below commute.

U i (N )
f N

N

O'

' 0
'

Obviously, also the converse holds. namely, each process' 0 of the unfolding can be turned in a
uniquely determined process' = ' 0; f N of the net N .

Recall that the compact elements of the domainL i (Ei (U i (N ))), associated to N are the
�nite con�gurations of Ei (U i (N )). Therefore we can de�ne a function � : hm # CP [N ]i !
K(L i (Ei (Ua(N )))) as � (
 ) = ( ' 0

T )� (hT' ; ,! ' i ), where T' is the set of transitions of O' . The
function � is well de�ned since by de�nition of deterministic process hT' ; ,! ' i is a con�gura-
tion of Ei (O' ) and, by Proposition 4.45, the transition component of an i-net morphism is an
ies-morphism, which, by Lemma 4.22, maps con�gurations into con�gurations.

Proceeding as for c-nets it is possible to show that the function � is surjective, basically be-
cause each con�guration of theies associated to the unfolding determines a deterministic subnet
of the unfolding. The corresponding process ofN , enriched with the order associated to the con-
�guration, is mapped to the original con�guration. The fact that � is monotone and re
ects the
order can be proved by exploiting Lemma 4.58. The existence of the function � with the above
mentioned properties, by a general result on preorders (seeLemma 3.66), allows us to conclude
that Idl(hm # CP [N ]i ) and L i (Ei (U i (N ))) are isomorphic. 2



Final Remarks on Part I

The main contribution of the �rst part of the thesis is a truly concurrent event-based
semantics for (semi-weighted) P/T nets extended with context and inhibitor arcs.

For the simpler case ofcontextual netsthe semantics is given at categorical level
via a core
ection between the categoriesSW-CN of semi-weighted c-nets andDom
of �nitary coherent prime algebraic domains (or equivalently PES of prime event
structures). Such a core
ection factorizes through the following chain of core
ections:

SW-CN
Ua

? O-CN
Ea

?

I O

AES
L a

?

N a

Dom
P a

P

� PES
L

A key role in the treatment of contextual nets is played byasymmetric event
structures, an extension of Winskel's (prime) event structures (with binary con-

ict), introduced to deal with asymmetric con
icts. Asymmetric event structures
are closely related to other models in the literature, likepes's with possible
events [PP95], 
ow event structures with possible 
ow [PP95] and extended bun-
dle event structures [Lan92b]. However, none of the above models was adequate for
representing the behaviour of contextual nets:pes's with possible events are not suf-
�ciently expressive, while the other two models look too general and unnecessarily
complex for the treatment of contextual nets, due to their capability of expressing
multiple disjunctive causes for an event. More technically, as it follows form the
discussion in Section 4.5, the possibility of expressing or-causality in these models
would have prevented us from realizing the step from occurrence c-nets to event
structures as a core
ection.

Independently from the conference version ofChapter 3 , appeared
as [BCM98b], an unfolding construction for contextual netshas been proposed by
Vogler, Semenov and Yakovlev in [VSY98]. The unfolding of [VSY98] is carried out
in the case of safe �nite c-nets and without providing a categorical characterization
of the constructions. Anyway, apart from some matters of presentation, it is based
on ideas analogous to ours and it leads to the same result. A very interesting result
in that paper is the extension of the McMillan algorithm for the construction of a
�nite pre�x of the unfolding to a subclass of contextual nets, called read-persistent
contextual nets. The algorithm is then applied to the analysis of asynchronous cir-
cuits. We are con�dent that the result in Chapter 3 , and in particular the notion
of set of possible histories of an event in a contextual net, may ease the extension
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of the technique proposed in [VSY98] to the whole class of semi-weighted c-nets
(perhaps at the price of a growth of the complexity).

The treatment of inhibitor nets requires the introduction of inhibitor event struc-
tures, a new event structure model which properly generalizesaes's. In such struc-
tures a relation, calleddisabling-enabling relation, allows one to model, in a com-
pact way, the presence of disjunctive con
icting causes andthe situations of relative
atomicity of pairs of events with respect to a third one, determined by inhibitor arcs.

The truly concurrent semantics for inhibitor nets is given via a chain of functo-
rial constructions leading from the categorySW-IN of semi-weighted i-nets to the
categoryDom of �nitary prime algebraic domains:

SW-IN
U i

? O-IN Ei

I O

IES
L i

? Dom
P i

P

� PES
L

The unfolding and its characterization as a universal construction are \lifted" from
contextual to inhibitor nets. Unfortunately, in this more complex case, we cannot
fully generalize Winskel's chain of core
ections. The problem is the absence of a
functor performing the backward step fromies's to occurrence inhibitor nets. As
shown in Section 4.5, this is essentially due to the presenceof or-causality in inhibitor
event structures and, under reasonable assumptions on the notions of occurrence net
and of unfolding, the problem has no solutions.

It is worth noticing that the construction on inhibitor nets is a conservative
extension of those on contextual nets, which in turn extendsWinskel's [Win87a].
More precisely, as one can easily grasp from the discussion in the previous chapters,
the following diagram, where unnamed functors are inclusions, commutes.

S-N
U

O-N
E

PES
J

L

SW-CN
Ua

O-CN
Ea

AES
J a

L a
Dom

SW-IN
U i

O-IN
Ei

IES

L i

The truly concurrent semantics of contextual and inhibitornets given via the
unfolding has been shown to be closely related to variousdeterministic process
semantics proposed in the literature. The natural notion of deterministic process
arising from our theory coincides with the other notions in the literature (at least
with those developed assuming the same notion of enabling).A formal relationships
between the unfolding and the deterministic process semantics has been established
by showing that the domain semantics of a net, given by the above described chains
of functors, is isomorphic to the set of deterministic processes of the net starting
from the initial marking, endowed with a kind of pre�x ordering.
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As mentioned above, the capability of expressing asymmetric con
icts in compu-
tations makes asymmetric event structures close to other extensions of event struc-
tures in the literature. Asymmetric event structures can beseen as a generalization
of prime event structures with possibleevents (ppes's) [PP95]. While for aes's the
asymmetric con
ict relation essentially speci�es for eachevent the set of its possible
causes, which may appear or not in the history of the events, in the case ofppes's
there is a distinguished global set of possible events. As observed inChapter 3 ,
ppes's are strictly less expressive thanaes's.

On the other hand, an explicit asymmetric con
ict relation has been consid-
ered in extended bundle event structures(ebes's) [Lan92b], where there is also the
possibility of expressing a set of disjunctive con
ictual causes for an event, called
a bundle. In turn, ebes are generalized by
ow event structure with possible 
ow
(pfes 's) in the same way asbundle event structures(bes) [Lan92a] are generalized
by 
ow event structures (see Section 2.4).

Inhibitor event structures, due to their capability of expressing, by means of the
DE-relation, both asymmetric con
icts and sets of con
ictual disjunctive causes,
generalizeaes's and ebes's. The relation betweenies's and pfes is still to be
investigated, although likely the two models are not comparable.

The following diagram represents a hierarchy of expressiveness of the mentioned
event structure models.

PES PPES AES

BES EBES IES

FES PFES

Since the functorP i : Dom ! IES is obtained by composing Winskel's functor
P : Dom ! PES with the inclusion of PES into IES , it is easy to see that the
core
ection betweenIES andDom proved in Theorem 4.26 restricts to a core
ection
between each model which is included inIES , and Dom .

We also observe that the construction which associates the domain of con�gura-
tions to an aes can be easily modi�ed to generate anevent automata[PP95] (see
Section 2.4). Given anies I = hE; i , the corresponding event automataA (I ) is
obtained by considering the domain of con�gurations ofI and forgetting the choice
relations of con�gurations. More formally

A (I ) = hE; St; _ i ;

where St = f C � E j 9,! C : hC; ,! C i 2 Conf (I )g, and C1 _ C2 whenever for
i 2 f 1; 2g there is a choice relation,! i such that hCi ; ,! i i 2 Conf (I ) and hC1; ,! 1i �
hC2; ,! 2i . The above construction gives rise to a functorA : IES ! EvAut .
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We already mentioned that Winskel's construction has been generalized
in [MMS96] not only to the subclass of semi-weighted P/T nets, but also to the
full class of P/T nets. In the last case, some additional e�ort is needed and only a
proper adjunction rather than a core
ection can be obtained. We think that also
the results on contextual and inhibitor nets can be extendedto the full class of P/T
nets, by following the guidelines traced in [MMS96] and exploiting, in particular,
suitable generalizations to c-nets and i-nets of the notions of decorated occurrence
net and of family morphism introduced in that work.



Part II

Semantics of DPO Graph
Grammars





Chapter 5

Typed Graph Grammars in the
DPO Approach

This chapter provides an introduction to thealgebraic approachto graph transforma-
tion based on thedouble-pushout(dpo ) construction [Ehr79]. We �rst give the basic
de�nitions of typed dpo graph grammar, rewriting step and derivation, formalizing
the intuitive description of the rewriting mechanism described in the Introduc-
tion . This allows us also to give a more precise account of the relationship between
dpo typed graph grammar and P/T Petri nets. Then we introduce thefundamental
notions of the concurrency theory ofdpo graph transformation by presenting the
trace semanticsbased on theshift equivalence[Kre77, CEL+ 94a, CMR+ 97]. The
presentation slightly di�ers from the classical one since we adopt an equivalent,
in our opinion more convenient, approach to the sequential composition of traces,
based oncanonical graphsrather than on standard isomorphisms. Finally, we intro-
duce thecategory of graph grammarswe shall work with. Our morphisms on graph
grammars, which arise as a generalization of Winskel's morphisms for Petri nets,
are a slight variation of the morphisms in [CEL+ 96a].

5.1 Basic de�nitions

A common element of all the algebraic approaches to graph rewriting is the use of
category theory as a basic tool: the structures on which the rewriting takes place
are turned into a categoryC and then the fundamental notions and constructions
are expressed via diagrams and constructions inC. As a consequence the resulting
theory turns out to be very general and 
exible, easily adaptable to a wide range
of structures (from several kind of graphs to more general structures [EKT94]) just
changing the underlying category.

Originally the dpo approach to graph transformation has been de�ned for la-
belled graphs. Following a slightly di�erent but well-established approach, here
we consider a generalization of basic graph grammars calledtyped graph gram-
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mars [CMR96], where a more sophisticated labelling technique for graphs is consid-
ered: each graph is typed on a structure that is itself a graph(called the graph of
types) and the labelling function is required to be a graph morphism, i.e., it must
preserve the graphical structure. This gives, in a sense, more control on the labelling
mechanism. From the formal side, working with typed graph grammars just means
changing the category over which the rewriting takes place,from labelled graphs to
typed graphs.

Definition 5.1 (graph)
A (directed, unlabelled) graphis a tuple G = hNG; EG; sG; tG i , where NG is a set
of nodes, EG is a set of edges, and sG; tG : EG ! NG are the sourceand target
functions. A graph isdiscrete if it has no edges. Agraph morphismf : G ! G0 is a
pair of functions f = hf N : NG ! NG0; f E : EG ! EG0i which preserve sources and
targets, i.e., such thatf N � sG = sG0 � f E and f N � tG = tG0 � f E ; it is an isomorphism
if both f N and f E are bijections; moreover, anabstract graph [G] is an isomorphism
class of graphs, i.e.,[G] = f H j H ' Gg. An automorphismof G is an isomorphism
h : G ! G; it is non-trivial if h 6= idG. The category having graphs as objects and
graph morphisms as arrows is calledGraph .

In the following it will be useful to consider graphs as unstructured sets of nodes
and edges. For a given graphG, with Items(G) we denote the disjoint union of nodes
and edges ofG; for simplicity, we will assume that all involved sets are disjoint, to
be allowed to seeItems(G) as a set-theoretical union. Often, when the meaning is
clear from the context, we will identify a graphG with the set Items(G), writing,
for instance,x 2 G instead ofx 2 Items(G).

Definition 5.2 (category of typed graphs)
Given a graphTG, a typed graph G over TG (or TG-typed graph) is a graphjGj,
together with a morphismtG : jGj ! TG. A morphism betweenTG-typed graphs
f : G1 ! G2 is a graph morphismf : jG1j ! j G2j consistent with the typing, i.e.,
such thattG1 = tG2 � f . A typed graphG is calledinjective if the typing morphismtG

is injective. The category ofTG-typed graphs and typed graph morphisms is denoted
by TG-Graph and can be sinthetically de�ned as the category of graphs over TG,
i.e., hGraph # TGi (see De�nition A.22 in the Appendix ).

In the sequel, ifTG is clear from the context,TG-type graphs will be called simply
typed graphsand, similarly, morphisms ofTG-typed graphs will be calledtyped graph
morphisms.

By general categorical arguments, the fact thatTG-Graph is de�ned via a
comma category construction ensures us that it retains the properties of complete-
ness and cocompleteness ofGraph . Limits and colimits of diagrams inTG-Graph
can be computed inGraph . Hence, to move from labelled to typed graphs we just
syntactically replace the category of labelled graphs withthat of typed graphs in
all the de�nitions and results of the dpo approach to graph transformation. Fur-
thermore, it is worth remarking that the typing mechanism subsumes the usual
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A
b

c

B

f
f 0

C g

g0

D
h

D 0

Figure 5.1: Pushout diagram.

labelling technique, where there are two label alphabets 
N for nodes and 
E for
edges, and, correspondingly, two labelling functions. In fact, consider the graph of
types TG
 = h
 N ; 
 E � 
 N � 
 N ; s; ti , with s(e; n1; n2) = n1 and t(e; n1; n2) = n2.
It is easily seen that there is an isomorphism between the category of labelled graphs
over h
 N ; 
 E i and the category ofTG
 -typed graphs.

The core of the algebraic approach to graph transformation is the idea of ex-
pressing thegluing of graphsin categorical terms as apushout construction(see
also De�nition A.17 in the Appendix ). We next recall the notions of pushout and
pushout complement, and the underlying intuition which will guide the de�nition of
the rewriting mechanism.

Definition 5.3 (pushout)
Let C be a category and letb : A ! B , c : A ! C be a pair of arrows ofC. A
triple hD; f : B ! D; g : C ! D i as in Figure 5.1 is called apushout of hb; ci if the
following conditions are satis�ed:

[Commutativity]
f � b= g � c;

[Universal Property]
for any objectD 0 and arrowsf 0 : B ! D 0 and g0 : C ! D 0, with f 0� b = g0� c,
there exists a unique arrowh : D ! D 0 such thath � f = f 0 and h � g = g0.

In this situation, D is called a pushout object of hb; ci . Moreover, given arrows
b : A ! B and f : B ! D, a pushout complementof the pair hb; f i is a triple
hC; c : A ! C; g : C ! D i such thathD; f; g i is a pushout ofb and c. In this case
C is called apushout complement objectof hb; f i .

In the category Set of sets and (total) functions the pushout object can be
characterized asD = ( B + C)=� , where � is the least equivalence onB + C =
fh0; xi j x 2 Bg [ fh 1; yi j y 2 Cg such that, for eacha 2 A, h0; b(a)i � h 1; c(a)i , or
in words, D is the disjoint union of B and C, where the images ofA through b and
c are equated. The morphismsf and g map each element ofB and C, respectively,
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to the corresponding equivalence class inD. One can see that, analogously, in the
category of graphs and (total) graph morphisms the pushout object can be thought
of as thegluing of B and C, obtained by identifying the images ofA through b and
c. According to this interpretation, the pushout complementobject C of b and f , is
obtained by removing fromD the elements off (B ) which are not images ofb(A).

A typed production in the double-pushout approach is aspan, i.e., a pair of typed
graph morphisms with common source. Moreover each production has an associated
name which allows one to distinguish productions with the same associated span.
Such a name plays no role when the production is applied to a graph, but it is relevant
in certain transformations of derivations and when relating di�erent derivations.

Definition 5.4 (typed production)
A (TG-typed graph) production (L l K r! R) is a pair of injective typed graph
morphismsl : K ! L and r : K ! R, with jL j, jK j and jRj �nite graphs. It is called
consumingif morphism l : K ! L is not surjective. The typed graphsL, K , and R
are called theleft-hand side, the interface, and theright-hand sideof the production,
respectively.

Although sometimes we will consider derivations starting from a generic typed
graph, a typed graph grammar comes equipped with a start graph, playing the same
role of the initial symbol in string grammars, or of the initial marking for Petri nets.
Conceptually, it represents the initial state of the systemmodelled by the grammar.

Definition 5.5 (typed graph grammar)
A (TG-typed) graph grammar G is a tuple hTG; Gs; P; � i , where Gs is the start
(typed) graph, P is a set of production names, and � a function mapping each
production name in P to a graph production. Sometimes to indicate that� (q) =

(L l K r! R) we shall write q : (L l K r! R). The grammar G is called
consumingif all its productions are consuming, and�nite if the set of productions
P is �nite.

Since here we work only with typed notions, when it is clear from the context we
will often omit the quali�cation \typed" and do not indicate explicitly the typing
morphisms.

Remark 5.6 (consuming grammars)
In the following we will implicitly assume that all the considered graph grammars
are consuming. As already discussed for Petri nets, this restriction becomes es-
sential only when developing a semantics based on an unfolding construction. In
fact, occurrence grammars, event structures and domains are not suited to repre-
sent computations of non-consuming grammars: in the presence of a non-consuming
production q : L

 
l K

!
r R where the setL � l(K ), which can be thought of as

the pre-set ofq, is empty, an unbounded number of indistinguishable copiesof pro-
duction q can be applied in parallel in a derivation. Instead, at the price of some
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Figure 5.2: (a) The parallel productionh(q1; in 1); : : : ; (qk ; in k)i : (L l K r! R) and
(b) its compact representation.

technical complications, a (deterministic) process semantics can be still developed
for general grammars (see, e.g., [BCE+ 99]).

The application of a production produces alocal transformation in the rewritten
graph; hence the idea of allowing for the concurrent application of more than one
production naturally emerges. The idea of \parallel composition" of productions is
naturally formalized in the categorical setting by the notion of parallel production.

Definition 5.7 ((typed) parallel productions)
A (typed) parallel production (of a given typed graph grammarG) has the form

h(q1; in 1); : : : ; (qk ; in k)i : (L l K r! R) (see Figure 5.2), wherek � 0,

qi : (L i
l i K i

r i! Ri ) is a production of G for each i 2 k,1 L is a coproduct ob-
ject of the typed graphs inhL1; : : : ; Lk i , and similarly R and K are coproduct objects
of hR1; : : : ; Rk i and hK 1; : : : ; K k i , respectively. Moreover,l and r are uniquely deter-
mined, using the universal property of coproducts, by the families of arrows f l i gi 2 k

and f r i gi 2 k , respectively. Finally, for eachi 2 k, in i denotes the triple of injec-
tions hin i

L : L i ! L; in i
K : K i ! K; in i

R : Ri ! Ri . The empty production is the
(only) parallel production with k = 0, having the empty graph; (initial object in
TG-Graph ) as left-hand side, right-hand side and interface, and it isdenoted by; .

We will often denote the parallel production of Figure 5.2.(a) simply asq1 + q2 +

: : : + qk : (L l K r! R); note however that the \+" operator is not assumed to be
commutative. We will also use the more compact drawing of Figure 5.2.(b) to depict
the same parallel production. Furthermore, we will freely identify a production q of
G with the parallel production h(q;hidL ; idK ; idR i )i ; thus, by default, productions
will be parallel in the rest of the thesis.

1For each n 2 N, by n we denote the setf 1; 2; : : : ; ng (thus 0 = ; ).
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Figure 5.3: (Parallel) direct derivation as double-pushout construction.

The rewriting procedure involves two pushout diagrams in the category of graphs,
hence the name of double-pushout approach.

Definition 5.8 ((parallel) direct derivation)
Given a typed graphG, a parallel productionq = q1 + : : : + qk : (L l K r! R), and
a match (i.e., a graph morphism)g : L ! G, a (parallel) direct derivation � from
G to H using q (based ong) exists if and only if the diagram in Figure 5.3 can be
constructed, where both squares are required to be pushoutsin TG-Graph . In this
case,D is called thecontext graph, and we write� : G ) q H , or also � : G ) q;g H ;

only seldom we shall write� : G
hg;k;h;b;di

=) q H , indicating explicitly all the morphisms
of the double-pushout. Ifq = ; , i.e., if q is the empty production, thenG ) ; H is
called anempty direct derivation.

Example 5.9 (client-server systems)
As a running example we will use the simple typed graph grammar shown in Fig-
ure 5.4, which models the evolution of client-server systems (this is a little modi-
�cation of an example from [CMR+ 97]). The typing morphisms from the involved
graphs to the graph of typesTG are not depicted explicitly, but they are encoded
by attaching to each item its type, i.e., its image inTG, separated by a colon. We
use natural numbers for nodes, and underlined numbers for edges. For example, the
node 4 of the start graphG0 is typed over the nodeC of TG.

A graph typed over TG represents a possible con�guration containing servers
and clients (denoted by nodes of typesS and C, respectively), which can be in
various states, as indicated by edges. A loop of typejob on a client means that the
client is performing some internal activity, while a loop oftype req means that the
client issued a request. An edge of typebusyfrom a client to a server means that
the server is processing a request issued by the client.

Production REQ models the issuing of a request by a client. After producing the
request, the client continues its internal activity (job), while the request is served
asynchronously; thus a request can be issued at any time, even if other requests are
pending or if the client is being served by a server. Production SERconnects a client
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Figure 5.4: Productions, start graph and graph of types of the grammarC-S mod-
elling client-server systems.

that issued a request with a server through abusyedge, modelling the beginning of
the service. Since the production deletes a node of typeS and creates a new one, the
dangling condition(see below) ensures that it will be applied only if the serverhas
no incoming edges, i.e., if it is not busy. ProductionREL (for release) disconnects
the client from the server (modelling the end of the service). Notice that in all rules
the graph morphisms are inclusions.

The grammar is calledC-S (for client-server), and it is formally de�ned as
C-S = hTG; G0; f REQ, SER, RELg; � i , where � maps the production names to
the corresponding production spans depicted in Figure 5.4. 2

To have an informal understanding of the notion of direct derivation, one should
recall the interpretation of the pushout as gluing of objects. According to this in-
terpretation, the rewriting procedure removes from the graph G the images viag of
the items of the left-hand side which are not in the image of the interface, namely
g(L � l(K )), producing in this way the graphD. Then the items in the right-hand
side, which are not in the image of the interface, namelyR � r (K ), are added to
D, obtaining the �nal graph H . Thus the interfaceK (common part of L and R)
speci�es what is preserved. For what regards theapplicability of a production to a
given match, it is possible to prove that the situation in thecategory TG-Graph
is exactly the same as inGraph , namely pushouts always exist, while for the exis-
tence of the pushout complement some conditions have to be imposed, calledgluing
conditions [Ehr87], which consist of two parts:

[Dangling condition]
No edgee 2 G � g(L) is incident to any node ing(L � l(K ));

[Identi�cation condition]
There is nox; y 2 L, x 6= y, such that g(x) = g(y) and y 62l(K ).
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Nicely, the gluing conditions have a very intuitive interpretation: the dangling con-
dition avoids the deletion of a node if some edge is still pointing to it, and thus it
ensures the absence of dangling edges inD. The identi�cation condition requires
each item ofG which is deleted by the application ofq, to be the image of only one
item of L. Among other things, this ensures that the application of a production
cannot specify simultaneously both the preservation and the deletion of an item and
furthermore, that a single item ofG cannot be deleted \twice" by the application
of q. Notice that, instead, the identi�cation condition does not forbid the match
to be non-injective on preserved items. Intuitively this means that preserved (read-
only) resources can be used with multiplicity greater than one (see [CMR+ 97] for
a broader discussion). Uniqueness of the pushout complement, up to isomorphism,
follows from the injectivity of l .

Remark 5.10
If G

hg;k;h;b;di
) ; H is an empty direct derivation, then morphisms g, k, and h are

necessarily the only morphisms from the empty (typed) graph(sinceh;; ;i is initial
in TG-Graph ), while b and d must be isomorphisms. Morphismd � b� 1 : G ! H is
called the isomorphism inducedby the empty direct derivation. Moreover, for any

pair of isomorphic graphsG ' H , there is an empty direct derivationG
h; ;; ;; ;b;di

) ; H
for each triple hD; b : D ! G; d : D ! H i , where b and d are isomorphisms. An

empty direct derivation G
h; ;; ;; ;b;di

) ; H will be also brie
y denoted asG
hb;di
) ; H . 2

A parallel derivation can be seen as a sequence of single steps of the system, each
one consisting of the concurrent execution of a set of independent basic actions of
the system, analogously to step sequences of Petri nets.

Definition 5.11 ((parallel) derivation)
A (parallel) derivation (over G) is either a graphG (called an identity derivation ,
and denoted byG : G ) � G), or a sequence of (parallel) direct derivations� =
f Gi � 1 ) qi Gi gi 2 n such thatqi = qi 1 + : : : + qik i is a (parallel) production overG for
all i 2 n (as in Figure 5.6). In the last case, the derivation is written � : G0 ) �

G Gn

or simply � : G0 ) � Gn . If � : G ) � H is a (possibly identity) derivation, then the
graphsG and H , called thesourceand target graphsof � , are denoted by� (� ) and
� (� ), respectively. Thelength of a derivation � , denoted byj� j, is the number of direct
derivations in � (hencej� j = 0 if � is an identity derivation). The order of � , denoted
by # � , is the total number of elementary productions used in� , i.e., # � =

P n
r =1 kr ;

moreover, prod(� ) : # � ! P is the function returning for eachj the name of the

j -th production applied in � |formally, prod (� )( j ) = qis if j =
� P i

r =1 kr

�
+ s.

The sequential compositionof two derivations � and � 0 is de�ned if and only if
� (� ) = � (� 0); in this case it is denoted� ; � 0 : � (� ) ) � � (� 0), and it is the diagram
obtained by identifying� (� ) with � (� 0) (thus if � : G ) � H , then G ; � = � = � ; H ,
whereG and H are the identity derivations).
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Figure 5.5: A derivation of grammarC-S starting from graph G0.
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the i -th direct derivation.

Example 5.12 (derivation)
Figure 5.5 shows a derivation� using grammarC-S and starting from the start
graphG0. The derivation models the situation where a request is issued by the client,
and while it is handled by the server, a new request is issued.All the horizontal
morphisms are inclusions, while the vertical ones are annotated by the relation on
graph items they induce. 2

5.1.1 Relation with Petri nets

The basic notions introduced so far allow us to give a more precise account of the
relation between Petri nets and graph grammars in the doublepushout approach.

Being Petri nets one of the most widely accepted models for the representa-
tion of concurrent and distributed systems, people workingon the concurrency
theory of graph grammars have been naturally led to compare their formalisms
with nets. Therefore various encodings of nets into graph graph grammars have
been proposed along the years, all allowing to have some correspondences between
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Figure 5.7: Firing of a transition and correspondingdpo derivation.

net-related notions and graph-grammars ones. Some encodings involving the dpo
approach can be found in [Kre81, KW86, Sch93] (for a completesurvey the reader
can consult [Cor96]). All these papers represent a net as a grammar by explicitly
encoding in the start graph the topological structure of thenet as well as its initial
marking.

Here we refer to a slightly simpler modelling (see, e.g., [Cor96]), which can help
in understanding how the theory developed in theFirst Part for contextual and
inhibitor nets can be generalized to graph grammars. It is based on the simple
observation that a Petri net is essentially a rewriting system on multisets, and that,
given a setA, a multiset of A can be represented as a discrete graph typed overA.
In this view a P/T Petri net can be seen as a graph grammar acting on discrete
graphs typed over the set of places, the productions being (some encoding of) the
net transitions: a marking is represented by a set of nodes (tokens) labelled by
the place where they are, and, for example, the unique transition t of the net in
Figure 5.7.(a) is represented by the graph production in thetop row of Figure 5.7.(b):
such production consumes nodes corresponding to two tokensin A and one token
in B and produces new nodes corresponding to one token inC and one token in
D. The interface is empty since nothing is explicitly preserved by a net transition.
Notice that in this encoding the topological structure of the net is not represented
at all: it is only recorded in the productions correspondingto the transitions.

It is easy to check that this representation satis�es the properties one would
expect: a production can be applied to a given marking if and only if the corre-
sponding transition is enabled, and the double pushout construction produces the
same marking as the �ring of the transition. For instance, the �ring of transition t,
leading from the marking 3A + 2B to the marking A + B + C + D in Figure 5.7.(a)
becomes the double pushout diagram of Figure 5.7.(b).

The considered encoding of nets into graph grammars enlightens the dimensions
in which graph grammars properly extends nets. First, graphgrammars allow for
a more structured description of the state, that is a general, possibly non-discrete,
graph. Furthermore they allow for productions where the interface graph may not
be empty, thus specifying a \context" consisting of items that have to be present for
the productions to be applied, but are not a�ected by the application. We already
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observed that, due to their capability of expressing steps which \preserve" part of
the state, contextual nets can be seen as an intermediate model between ordinary
Petri nets and graph grammars. Indeed, the above encoding ofordinary Petri nets
into graph grammars can be straightforwardly extended to P/T contextual nets.
They are represented by graph grammars still acting on discrete graphs, but where
productions are allowed to have a non-empty interface. Furthermore, we will see in
the next chapter that the graphical structure of the state and the dangling condition
which prevents the application of a production when it wouldleave some dangling
edge, has a very natural interpretation in the setting of inhibitor nets.

To conclude, let us stress that a gap of abstraction exists between graph gram-
mars and nets. The problem resides in the fact that graphs aremore concrete than
markings: the nodes of a graph, although carrying the same label, have a precise
identity, while tokens in the same place of a net are indistinguishable. Formally, the
exact counterpart of a marking (multiset) is an isomorphismclass of discrete graphs.
Therefore suitable equivalences have to be imposed on graphs and derivations if we
want to obtain a precise correspondence with net computations.

5.2 Derivation trace semantics

Historically, the �rst truly concurrent semantics for graph transformation systems
proposed in the literature has been the derivation trace semantics. It is based on
the idea of de�ning suitable equivalences on concrete derivations, equating those
derivations which should be considered undistinguishableaccording to the following
two criteria:

� irrelevance of representation details, namely of the concrete identity of the
items in the graphs involved in a derivation, and

� true concurrency, namely irrelevance of the order in which independent pro-
ductions are applied in a derivation.

The corresponding equivalences, called respectivelyabstraction equivalenceand shift
equivalence, are presented below. Concatenable derivation traces are then de�ned
as equivalence classes of concrete derivations with respect to the least equivalence
containing both the abstraction and the shift equivalences. Due to an appropriate
choice of the abstraction equivalence, the obvious notion of sequential composition
of concrete derivations induces an operation of sequentialcomposition at the ab-
stract level. Thus, as suggested by their name, concatenable derivation traces can
be sequentially composed and therefore they can be seen as arrows of a category.
Such category, called here thecategory of concatenable derivation traces, coincides
with the abstract truly concurrent model of computationof a grammar presented in
[CMR+ 97], namely the most abstract model in a hierarchy of models of computation
for a graph grammar.



158 Chapter 5. Typed Graph Grammars in the DPO Approach

5.2.1 Abstraction equivalence and abstract derivations

Almost invariably, two isomorphic graphs are considered asrepresenting thesame
system state, which is determined only by the topological structure of the graph and
by the typing. This is extremely natural in the algebraic approach to graph transfor-
mation, where the result of the rewriting procedure is de�ned in terms of categorical
constructions and thus determined only up to isomorphism.2 A natural solution to
reason in terms ofabstract graphsand abstract derivationsconsists of considering
two derivations as equivalent if the corresponding diagrams are isomorphic. Unfortu-
nately, if one wants to have a meaningful notion of sequential composition between
abstract derivations this approach does not work. For an extensive treatment of this
problem we refer the reader to [CEL+ 94b, CEL+ 94a]. Roughly speaking, the di�-
culty can be described as follows. Two isomorphic graphs, ingeneral, are related by
more than one isomorphism, but if we want to concatenate derivations keeping track
of the 
ow of causality we must specify in some way how the items of two isomor-
phic graphs have to be identi�ed. The problem is treated in [CEL+ 94b, CEL+ 94a],
which propose a solution based on the choice of a uniquely determined isomorphism,
namedstandard isomorphism, relating each pair of isomorphic graphs.

Here we adopt an equivalent, but slightly di�erent solution which is inspired
by the theory of Petri nets, and in particular by the notion of concatenable net
process [DMM96], and which borrows a technique from [MSW96]. We choose for
each class of isomorphic typed graphs a speci�c graph, called canonical graph, and
we decorate the source and target graphs of a derivation witha pair of isomorphisms
from the corresponding canonical graphs to such graphs. In such a way we are able to
distinguish \equivalent"3 elements in the source and target graphs of derivations and
we can safely de�ne their sequential composition. The advantage of our solution is
that the notion of equivalence between derivations does notdepend on representation
details, i.e., on the real identity of the items of the graphsinvolved in the derivation.
For instance, given a derivation, we can change uniformly the name of a node in all
the involved graphs and relations, obtaining a new derivation which is equivalent to
the original one. We refer to [BCE+ 99] for a more detailed comparison of the two
approaches.

Definition 5.13 (canonical graphs)
We denote byCan a �xed operation that associates to each (TG-typed) graph a
so-calledcanonical graph, satisfying the following properties:

1. Can(G) ' G;

2. if G ' G0 then Can(G) = Can(G0).

2At the concrete level, the fact that the pushout and pushout complement constructions are
de�ned only up to isomorphism generates an undesirable and scarcely intuitive unbounded nonde-
terminism for each production application.

3With \equivalent" we mean here two items related by an automorphism of the graph, that are,
in absence of further information, indistinguishable.
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The construction of the canonical graph can be performed by adapting to our slightly
di�erent framework the ideas of [MSW96] and a similar technique can be used to
single out a class of standard isomorphisms in the sense of [CEL+ 94b, CEL+ 94a].
Working with �nite graphs the constructions are e�ective.

Definition 5.14 (decorated derivation)
A decorated derivation : G0 ) � Gn is a triple hm; �; M i , where � : G0 ) � Gn is
a derivation, while m : Can(G0) ! G0 and M : Can(Gn ) ! Gn are isomorphisms.
If � is an identity derivation then  is calleddiscrete.

In the following we will denote the components of a decoratedderivation  by m ,
�  and M  . For a decorated derivation , we write � ( ), � ( ), #  , j j, prod( ) to
refer to the results of the same operations applied to the underlying derivation �  .

Definition 5.15 (sequential composition)
Let  and  0 be two decorated derivations such that� ( ) = � ( 0) and M  = m 0.
Their sequential composition, denoted by ;  0, is de�ned as follows:

hm ; �  ; �  0; M  0i .

One could have expected sequential composition of decorated derivations  and
 0 to be de�ned whenever� ( ) ' � ( 0), regardless of the concrete identity of the
items in the two graphs. We decided to adopt a more concrete notion of concate-
nation since it is technically simpler and it induces, like the more general one, the
desired notion of sequential composition at the abstract level.

The abstraction equivalence identi�es derivations that di�er only for represen-
tation details. As announced it is a suitable re�nement of the natural notion of
diagram isomorphism.

Definition 5.16 (abstraction equivalence)
Let  and  0 be two decorated derivations, with�  : G0 ) � Gn and �  0 : G0

0 ) � G0
n0

(whose i th steps are depicted in the low rows of Figure 5.8). Suppose that qi =
qi 1 + : : : + qik i for each i 2 n, and q0

j = q0
j 1 + : : : + q0

jk 0
j

for each j 2 n0. Then they

are abstraction equivalent, written  � abs  0, if

1. n = n0, i.e., they have the same length;

2. for eachi 2 n, ki = k0
i and for all s 2 ki , qis = q0

is ; i.e., the productions applied
in parallel at each direct derivation are the same and they are composed in the
same order; in particular #  = #  0;

3. there exists a family of isomorphisms

f � X i : X i ! X 0
i j X 2 f L; K; R; G; D g; i 2 ng [ f � G0 g

between corresponding graphs appearing in the two derivations such that
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Figure 5.8: Abstraction equivalence of decorated derivations (the arrows in produc-
tions spans are not labelled).

(a) the isomorphisms relating the source and target graphs commute with the
decorations, i.e., � G0 � m = m0 and � Gn � M = M 0;

(b) the resulting diagram commutes (the middle part of Figure 5.8 represents
the portion of the diagram relative to stepi , indicating only the sth of the
ki productions applied in parallel with the corresponding injections).4

Notice that two derivations are abstraction equivalent if,not only they have the
same length and apply the same productions in the same order,but also, in a sense,
productions are applied to \corresponding" items (condition (3)). In other words
abstraction equivalence identi�es two decorated derivations if one can be obtained
from the other by uniformly renaming the items appearing in the involved graphs.
Relation � abs is clearly an equivalence relation. Equivalence classes ofdecorated
derivations with respect to � abs are calledabstract derivationsand are denoted by
[ ]abs, where is an element of the class.

It is easy to prove that if  � abs  0 and  1 � abs  0
1 then, if de�ned,  ;  1 � abs

 0;  0
1. Therefore sequential composition of decorated derivations lifts to composition

of abstract derivations.

Definition 5.17 (category of abstract derivations)
The category of abstract derivationsof a grammar G, denoted byAbs [G], has
abstract graphs as objects, and abstract derivations as arrows. In particular, if
 : G ) � H , then [ ]abs is an arrow from [G] to [H ]. The identity arrow on [G]
is the abs-equivalence class of a discrete derivationhi; G; i i , where i : Can(G) ! G
is any isomorphism, and the composition of arrows[ ]abs : [G] ! [H ] and

4Notice that the isomorphisms � X i for X 2 f L; K; R g, relating corresponding parallel produc-
tions, are uniquely determined by the properties of coproducts.
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[ 0]abs : [H ] ! [X ] is de�ned as [ ;  00]abs : [G] ! [X ], where  00 2 [ 0]abs is
such that the composition is de�ned.

It is worth stressing that, whenever� ( ) ' � ( 0), we can always rename the
items in the graphs of 0, in order to obtain a derivation  00, abs-equivalent to 0

and composable with , namely such that � ( ) = � ( 00) and M  = m 00. Basically,
it su�ces to substitute in the derivation  0 each itemx in � ( 0) with M  (m� 1

 0 (x)).

5.2.2 Shift equivalence and derivation traces

From a truly concurrent perspective two derivations shouldbe considered as equiv-
alent when they apply the same productions to the \same" subgraph of a certain
graph, even if the order in which the productions are appliedmay be di�erent. The
basic idea of equating derivations which di�er only for the order of independent
production applications is formalized in the literature through the notion of shift
equivalence[Kre77, Kre87, Ehr87]. The shift equivalence is based on thepossibil-
ity of sequentializing a parallel direct derivation (analysisconstruction) and on the
inverse construction (synthesisconstruction), which is possible only in the case of
sequential independence. The union of the shift and abstraction equivalences will
yield the (concatenable) truly concurrentequivalence, whose equivalence classes are
the (concatenable) derivation traces.

Let us start by de�ning the key notion of sequential independence. Intuitively,
two consecutive direct derivationsG ) q0 X and X ) q00 H , as in Figure 5.9, are
sequentially independent if they may be swapped, i.e., ifq00can be applied toG,
and q0 to the resulting graph, without changing in an \essential way" the matches.
Therefore q00cannot delete anything that has been explicitly preserved by the ap-
plication of q0 at match g1 and, moreover, it cannot use (neither consuming nor
preserving it) any element generated byq0; this is ensured if the overlapping ofR1

and L2 in X is included in the intersection of the images of the interface graphsK 1

and K 2 in X .

Definition 5.18 (sequential independence)
Consider a derivation� 1; � 2, consisting of two direct derivations� 1 : G ) q0;g1 X and
� 2 : X ) q00;g2 H (as in Figure 5.9). The derivations� 1 and � 2 are calledsequentially
independentif g2(L2) \ h1(R1) � g2(l2(K 2)) \ h1(r1(K 1)) ; in words, if the images in
X of the left-hand side ofq00and of the right-hand side ofq0 overlap only on items
that are preserved by both derivation steps. In categoricalterms, this condition can
be expressed by requiring the existence of two arrowss : L2 ! D1 and u : R1 ! D2

such thatd1 � s = g2 and b2 � u = h1.

Notice that, di�erently from what happens for other formalisms, such as ordinary
Petri nets or term rewriting, two rewriting steps � 1 and � 2 do not need to be applied
at completely disjoint matches to be independent. The graphs to which � 1 and � 2

are applied can indeed overlap on something that is preserved by both rewriting
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Figure 5.9: Sequential independent derivations.

steps. As in the case of contextual nets, according to the interpretation of preserved
items as read-only resources, we can explain this fact by saying that graph rewriting
allows for theconcurrent access to read resources.

Example 5.19 (sequential independence)
Consider the derivation of Figure 5.5. The �rst two direct derivations are not se-
quential independent; in fact, the edge 3: req of graph G1 is in the image of both
the right-hand side of the �rst production and the left-handside of the second one,
but it is in the context of neither the �rst nor the second direct derivation. On the
contrary, in the same �gure, both the derivations fromG1 to G3 and those fromG2

to G4 consists of two sequentially independent steps.
2

The next well-known result states that every parallel direct derivation can be se-
quentialized in an arbitrary way as the sequential application of the component pro-
ductions, and, conversely, that every pair of sequentiallyindependent direct deriva-
tions can be transformed into a parallel direct derivation.This result represents
the basis of the theory of concurrency of the double pushout approach to graph
rewriting.

Theorem 5.20 (parallelism theorem)
Given (possibly parallel) productionsq0 and q00, the following statements are equiva-
lent (see Figure 5.10):

1. There is a parallel direct derivationG ) q0+ q00 H

2. There are sequentially independent derivationsG ) q0 H1 ) q00 H .

3. There are sequentially independent derivationsG ) q00 H2 ) q0 H . 2

The proof of the theorem is given by providing two constructions. The �rst
one, calledanalysis, given a parallel direct derivation G ) q0+ q00 H , transforms it
into a derivation consisting of two stepsG ) q0 X ) q00 X (with same source and
target graphs) which, moreover, is proved to be sequentially independent. The second
one, calledsynthesis, applied to any sequentially independent two-step derivation,
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Figure 5.10: Local con
uence of independent direct derivations.

transforms it into a parallel direct derivation between thesame source and target
graphs. These constructions, in general nondeterministic, are used to de�ne suitable
relations among derivations (see, e.g., [Kre77, EHKPP91, CMR+ 97]).

Unlike the original de�nition of analysis and synthesis, following [CEL+ 96b], we
explicitly keep track of the permutation of the applied productions induced by the
constructions. Therefore we �rst introduce some notation for permutations.

Definition 5.21 (permutation)
A permutation on the setn = f 1; 2; : : : ; ng is a bijective mapping� : n ! n. The
identity permutation on n is denoted by� n

id . The composition of two permutations
� 1 and � 2 on n, denoted by� 1 � � 2, is their composition as functions, while the
concatenationof two permutations� 1 on n1 and � 2 on n2, denoted by� 1 j � 2, is
the permutation onn1 + n2 de�ned as

� 1 j � 2(x) =
�

� 1(x) if 1 � x � n1

� 2(x � n1) + n1 if n1 < x � n2

Concatenation and composition of permutations are clearlyassociative.

Proposition 5.22 (analysis and synthesis)
Let � : G ) q H be a parallel direct derivation usingq = q1+ : : :+ qk : (L l K r! R).
Then for each partition hI = f i1; : : : ; ing; J = f j 1; : : : ; j m gi of k (i.e., I [ J = k
and I \ J = ; ) there is a constructive way|in general nondeterministic| to obtain
a sequential independent derivation� 0 : G ) q0 X ) q00 H , called an analysis of � ,
whereq0 = qi 1 + : : :+ qi n , and q00= qj 1 + : : :+ qj m (see Figure 5.9). If � and � 0 are as
above, we shall write� � an

� � 0, where� is the permutation onk de�ned as �( i x ) = x
for x 2 n, and �( j x ) = n + x for x 2 m.

Conversely, let � : G ) q0 X ) q00 H be a pair of sequentially independent
derivations. Then there is a constructive way to obtain a parallel direct derivation
� 0 = G ) q0+ q00 H , called a synthesis of � . In this case, we shall write� � syn

� � 0,
where� = � # �

id . 2

Informally, two derivations are shift equivalent if one canbe obtained from the
other by repeatedly applying the analysis and synthesis constructions. The next de�-
nition emphasizes the fact that the sets of productions applied in two shift equivalent
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derivations are related by a permutation which is constructed inductively starting
from the permutations introduced by analysis and synthesis.

Definition 5.23 (shift equivalence)
Derivations � and � 0 are shift equivalent via permutation� , written � � sh

� � 0, if this
can be deduced by the following inference rules:

(SH� id)
� � sh

� # �
id

�
(SH�; )

d � b� 1 = idG

G � sh
; G

h; ;; ;; ;b;di
) ; G

(SH� an)
� � an

� � 0

� � sh
� � 0

(SH� syn)
� � syn

� � 0

� � sh
� � 0

(SH� sym)
� � sh

� � 0

� 0 � sh
� � 1 �

(SH� trans)
� � sh

� � 0; � 0 � sh
� 0 � 00

� � sh
� 0� � � 00

(SH� comp)
� 1 � sh

� 1
� 0

1; � 2 � sh
� 2

� 0
2; � (� 1) = � (� 2)

� 1 ; � 2 � sh
� 1 j � 2

� 0
1 ; � 0

2

Note that by(SH� ; ) an empty direct derivation is shift equivalent to the iden-
tity derivation G if and only if the induced isomorphism is the identity. Theshift
equivalenceis the equivalence relation� sh de�ned as � � sh � 0 i� � � sh

� � 0 for some
permutation � .

It is worth stressing that the shift equivalence abstracts both from the order in
which productions are composed inside a single direct parallel step and from the
order in which independent productions are applied atdi�erent direct derivations.

Example 5.24 (shift equivalence)
Figure 5.11 shows a derivation� 0 which is shift equivalent to derivation � of Figure
5.6. It is obtained by applying the synthesis construction to the sub-derivation of�
from G1 to G3. 2

Despite the unusual de�nition, it is easy to check that the shift equivalence just
introduced is the same as in [Kre77, Ehr87, CEL+ 94a]. From the de�nitions of the
shift equivalence and of the analysis and synthesis constructions, it follows that
� � sh � 0 implies that � and � 0 have the same order and the same source and target
graphs (i.e., #� = # � 0, � (� ) = � (� 0), and � (� ) = � (� 0); by the way, this guarantees
that rules (SH� comp) and (SH� trans) are well-de�ned. The shift equivalence can
be extended in a natural way to decorated derivations.

Definition 5.25
The shift equivalenceon decorated derivations, denoted with the same symbol� sh,
is de�ned by hm; �; M i � sh hm; � 0; M i if � � sh � 0.
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Figure 5.11: A derivation � 0 in grammar C-S , shift-equivalent to derivation � of
Figure 5.6.

Equivalence � sh does not subsume abstraction equivalence, since, for example, it
cannot relate derivations starting from di�erent but isomorphic graphs.

We introduce a further equivalence on decorated derivations, obtained simply as
the union of � abs and � sh. It is called truly-concurrent (or tc-) equivalence, since it
equates all derivations which are not distinguishable froma true concurrency per-
spective, at an adequate degree of abstraction from representation details. A small
variation of this equivalence is introduced as well, calledctc-equivalence, where the
�rst \c" stays for \concatenable". Equivalence classes of (c)tc-equivalent decorated
derivations are called(concatenable) derivation traces.

Definition 5.26 (truly-concurrent equivalences and traces)
Two decorated derivations and  0 are ctc-equivalent via permutation� , written
 � c

�  0, if this can be deduced by the following inference rules:

(CTC� abs)
 � abs  0

 � c
� #  

id
 0 (CTC� sh)

 � sh
�  0

 � c
�  0 (CTC� trans)

 � c
�  0  0 � c

� 0  00

 � c
� 0� �  00

Equivalence� c, de�ned as � c  0 i�  � c
�  0 for some permutation� , is called the

concatenable truly concurrent (ctc-) equivalence. Equivalence classes of derivations
with respect to� c are denoted as[ ]c and are calledconcatenable derivation traces.
A derivation trace is an equivalence class of derivations with respect to thetruly-
concurrent (tc-) equivalence� de�ned by the following rules:

(TC� ctc)
 � c

�  0

 � �  0 (TC� iso)
 � �  0 � discrete decor. deriv. s.t.  0; � is de�ned

 � �  0; �

Equivalently, the tc-equivalence could have been de�ned as � �  0 if and only if
 � c

� hm 0; �  0; M 0i , for some isomorphismM 0 : Can(� ( 0)) ! � ( 0). Informally,
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di�erently from ctc-equivalence, tc-equivalence does nottake into account the dec-
orations of the target graphs of derivations, that is their ending interface, and this
is the reason why derivation traces are not concatenable.

Concatenable derivation traces, instead, are naturally equipped with an opera-
tion of sequential composition, inherited from concrete decorated derivations, which
allows us to see them as arrows of a category having abstract graphs as objects.
Such category is called the category of concatenable derivation traces (or the ab-
stract truly concurrent model of computation) of the grammar.

Definition 5.27 (category of concatenable derivation traces )
The category of concatenable derivation tracesof a grammarG, denoted byTr [G],
is the category having abstract graphs as objects, and concatenable derivation traces
as arrows. In particular, if  : G ) �

G H then [ ]c is an arrow from [G] to [H ]. The
identity arrow on [G] is the ctc-equivalence class of a discrete derivationhi; G; i i ,
where i is any isomorphism fromCan(G) to G. The composition of arrows[ ]c :
[G] ! [H ] and [ 0]c : [H ] ! [X ] is de�ned as [ ;  00]c : [G] ! [X ], where 002 [ 0]c
is a decorated derivation such that ;  00is de�ned.

Category Tr [G] is well-de�ned because so is the sequential composition ofarrows:
in fact, if  1 � c  2 and  0

1 � c  0
2 then (if de�ned)  1 ;  0

1 � c  2 ;  0
2 (hence the

attribution \concatenable"). Moreover, for abstract derivations, whenever� ( ) '
� ( 0), it is always possible to concatenate the corresponding traces, namely one can
always �nd a derivation  002 [ 0]c such that  ;  00is de�ned.

5.3 A category of typed graph grammars

Various notions of morphism for graph grammars have been introduced in the lit-
erature (see, e.g., [CEL+ 96a, HCEL96, Rib96, BC96]), most of them in
uenced by
Winskel's notion of Petri net morphism [Win87a, Win87b] through the close rela-
tionship existing between typed graph grammars and P/T Petri nets.

Relying on the proposals in [CEL+ 96a, BC96], this section de�nes the category
of graph grammars which will be used in the thesis. We explainhow graph grammars
morphisms arise as a generalization of Petri net morphisms,and we show that, as for
Petri nets, graph grammars morphisms preserve the behaviour, namely they allow
to \translate" each derivation of the source grammar into a derivation of the target
grammar.

5.3.1 From multirelations to spans

Multisets and multirelations play an essential role in the de�nition of morphisms
of (generalized) Petri nets. We next provide a categorical view of such concepts, by
showing that a tight relationship exists between the category of multirelations and
the category of spans overSet. These considerations will be helpful to understand
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the notion of grammar morphism as a generalization of Petri net morphisms. The
material is elaborated partly from [CEL+ 96a], where the �rst notion of grammar
morphism have been introduced and partly from [BC96, BG00].

The category of spans

We start by reviewing the de�nition of the category ofsemi-abstract spansover a
given category [BC96].

Definition 5.28 (span)
Let C be a category. A(concrete) spanin C is a pair of coinitial arrows f = hf L ; f R i
with f L : xf ! a and f R : xf ! b. Objects a and b are called thesourcean the
target of the span and we writef : a $ b. The spanf will be sometimes written as
hf L ; xf ; f R i , explicitly giving the objectxf .

Consider the relation� over the set of spans of a category, de�ned as follows:
given two spans with the same source and targetf; f 0 : a $ b, put f � f 0 if there
exists an isomorphismk : xf ! xf 0 such that f 0L � k = f L and f 0R � k = f R (see
Figure 5.12.(a)). It is immediate to see that� is an equivalence relation, which
intuitively abstracts out from the particular choice of the object xf in a concrete
span f . The � -equivalence class of a concrete spanf will be denoted by [f ] and
called asemi-abstract span.

Definition 5.29 (composition of spans)
Let f 1 and f 2 be spans in a categoryC. A compositionof f 1 and f 2, denoted byf 1; f 2

is a spanf constructed as in Figure 5.12.(b) (i.e.,f L = f L
1 � y and f R = f R

2 � z),
where the square is a pullback.

The composition of spans is de�ned only up to equivalence, since the pullback, if it
exists, is unique only up to isomorphism. To obtain a categorical structure we must
work with semi-abstract spans, in a category with pullbacks.

Definition 5.30 (category of spans)
Let C be a category with pullbacks. Then the categorySpan(C) has the same objects
of C and semi-abstract spans onC as arrows. More precisely, a semi-abstract span
[f ] is an arrow from the source to the target off . The composition of two semi-
abstract spans[f 1] : a $ b and [f 2] : b$ c is de�ned as [f 1; f 2], wheref 1; f 2 denotes
any composition of the concrete spansf 1 and f 2. The identity on an objecta is the
equivalence class of the spanhida; idai , whereida is the identity of a in C.

By exploiting the properties of pullbacks it can be shown that Span(C) is a well-
de�ned category, namely that composition is associative and that identities behave
correctly.
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xf 0

f 0L f 0R

a xf
f L f R

k

b

xf

zy

a xf 1
f L

1 f R
1

b xf 2
f L

2 f R
2

c

(a) (b)

Figure 5.12: Equivalence and composition of spans.
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�
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�
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�
� �

b2

�
a2

� �
b3

Figure 5.13: The spansf 1 (left diagram) and f 2 (right diagram) in Set.

Multirelations and Span (Set)

Let us restrict our attention to the categorySpan(Set) of spans over the category
Set of sets and total functions. We will see that a deep connection exists between
Span(Set) and the categoryMSet of sets and (�nitary) multirelations.

Given two setsA and B, consider a semi-abstract span [f ] : A $ B. We can
give a graphical representation of a span by tracing an arrowbetween the elements
x 2 X f and a 2 A whenever f L (x) = a and, similarly, between x 2 X f and
b 2 B wheneverf R (x) = b. The left diagram in Figure 5.13 represents the span
[f 1] : A $ B, where A = f a1; a2g, B = f b1; b2; b3g, X f = f x1; x2; x3g and f R

1 =
f (x1; a1); (x2; a2); (x3; a2)g, f L

1 = f (x1; b1); (x2; b2); (x3; b3)g. The fact that the set X f

is �xed only up to isomorphism means that we can disregard theconcrete identities
of its elements.

Intuitively the span is completely characterized by the wayin which elements of
A are connected to elements ofB . Furthermore observe that not only the existence
of a path between two elementsa and b is important, but also the number of such
paths. For instance the spansf 1 and f 2 of Figure 5.13 are not equivalent since inf 1

the elementa1 is connected tob1 via just one path, while in f 2 there are two paths.
The above discussion suggests that semi-abstract spans inSet can be seen as

an alternative presentation of multirelations, in the sense that one can think of
[f ] : A $ B as specifying for all pairs of elementsa 2 A and b2 B, \how many times
they are related". For example, the span [f 1] can be identi�ed with the multirelation
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(a1; b1) + ( a2; b2) + ( a2; b3), while [f 2] can be seen as a representation of 2� (a1; b1) +
(a2; b2) + ( a2; b3).

This intuitive correspondence can be made very formal. The category MSet of
sets and multirelations can be embedded intoSpan(Set). The embedding functor is
the identity on objects, and maps any multirelationF : A ! B , which is a function
F : A � B ! N, to the span [F̂ ] with

X F̂ = f ((a; b); n) j (a; b) 2 A � B ^ n < F (a; b)g

and F̂ R((a; b); n)) = a, F̂ L ((a; b); n)) = b, for all ((a; b); n) 2 X F̂ .

Proposition 5.31
There is an embedding of the categoryMSet of (�nitary) multirelations into the
categorySpan(Set) of semi-abstract spans overSet.

The two categories are not isomorphic essentially becauseSpan(Set) extends
MSet by adding also multirelations which are not �nitary. Say that a span
[f ] : A $ B is �nitary if each element ofA has a �nite counterimage inX f , namely
f R � 1(a) is �nite for all a 2 A. Then it is possible to prove that the functor described
above restricts to an isomorphism betweenFSpan (Set), the lluf subcategory (Def-
inition A.4) of Span(Set) having �nitary spans as arrows, andMSet [BG00].

Multisets and multirelation application

Let 1 denote the initial object in Set, namely the set with just one element. Observe
that a multiset M of a setA can be seen as a multirelation of1 � A, and therefore it
can be represented as a semi-abstract span [M̂ ] : 1 $ A. Equivalently, since there is
a unique arrow fromX M̂ to 1, the multiset can be identi�ed with the isomorphism
class of the mappingM̂ L : X M̂ ! A (in the comma categoryhSet # Ai ). This
observation con�rms that (abstract) typed graphs are the natural generalization of
multisets when moving from sets to graphs.

Furthermore, given a multirelation F : A ! B and a multiset M of A, it is im-
mediate to verify that the image ofM through F , namely �F (M ) can be computed
simply as the composition of the corresponding spans, i.e. as M̂ ; F̂ , as depicted in
the left part of Figure 5.14, where the square is a pullback. The arrow towards the
initial object is dotted to stress that we can think of the construction as working
on typed sets. Referring to the �gure, we can say that the construction maps the
\ A-typed set" M̂ R : X M̂ ! A to the the \ B-typed set" z; F̂ R : X M̂ ! A

As an example, the right part of Figure 5.14 shows how the construction can be
used to apply the multirelation F1 = 2 � (a1; b1)+( a2; b2)+( a2; b3), represented by the
spanf 2 of Figure 5.13, to the multiseta1 + a2. The result is correctly 2� b1 + b2 + b3.
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Figure 5.14: Computing the image of a multiset.

Relations and functions

Relations can be identi�ed with special multirelationsR : A ! B where multi-
plicities are bounded by one (namelyR(a; b) � 1 for all a 2 A and b 2 B). The
corresponding condition on a spanf : A $ B is the existence of at most one
path between any two elementsa 2 A and b 2 B. The next de�nition provides a
categorical formalization of this concept.

Definition 5.32
Let C be a category. A spanf : a $ b in C is called relational if hf L ; f R i : xf ! a� b
is mono.

In other words f : a $ b is relational if given any object c and pair of arrows
g; h : c ! xf , if g; f R = h; f R and g; f L = h; f L then g = h. It is easy to verify
that if f : A $ B is a span inSet then the above condition can be equivalently
expressed as

8x; y 2 X f : f R (x) 6= f R (y) _ f L (x) 6= f L (y)

which indeed corresponds exactly to the intuition of havingat most one path between
any two elements. For example, the spanf 1 of Figure 5.13 is relational, whilef 2 is
not.

Observe that, in particular, a spanf : A $ B is relational when either its
left or right component is injective. It is easy to realize that these kinds of span
corresponds to the partial functions fromA to B and backward. In fact, a partial
function g : A ! B can be identi�ed with the span

A dom(g)
g

B

and similarly a partial function h : B ! A can be represented as the span

A dom(h)h
B

where unlabelled arrows are inclusions.
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5.3.2 Graph grammar morphisms

Recall that a Petri net morphism [Win87a, Win87b] consists of two components,
namely a multirelation between the sets of places and a partial function mapping
transitions of the �rst net into transitions of the second one. Net morphisms are
required to \preserve" the pre-set and post-set of transitions, in the sense that the
pre- (post-)set of the image of a transitiont must be the image of the pre- (post-)set
of t.

Since the items of the graph of types of a grammar can be seen asa generalization
of Petri net places, the �rst component of a grammar morphismfrom G1 to G2 will
be a semi-abstract span between the type graphs ofG1 and G2, which, as explained
in the previous subsection, generalizes the notion of multirelation. The idea of using
graph grammar morphisms based on spans has been �rst introduced in [CEL+ 96a],
while the introduction of semi-abstract spans is due to [BC96]. Di�erent notions
of morphism for graph grammars use a (partial) function fromthe type graph of
G1 to the type graph of G2 [HCEL96] or in the converse direction [Rib96]. Since
partial functions can be represented as (relational) spans, these notions can be seen
as instances of the more general de�nition based on spans (with the advantage of
allowing a simpler composition, not requiring the use of pullbacks).

Let G1 and G2 be two graph grammars and let [f T ] : TG1 $ TG2 be a
semi-abstract span between the corresponding type graphs,namely an arrow in
Span(Graph ). By extending to graphs the construction presented in the previ-
ous section for sets (see Figure 5.14), [f T ] allows us to relateTG1-typed graphs
to TG2-typed graphs. LetG1 be in TG1-Graph . The graph G1 is transformed, as
depicted in the diagram below, by �rst taking a pullback (in Graph ) of the arrows
f L

T : X f T ! TG1 and tG1 : jG1j ! TG1, and then typing the pullback object over
TG2 by using the right part of the spanf R

T : X f T ! TG2.

jG1j

tG 1

jG2j
tG 2

x

y

TG1 X f Tf L
T f R

T

TG2

The TG2-typed graph G2 = hjG2j; f R
T � yi obtained with this construction, later

referred to aspullback-retypingconstruction induced by [f T ], is determined only up
to isomorphism. Sometimes we will writef T f x; yg(G1; G2) (or simply f T (G1; G2) if
we are not interested in morphismsx and y) to express the fact thatG1 and G2 are
related in this way by the pullback-retyping construction induced by [f T ].

We are now ready to de�ne grammar morphisms. Besides the component spec-
ifying the relation between the type graphs, a morphism fromG1 to G2 contains a
(partial) mapping between production names. Furthermore athird component ex-
plicitly relates the (untyped) graphs underlying corresponding productions of the
two grammars, as well as the graphs underlying the start graphs.
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Definition 5.33 (typed graph grammar morphism)
Let Gi = hTGi ; Gsi ; Pi ; � i i (i 2 f 1; 2g) be two graph grammars. A (typed graph
grammar) morphismf : G1 ! G2 is a triple h[f T ]; f P ; � f i where

� [f T ] : TG1 ! TG2 is a semi-abstract span inGraph , called thetype-span;

� f P : P1 ! P2 [ f;g is a total function, where ; is a new production name
(not in P2), with associated production;  ; ! ; , referred to as theempty
production;

� � f is a family f � f (q1) j q1 2 P1g [ f �s
f g such that �s

f : jGs2 j ! j Gs1 j and for
eachq1 2 P1, if f P (q1) = q2, then � f (q1) is a triple of morphisms

h�L
f (q1) : jLq2 j ! j Lq1 j; �K

f (q1) : jK q2 j ! j K q1 j; �R
f (q1) : jRq2 j ! j Rq1 ji .

such that the following conditions are satis�ed:

1. Preservation of the start graph.
There exists a morphismk such thatf T f �s

f ; kg(Gs1 ; Gs2 ), namely such that the
following diagram commutes (where the square is required tobe a pullback).

jGs1 j

tG s1

jGs2 j
tG s2

� s
f

k

TG1 X f Tf L
T f R

T

TG2

2. Preservation of productions.
For each q1 2 P1, with q2 = f P (q1), there exist morphismskL , kK and kR

such that the diagram below commutes, andf T f �X
f (q1); kX g(X q1 ; X q2 ) for X 2

f L; K; R g.

jRq1 j

tR q1

jRq2 j
� R
f (q1 )

kR

tR q2

jK q1 j

tK q1

jK q2 j
� K
f (q1)

kK
tK q2

jLq1 j

tL q1

jLq2 j
� L
f (q1 )

kL tL q2

TG1 X f Tf L
T f R

T

TG2
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The grammar morphisms in [CEL+ 96a] rely on the assumption of having a �xed
choice of pullbacks. Consequently the pullback-retyping construction is deterministic
and morphisms are required to preserve the start graphs and the productions \on
the nose", namely the construction applied to the start graph of G1 must result
exactly in the start graph of G2. Similarly, each production inG1 must be mapped
exactly to the corresponding production inG2. Notice that this requirement is very
strict and it may imply the absence of a morphism between two grammars having
start graph and productions which are the same up to isomorphism. Our notion of
morphism is, in a sense, more liberal: we avoid a global choice of pullbacks and we
�x \locally", for each morphism f , only part of the pullback diagrams, namely the
morphisms in the family � f . The presence of such component in the morphism is
intuitively motivated by the fact that graph grammars are more concrete than Petri
nets. In fact, in a graph grammar the start graph and the productions are speci�ed
by means ofconcrete graphs, while the initial marking and the transitions of a
Petri net are de�ned in terms of multisets which correspondsto abstract (discrete)
graphs. Therefore when a grammarG1 simulates another grammarG2 it is important
to specify not only that a production q1 of G1 is mapped to a productionq2 of G2,
but also the correspondence between the concrete items of the graphs in the two
productions q1 and q2.

It is worth noticing that, for technical convenience, the partial mapping on pro-
duction names is represented as a total mapping by enrichingthe target set with a
distinguished point ; , representing \unde�nedness". In this way the condition ask-
ing the preservation of productions (condition (2)) faithfully rephrases the situation
of net theory where the pre- and post-set of a transition on which the morphism is
unde�ned are necessarily mapped to the empty multiset.

Definition 5.34 (category GG )
Graph grammars and graph grammar morphisms form a categoryGG .

The identities and the composition of morphisms inGG are de�ned in the obvious
way. Given a grammarG, the identity on G is the grammar morphismh[idT G]; idP ; � i ,
where [idT G] is the identity span on TG, idP is the identity function on P and all
the components of� are identities on the corresponding graphs.

Given two morphismsf 0 : G0 ! G1 and f 1 : G1 ! G2, the compositionf 1 � f 0 :
G0 ! G2 is the morphismh[f 1T ] � [f 0T ]; f 1P � f 0P ; � i , where for anyq0 2 P0 and any
X 2 f L; K; R g, we have�X (q0) = �X

f 0
(q0) � �X

f 1
(f 0P (q0))

5.3.3 Preservation of the behaviour

As in [CEL+ 96a] it is possible to show that morphisms preserve the behaviour of
graph grammars, in the sense that given a morphismf : G1 ! G2, for every deriva-
tion � 1 in G1 there is a corresponding derivation� 2 in G2, related to � 1 by the
pullback-retyping construction induced by the type component [f T ] of the morphism.
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First, we need to review some results expressing propertiesof pullbacks and
pushouts inGraph . The properties are stated for the categorySet of sets and total
functions, since the constructions of pullback and pushoutcan be lifted fromSet to
Graph , where limits and colimits are constructed \componentwise". A proof can
be found in [CEL+ 96a].

Proposition 5.35
Consider the following commuting diagram inSet

A B

C
PB

PB
D

E F

If the two internal squares, marked byPB are pullbacks, then the outer square with
verticesA, B , E and F is a pullback as well.

Proposition 5.36 (3-cube lemma)
Consider the following commuting diagram inSet

A B

E
PB

PB PO
F

G
PB

H
PB

C D

If the small internal squares, marked byPB and PO are pullbacks and pushouts,
respectively, then the outer square with verticesA, B , C and D is a pushout.

We are now ready to prove that graph grammar morphisms preserve derivations.
As a consequence of the partial arbitrariness in the choice of the pullback com-
ponents, such correspondence is not \functional", but it establishes just a relation
between concrete derivations of the source and target grammars of the morphism.

Lemma 5.37
Let f : G1 ! G2 be a graph grammar morphism, and let� 1 : G1 ) �

q1
H1 be a direct

derivation in G1. Then there exists a corresponding direct derivation� 2 : G2 ) �
f P (q1 )

H2 in G2, such that f T (G1; G2) and f T (H1; H2).

Proof. The proof is extremely technical and follows the same outline as in [CEL+ 96a]. Here we
give only a sketch, singling out some relevant passages.

Assume that the derivation � 1 in G1 has the following shape:
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L 1q1 :

g1

K 1

k1

R1

h1

G1 D1b1 d1
H1

The same derivation is depicted also in the left part of Figure 5.15. The right part of the top layer
represents the production q2 = f P (q1). Observe that the �gure is not complete. First, for each
graph appearing in the top layer we should have indicated thecorresponding typing morphism.
Furthermore, by de�nition of grammar morphism, the two prod uctions q1 and q2 are related by a
pullback-retyping construction as expressed by condition(3) in De�nition 5.33, and thus a mor-
phism � Y : jY2j ! X should appear forY 2 f L; K; R g. For the sake of clearness only the typing
morphisms of L 1 and and the morphism kL : jL 2j ! X of the pullback-retyping construction are
explicitly represented.

Consider any three graphsG2, D2 and H2, obtained from G2, D2 and H2, respectively, by ap-
plying the pullback-retyping construction. Such graphs, with the corresponding pullback-retyping
diagrams are represented in the bottom part of Figure 5.15. Now, recall that the square with ver-
tices jG1 j, jG2 j, T G1, X is a pullback, and the square with verticesjL 1j, jL 2j, T G1, X commutes.
Hence the matchg2 : jL 2j ! j G2 j is uniquely determined by the universal property of pullbacks.
Similarly, observing that the square jD1j, jD2j, T G1, X , commutes we uniquely determine a mor-
phism b2 : jD2j ! j G2j. With an analogous reasoning we can complete the whole diagram of
Figure 5.15.

By using Proposition 5.35 it is not di�cult to realize that al l the squares with vertices

� j L 1j, jL 2j, jG1j, jG2 j � j D1j, jD2j, jK 1j, jK 2j
� j G1 j, jG2j, jD1j, jD2j � j K 1j, jK 2j, jL 1j, jL 2j

are pullbacks, while the squarejK 1j, jL 1j, jG1 j, jD1 j is a pushout, by construction. By the 3-cube
lemma (Proposition 5.36) we deduce that the squarejK 2j, jL 2j, jG2 j, jD2j is a pushout. Since, by
symmetry also jK 2j, jD2j, jH2 j, jR2j is a pushout, this concludes the construction of the desired
direct derivation � 2.

2

The result can straightforwardly be extended to general derivations involving an
arbitrary number of (possibly parallel) direct derivation.

Recall that in [CEL+ 96a], where the more concrete notion of morphism based on
a choice of pullbacks is adopted, the relation between derivations induced by a mor-
phism is indeed a function. Furthermore the result above is extended to show that the
concrete model of computation of the grammar (not considering abstraction equiv-
alence) can be obtained via a functorial construction, establishing an adjunction
between the category of graph grammars and the category of concrete derivations.
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Figure 5.15: Graph grammars morphisms preserve derivations.



Chapter 6

Unfolding and Event Structure
Semantics

This chapter introduces a truly concurrent semantics fordpo graph grammars based
on a Winskel-style unfolding construction. The work developed in the First Part
for contextual and inhibitor nets represents both an intuitive guide and a formal basis
for the treatment of graph grammars. In fact, as in contextual nets, the possibility
of specifying rewriting steps which preserve part of the state leads toasymmetric
con
icts between productions. Furthermore thedangling condition, a part of the
application condition which prevents the application of a production when it would
leave dangling edges, has a natural encoding in the setting of inhibitor nets: the edges
whose presence prevents the application of a production canbe seen as inhibitor
places for that production.

First, nondeterministic occurrence grammars, which generalize the (determin-
istic) occurrence grammars of [CMR96], are de�ned as safe grammars satisfying
suitable acyclicity and well-foundedness conditions. As occurrence inhibitor nets are
de�ned without considering the inhibitor arcs, the requirements on occurrence gram-
mars disregard the constraints imposed by the dangling condition. Consequently not
all the productions of an occurrence grammar are really executable. The possible
deterministic computations of an occurrence grammar are captured by considering
the con�gurations of the grammar which are later shown to be closely related to the
con�gurations of the corresponding event structure.

An unfolding construction is proposed, which associates to each (consuming)
graph grammar a nondeterministic occurrence grammar representing its behaviour.
As for nets, the idea consists of starting from the start graph of the grammar,
applying in all possible ways the productions of the grammar, and recording in the
unfolding each occurrence of production and each new graph item generated by the
rewriting process, both enriched with the corresponding causal history. Consistently
with the notion of occurrence grammar, in the construction of the unfolding the
productions are applied without considering the dangling condition.
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The \object level" unfolding construction naturally works on the whole class
of graph grammars essentially because graph grammars are strictly more concrete
than Petri nets. Hence, exploiting the additional information given by the concrete
identity of the items in a grammar, one can avoid the kind of confusion arising in
Petri nets related to the presence of several causally indistinguishable items.

Then we face the problem of turning the unfolding construction into a functor
establishing a core
ection between the category of graph grammars and that of
occurrence grammars. We �rst restrict to those grammars where the start graph
and the items produced by each production are injectively typed. Such grammars,
by analogy with the corresponding subclass of Petri nets, are calledsemi-weighted
grammars, and the corresponding full subcategory ofGG is denoted bySW -GG .
We show that indeed in this case the unfolding extends to a functor Ug : SW -GG !
O-GG which is right adjoint of the inclusion I O : O-GG ! SW -GG , and thus
establishes a core
ection between the two categories.

It is also shown that the restriction to semi-weighted graphgrammars is essential
for the above categorical construction. However, suitablyrestricting graph grammars
morphisms to still interesting subclasses (comprising, for instance, the morphisms
of [Rib96, HCEL96]) it is possible to regain the categoricalsemantics for general,
possibly non semi-weighted, grammars.

Finally, from the unfolding we can easily extract an event structure and a do-
main semantics. As suggested by the correspondence betweenoccurrence inhibitor
nets and graph grammars,inhibitor event structures, the extension of prime event
structures introduced inChapter 4 , are expressive enough to represent the struc-
ture of graph grammar computations. Thus anies can be naturally associated to
each occurrence grammar via a functorial construction. Then, the results ofChap-
ter 4 relating IES and Dom allow us to obtain a domain and prime event structure
semantics.

SW -GG
Ug

? O-GG Eg

I O

IES
L i

Dom
P i

P

� PES
L

The notions of nondeterministic occurrence grammar and of grammar morphism
suggest a notion ofnondeterministic graph process, the prototypical example of non-
deterministic process being the unfolding. Analogously towhat happens in Petri net
theory, a nondeterministic process of a grammarG consists of a (suitable) grammar
morphism from an occurrence grammar to the grammarG. Nicely, as we will see in
the next chapter, our nondeterministic graph processes area consistent generaliza-
tions of the graph processes of [CMR96, BCM98a], namely in the deterministic case
they reduce to the same notion.

To conclude, it is worth stressing that an unfolding construction for a di�erent
approach to graph transformation, calledsingle-pushout(spo) approach, has been
proposed by Ribeiro in her doctoral thesis [Rib96]. Although conceptually such
construction is close to ours, we will see that, concretely,the di�erences between the
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two settings, like the absence of the application conditionin the spo approach, a
di�erent notion of \enabling" allowing for the concurrent application of productions
related by asymmetric con
ict and a di�erent choice of grammar morphisms, makes
di�cult a direct comparison.

The rest of the chapter is organized as follows. Section 6.1 introduces the no-
tion of nondeterministic occurrence grammar and gives somemore insights on the
relation between graph grammars and inhibitor nets. Relying on the notion of occur-
rence grammar, Section 6.2 introduces nondeterministic graph processes. Section 6.3
describes the unfolding construction for graph grammars, whose categorical proper-
ties are then investigated in Section 6.4. Then Section 6.5 shows how anies can be
extracted from an occurrence grammar, thus providing, through the unfolding con-
struction, an event structure semantics for graph grammars. Finally, in Section 6.6
we compare the unfolding construction in this chapter with that proposed in [Rib96]
for the spo approach.

6.1 Nondeterministic occurrence grammars

A �rst step towards the de�nition of nondeterministic occurrence grammars is a
suitable notion of safeness for grammars [CMR96], generalizing that for P/T nets,
which requires that each place contains at most one token in any reachable marking.

Definition 6.1 ((strongly) safe grammar)
A grammar G = hTG; Gs; P; � i is (strongly) safe if, for all H such thatGs ) � H ,
H has an injective typing morphism.

The de�nition can be understood by thinking of nodes and edges of the type graph
as a generalization of places in Petri nets. In this view the number of di�erent items
of a graph which are typed on a given item of the type graph corresponds to the
number of tokens contained in a place, and thus the conditionof safeness for a
marking is generalized to typed graphs by the injectivity ofthe typing morphism.

Strongly safe graph grammars (hereinafter called justsafe grammars) admit a
natural net-like pictorial representation, where items ofthe type graph and pro-
ductions play, respectively, the role of places and transitions of Petri nets. The
basic observation is that typed graphs having an injective typing morphism can be
safely identi�ed with the corresponding subgraphs of the type graph (just thinking
of injective morphisms as inclusions). Therefore, in particular, each graphhjGj; tGi
reachable in a safe grammar can be identi�ed with the subgraph tG(jGj) of the type
graph TG, and thus it can be represented by suitably decorating the nodes and
edges ofTG. Concretely, a node is drawn as a �lled circle if it belongs totG(jGj)
and as an empty circle otherwise, while an edge is drawn as a continuous line if it is
in tG(jGj) and as a dashed line otherwise (see Figure 6.1). This is analogous to the
usual technique of representing the marking of a safe net by putting a token in each
place which belongs to the marking.
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With the above identi�cation, in each derivation of a safe grammar starting from
the start graph a production can be applied only to the subgraph of the type graph
which is the image via the typing morphism of its left-hand side. Therefore according
to its typing, we can think that a production produces, preservesand consumesitems
of the type graph. This is expressed by drawing productions as arrow-shaped boxes,
connected to the consumed and produced resources by incoming and outcoming
arrows, respectively, and to the preserved resources by undirected lines. Figure 6.1
presents two examples of safe grammars, with their pictorial representation. Notice
that the typing morphisms for the start graph and the productions are represented
by suitably labelling the involved graphs with items of the type graph.

Using a net-like language, we speak ofpre-set � q, context q and post-setq� of
a production q. The notions of pre-set, post-set and context of a production have
a clear interpretation only for safe grammars. However for technical reasons it is
preferable to de�ne them for general graph grammars.

Definition 6.2 (pre-set, post-set, context)
Let G be a graph grammar. For anyq 2 P we de�ne

� q = tL q (jLqj � lq(jK qj)) q� = tRq (jRqj � rq(jK qj))

q = tK q (jK qj)

seen as sets of nodes and edges, and we say thatq consumes, createsand preserves
items in � q, q� and q, respectively. Similarly for a node or an edgex in TG we write
� x, x and x � to denote the sets of productions which produce, preserve and consume
x, respectively.

For instance, for grammarG2 in Figure 6.1, the pre-set, context and post-set of
production q1 are � q1 = f Cg, q1 = f Bg and q1

� = f A; L g, while for the nodeB,
� B = ; , B = f q1; q2; q3g and B � = f q4g.

Observe now that because of the dangling condition, a production q which con-
sumes a noden can be applied only if there are no edges with source or targetin n
which remain dangling after the application ofq. In other words, if n 2 � q, e 62� q
and n 2 f s(e); t(e)g then the application of q is inhibited by the presence ofe. By
analogy with inhibitor nets we introduce theinhibitor set of a production.

Definition 6.3 (inhibitor set)
Let G be a graph grammar. Theinhibitor set of a production q 2 P is de�ned by

� q = f e 2 ET G j 9n 2 � q: n 2 f s(e); t(e)g ^ e 62� qg

Similarly, for an edgee 2 ET G we de�ne the inhibitor set ofe as the set of produc-
tions inhibited by e, namely � e = f q 2 P j e 2 � qg.

For instance, in the grammarG2 of Figure 6.1 the inhibitor set ofq4 is � q4 = f Lg,
while for the edgeL we have � L = f q4g.
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Figure 6.1: Two safe grammars and their net-like representation.

Note that with the above de�nition, a production q of a safe grammarG satis�es
the dangling condition (when using its typing as match) in a subgraph G of the type
graph TG if and only if � q \ G = ; .

The correspondence between safe grammars and inhibitor nets can be made more
explicit by observing that we can associate to any safe grammar G = hGs; TG; P; � i
an inhibitor net NG having the items ofTG as places,Gs as initial marking, P as
set of transitions with pre-set, post-set, context and inhibitor set of each transition
de�ned exactly as in the grammar. Figure 6.2 shows the inhibitor nets corresponding
to the safe grammarsG1 and G2 in Figure 6.1. It is possible to show that the gram-
mar G and the net NG have essentially the same behaviour in the sense that each
derivation in G corresponds to a step sequence inNG using the same productions and
leading to the same state, and vice versa. Although this factis not used in a formal
way, the proposed translation can help in understanding howthe work on contextual
and inhibitor nets in
uences the treatment of graph grammars in this chapter. It
is important to observe that the inhibitor net associated toa safe graph grammar
by the described translation has a very particular shape, asexpressed below.
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�
A

q3 �
L

q1 �
B

q2

�
C

q1

L

A
q3 �

B

q2 q4

Figure 6.2: The inhibitor nets corresponding to the grammars G1 and G2 in Fig-
ure 6.1.

Remark 6.4
Let G be a safe grammar and letq; q0 2 P be two productions ofG. Observe that
wheneverq� \ � q0 6= ; then necessarilyq % q0. In fact let e 2 q� \ � q0. By de�nition
of � q0 the production q0 consumes a noden which is the source or the target ofe.
Since, by de�nition of q� , the production q produces the edgee, it must produce or
preserve the noden. Consequentlyn 2 (q� [ q) \ � q0 and thus q % q0. For similar
reasons, if � q0\ � q006= ; then q00% q0.

Hence, di�erently from what happens in general inhibitor nets, if a production q
can inhibit a production q0 then q cannot be applied afterq0. For instance, consider
the net NG2 in the right part of Figure 6.2. The production q1 can inhibit q4 since it
produces a token inL and indeed it must precedeq4, sinceB 2 q1 \ � q4. Similarly
q3 re-enablesq4 and q3 % q4. This means that, in a sense, (safe) graph grammars
computations are simpler than (safe) inhibitor nets computations.

Following the approach adopted for inhibitor nets, the causal and asymmetric
con
ict relations for a graph grammar are de�ned without taking into account the
inhibitor sets, namely disregarding the dangling condition.

Definition 6.5 (causal relation)
The causal relationof a grammarG is the binary relation < over Elem(G) de�ned
as the least transitive relation satisfying: for any node oredgex in the type graph
TG and for productionsq1; q2 2 P

1. if x 2 � q1 then x < q1;

2. if x 2 q1
� then q1 < x ;

3. if q1
� \ q2 6= ; then q1 < q2.

As usual � denotes the re
exive closure of< . Moreover, for x 2 Elem(G) we write
bxc for the set of causes ofx in P, namely f q 2 P j q � xg.
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Definition 6.6 (asymmetric conflict)
The asymmetric con
ict relation of a grammarG is the binary relation % over the
set P of productions, de�ned by:

1. if q1 \ � q2 6= ; then q1 % q2;

2. if � q1 \ � q2 6= ; and q1 6= q2 then q1 % q2;

3. if q1 < q2 then q1 % q2.

A nondeterministic occurrence grammaris an acyclic grammar which represents,
in a branching structure, several possible computations starting from its start graph
and using each production at most once. Again the dangling condition is not con-
sidered in the de�nition.

Definition 6.7 ((nondeterministic) occurrence grammar)
A (nondeterministic) occurrence grammaris a graph grammarO = hTG; Gs; P; � i
such that

1. the causal relation� is a partial order, and for anyq 2 P the setbqc is �nite
and the asymmetric con
ict % is acyclic onbqc;

2. the start graphGs coincides with the setMin (O) of the items of the type graph
TG which are minimal with respect to causality� (with the graphical structure
inherited from TG and typed by the inclusion);

3. each edge or nodex in TG is created by at most one production inP, namely
j � xj � 1;

4. for each productionq : Lq
lq
 K q

r q
! Rq, the typing tL q is injective on the

\consumed part" jLqj � lq(jK qj), and similarly tRq is injective on the \produced
part" jRqj � rq(jK qj).

We denote byO-GG the full subcategory ofGG having occurrence grammars as
objects.

Since the start graph of an occurrence grammarO is determined byMin (O), we
often do not mention it explicitly.

Intuitively, conditions (1){(3) recast in the framework of graph grammars the
analogous conditions of occurrence contextual nets. Condition (4), is closely related
to safeness and requires that each production consumes and produces items with
\multiplicity" one. Observe that, together with acyclicit y of %, it disallows the
presence of some productions which surely could never be applied, because they fail
to satisfy the identi�cation condition with respect to the typing morphism.
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The next proposition shows that, by the de�ning conditions,each occurrence
grammar issafe.

Proposition 6.8 (occurrence and safe grammars)
Each occurrence grammarO is safe.

Proof. Let O = hT G; P; � i be an occurrence grammar and let� : Gs ) � Gn be a derivation in O.
Since the grammar is consuming, namely each production has anon empty pre-set, and causality
� is a partial order (there are no \cycles"), every derivation in the grammar starting from the
start graph can apply each production at most once. Without any loss of generality we can assume
that each direct derivation of � applies a single production.

We show by induction on the ordern of the derivation that the graph Gn is injective. For n = 0
just recall that Gs is a subgraph ofT G, typed by the inclusion. If n > 0, by inductive hypothesis,
Gn � 1 is injective. Moreover the typing of qn is injective on jRqn j � rqn (jK qn j). This observation,
together with the fact that the items of the start graph have empty pre-set (they are minimal
with respect to causality) and each item of the type graph is produced by at most one production
implies that the graph Gn , which is obtained from Gn � 1 by �rst \removing" L qn � lqn (K qn ) and
then \adding" Rqn � rqn (K qn ), is injective. 2

Disregarding the dangling condition in the de�nition of occurrence grammar has
as a consequence the fact that, analogously to what happens for inhibitor nets, we
are not guaranteed that every production of an occurrence grammar is applicable
at least in one derivation starting from the start graph. Therestrictions to the
behaviour imposed by the dangling condition are taken into account when de�ning
the con�gurations of an occurrence grammar, which represent exactly, in a sense
formalized later, all the possible deterministic runs of the grammar.

Definition 6.9 (configuration)
A con�guration of an occurrence grammarO = hTG; P; � i is a subsetC � P such
that

1. if %C denotes the restriction of the asymmetric con
ict relationto C, then
(%C )� is a �nitary partial order on C;

2. C is left-closed with respect to� , i.e. for all q 2 C, q0 2 P, q0 � q implies
q0 2 C;

3. for all e 2 TG, if � e\ C 6= ; and � e � C then e� \ C 6= ; .

If C satis�es conditions (1) and (2), then it is called apre-con�guration. The set of
all con�gurations of the grammarO is denoted by Conf(O).

Condition (1) ensures that in C there are no%-cycles and thus it excludes the
possibility of having in C a subset of productions in con
ict. Furthermore it guar-
antees that each production has to be preceded only by �nitely many other pro-
ductions in the computation represented by the con�guration. Condition (2) re-
quires the presence of all the causes of each production. Condition (3) considers
the dangling condition: for any edgee in the type graph, if the con�guration con-
tains a production q inhibited by e and a production q0 producing such an edge
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then some productionq00consuminge must be present as well, otherwise, due to
the dangling condition, q could not be executed. This requirement is better un-
derstood recalling that, as observed in Remark 6.4, in this situation, i.e., when
e 2 q0� \ � q 6= ; , necessarilyq0 % q, namely q0 must be applied beforeq in the com-
putation. Similar considerations apply if the edgee is present in the start graph,
i.e., � e = ; . For example the set of con�gurations of the grammarG2 in Fig-
ure 6.1 is Conf (G2) = f; ; f q1g; f q1; q2g; f q1; q3g; f q1; q2; q4g; f q1; q3; q4g; f q4gg. The
set S = f q1; q4g, is instead only a pre-con�guration, since for the edgeL we have
q4 2 � L, � L = f q1g � S, but the intersection of S with L � = f q2; q3g is empty.

The notion is reminiscent of that of con�guration of an inhibitor event structure.
Indeed we will prove later that the con�gurations of an occurrence grammar are
exactly the con�gurations of the ies associated to the grammar. The fact that an
occurrence grammar con�guration does not include an explicit choice relation can
be understood, for the moment, by recalling Remark 6.4 whichimplies that the
productions in a con�guration implicitly determine their order of application.

The claim that con�gurations represent all and only the deterministic runs of an
occurrence grammar is formalized by the following result. We �rst need the notion of
reachable graphassociated to a con�guration, which extends an analogous concept
introduced in [CMR96], in the case of deterministic occurrence grammars.

Definition 6.10 (reachable graphs)
Let O = hTG; P; � i be an occurrence grammar. For anyC � P, �nite con�guration
of O, the reachable setassociated toC is the set of nodes and edges reach(C) �
Items(TG) de�ned as

reach(C) = ( Min (O) [
S

q2 C q� ) �
S

q2 C
� q.

Proposition 6.11 (configurations and derivations)
Let C be any con�guration of an occurrence grammarO. Then reach(C) is a well-
de�ned subgraph of the type graphTG and, moreover,Min (O) ) �

C reach(C) with
a derivation which applies exactly once every production inC, in any order con-
sistent with (%C )� . Vice versa for each derivationMin (O) ) �

S G in O, the set of
productions S it applies is a con�guration and G = reach(S).

Proof. Let C 2 Conf (O) be any �nite con�guration of O. The fact that reach(C) is a well-de�ned
subgraph of the type graphT G and Min (O) ) �

C reach(C) can be proved by induction onjCj. The
base case in whichjCj = 0, namely C = ; , is trivial since, by de�nition, Min (O) = reach(; ). If
instead jCj > 0 consider any productionq 2 C, maximal with respect to (%C )� (such a production
exists since (%C )� is a partial order and C is �nite). It is easy to see that C � f qg is a con�guration
and therefore, by inductive hypothesis,

Min (O) ) �
C �f qg G

where G = reach(C � f qg). By point (1) in the de�nition of con�guration, entailing t hat %C is
acyclic, and by point (2) we immediately get that � q[ q � G. Furthermore, by point (3), � q\ G =
; and thus q satis�es also the dangling condition. Recalling that q satis�es the identi�cation
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condition by de�nition of occurrence grammar, we deduce that q is applicable to G and thus
G ) q (G � � q) [ q� . Since in an occurrence grammar the post-sets of productions are all disjoint
we conclude that (G � � q) [ q� = reach(C) and thus

Min (O) ) �
C reach(C)

The second part of the proposition can be proved essentiallyby reversing the above steps. 2

As an immediate consequence of the previous result, a production which does
not satisfy the dangling condition in any graph reachable from the start graph (and
thus which is never applicable) is not part of any con�guration. For example,q3 does
not appear in the set of con�gurations ofG1, Conf (G1) = f; ; f q1g; f q2g; f q1; q2gg.

6.2 Nondeterministic graph processes

In the theory of Petri nets the notion of occurrence net is strictly related to that
of process. A (non)deterministic net process is a (non)deterministic occurrence net
with a suitable morphism to the original net. Similarly, nondeterministic occurrence
grammars can be used to de�ne a notion ofnondeterministic graph processes, gener-
alizing the deterministic graph processes of [CMR96, BCM98a]. Then, the unfolding
of a grammar, as introduced in the next section, can be seen asa \complete" non-
deterministic process of the grammar, expressing all the possible computations of
the grammar.

A nondeterministic graph processis aimed at representing in a unique \branch-
ing" structure several possible computations of a grammar.The underlying occur-
rence grammar makes explicit the causal structure of such computations since each
production can be applied at most once and each item of the type graph can be
\�lled" at most once. Via the morphism to the original grammar, productions and
items of the type graph in the occurrence grammar can be thought of, respectively,
as instances of applications of productions and instances of items generated in the
original grammar by such applications. Actually, to allow for such an interpretation,
some further restrictions have to be imposed on the process morphism. Recall that
process morphisms in Petri net theory must map places to places (rather than to
multisets of places) and must be total on transitions. Similarly, for graph process
morphisms the left component of the type-span is required tobe an isomorphism in
such a way that the type-span can be thought of simply as a total graph morphism.
Furthermore a process morphism cannot map a production to the empty production,
a requirement corresponding to totality.

Definition 6.12 (strong morphism)
A grammar morphismf : G1 ! G2 is calledstrong if

1. f L
T : X f T ! TG1 is an isomorphism;

2. f P (q1) 6= ; , for any q1 2 P1.



6.2. Nondeterministic graph processes 187

jGs' j

tG s '

jGsj
� s
'

tG s

T G'
' R

T

T G

jR0j

tR 0

jRj
� R
' (q1 )

tR

q0 jK 0j

tK 0

jK j
� K
' (q0)

tK

' P (q0) = q

jL 0j

tL 0

jL j
� L
' (q0)

tL

T G'
' R

T T G1

Figure 6.3: Graph processes.

In the following, without any loss of generality, we will always choose as concrete
representative of the type-span of a strong grammar morphism f , a spanf T such
that the left component f L

T is the identity idT G1 .

Definition 6.13 (graph process)
Let G be a graph grammar. A(marked) graph processof G is a strong grammar
morphism ' : O' ! G, where O' is an occurrence grammar. We will denote by
TG' , Gs' , P' and � ' the components of the occurrence grammarO' underlying a
process' .

Alternatively, if GG � indicates the subcategory ofGG having the same objects and
strong grammar morphisms as arrows, then the category of processes of a grammar
G can be simply de�ned as the comma categoryhO-GG # Gi in GG � .

It is not di�cult to verify that, if f : G1 ! G2 is a strong morphism then, by con-
dition (1) in the de�nition of grammar morphism (De�nition 5 .33), �s

f : jGs2 j ! j Gs1 j
is an isomorphism. Similarly, by condition (2), for each production q1 2 P1, � f (q1) is
a triple of isomorphisms, namely each production ofG1 is mapped to a production of
G2 with associated isomorphic (untyped) span. Furthermore the pullback-retyping
construction induced byf T becomes extremely simple: when applied to graphG1

typed over TG1 it produces (up to isomorphism) the graphhjG1j; tT G1 ; f R
T i obtained

by composing the typing morphism ofG1 with f R
T .

In this situation the conditions on a process' requiring the preservation of
the start graph and of the productions spans, can be expressed by simply asking
the commutativity of the diagrams in Figure 6.3, the right one for any production
q0 2 P' . Moreover, since the left-component of' T is assumed to be the identity, to
lighten the notation we will sometimes omit the superscriptR when denoting the
right component ' R

T .

To understand when two graph processes' 1 and ' 2 are isomorphic as objects
of hO-GG # Gi in GG � , �rst consider a generic morphismf : ' 1 ! ' 2 in such a
category. According to the de�nition of comma category,f : O1 ! O2 is a grammar
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morphism such that ' 2 � f = ' 1, as shown below

O1
f

' 1

O2

' 2

G

Since' 1 and ' 2 are strong morphisms, it immediately follows that the left com-
ponent of the type spanf T must be an isomorphism (althoughf is not necessarily
strong sincef P may map some productions to the empty one). Moreover the compo-
nent � f of the morphism must be a collection of isomorphisms, which are completely
determined by the � components of' 1 and ' 2. Exploiting these observations we
conclude the following characterization of the isomorphism between processes which
essentially states that the isomorphism is completely determined by the right com-
ponent of the type span and by the production component.

Proposition 6.14 (isomorphism of graph processes)
Let ' 1 and ' 2 be two processes of the grammarG. Then ' 1 and ' 2 are isomorphic
if and only if there exists a pairhf T ; f P i , where

1. f T : hTG' 1 ; ' 1T i ! h TG' 2 ; ' 2T i is an isomorphism (ofTG-typed graphs);

2. f P : P' 1 ! P' 2 is a bijection such that' 1P = ' 2P � f P ;

3. the left diagram in Figure 6.4 commutes;

4. for each q1 : (L1  K 1 ! R1) in P' 1 , q2 = fp (q1) : (L2  K 2 ! R2) in
P' 2 , if q = ' 1P (q1) = ' 2P (q2) : (L  K ! R) in P, the right diagram in
Figure 6.4 commutes.

To indicate that ' 1 and ' 2 are isomorphic we write ' 1
�= ' 2.

In the sequel when speaking of an isomorphism of processes wewill always refer to
the pair hf T ; f P i rather than to the entire morphism.

In the next chapter we will restrict to deterministic processes and de�ne an
operation of sequential composition on them. As in the case of nets, to have a
meaningful notion of composition, one must consider \unmarked" processes, starting
from any graph instead that from the start graph of the grammar.

Definition 6.15 (unmarked graph process)
An unmarked strong grammar morphism is a grammar morphism satisfying all the
conditions of De�nition 6.12, but the preservation of the start graph.

An unmarked graph processof a graph grammarG is an unmarked strong gram-
mar morphism ' : O' ! G, whereO' is an occurrence grammar.

All the de�nitions and results introduced in this section can be easily adapted to
unmarked processes simply by forgetting the conditions on the start graph.
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jGs1 j

tG s1

jG0
sj

� s
' 1

tG s

� s
' 2 jGs2j

tG s2

T G' 1
' R

T

T G T G' 2
' R

T

jR1j

tR 1

jRj
� R
' 1

(q1) � R
' 2

(q2)

tR

jR2j

tR 2

jK 1j

tK 1

jK j
� K
' 1

(q1) � K
' 2

(q2 )

tK

jK 2j

tK 2

jL 1j

tL 1

jL j

tL

� L
' 1

(q1) � L
' 2

(q2)
jL 2j

tL 2

T G' 1

f T

' 1 T
T G T G' 2' 2 T

Figure 6.4: Graph process isomorphism.

6.3 Unfolding construction

This section introduces the unfolding construction which,when applied to a consum-
ing grammarG, produces a nondeterministic occurrence grammarUg(G) describing
the behaviour of G. The unfolding is equipped with a strong grammar morphism
' G to the original grammar G, making it a process ofG.

The unfolding is constructed by starting from the start graph of the grammar,
then applying in all possible ways its productions, and recording in the unfolding
each occurrence of production and each new graph item generated in the rewrit-
ing process, both enriched with the corresponding causal history. According to the
discussion in the previous section, in the unfolding procedure, productions are ap-
plied without considering the dangling condition. Moreover we adopt a notion of
concurrency which is \approximated", again in the sense that it does not take care
of the precedences between productions induced by the dangling condition. In the
analogy between graph grammars and inhibitor nets, this corresponds to applying
the unfolding construction to the contextual net obtained by forgetting the inhibitor
arcs. Recall that in the case of inhibitor nets, the net obtained by unfolding the un-
derlying contextual net is �nally \enriched" by inserting again the inhibitor arcs.
Since for a graph grammar the inhibitor set of a production isimplicitly given by
the typing of the production, the result of the unfolding construction needs not to
be further modi�ed.

Definition 6.16 (quasi-concurrent graph)
Let O = hTG; P; � i be an occurrence grammar. A subgraphG of TG is calledquasi-
concurrent if

1.
S

x2 Gbxc is a pre-con�guration;

2. : (x < y ) for all x; y 2 G.
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Another basic ingredient for the unfolding is the gluing operation. It can be
interpreted as a \partial application" of a rule to a given match, in the sense that
it generates the new items as speci�ed by the production (i.e., items of right-hand
side not in the interface), but items that should have been deleted are not a�ected:
intuitively, this is because such items may still be used by another production in the
nondeterministic unfolding.

Definition 6.17 (gluing)
Let q be a TG-typed production, G a TG-typed graph andm : Lq ! G a graph
morphism. We de�ne, for any symbol� , the gluing of G and Rq alongK q, according
to m and marked by� , denoted by glue� (q; m; G), as the graphhN; E; s; t i , where:

N = NG [ m� (NRq ) E = EG [ m� (ERq )

with m� de�ned by: m� (x) = m(x) if x 2 K q and m� (x) = hx; �i otherwise. The
source and target functionss and t, and the typing are inherited fromG and Rq.

The gluing operation keeps unchanged the identity of the items already inG, and
records in each newly added item fromRq the given symbol� . Notice that the gluing,
as just de�ned, is a concrete deterministic de�nition of thepushout of the arrows

G m Lq
lq
 - Kq and K q

r q
,! Rq.

As described below, the unfolding of a graph grammar is obtained as the limit
of a chain of occurrence grammars, which approximate the unfolding up to a certain
causal depth. The next de�nition formally introduces the notion of depth.

Definition 6.18 (depth)
Let O = hTG; P; � i be an occurrence grammar. The function depth: Elem(O) ! N
is de�ned inductively as follows:

depth(x) = 0 for x 2 j Gsj = Min (O);
depth(q) = max f depth(x) j x 2 � q [ qg + 1 for q 2 P;
depth(x) = depth(q) for x 2 q� .

It is not di�cult to prove that depth is a well-de�ned total function, since in�nite
descending chains of causality are disallowed in occurrence grammars. Moreover,
given an occurrence grammarO, the grammar containing only the items ofdepth
less or equal ton, denoted byO[n], is a well-de�ned occurrence grammar. As expected
the following result holds.

Proposition 6.19
An occurrence grammarO is the (componentwise) union of its subgrammarsO[n],
of depthn.

Moreover it is not di�cult to see that if g : O ! G is a grammar morphism, then for
any n 2 N, g restricts to a morphismg[n] : O[n] ! G. In particular, if TG[n] denotes
the type graph ofO[n], then the type-span ofg[n] will be the equivalence class of
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TG[n] X [n]
gR

T
[n ]gL

T
[n ]

TGG

where X [n] = f x 2 X g j gL
T (x) 2 TG[n]g. Vice versa each morphismg : O ! G is

uniquely determined by its truncations at �nite depths.
We are now ready to present the unfolding construction.

Definition 6.20 (unfolding)
Let G = hTG; Gs; P; � i be a (consuming) graph grammar. We inductively de�ne,
for each n, an occurrence grammarUg(G)[n] = hTG[n]; P [n]; � [n]i and a morphism
' [n] = h' T

[n]; ' P
[n]; � [n]i : Ug(G)[n] ! G. Then the unfolding Ug(G) and the fold-

ing morphism ' G : Ug(G) ! G are the occurrence grammar and strong grammar
morphism de�ned as the componentwise union ofUg(G)[n] and ' [n], respectively.

Since each morphism' [n] is strong, assuming that the left component of the
type-span' T

[n] is the identity on TG[n], we only need to de�ne the right component
' R

T
[n] : TG[n] ! TG, which, by the way, makeshTG[n]; ' R

T
[n]i a TG-typed graph.

(n = 0) The components of the grammarUg(G)[0] are TG[0] = jGsj, P [0] = � [0] = ; ,
while morphism ' [0] : Ug(G)[0] ! G is de�ned by ' R

T
[0] = tGs , ' P

[0] = ; , and
� [0]s = id jGs j .

(n ! n + 1) Given Ug(G)[n], the occurrence grammarUg(G)[n+1] is obtained by ex-
tending it with all the possible production applications toquasi-concurrent subgraphs
of the type graph ofUg(G)[n]. More precisely, letM [n] be the set of pairshq; mi such
that q 2 P is a production in G and m : Lq ! h TG[n]; ' R

T
[n]i is a match satisfying

the identi�cation condition, with m(jLqj) quasi-concurrentsubgraph ofTG[n]. Then
Ug(G)[n+1] is the occurrence grammar resulting after performing the following steps
for eachhq; mi 2 M [n].

� Add to P [n] the pair hq; mi as a new production name and extend' P
[n] so that

' P
[n](hq; mi ) = q. Intuitively, hq; mi represents an occurrence ofq, where the

match m is needed to record the \history".

� Extend the type graphTG[n] by adding to it a copy of each item generated by
the applicationq, marked byhq; mi (in order to keep trace of the history). The
morphism ' R

T
[n] is extended consequently. More formally, theTG-typed graph

hTG[n]; ' R
T

[n]i is replaced by gluehq;mi (q; m;hTG[n]; ' R
T

[n]i ).

� The production � [n](hq; mi ) has the same untyped span of� (q) and the mor-
phisms� [n](hq; mi ) are identities, that is �(hq; mi ) = hid jL q j ; id jK q j ; id jRq j i . The
typing of the left-hand side and of the interface is determined bym, and each
item x of the right-hand side which is not in the interface is typed over the
corresponding new itemhx; hq; mii of the type graph.
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It is not di�cult to verify that for each n, Ug(G)[n] is a (�nite depth) nondetermin-
istic occurrence grammar, andUg(G)[n] � Ug(G)[n+1] , componentwise. Therefore
Ug(G) is a well-de�ned occurrence grammar. Similarly for eachn 2 N we have
that ' [n] is a well-de�ned morphism fromUg(G)[n] to G, which is the restriction to
Ug(G)[n] of ' [n+1] . This induces a unique morphism' G : Ug(G) ! G.

The deterministic gluing construction ensures that, at each step, the order in
which productions are applied does not in
uence the �nal result of the step. Moreover
if a production is applied twice at the same match (even if in di�erent steps), the
generated items are always the same and thus they appear onlyonce in the unfolding.

It is possible to show that the unfolding construction applied to an occurrence
grammar yields a grammar which is isomorphic to the originalone. This is essentially
a consequence of the fact that for each productionq of an occurrence grammar the
(image via the typing morphism of the) left-hand side ofq is always quasi-concurrent
and the typing morphism tL q satis�es the identi�cation condition, as it can easily
derived from De�nition 6.1.

6.4 The unfolding as a universal construction

The unfolding construction has been de�ned, up to now, only at \object level". This
section faces the problem of characterizing the unfolding as a core
ection between
suitable categories of graph grammars and of occurrence grammars. As in the case
of contextual and inhibitor nets, we �rst restrict to a full subcategory SW -GG
of GG where objects satisfy conditions analogous to those de�ning semi-weighted
P/T Petri nets. Then we show that the unfolding constructioncan be extended to
a functor Ug : SW -GG ! O-GG that is right adjoint to the inclusion functor
I O : O-GG ! SW -GG .

The restriction to the semi-weighted case is essential for the above categorical
construction when one uses general morphisms. However, suitably restricting graph
grammars morphisms to still interesting subclasses (comprising, for instance, the
morphisms of [Rib96, HCEL96]) it is possible to regain the categorical semantics for
general, possibly non semi-weighted, grammars.

6.4.1 Unfolding of semi-weighted graph grammars

A graph grammar is semi-weighted if the start graph is injective and the right-hand
side of each production is injective when restricted to produced items (namely, to
the items which are not in the interface). It is possible to show that, if we encode a
Petri net N as a grammarGN , according to the translation sketched in Section 5.1.1,
then N is a semi-weighted net if and only ifGN is a semi-weighted grammar.
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Definition 6.21 (semi-weighted grammars)
A TG-typed productionL  K ! R is called semi-weightedif tR is injective on
the \produced part" of R, namely on jRj � r (jK j). A grammar G is called semi-
weighted if the start graph Gs is injectively typed and for anyq 2 P the production
� (q) is semi-weighted. We denote bySW -GG the full subcategory ofGG having
semi-weighted grammars as objects.

The core
ection result strongly relies on the technical property which is stated
in the next lemma. It is important to notice that this is a key point where the
restriction to semi-weighted grammars plays a role, since,as we will see, the lemma
fails to hold for arbitrary grammars.

Lemma 6.22
Let G = hTG; Gs; P; � i be a semi-weighted grammar, letO = hTG0; G0

s; P0; � 0i be an
occurrence grammar and letf : O ! G be a grammar morphism. Then the type
span [f T ] of the morphism is relational.

Proof. Recall from Section 5.3 (De�nition 5.32) that the span f T : T G0 $ T G is relational if
hf L

T ; f R
T i : X f T ! T G � T G0 is mono. In turn, in the categories Set and Graph this amounts to

say
8x; y 2 X f T : f R

T (x) 6= f R
T (y) _ f L

T (x) 6= f L
T (y)

We proceed by contraposition. Considerx; y 2 X f T such that f L
T (x) = f L

T (y) = z0 and f R
T (x) =

f R
T (y) = z. SinceO is an occurrence grammar, necessarilyz0 is in the start graph or in the post-set

of some production. Let us assume thatz0 2 Min (O). By de�nition of grammar morphism, there
exists a morphismk : jGs j ! X f T such that the following diagram commutes and the square is a
pullback, where the unlabelled arrow is an inclusion:

Min (O) jGs j
t G s

� s
f

k

T G0 X f T
f L

T f R
T

T G

The fact that f L
T (x) = f L

T (y) = z and z 2 Min (O) implies that there are x00; y002 j Gs j such that
k(x00) = x and k(y00) = y. Recalling that the triangle on the right commutes we have

tG s (x00) = f L
T (k(x00)) = f L

T (x) = f L
T (y) = f L

T (k(y00)) = tG s (y00)

Since the graphGs is injectively typed, we conclude that x00= y00, and thus x = k(x00) = k(y00) = y
that is what we wanted to prove. A similar reasoning applies if the item z belong the post-set of
some production, since the grammar is semi-weighted and thus productions are injectively typed
on the produced part. 2

Observe that, as an immediate consequence of the above lemma, if f : O ! G is
a grammar morphism, whereG is a semi-weighted grammar andO is an occurrence
grammar, then the morphismk, such that f T f �s

f ; kg(Gs; Gs0) (see De�nition 5.33,
condition (1)) is uniquely determined. Similarly, for eachq 2 P, with q0 = f P (q),
the morphismskL , kK and kR such that f T f �X

f (q); kX g(X q; X q0) for X 2 f L; K; R g
(see De�nition 5.33, condition (2)) are uniquely determined.
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Figure 6.5: The construction mapping safe grammars into i-nets is not functorial.

Some considerations on morphisms between occurrence grammars are now in
order. Let f : O1 ! O2 be a grammar morphism, whereO1 and O2 are occurrence
grammars. Since, by Lemma 6.22, [f T ] is relational we will sometimes confuse it with
the corresponding relation between the items ofTG1 and TG2, namely with

f (x1; x2) j 9x 2 X f T : f L
T (x) = x1 ^ f R

T (x) = x2g

and we will write f T (x1; x2) to mean that there existsx 2 X f T such that f L
T (x) = x1

and f R
T (x) = x2. By de�nition of grammar morphism such relation preserves the

start graph and pre-set, post-set and context of productions of O1.
Incidentally, observe that, instead, condition (2.d) in the de�nition of i-net mor-

phism (De�nition 4.33) in general does not hold for grammar morphisms. Therefore
the construction, described in Section 6.1, which associates to each safe grammar
an inhibitor net is not functorial. An example of occurrencegrammar morphism not
meeting the mentioned condition is reported in Figure 6.5. The morphism relates
items (production names or graph items) of the �rst grammar to items of the second
grammar with the same name, (possibly) without \primes". It is not di�cult to see
that this is a legal grammar morphism, but the inhibitor set of q2 is not re
ected
since L 2 � q2, L0 and L00 are mapped toL, but � q0

2 contains only L00 (while to
satisfy condition (2.d) it should have been� q0

2 = f L0; L00g). The fact that graph
grammar morphisms are more liberal than inhibitor net morphisms is intuitively
justi�ed by the particular properties of the inhibitor set of productions in graph
grammars observed in Remark 6.4.

An important property of morphisms between occurrence grammars, which will
play a central role in the proof of the core
ection, is the fact that they \preserve"
quasi-concurrency. Furthermore quasi-concurrent items cannot be identi�ed by a
morphism. This lemma can be proved along the same lines of an analogous result
which hold for morphisms of contextual Petri nets. In fact, the notion of quasi-
concurrency disregards the dangling condition, taking into account only causality
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and asymmetric con
ict, two kind of dependencies whose treatment is basically the
same for grammars and contextual nets.

Lemma 6.23 (preservation of concurrency)
Let O1 and O2 be occurrence grammars, letf : O1 ! O2 be a grammar morphism,
and consider, fori 2 f 1; 2g, a TGi -typed graphGi . If f T (G1; G2) and tG1 (jG1j) is a
quasi-concurrent subgraph ofTG1 then tG2 (jG2j) is a quasi-concurrent subgraph of
TG2. Furthermore for all x; y 2 tG1 (jG1j) and z 2 tG2 (jG2j), if f T (x; z) and f T (y; z)
then x = y.

Occurrence grammars are particular semi-weighted grammars, thus we can con-
sider the inclusion functorI O : O-GG ! SW -GG . The next theorem shows that
the unfolding of a grammarUg(G) and the folding morphism' G are cofree overG.
Therefore Ug extends to a functor that is right adjoint of I O and thus establishes
a core
ection betweenSW -GG and O-GG .

Theorem 6.24 (coreflection between SW -GG and O-GG )
Let G be a semi-weighted grammar, letUg(G) be its unfolding and let' : Ug(G) ! G
be the folding morphism as in De�nition 6.20. Then for any occurrence grammarO
and for any morphismg : O ! G there exists a unique morphismh : O ! Ug(G)
such that the following diagram commutes:

Ug(G)
'

G

O

h g

Therefore I O a Ug.

Proof (Sketch). To avoid a cumbersome notation, let us �x the names of the compo-
nents of the various grammars. Let G = hT G; Gs; P; � i , Ug(G) = hT G0; G0

s ; P0; � 0i , and let
O = hT Go; Gso ; Po; � oi .

According to De�nition 5.33, a morphism h : O ! Ug(G) is determined by a semi-abstract
span [hT ] : T Go ! T G0, a function hP : Po ! P0, and a family of morphisms �h = f �h (qo) j qo 2
Pog [ f �s

h g satisfying suitable requirements.
As a �rst step, we show that both the left component of [hT ] and the family �h are uniquely

determined by the condition ' � h = g and by the properties of the folding morphism ' . In fact,
let in the following diagram hgL

T ; X gT ; gR
T i : T Go ! T G be an arbitrary but �xed representative of

[gT ], and let hid; T G0; ' R
T i : T G0 ! T G be a representative of [' T ] (where, being ' strong, we can

choose the identity of T G0 as left component).

X gT

hR
Tid

gL
T gR

T

T Go X gT
gL

T hR
T

T G0 T G0
id ' R

T

T G

Then it is easily shown that for any semi-abstract span [hT ] : T Go ! T G0 such that [' T ] � [hT ] =
[gT ] we can choose a representative of the formhgL

T ; X gT ; hR
T i for somehR

T , because the inner square
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becomes a pullback. This shows that, without any loss of generality, we can assume that the left
components of [hT ] and [gT ] coincide.

As far as the family of morphisms �h is concerned, recall that morphism�s
' : jGs j ! j G0

s j
is the identity by De�nition 6.20; thus, since ' � h = g implies �s

h � �s
' = �s

g, we deduce that
�s
h = �s

g. The same holds for the components of�h (qo) for any production qo 2 Po, by observing
that �h (qo) � � ' (hP (qo)) = �g(qo) must hold, and that � ' (q0) is a triple of identities for each q0 2 P0.

Existence

We will show inductively that for each n 2 N we can �nd a morphism h[n ] such that the diagram

Ug(G)
'

G

O[n ]

h [ n ]

g[ n ]

commutes, and such thath[n +1] extendsh[n ]. Then the morphism h we are looking for will be the
componentwise union of the chain of morphismsf h[n ]gn 2 N.

(k = 0 ) By de�nition, the occurrence grammar O[0] consists of the start graph ofO only, typed
identically on the type graph, with no productions, i.e., O[0] = hjGso j; ; ; ;i . By the considerations
above, to determine morphismh[0] : O[0] ! Ug(G) we only have to provide the right component

hR
T

[0]
: X gT

[0] ! T G0 of [hT
[0] ]. Moreover, to be a well de�ned grammar morphism, h[0] must

preserve the start graph. By condition (1) of De�nition 5.33 applied to g[0] : O[0] ! G, there
is a morphism k : jGs j ! X gT

[0] such that the diagram below commutes, and the square is a
pullback. Furthermore, by the pullback properties k is an isomorphism, and, beingG a semi-
weighted grammar, by Lemma 6.22,k is uniquely determined.

jGso j

id

jGs j
t G s

� s
g

k

jGso j X gT
[0]

gL
T

[0] gR
T

[0]
T G

Now we de�ne hR
T

[0]
= tG s � k � 1, completing the de�nition of h[0] . The next diagram shows that

h[0] satis�es the requirement of preservation of the start graph. The fact that g[0] = ' � h[0] easily
follows by construction.

jGso j

id

jGs j
t G 0

s

� s
g

k

jGso j X gT
[0]

gL
T

[0] hR
T

[0] = t G 0
s

� k � 1
T G0

(n ! n+1 ) We have to de�ne morphism h[n +1] : O[n +1] ! Ug(G) by extending h[n ] to the items
of T Go [ Po of depth equal to n + 1. Without any loss of generality we assume that there is just
one production qo in O[n +1] with depth(qo) = n + 1 (the general case can be carried out in a
completely analogous way). To ensure' P � hP

[n +1] = gP
[n +1] , the production qo must be mapped

to a production q0 in Ug(G), which is an occurrence of the productionq = gP (qo) of G. In other
words, q0 will be hq; mi , with m : L q ! h T G0; ' R

T i a match satisfying suitable conditions.
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The de�ning conditions of grammar morphisms, applied to g[n ] : O[n ] ! G, ensure the existence
of a morphism kL , such that the diagram below commutes, where the square is a pullback.

jL qo j

t L qo

jL qj
t L q

� L
g (qo )

k L

T Go
[n ] X gT

[n ]

gL
T

[n ] gR
T

[n ]
T G

Moreover, beingG a semi-weighted grammar, by Lemma 6.22gT is relational and thus the arrow
kL is uniquely determined. By De�nition 6.18, depth(x) � n for all x 2 tL qo

(jL qo j) = � qo [ qo,
and thus h[n ] is de�ned on the pre-set and on the context ofqo. Therefore we can construct the
following diagram.

jL qo j

t L qo

jL qj
m = hR

T
[n ] � k L

� L
g (qo )

k L

T Go
[n ] X gT

[n ]

gL
T

[n ] hR
T

[n ]
T G0

Notice that m = hR
T

[n ]
� kL can be seen as aT G-typed graph morphism from L q to hT G0; ' R

T i .

In fact, it satis�es ' R
T � m = ' R

T � hR
T

[n ]
� kL = gR

T
[n ]

� kL = tL q . Moreover, recalling that

hT
[n ] = hgL

T
[n ]

; hR
T

[n ]
i , by the diagram above we have thathT

[n ](L qo ; hjL qj; mi ). Since by de�nition
of occurrence grammartL qo

(jL qo j) is a quasi-concurrent subgraph ofT Go, by using Lemma 6.23,
we can conclude thatm(jL qj) is a quasi-concurrent subgraph ofT G0. Let us prove that, in addition,
the mapping m satis�es the identi�cation condition. First observe that f or x; y 2 j L qj

m(x) = m(y) ) kL (x) = kL (y). (y)

In fact, assume that m(x) = m(y), let x0 = kL (x) and y0 = kL (y) and supposex0 6= y0. From

the fact that m(x) = m(y) we deducehR
T

[n ]
(x0) = hR

T
[n ]

(y0), and therefore, sinceh[n ] is rela-

tional, gL
T

[n ]
(x0) 6= gL

T
[n ]

(y0). Now observe that, by commutativity of the square in the diagram

above,gL
T

[n ]
(x0), gL

T
[n ]

(y0) 2 tL qo
(jL qo j) and moreoverhT

[n ](gL
T

[n ]
(x0); z), hT

[n ](gL
T

[n ]
(y0); z), where

z = m(x) = m(y). But according to Lemma 6.23 this would imply that tL qo
(jL qo j) is not quasi-

concurrent, contradicting the de�nition of occurrence grammar. Hence, as desired, it must be
kL (x) = kL (y). We can now conclude thatm satis�es the identi�cation condition, namely that for
x; y 2 j L qj

m(x) = m(y) ) x; y 2 j K qj.

In fact, suppose that m(x) = m(y). By ( y) above we have thatkL (x) = kL (y), hence, by general
pullback properties, �L

g (q0)(x) 6= �L
g (q0)(y) and, by commutativity of the square in the diagram

above, tL qo
(�L

g (q0)(x)) = tL qo
(�L

g (q0)(y)). Recalling that tL qo
satis�es the identi�cation condition

we get that �L
g (q0)(x) and �L

g (q0)(y) must be in jK qo j, and thus x; y 2 j K qj.
Since m : L q ! h T G0; ' R

T i is a match satisfying the identi�cation condition and m(jL qj)
is quasi-concurrent, by de�nition of unfolding q0 = hq; mi is a production name in P0. Then
the production component hP

[n +1] of the morphism h[n ] can be de�ned by extending hP
[n ] with

hP
[n +1] (qo) = q0. The diagram above shows that, with this extension, the left-hand side of the

production is preserved. Now, it can be seen that there is a unique way of extending the type-span
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hT
[n ] to take into account also the right-hand side of production q0. In fact, consider the diagram

below expressing, for morphismg[n +1] , the preservation of the right-hand side ofqo.

jRqo j

t R qo

jRqj
t R q

� R
g (qo )

k R

T Go
[n +1] X gT

[n +1]

gL
T

[n +1] gR
T

[n +1]
T G

To complete the de�nition of h[n ] we must de�ne the right component hR
T

[n +1]
: X gT

[n +1] ! T G0,

extending hR
T

[n ]
on the items which are in X = X gT

[n +1] � X gT
[n ]. Now one can verify that kR

establishes an isomorphism betweenX and jRqj � rq(jK qj). Then the condition requiring that

hT
[n +1] preserves the right-hand side ofqo forces us to de�ne, for eachx 2 X , hR

T
[n +1]

(x) =
tL q0(kR � 1

(x)).

The fact that g[n ] = ' � h[n ] easily follows by construction.

Uniqueness
Uniqueness essentially follows from the fact that at each step we are forced to de�ne the morphism
h as we have done to ensure commutativity. 2

6.4.2 Unfolding of general grammars

A natural question regards the possibility of extending theuniversal characteriza-
tion of the unfolding construction to the whole categoryGG of graph grammars.
It should be noticed that the proof of the uniqueness of the morphism h in Theo-
rem 6.24 strongly relies on Lemma 6.22 which in turn requiresthe grammarG to be
semi-weighted. Unfortunately the problem does not reside in our proof technique:
the cofreeness of the unfolding ofUg(G) and of the folding morphism ' G over G
may really fail to hold if the grammar G is not semi-weighted.

For instance, consider grammarsG1 and G2 in Figure 6.6, where typed graphs
are represented by decorating their items with pairs \concrete identity:type". The
grammar G2 is not semi-weighted since the start graph is not injectively typed,
while G1 is clearly an occurrence grammar. The unfoldingUg(G2) of the grammar
G2, according to De�nition 6.20, is de�ned as follows. The start graph and type
graph of Ug(G2) coincide with jGs2 j. Furthermore, Ug(G2) contains two productions
q0

2 = hq2; m0i and q00
2 = hq2; m00i , which are two occurrences ofq2 corresponding to

the two possible di�erent matchesm0; m00: Lq2 ! Gs2 (the identity and the swap).
Observe that there exists a morphismg : G1 ! G2 which is not relational, i.e., the

property in Lemma 6.22 fails to hold. The componentgP on productions is de�ned by
gP (q1) = q2, while the type spangT is de�ned as follows:X gT is a discrete graph with
two nodesx and y, gL

T (x) = gL
T (y) = A and gL

T (x) = gL
T (y) = B (see the bottom row

of the diagram in Figure 6.6). Consider the pullback-retyping diagram in Figure 6.6,
expressing the preservation of the start graph for morphismg (condition (1) of
De�nition 5.33). Notice that there are two possible di�erent morphisms k and k0



6.4. The unfolding as a universal construction 199

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�
�

�
�
�

�
�
�

�
�
�

�
�
�

�
�
�
�

�
�
�
�

�
�
�

�
�
�

�
�
�
�

�
�
�
�

jG in 2 jjG in 1 j

Grammar G1 Grammar G2

q1

1

x

T G 1 X g T T G 2

B

q2

A

1 2

y

A 2:BB1:A 1:B
T G 1 = G in 2 =T G 2 =G in 1 =

2:B1:A 1:B

Figure 6.6: The grammarsG1 and G2, and the pullback-retyping diagram for their
start graphs.

from jGs2 j to X gT (represented via plain and dotted arrows, respectively) making
the diagram commutes and the square a pullback. Now, it is notdi�cult to see
that, correspondingly, we can construct two di�erent morphisms hi : G1 ! Ug(G2)
(i 2 f 1; 2g), such that ' G2 � hi = g, the �rst one mapping production q1 into q0

2 and
the second one mappingq1 into q00

2 . An immediate consequence of this fact is the
impossibility of extending Ug on morphisms, in order to obtain a functor which is
right adjoint to the inclusion I : O-GG ! GG .

The above considerations, besides giving a negative result, also suggest a way
to overcome the problem. An inspection of the proof of Theorem 6.24 reveals that
the only di�culty which prevents us to extend the result is the non uniqueness of
the morphismsk, kL , kK and kR in the pullback-retyping constructions. In other
words, if we consider any morphismg : O ! G such that [gT ] is relational then we
can prove, as in Theorem 6.24, the existence of a unique morphism h : O ! Ug(G)
making the following diagram commute:

Ug(G)
'

G

O

h g

Hence the core
ection result can be regained by limiting ourattention to a (non
full) subcategory dGG of GG , where objects are general graph grammars, but all
morphisms have a relational span as type component. Then, the only thing to prove
is that the unique morphismh constructed in the proof of Theorem 6.24 is indeed
an arrow in dGG .
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The na•�ve solution of taking all relational morphisms as arrows ofdGG does not
work because they are not closed under composition. A possible appropriate choice
is instead given by the categoryGG R , where the arrows are grammar morphismsf
such that the left componentf L

T of the type span is mono.

Definition 6.25 (Category GG R)
We denote byGG R the lluf subcategory ofGG , where for any arrow f the left
componentf L

T of the type span is mono. Furthermore we denote byO-GG R the full
subcategory ofGG R having occurrence grammars as objects.

By the properties of pullbacks, the arrows inGG R are closed under composition
and thus GG R is a well-de�ned subcategory ofGG .

Theorem 6.26 (unfolding as coreflection - reprise)
The unfolding construction can be turned into a functorU R

g : GG R ! O-GG R ,
having the inclusionI R

O : O-GG R ! GG R as left adjoint, establishing a core
ec-
tion between the two categories.

Proof. By the considerations above, the only thing to prove is that the morphismh constructed
as in the proof of Theorem 6.24 is an arrow inO-GG R . But this is obvious since, by construction
hL

T = gL
T and thus hL

T is mono. 2

Alternatively, the result can be proved for the subcategoryGG L of GG where
arrows are grammar morphisms having theright component of the type span which
is mono. Clearly this is a well de�ned subcategory, while proving that the morphism
constructed in the proof of Theorem 6.24 is an arrow inO-GG L requires some
additional e�ort.

Observe that although not completely general, the above results regard a re-
markable class of grammar morphisms. In particular they comprise the morphisms
adopted in [HCEL96, Rib96] where the type component of an arrow from G1 to G2

is a partial graph morphism fromTG1 to TG2, and from TG2 to TG1, respectively.
Finally, it is worth remarking that strong grammar morphisms are arrows in

GG R , a fact that, in the next chapter, will allow us to fruitfully use Theorem 6.26
to establish a relation between the unfolding and the deterministic process semantics
of a grammar (see Section 7.4).

6.5 From occurrence grammars to event struc-
tures

Starting from the semantics of graph grammars given in termsof occurrence gram-
mars, the aim of this section is to provide a more abstract semantics based on
(suitable kind of) event structures and domains, followingthe guidelines traced in
the First Part for contextual and inhibitor nets. Due to the similarity between
grammars and inhibitor nets, it comes as no surprise that inhibitor event structures,
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the generalization of Winskel's event structures introduced in Chapter 4 , are ex-
pressive enough to encode the causal structure of grammar computations. The ies
associated to an occurrence grammar is obtained by forgetting the state, and remem-
bering the productions of the grammar and the relationship among them. Recalling
the encoding of safe grammars into i-nets, the formal de�nition is a straightforward
generalization of the construction taking an occurrence i-net into the corresponding
ies. By using the results inChapter 4 the ies semantics can be �nally \translated"
into a domain andpes semantics.

The con�gurations of the ies associated to an occurrence grammarO can be
shown to coincide with the con�gurations of the grammarO, as de�ned in Sec-
tion 6.1. Furthermore the extension ordering on the con�gurations of suchies can
be characterized by using only the relations of causality and asymmetric con
ict
de�ned directly on the grammar, thus providing a simpler characterization of the
domain semantics.

6.5.1 An IES semantics for graph grammars

We next introduce the DE-relation naturally associated to an occurrence grammar
O, which is is used to de�ne �rst a pre-ies and then anies for the grammar O.

Definition 6.27 (pre-ies for an occurrence grammar)
Let O = hTG; P; � i be an occurrence grammar. The pre-ies associated toO is de�ned
as I p

O = hP; p
Oi , with O � 2P

1 � P � 2P , given by: forq; q0 2 P and x 2 Items(TG)

� if q� \ ( � q0 [ q0) 6= ; then p
O(; ; q0; f qg)

� if ( � q [ q) \ � q0 6= ; then p
O(f q0g; q;; );

� if x 2 � q (and thus x is an edge in the type graphTG) then p
O( � s; q; s� ).

As for inhibitor nets, I p
O is a pre-ies satisfying also condition (1) of the de�nition

of ies. Therefore, as discussed in Proposition 4.5, it can be \saturated" in order to
obtain an ies.

Definition 6.28 (ies for an occurrence grammar)
The ies associated to an occurrence grammarO, denoted byI O = hP; O i , is de�ned
as I p

O.

Recall that the causality, asymmetric con
ict and con
ict relations of I O and I p
O

coincide. They will be denoted by< i
O, % i

O and # i
O, respectively. The superscript

\ i " is used to distinguish these relations from the relations< O and %O, associated
directly to the occurrence grammar in Section 6.1.

We now prove that the construction which maps an occurrence grammar into
the correspondingies I O can be turn into a functor. This is not completely obvious,
since, as observed in Section 6.4, grammar morphisms are more liberal than i-net
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morphisms because, in general, they do not re
ect the inhibitor set of productions.
In the proof we will exploit the fact that, as explained in Section 6.4, the type
component of a morphism between occurrence grammars can be thought of as a
relation, preserving the start graph as well as the pre-set,post-set and context of
productions.

Proposition 6.29
Let O0 and O1 be occurrence grammars and leth : O0 ! O1 be a grammar morphism.
Then hP : I O0 ! I O1 is an ies morphism.

Proof (Sketch). For k 2 f 0; 1g, let < k , % k and # k be the relations of causality, asymmetric
con
ict and con
ict in the pre- ies I p

k = hPk ; p
k i associated to the grammarOk . As in the case of

i-nets, we show that hP : I p
0 ! I p

1 satis�es conditions (1)-(4) in the hypotheses of Lemma 4.9 and
thus that hP is an ies morphism between the corresponding \saturated"ies's.

Relying on the analogy between occurrence grammar and i-nets morphisms, most of the prop-
erties can be proved exactly as for i-nets. We will treat explicitly only only some cases which
involve the inhibitor set of productions, since, as observed before, grammar morphisms impose on
the inhibitor set of productions requirements which are weaker than those of i-nets morphisms.

1. hP (q0) = hP (q0
0) ^ q0 6= q0

0 ) q0# 0q0
0.

Treated as for i-nets.

2. p
1(; ; hP (q0); A1) ) 9 A0 � h� 1

P (A1): A0 < 0 q0.
Let us assume p

1(; ; hP (q0); A1). By de�nition of p
1 one of the following holds:

(a) A1 = f q1g and q1
� \ � h(q0) 6= ;

(b) A1 = f q1g and q1
� \ h(q0

0) 6= ;

(c) 9x1 2 � h(q0): � x1 = ; ^ x1
� = A1,

The �rst two cases are treated as for i-nets. In case (c), observe that x1 is necessarily an
edge in the start graph of O1, with source or target in a node n1 which must be in the
start graph of O1 as well. By the properties of occurrence grammar morphisms,there are a
unique noden0 and a unique edgex0 such that hT (n0; n1) and hT (x0; x1). Then n0 2 � q0,
x0

� < 0 t0 and x0
� � h� 1

P (A1).

3. p
1(hP (q0

0); hP (q0); ; ) ) q0 %0 q0
0.

Treated as for i-nets.

4. p
1(f hP (q0

0)g; hP (q0); A1) ^ A1 6= ; ) 9 a0 � f q0
0g: 9A0 � h� 1

P (A1): 0(a0; q0; A0).
Assume p

1(f hP (q0
0)g; hP (q0); A1) and A1 6= ; . Thus, by de�nition of p

1 there must be
an edgex1 2 � hP (q0) \ hP (q0

0)� such that A1 = � x1. The �gure below gives a graphical
representation of the situation, in which the set of productions A1 is depicted as a single
box.
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By properties of occurrence grammar morphisms, we can �nd inthe post-set of q0
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x0
n0

n0
0

q0
0

q0

A0

Now, two possibilities arise: if n0 = n0
0 then we immediately conclude that p

0(f q0
0g; q0; x0

� )
and clearly x0

� � h� 1
P (A1).

If instead n0 6= n0
0, �rst observe that n0 and n0

0 are not in the start graph. In fact, suppose
that n0 is in the start graph. Then, by de�nition of grammar morphism , also n1 is in the
start graph and therefore one can easily conclude that alson0

0 is in the start graph. Hence
f n0; n0

0g is quasi concurrent, but hT (n0; n1) and hT (n0
0; n1), which is a contradiction by

Lemma 6.23.

Now, considering q00
0 2 � n0 and q000

0 2 � n0
0, we haveq00

0 # 0q000
0 . Since q0

0 produces the edge
x0, necessarilyn0 2 q0

0
� [ q0

0 and therefore q00
0 � 0 q0

0. Furthermore, q000
0 � 0 q0 and therefore

q0# 0q0
0, which implies q0 %0 q0

0. Recalling how a pre-ies is saturated to give rise to anies
(see Proposition 4.5) we �nally conclude 0(f q0

0g; q0; ; ). 2

By the above proposition the functor which maps each occurrence grammar to
the correspondingies de�ned as in De�nition 6.28 and each grammar morphism to
its production component is well-de�ned.
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Definition 6.30 (from occurrence grammars to ies's)
Let Eg : O-GG ! IES be the functor de�ned as:

� Eg(O) = I O, for each occurrence grammarO;

� Eg(h : O0 ! O1) = hP , for each morphismh : O0 ! O1.

Now, by using the functorL i : IES ! Dom de�ned in Chapter 4 , mapping
eachies into its domain of con�gurations we can obtain a domain and then a pes
semantics for grammars.

6.5.2 A simpler characterization of the domain semantics

In Section 6.1 we have introduced the con�gurations of nondeterministic occurrence
grammars as a mean to capture the possible deterministic computations of such
grammars. We next show that they coincide with the con�gurations of the associ-
ated inhibitor event structure, thus allowing for a simplercharacterization of the
corresponding domain.

We �rst observe a property of theies associated to an occurrence grammar, which
generalizes the observation in Remark 6.4. Recall that in general ies's when, for
instance, (f q0g; q;f q00g), if the three eventsq; q0; q00appear in the same computation
then there are two possible orders of execution, namelyq; q0; q00and q0; q00; q. Instead,
in the case of occurrence grammarsO, if O(f q0g; q;f q00g) then by de�nition of O,
q0� \ � q 6= ; . Therefore, as observed in Remark 6.4, necessarilyq0 must precedeq,
i.e., q0 % q, sinceq0 produces or preserves a node which is consumed byq. Hence,
in this case, the only possible order of execution isq0; q00; q. As a consequence, for
each con�guration C the associated choice relation,! C is uniquely determined by
the events of the con�guration and coincides with the asymmetric con
ict.

Proposition 6.31
Let O = hTG; P; � i be an occurrence grammar and letEi (O) = hP; Oi be the
correspondingies. Then

� O(f q0g; q; A) ) q0 % i q ^ 8 q002 A: q00% i q;

� hC; ,!i 2 Conf (I ) ) ,! = % i
C .

It is easy to realize that the relations< O and %O, which do not take into account
the dependencies induced by the dangling condition, are included in the correspond-
ing relations< i

O and % i
O. The above proposition entails that the transitive closures

of the two asymmetric con
ict relations coincide, namely

(%O)� = ( % i
O)�

and thus, when restricted to a con�guration, they express essentially the same prece-
dences. This observation allows one to prove that the con�gurations of an occur-
rence grammar are exactly the con�gurations of the associated ies. Furthermore
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the extension order on theies's con�gurations can be characterized by using only
the asymmetric con
ict relation %O associated to the grammar. Besides providing
a simpler characterization of the domain semantics of a grammar, this result en-
forces our con�dence in the appropriateness of theies associated to an occurrence
grammar, since, as we already observed, the con�gurations of an occurrence gram-
mar correctly represents all the di�erent possible deterministic computations of the
grammar.

Proposition 6.32 (domain for an occurrence grammar)
Let O be an occurrence grammar and letEg(O) be the correspondingies. Then
C 2 Conf (O) i� C 2 Eg(O). Moreover the order relation over the prime algebraic
domain L i (Eg(O)) can be characterized as

C v C0 i� C � C0 and 8q 2 C: 8q0 2 C0: q0 %O q ) q0 2 C.

Notice that, formally, the order on con�guration is the sameas for contextual nets: a
con�guration C cannot be extended with a production inhibited by some of thepro-
ductions already present inC. However recall from De�nition 6.9, that the asymmet-
ric con
ict by itself, without any additional information o n the dangling condition,
is not su�cient to de�ne which subsets of events are con�gurations.

Hereafter we will always use the above characterization of the domain semantics
of a grammar. Consequently we will never refer to the asymmetric con
ict, con
ict
and causality relations of theies I O, using instead the relations de�ned directly on
the grammar O.

Recall that the pes associated to the domainL i (Eg(O)), namely P (L i (Eg(O)))),
consists of the set of prime elements of the domain (with the induced partial order
as causality and the inconsistency relation as con
ict), i.e., the unique (up to iso-
morphisms) pes having L i (Eg(O)) as domain of con�gurations.

As already seen for contextual and inhibitor nets, there is not a one to one corre-
spondence between events ofP (L i (Eg(O))) and productions in O: a di�erent event
is generated for any possible \history" of each production in O. This phenomenon
of \duplication of events" is related to the fact that the pes represents the depen-
dencies arising between productions in graph grammar computations by means of
causality and symmetric con
ict. A situation of asymmetriccon
ict like q1 % q2 in
grammar G1 of Figure 6.1, is encoded in thepes by the insertion of a single event
e1 corresponding toq1, and two \copies" e0

2 ad e00
2 of q2, the �rst one in con
ict with

e1 and the second one caused bye1 (see Figure 6.7.(a)). For what concerns the dan-
gling condition, consider the grammarG2 in Figure 6.1. In this case three con
icting
events are generated corresponding toq4: e4 representing the execution ofq4 from
the start graph, which inhibits all other productions, ande0

4, e00
4 representing the

execution ofq4 after q2 and q3, respectively.
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e0
2 # e1

�

e00
2

e1

� �

# e4

e2

�

# e3

�

e0
4 e00

4

Figure 6.7: Encoding asymmetric con
ict and dangling condition in prime event
structures.

6.6 A related approach: unfolding semantics of
SPO graph grammars

An unfolding construction for graph grammars in thesingle-pushout(spo) approach
has been proposed by Ribeiro in her doctoral thesis [Rib96].She de�nes an unfolding
functor from a category ofspo graph grammars to a category of (abstract)occur-
rence grammars, showing that it is a right adjoint to a suitable folding functor.
In this section we discuss the relation between the construction introduced in this
chapter and the one in [Rib96]. Although the two constructions rely on similar basic
ideas, concretely, the di�erences between the two settingsmakes hard a formal direct
comparison. Therefore we will mainly try to point out some conceptual di�erences
and analogies.

First of all in the spo approach there are no application conditions. Without
getting into technical details, if a production speci�es both the preservation and the
deletion of an item, then such an item is removed by the application of the produc-
tion. Furthermore, an edge which should remain dangling after the application of a
production because its source (or target) node is deleted, is automatically deleted as
well. For the presence of these \side-e�ects" the pre-set ofa production, intended as
the set of items which are \consumed" by the production, depends also on the con-
sidered match, and the application of a production may remove items which are not
mentioned explicitly in the production itself. Consequently, the notion of causality
for spo graph grammars is less intuitive if compared with thedpo case, and the
correspondence between the theory ofspo grammars and the theory of Petri nets
becomes looser. For instance, if a productionq1 produces and edgee, and q2 deletes
e as side e�ect, we may wonder whetherq2 should causally depend onq1 or not. If
we assume that causality is induced by the 
ow of data in the system, the answer
should be that q1 � q2 since q2 consumes something which is produces byq1. On
the other hand, the application ofq1 is not necessary to makeq2 applicable, since
q2 does not explicitly require the presence of resources generated by q1. Thus, if
q1 � q2 means that the application ofq1 precedesq2 in each computation whereq2
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is applied, then there should be no causal relationship betweenq1 and q2.
Although the above question is not completely trivial, the more reasonable choice

seems the latter. In this case, the notions of causality and of asymmetric con
ict
(called weak con
ict in [Rib96]) can be de�ned disregarding the mentioned side-
e�ects. This is basically due to the fact that when a production uses (consumes
or preserves) an edge, it must use necessarily the corresponding source and target
nodes, and therefore dependencies related to side-e�ects can be detected by looking
only at explicitly used items.

A relevant di�erence with our work resides in the notion ofoccurrence grammars.
The thesis [Rib96] introduces the so-calleddoubly typed occurrence grammars, where
the type graph is itself typed over another graph of types. Intuitively, a doubly typed
occurrence grammar is a sort of process where only the \type component" of the
process morphism is speci�ed. This essentially means that each production of such a
grammar can be thought of as an instance of a production of another grammar, for
which the match is already speci�ed. Because of the double typing, the category of
occurrence grammars considered in [Rib96] is not a subcategory of the category of
graph grammars, and the left adjoint of the unfolding functor is not the inclusion,
but a folding functor which basically forgets the intermediate typing.

The grammar which is obtained from a doubly-typed occurrence grammar by
forgetting the intermediate typing satis�es conditions which are similar to those
imposed on our occurrence grammars. However, again the theory necessarily diverges
because of the absence of the application condition in thespo approach. When a
single rule requires both the preservation and the deletionof an item, according
to our de�nition it should be in asymmetric con
ict with itse lf, and thus never
applicable. As mentioned above, instead in thespo approach such kind of rule can
be applied and the \con
ictual requirement" is resolved in favor of deletion.

The �nal di�erence which must be taken into account regards the kind of mor-
phisms on graph grammars. In [Rib96] the type component of a morphism from a
grammarG1 to G2 is a partial function from TG2 to TG1. Since such partial function
can be seen as a span where the right component is injective, in this respect the
morphisms of [Rib96] are less general than ours. On the otherhand, to character-
ize the parallel composition of graph grammars as a categorical limit, the image
under a morphism of a production inG1 is required only to be a sub-production
of the corresponding production inG2. When moving to occurrence grammars, also
the morphisms of [Rib96] must preserve the components of a production. However
preservation is required only up to isomorphism and this seems the reason why, at
a �rst glance, the unfolding cannot be turned into a functor.The problem is solved
by considering a category of abstract occurrence grammars,where objects are iso-
morphisms classes of grammars. Then the unfolding can be expressed as a functor
which establishes an adjunction between the category of graph grammars and such
category of abstract occurrence grammars.

Summing up, many analogies exist between the two constructions, but the subtle
di�erences deeply connected with the diversity of thespo and dpo approaches,
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makes us skeptical about the possibility of establishing a formal link between the
two results. A possibility still not explored could be to resort to the formulation
of the dpo approach in term ofspo approach (with application conditions) to see
if a common theory can be developed, although in the past suchan approach has
revealed some limits.



Chapter 7

Concatenable Graph Processes

This chapter introduces a semantics fordpo graph grammars based onconcaten-
able graph processes. Conceptually, concatenable graph processes are very close to
derivation traces in that they are aimed at representing thedeterministic (truly
concurrent) computations of a grammar. However, di�erently from traces they pro-
vide an explicit characterization of the events occurring in computations and of the
dependency relationships among them.

Relying on the theory developed in the previous chapter, �rst a deterministic
graph processis naturally de�ned as a special graph process such that the whole set
of productions of the underlying occurrence grammar is a con�guration, and thus
all the productions of the process can be applied in a single computation. Given a
deterministic process' : O ! G, the morphism ' can be used to map derivations
in the underlying occurrence grammarO to corresponding derivations inG. The
basic property of a graph process is that the derivations inG which are in the range
of such mapping constitute a full class ofshift-equivalent derivations. Therefore the
process can be regarded as an abstract representation of such a class and plays a rôle
similar to a canonical derivation[Kre77]. Although obtained by following a di�erent
path, the above notion of deterministic process can be seen easily to coincide with
the previous proposals in [CMR96, BCM98a].

Graph processes are not naturally endowed with a notion of sequential compo-
sition, essentially because of the same problem described for abstract derivations: if
the target graph of a process is isomorphic to the source graph of a second process,
the na•�ve idea of composing the two processes by gluing the two graphs according
to an isomorphism does not work. In fact, in general we can �ndseveral distinct
isomorphisms relating two graphs, which may induce sequential compositions of the
two processes which substantially di�er from the point of view of causality. Using the
same technique adopted for derivations,concatenable graph processesare de�ned as
graph processes enriched with the additional information (a decoration of the source
and target graphs) needed to concatenate them.

Then the claim that deterministic processes and derivationtraces give conceptu-
ally equivalent descriptions of the system is formalized byshowing that the category



210 Chapter 7. Concatenable Graph Processes

Tr [G] of concatenable (parallel) derivation traces (De�nition5.27) is isomorphic to
the category of concatenable (abstract) processesCP [G].

Finally, we show that the unfolding and the deterministic process semantics can
be reconciled by following the approach described in theIntroduction . As already
done for generalized nets, we prove that the domain associated to a grammar via
the unfolding construction can be characterized as the collection of deterministic
processes starting from the initial graph, endowed with a kind of pre�x order.

The rest of the chapter is structured as follows. Section 7.1introduces determin-
istic graph processes as special nondeterministic processes, giving evidence of their
relation with the previous notions in the literature. Section 7.2 presents the cate-
gory CP [G] of concatenable processes for a grammarG. The equivalence between
the concatenable trace semantics (introduced in Section 5.2) and the concatenable
process semantics is proved in Section 7.3. Finally, Section 7.4 provides a connection
between the unfolding and the deterministic process semantics of a grammar.

7.1 Deterministic graph processes

A nondeterministic graph process (De�nition 6.13) represents a class of derivations
of a grammarG by means of a nondeterministic occurrence grammarO. A (special
kind of) grammar morphism from O to the given grammarG allows one to map
computations in O to computations in G.

To obtain a deterministic graph process, namely an appropriate representative
of a single concurrent computation in G we must restrict our attention to occur-
rence grammars where all productions can be applied in a single computation. By
Proposition 6.11 we know that this is the case when the whole set of productions of
O is a con�guration of O itself.

Definition 7.1 (deterministic occurrence grammar)
An occurrence grammarO = hTG; P; � i is called deterministic if the set P of its
productions is a con�guration of O. For a deterministic occurrence grammarO we
denote byMax(O) the set of items of the type graphTG which are maximal with
respect to causality.

Recalling the notion of con�guration of an occurrence grammar (De�nition 6.9),
we see that an occurrence grammar is deterministic if the transitive closure of the
asymmetric con
ict relation is a �nitary partial order. Fur thermore whenever a
production consumes a node in the type graph, then productions removing the
edges with source or target in that node must be present as well. Observe that the
�rst condition implies the absence of forward con
icts, namely each item of the type
graph can be consumed by at most one production, i.e.,jx � j � 1 for each itemx
of the type graph (while in general general occurrence grammars only backward
con
icts are forbidden).
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In the case of �nite grammars the above conditions can be expressed in a simpler
way. Since there are only �nitely many productions, the �rst condition amounts
to the acyclicity of asymmetric con
ict. Assuming the �rst condition, and thus
the absence of forward con
icts, the second condition can beexpressed by simply
requiring Max(O) to be a well-de�ned graph.

Proposition 7.2 (finite deterministic occurrence grammar)
A �nite occurrence grammar O is deterministic i�

1. %O is acyclic;

2. Max(O) is a well-de�ned subgraph of the type graph.

Proof. Let O be an occurrence grammar satisfying (1) and (2) above. We must show that its set
of productions P is a con�guration of O. The fact that ( %O )� is a �nitary partial order immediately
follows from the acyclicity of %O and the fact that P is �nite. Trivially P is closed with respect
to causality. It remains to prove the last condition in the de�nition of con�guration, namely that
given any edgee 2 T G, if � e \ P 6= ; and � e � P then e� \ P 6= ; . Suppose thatq 2 � e \ P for
some edgee (clearly � e � P sinceP contains all productions of O). Hence there is a noden 2 � q
which is the source or target ofe. Therefore n � q and thus n 62Max (O). Since Max (O) is a
well-de�ned graph, necessarilye 62Max (O) and thus there must exist q0 2 P such that e 2 � q0, or
equivalently q0 2 e� .

The converse implication is proved in an analogous way. 2

The above proposition, besides giving an alternative simpler characterization of
deterministic occurrence grammars, shows that they coincide with the occurrence
grammars of [CMR96, BCM98a, BCE+ 99]. It is worth remarking that in such papers,
which are concerned only with deterministic computations,the causality relation is
used to represent the order of execution within the speci�c concurrent computation,
and as such it plays the role which is played here by the transitive closure of the
asymmetric con
ict relation. We apologize if the reader mayget a bit confused by
this change in terminology, but we hope she will agree that inthis general context
the terminology we adopted is more appropriate.

Let O be a deterministic occurrence grammar. Recall that, by Proposition 6.11,
for any �nite con�guration C of O, there is a derivation Min (O) ) �

C reach(C)
applying all the productions of C in any order compatible with the asymmetric
con
ict. In particular, if the grammar is �nite, we can take as C the full set P of
productions ofO. It is easy to verify that reach(P) = Max(O) and therefore

Min (O) ) �
P Max(O)

using all productions inP exactly once, in any order consistent with%O.
This helps in understanding why a deterministic graph process of a grammar

G, that we are going to de�ne simply as a graph process having a deterministic
underlying occurrence grammar, can be seen as representative of a set of derivations
of G where independent steps may be switched.

Observe that a deterministic occurrence grammar is a fully 
edged graph gram-
mar and thus one may \execute" it by considering any possiblederivation beginning
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Figure 7.1: A graph process of the grammarC-S .

from the start graph Min (O). However, the discussion above stresses that, if we are
interested in using a deterministic occurrence grammar to represent a deterministic
computation, it is natural to consider only those derivations which are consistent
with the asymmetric con
ict.

Definition 7.3 (deterministic graph process)
Let G be a graph grammar. A graph process' : O' ! G of G is called (�nite )
deterministic if the the occurrence grammarO' is (�nite) deterministic.

As for general nondeterministic processes, we can assume that the left component of
the type span' T is the identity; furthermore to simplify the notation we will simply
write ' T to denote the right component' R

T of the type span. We will denote by
Min (' ) and Max(' ) the subgraphsMin (O' ) and Max(O' ) of TG' . Moreover, by
analogy with the case of nets, the graphsMin (O' ) and Max(O' ) typed over TGG

by (the suitable restrictions of) ' T will be denoted by � ' and ' � respectively, and
called thesource and target graphs of the process.

Example 7.4 (deterministic process)
Figure 7.1 shows a deterministic process for grammarC-S of Example 5.9. The
typing morphisms from the productions of the process toTG' are inclusions, and
the start graph is the subgraph ofTG' containing the items 5 :S, 0 : job and 4 :C
(thus exactly the start graph G0 of C-S ), because these are the only items which
are not generated by any production.

The morphism ' T : TG' ! TG is represented, as usual, by labelling the items
of TG' with their image in TG, and the mapping ' P from the productions of the
process to those ofC-S is the obvious one. 2
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7.2 Concatenable graph processes

Since deterministic processes represent (concurrent) computations and express ex-
plicitly the dependencies between single rewriting steps,it is very natural to require
a notion of processes composition \consistent" with such dependencies. To de�ne
such notion we have to face the same problem described for traces, namely given
two processes' 1 and ' 2 such that ' 1

� ' � ' 2, the na•�ve idea of composing the two
processes by gluing the target of' 1 with the source of' 2 does not work, since there
might be several di�erent isomorphisms between the graphs' 1

� and � ' 2, which may
lead to di�erent results. The problem is solved as for traces, by decorating the source
� ' and the target ' � of each process' . A concatenable graph processis de�ned as a
graph process equipped with two isomorphisms relating its source and target graphs
to the corresponding canonical graphs. The two isomorphisms allow us to de�ne a
deterministic operation of sequential composition of processes consistent with causal
dependencies, which is then exploited to de�ne a categoryCP [G] having abstract
graphs as objects and (abstract) concatenable processes asarrows. Clearly the no-
tion of sequential composition is meaningful only for unmarked processes whose
source is a generic graph (see De�nition 6.15).

Definition 7.5 (concatenable graph process)
Let G = hTG; Gs; P; � i be a typed graph grammar. Aconcatenable graph processfor
G is a triple


 = hm; '; M i

where ' is an unmarked deterministic process ofG and m : Can( � ' ) ! � ' , M :
Can(' � ) ! ' � are isomorphisms (ofTG-typed graphs).

It should be noted that the two isomorphisms to the source andtarget graphs
of a process play the same role of the ordering on minimal and maximal places
of concatenable processesin Petri net theory [DMM96]. From this point of view,
concatenablegraph processes are related to deterministic graph processes in the
same way as the concatenable processes of [DMM96] are related to the classical
Goltz-Reisig processes for P/T nets [GR83].

The notion of isomorphism between concatenable processes is the natural gen-
eralization of that of graph process isomorphism (see Proposition 6.14). In this case
the mapping between the type graphs of the two processes is also required to be
\consistent" with the decorations.

Definition 7.6 (isomorphism of concatenable processes)
Let 
 1 = hm1; ' 1; M1i and 
 2 = hm2; ' 2; M2i be two concatenable processes of a
grammar G. An isomorphism between
 1 and 
 2 is an isomorphism of processes
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hf T ; f P i : ' 1 ! ' 2 such that the following diagrams commute:

� ' 1

f T

Can( � ' 1)
k

Can( � ' 2)

m1

m2 � ' 2

' 1
�

f T

Can(' 1
� )

k
Can(' 2

� )

M 1

M 2' 2
�

where f T : � ' 1 ! � ' 2 and f T : ' 1
� ! ' 2

� denote the restrictions off T to the
corresponding graphs. If there exists an isomorphismf : 
 1 ! 
 2 we say that
 1 and

 2 are isomorphic and we write
 1

�= 
 2.

Definition 7.7 (abstract concatenable process)
An abstract concatenable processis an isomorphism class of concatenable processes.
It is denoted by[
 ], where 
 is a member of that class.

As usual, a particular role is played by processes based on grammars with empty
set of productions.

Definition 7.8 (discrete process)
A discrete concatenable processis a concatenable process
 = hm; '; M i such
that the corresponding occurrence grammarO' has an empty set of productions.
In this case � ' = ' � = hTG' ; ' T i and the concatenable process is denoted by
SymG(m; G; M ), whereG = � ' = ' � .

Notice that two discrete concatenable processesSymG(mj ; Gj ; M j ) ( j 2 f 1; 2g)
of a grammarG are isomorphic if and only ifm� 1

1 � M1 = m� 1
2 � M2. Therefore, an

abstract discrete concatenable process [SymG(m; G; M )] can be characterized as:

f SymG(m0; G0; M 0) j G ' G0 ^ m0� 1 � M 0 = m� 1 � M g:

The isomorphismm� 1 � M is called theautomorphism onCan(G) induced by the
(abstract) discrete concatenable process.

Given two concatenable processes
 1 and 
 2 such that the target graph of the �rst
one and the source graph of the second one, as well as the corresponding decorations,
coincide, we can concatenate them by gluing the type graphs along the common part.

Definition 7.9 (sequential composition)
Let G = hTG; Gs; P; � i be a typed graph grammar and let
 1 = hm1; ' 1; M1i and

 2 = hm2; ' 2; M2i be two concatenable processes forG, such that ' 1

� = � ' 2 and
M1 = m2. Suppose moreover that the type graphs of
 1 and 
 2 overlap only on
Max(' 1) = Min (' 2) and suppose alsoP' 1 and P' 2 disjoint. Then the concrete
sequential compositionof 
 1 and 
 2, denoted by
 1 ; 
 2, is de�ned as


 = hm1; '; M 2i ;
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where ' is the (componentwise) union of the processes' 1 and ' 2. More precisely
the type graphTG' is

TG' = hNT G ' 1
[ NT G ' 2

; ET G ' 1
[ ET G ' 2

; s1 [ s2; t1 [ t2i ;

wheresi and t i are the source and target functions of the graphTG' i for i 2 f 1; 2g,
and analogously the typing morphism' T = ' 1T [ ' 2T . Similarly P' = P' 1 [ P' 2 ,
� ' = � ' 1 [ � ' 2 , ' P = ' 1P [ ' 2P and � ' = � ' 1 [ � ' 2 . Finally, the start graph is
G0

s = � ' 1.

It is not di�cult to check that the sequential composition 
 1 ; 
 2 is a well-de�ned
concatenable process. In particular observe thatTG' 1 and TG' 2 overlap only on
Max(' 1) = Min (' 2) and therefore the asymmetric con
ict relation% ' on O' can
be expressed as the union of the asymmetric con
ict relations of the two processes
with a \connection relation" r c, suitably relating productions of 
 1 which use items
in ' 1

� with productions of 
 2 using corresponding items in� ' 2. Formally, % ' = % ' 1

[ % ' 2 [ r c, where relationr c � P' 1 � P' 2 is de�ned by

r c = fhq1; q2i j 9 x 2 Max(' 1) = Min (' 2): x 2 (q1
� \ ( � q2 [ q2)) [ (q1 \ � q2)g:

The above characterization makes clear that the relation% ' is acyclic. Now, a
routine checking allows us to conclude thatO' satis�es conditions (1)-(4) of the
de�nition of occurrence grammar (De�nition 6.7). Furthermore the fact that O' is
deterministic follows immediately from Proposition 7.2, since O' is �nite, asymmet-
ric con
ict is acyclic and Max(O' ) = Max(O' 2 ) is a well-de�ned graph.

The reader could be surprised and somehow displeased by the restrictiveness
of the conditions which have to be satis�ed in order to be ableto compose two
concrete processes. To understand our restrictions one should keep in mind that, as
in the case of nets, the notion of sequential composition on concrete processes is not
interesting in itself, but it is just introduced to be lifted to a meaningful notion of
sequential composition on abstract processes. The given de�nition ful�lls this aim
since, as in the case of derivations, processes can be considered up to renaming
of the items in their components. Thus, if' 1

� ' � ' 2, we can always rename the
items of 
 2 to make the sequential composition de�ned. Hence we found itbetter
to avoid a technically more involved (although more general) de�nition, leading to
a nondeterministic result.

Proposition 7.10
Let G = hTG; Gs; P; � i be a typed graph grammar and let
 1

�= 
 0
1 and 
 2

�= 
 0
2 be

concatenable processes forG. Then (if de�ned) 
 1 ; 
 2
�= 
 0

1 ; 
 0
2.

Proof. Just notice that if f j = hf j T ; f j P i : 
 j ! 
 0
j (j = 1 ; 2) are concatenable process isomor-

phisms, then the isomorphism between
 1 ; 
 2 and 
 0
1 ; 
 0

2 can be obtained ashf 1T [ f 2T ; f 1P [ f 2P i .
2
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The previous proposition entails that we can lift the concrete operation of se-
quential composition of concatenable processes to abstract processes, by de�ning

[
 1] ; [
 2] = [ 
 0
1 ; 
 0

2]

for 
 0
1 2 [
 1] and 
 0

2 2 [
 2] such that the concrete composition is de�ned.

Definition 7.11 (category of concatenable processes)
Let G = hTG; Gs; P; � i be a typed graph grammar. We denote byCP [G] the cate-
gory of (abstract) concatenable processeshaving abstract graphs typed overTG as
objects and abstract concatenable processes as arrows. An abstract concatenable pro-
cess[hm; '; M i ] is an arrow from [� ' ] to [' � ]. The identity on an abstract graph[G]
is the discrete concatenable process[SymG(i; G; i )] (where i : Can(G) ! G is any
isomorphism), whose induced automorphism is the identity.

A routine checking proves that the operation of sequential composition on con-
catenable processes is associative and that [SymG(i; G; i )] satis�es the identity ax-
ioms.

7.3 Relating derivation traces and processes

Although based on the same fundamental ideas, namely abstraction from represen-
tation details and true concurrency, processes and derivation traces have concretely
a rather di�erent nature. Derivation traces provide a semantics for grammars where
the independence of events is represented implicitly by collecting in the same trace
derivations in which the events appear in di�erent orders. Processes, instead, pro-
vide a partial order semantics which represents explicitlythe events and their re-
lationships. In this section we show that there exists a close relationship between
the trace and the process semantics introduced in the last two sections. More pre-
cisely we prove that the categoryTr [G] of concatenable (parallel) derivation traces
(De�nition 5.27) is isomorphic to the category of concatenable (abstract) processes
CP [G].

7.3.1 Characterization of the ctc-equivalence

The isomorphism result uses a characterization of the ctc-equivalence on decorated
derivations which essentially expresses the invariant of aderivation trace. Roughly
speaking, such characterization formalizes the intuitionthat two derivations are
(c)tc-equivalent whenever it is possible to establish a correspondence between the
productions that they apply and between the graph items in the two derivations, in
such a way that \corresponding" productions consume and produce \corresponding"
graph items. The correspondence between the graph items hasto be compatible with
the decorations on the source (and target) graphs.
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The characterization is adapted from [CEL+ 96b], where it has been used for
the de�nition of an event structure semantics for graph grammars. The only slight
di�erence is that in the paper [CEL+ 96b] a di�erent approach, based on standard
isomorphisms (instead of canonical graphs), is followed todeal with the issue of
trace concatenation.

The basic notions used in the characterization result presented below are those
of consistent four-tuple and �ve-tuple.

Definition 7.12 (consistent four-tuples and five-tuples)
Let � : G0 ) � Gn be the derivation depicted in Figure 5.6 and let� � be the smallest
equivalence relation on

S n
i =0 Items(Gi ) such that

x � � y if 9r 2 n : x 2 Items(Gr � 1) ^ y 2 Items(Gr ) ^
^ 9 z 2 Items(D r ) : br (z) = x ^ dr (z) = y:

Denote by Items(� ) the set of equivalence classes of� � , and by [x]� the class con-
taining item x.1 For a decorated derivation , we will often write Items( ) to denote
Items(�  ).

A four-tuple h�; h � ; f; � 0i is called consistent if � and � 0 are derivations, h� :
� (� ) ! � (� 0) is a graph isomorphism between their source graphs,f : # � ! # � 0

is an injective function such that prod(� ) = prod(� 0) � f , and there exists a total
function � : Items(� ) ! Items(� 0) satisfying the following conditions:

� 8 x 2 Items(� (� )) : � ([x]� ) = [ h� (x)]� 0, i.e., � must be consistent with isomor-
phism h� ;

� for each j 2 # � , let i and s be determined byj =
� P i

r =1 kr

�
+ s (i.e., the

j -th production of � is the s-th production of its i -th parallel direct derivation),

and similarly let s0 and i0 satisfy f (j ) =
� P i 0

r =1 k0
r

�
+ s0. Then for each itemx

\consumed" by production prod(� )( j ) :
�

L l K r! R
�

, i.e., x 2 L � l(K ), it

must hold� ([gi (in s
L (x))] � ) = [ g0

i 0(in s0

L (x))] � 0. In words, � must relate the items
consumed by corresponding production applications (according to f );

� a similar condition must hold for the items \created" by corresponding pro-
duction applications. Using the above notations, for eachx 2 R � r (K ),
� ([hi (in s

R (x))] � ) = [ h0
i 0(in s0

R (x))] � 0.

Similarly, say that the �ve-tuple h�; h � ; f; h � ; � 0i is consistent if the \underlying"
four-tuple h�; h � ; f; � 0i is consistent, f is a bijection, h� : � (� ) ! � (� 0) is an iso-
morphism relating the target graphs, and the function� is an isomorphism that is
consistent withh� as well (i.e., for each itemx 2 � (� ), � ([x]� ) = [ h� (x)]� 0).

1Without loss of generality we assume here that the sets of items of the involved graphs are
pairwise disjoint.
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The next theorem provides a characterization of (c)tc-equivalence in terms of
consistent four- (�ve-)tuples. We �rst recall some easy butuseful composition prop-
erties of consistent �ve-tuples.

Proposition 7.13
1. If h� 1; h� ; f; h; � 0

1i and h� 2; h; f 0; h0
� ; � 2i are consistent �ve-tuples, such that

� 1 ; � 2 and � 0
1 ; � 0

2 are de�ned, then h� 1 ; � 2; h� ; f jf 0; h0
� ; � 0

1 ; � 0
2i is consistent

as well.

2. If h�; h � ; f; h � ; � 0i and h� 0; h0
� ; f 0; h0

� ; � 00i are consistent �ve-tuples then the �ve-
tuple h�; h 0

� � h� ; f 0 � f; h 0
� � h� ; � 00i is consistent as well. 2

Theorem 7.14 (characterization of ctc- and tc-equivalence)
Let G be any graph grammar (also non-consuming) and let ,  0 be decorated deriva-
tions of G. Then

1.  and  0 are ctc-equivalent if and only if there is a permutation� such that
the �ve-tuple h�  ; m 0 � m� 1

 ; � ; M  0 � M � 1
 ; �  0i is consistent;

2. similarly,  and  0 are tc-equivalent if and only if there is a permutation�
such that the four-tupleh�  ; m 0 � m� 1

 ; � ; �  0i is consistent.

Proof. Only if part of (1) :
We show by induction that if two derivations are ctc-equivalent, i.e.,  � c

�  0 for some permutation
�, then the �ve-tuple h�  ; m 0 � m� 1

 ; � ; M  0 � M � 1
 ; �  0i is consistent. By De�nition 5.26, we have

to consider the following cases:

(CTC� abs) If  � abs  0 then consistency ofh�  ; m 0 � m� 1
 ; � #  

id ; M  0 � M � 1
 ; �  0i follows directly

by the conditions of De�nition 5.16.

(CTC� sh) Since  � sh
�  0 we havem = m 0, M  = M  0 and �  � sh

� �  0. Therefore this case
reduces to the proof that � � sh

� � 0 implies the consistency ofh�; id � ( � ) ; � ; id � ( � ) ; � 0i . Accord-
ing to the rules of De�nition 5.23, introducing shift equiva lence on parallel derivations, we
distinguish various cases:

(SH� id) The �ve-tuple h�; id � ( � ) ; � # �
id ; id � ( � ) ; � i is trivially consistent.

(SH� ; ) The �ve-tuple hG; idG ; ; ; idG ; � : G ) ; Gi is consistent, since the isomorphism
induced by � is idG .

(SH� an) If � � an
� � 0, then the consistency ofh�; id � ( � ) ; � ; id � ( � ) ; � 0i can be grasped from

the drawing of � 0 in Figure 5.9. Consider for example productionqj 1 in q00: any item x it
consumes in graphX must be in the same� � 0-equivalence class of an item ofG (by the
existence of morphisms), which is exactly the item consumed by thej 1-th production
of � . To prove this formally one would need an explicit analysis construction.

(SH� syn) If � � syn
� � 0, the consistency ofh�; id � ( � ) ; � ; id � ( � ) ; � 0i follows as in the previous

case.

(SH� sym) The consistency ofh� 0; id � ( � 0) ; � � 1; id � ( � 0) ; � i follows immediately from the con-
sistency ofh�; id � ( � ) ; � ; id � ( � ) ; � 0i , since all mappings relating� and � 0 are invertible.
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(SH� comp) By the induction hypothesis h� 1; id � ( � 1 ) ; � 1; id � ( � 1 ) ; � 0
1i and

h� 2; id � ( � 2 ) ; � 2; id � ( � 2 ) ; � 0
2i are consistent. Therefore, since� (� 1) = � (� 2), the

consistency of h� 1 ; � 2; id � ( � 1 ) ; � 1 j � 2; id � ( � 2 ) ; � 0
1 ; � 0

2i follows from Proposi-
tion 7.13.(1).

(SH� trans) The consistency ofh�; id � ( � ) ; � 0� � ; id � ( � ) ; � 00i follows by Proposition 7.13.(2),
from the consistency ofh�; id � ( � ) ; � ; id � ( � ) ; � 0i and of h� 0; id � ( � 0) ; � 0; id � ( � 0) ; � 00i , which
hold by inductive hypothesis.

(CTC� trans) By induction hypothesis the tuples h�  ; m 0 � m� 1
 ; � ; M  0 � M � 1

 ; �  0i and
h�  0; m 00 � m� 1

 0 ; � 0; M  00 � M � 1
 0 ; �  00i are consistent. Thus, by Proposition 7.13.(2),

h�  ; m 00 � m� 1
 ; � 0 � � ; M  00 � M � 1

 ; �  00i is consistent as well.

Only if part of (2) :
This implication follows from the statement just proved and from the rules (TC � ctc) and
(TC � iso) de�ning equivalence � , since they do not a�ect the consistency of the underlying four-
tuple.

If part of (1) :
Suppose that the �ve-tuple h�  ; m 0 � m� 1

 ; � ; M  0 � M � 1
 ; �  0i is consistent and that � : #  ! #  0

is a bijection (thus  and  0 have the same order). By repeated applications of the analysis con-
struction,  and  0 can be transformed into equivalent,sequentialderivations (i.e., such that at each
direct derivation only one production is applied)  1 and  0

1, such that  � sh
� 1

 1 and  0 � sh
� 2

 0
1,

for suitable permutations � 1 and � 2. By the only if part, �ve-tuples h�  1 ; id � (  1 ) ; � � 1
1 ; id � (  1 ) ; �  i

and h�  0; id � (  0) ; � 2; id � (  0) ; �  0
1
i are consistent, thush�  1 ; m 0

1
� m� 1

 1
; � 2 � � � � � 1

1 ; M  0
1
� M � 1

 1
; �  0

1
i

is consistent as well. Now there are two cases.

1. Suppose that � 2 � � � � � 1
1 is the identity permutation. In this case it is possible to build

a family of isomorphisms between the graphs of derivations�  1 and �  0
1
, starting from

m 0
1

� m� 1
 1

, and then continuing inductively by exploiting the functio n � : Items(�  1 ) !
Items(�  0

1
) of De�nition 7.12. This family of isomorphisms satis�es al l the conditions of

De�nition 5.16: thus it provides a proof that  1 � abs  0
1, and therefore we have � sh

 1 � abs  0
1 � sh  0, showing that  � c  0.

2. If �̂
def
= � 2 � � � � � 1

1 is not the identity permutation, let ^{ = min f i 2 #  1 j �̂( i ) 6= ig.

Then it can be shown that the �̂(̂ {)-th direct derivation in  0
1 is sequential independent from

the preceding one, essentially because it can not consume any item produced or explicitly
preserved after the{̂-th step. By applying the synthesis and the analysis constructions the
two direct derivations can be exchanged, and this procedurecan be iterated producing
eventually a derivation  2 such that  0

1 � sh
� 3

 2 for some permutation � 3, and such that
� 3 � �̂ is the identity permutation. Thus we are reduced to the prev ious case.

If part of (2) :
Let h�  ; m 0 � m� 1

 ; � ; �  0i be a consistent four-tuple, where � is a permutation. By expl oiting
isomorphisms m 0 � m� 1

 , � and � : Items(�  ) ! Items(�  0), it can be proved that the target
graphs of �  and �  0 are isomorphic, and that there exists a unique isomorphismh� : � ( ) !
� ( 0) such that h�  ; m 0 � m� 1

 ; � ; h� ; �  0i is a consistent �ve-tuple. Now, let � be the discrete
decorated derivationhM  0; � ( 0); h� � M  i . Then  0; � = hm 0; �  0; h� � M  i . Clearly, the �ve-tuple
h�  ; m 0 � m� 1

 ; � ; h� � M  � M � 1
 ; �  0i is consistent, and byif part of (1) we get  � c  0; � . Then

 �  0 follows by rule (CTC� iso). 2
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7.3.2 From processes to traces and backwards

We are now ready to prove that for any grammarG the categoriesTr [G] and CP [G]
are isomorphic. We introduce two functions, the �rst one mapping each trace into a
process and the second one performing the converse transformation. Then we show
that such functions extend to functors fromTr [G] to CP [G] and backward, which
are inverse to each other.

Given an abstract concatenable process [
 ], we construct a concatenable deriva-
tion trace by �rst taking the derivation which applies all the productions of
 in any
order compatible with asymmetric con
ict and then considering the corresponding
ctc-equivalence class.

Definition 7.15 (linearization)
Let 
 = hm; '; M i be a concatenable process. Alinearization of the setP' of produc-
tions of the process is any bijectione : jP' j ! P' , such that the corresponding linear
order, de�ned by q0 v q1 i� e� 1(q0) � e� 1(q1), is compatible with the asymmetric
con
ict relation in ' , i.e., q0 % ' q1 implies q0 v q1.

Definition 7.16 (from processes to traces)
Let G = hTG; Gs; P; � i be a typed graph grammar and let[
 ] be an abstract con-
catenable process ofG, where
 = hm; p; M i . Consider any linearizatione of P' and
de�ne the decorated derivation (
; e ) as follows:

 (
; e ) = hm; �; M i , where� = f Gj � 1 ) qj ;gj Gj gj 2j P' j

such thatG0 = � ' , GjP' j = ' � , and for eachj 2 j P' j

� qj = ' P (e(j )) ;

� Gj = hjGj j; tG j i , where jGj j = reach(f e(1); : : : ; e(j )g), i.e., jGj j is the sub-
graph of the type graphTGp of the process determined as the reachable set
reach(f e(1); : : : ; e(j )g), and tG j is the corresponding restriction of' T ;

� each derivation stepGj � 1 ) qj ;gj Gj is as in Figure 7.2.(a), where unlabelled
arrows represent inclusions, and the typing morphisms are not reported.

Finally, we associate to the abstract process[
 ] the concatenable derivation trace
DA ([
 ]) = [  (
; e )]c.

By using Theorem 6.11, it is not di�cult to prove that  (
; e ) is a legal decorated
derivation in G. The proof can be carried out by adapting the argument in [CMR96],
Theorem 29. The only di�erences, here, are the fact that the source graph of the
derivation is not, in general, the start graph of the grammar, and the presence of the
decorations. Incidentally, observe that the constructionabove can be seen also as an
instance of the pullback-retyping construction (see Section 5.3), which transforms a
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jL j jqj :

� L
' (e(j ))

jK j j
l j r j

� K
' (e(j ))

jRj j

� R
' (e(j ))

jL 0
j je(j ) :

tL 0
j

jK 0
j j

l0
j r 0

j

tK 0
j

jR0
j j

tR 0
j

jGj � 1j jD j j jGj j

L iqi :

gi

K i
l i r i

k i

Ri

h i

Gi � 1

cgi � 1

D i
bi di

cdi

Gi

cgi

hT G' ; ' T i

(a) (b)

Figure 7.2: From abstract concatenable processes to concatenable derivation traces
and backward.

derivation in O' (depicted in the low row of Figure 7.2.(a)) to a derivation inG, by
using the process morphism' : O' ! G.

The following lemma shows that the mappingDA can be lifted to a well-de�ned
functor from the category of abstract concatenable processes to the category of
derivation traces, which acts as identity on objects.

Lemma 7.17 (functoriality of DA )
Let G be a typed graph grammar, and let
 1 and 
 2 be concatenable processes ofG.
Then

1. (DA is a well-de�ned mapping from abstract concatenable processes to traces)

if 
 1
�= 
 2 then  (
 1; e1) � c  (
 2; e2), for any choice of the linearizationse1

and e2;

2. (DA preserves sequential composition)

if de�ned,  (
 1 ; 
 2; e) � c  (
 1; e1) ;  (
 2; e2), for any choice of the lineariza-
tions e1, e2 and e;

3. (DA maps discrete processes to discrete derivation traces, and, in particular,
it preserves identities)

 (SymG(m; G; M ); e) � c hm; G; M i , for any choice of the linearizatione.

HenceDA : CP [G] ! Tr [G], extended as the identity on objects, is a well-de�ned
functor.

Proof. 1. Let 
 1
�= 
 2 be two isomorphic concatenable processes ofG, with 
 i = hmi ; ' i ; M i i

for i 2 f 1; 2g. Let f = hf T ; f P i : 
 1 ! 
 2 be an isomorphism, and lete1 and e2 be linearizations of
P' 1 and P' 2 , respectively. We show that the two decorated derivations 1 =  (
 1; e1) and  2 =
 (
 2; e2) are ctc-equivalent by exhibiting a consistent �ve-tuple h�  1 ; m 2 � m� 1

 1
; � ; M  2 � M � 1

 1
; �  2 i .
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First, it is quite easy to recognize that Items( i ) (see De�nition 7.12) is isomorphic to
Items(T G' i ), for i 2 f 1; 2g and thus f T : T G' 1 ! T G' 2 induces, in an obvious way, an iso-
morphism � : Items( 1) ! Items( 2).

Since the restrictions off T to the source and target graphs of the processes are isomorphisms,
we can take

h� = f T j � ' 1
: � ' 1 ! � ' 2 and h� = f T j ' 1

� : ' 1
� ! ' 2

� ,

which are compatible with m 2 � m� 1
 1

and M  2 � M � 1
 1

, by de�nition of isomorphism of concatenable
processes (and obviously compatible with� ). Finally we can de�ne the permutation � : #  1 ! #  2

as � = e� 1
2 � f P � e1.

Now, it is not di�cult to check that h�  1 ; m 2 � m� 1
 1

; � ; M  2 � M � 1
 1

; �  2 i is a consistent �ve-
tuple. Thus, by Theorem 7.14.(1), we conclude that 1 � c  2.

2. Let 
 1 = hm1; ' 1; M 1i and 
 2 = hm2; ' 2; M 2i be two concatenable processes such that their
sequential composition is de�ned, i.e.,' 1

� = � ' 2, M 1 = m2 and all other items in 
 1 and 
 2 are
distinct. Let 
 = hm1; '; M 2i be their sequential composition. Let us �x linearizations e1, e2 and
e of P' 1 , P' 2 and P' , respectively, and let  1 =  (
 1; e1),  2 =  (
 2; e2) and  =  (
; e ).

Observe that � ( ) = � ( 1) = � ( 1 ;  2) and similarly � ( ) = � ( 2) = � ( 1 ;  2). Further-
more, we have that Items( ) and Items( 1;  2) are (isomorphic to) Items(T G' ) = Items(T G' 1 )
[ Items(T G' 2 ). Therefore one can verify that the �ve-tuple h�  ; id � (  ) ; � ; id � (  ) ; �  1 ;  2 i , where
� = ( e1 [ e2)� 1 � e is consistent (the function � being identity on classes). This fact, together with
the observation that m = m 1 = m 1 ; 2 and M  = M  2 = M  1 ; 2 , allows us to conclude, by
Theorem 7.14.(1), that  � c  1;  2.

3. Obvious. 2

The backward step, from concatenable derivation traces to processes, is per-
formed via a colimit construction that, applied to a decorated derivation  , essen-
tially constructs the type graph as a copy of the source graphplus the items created
during the rewriting process. Productions are instances ofproduction applications.

Definition 7.18 (from traces to processes)
Let G = hTG; Gs; P; � i be a typed graph grammar and let = hm; �; M i be a
decorated derivation, with#  = n. We associate to a concatenable processcp( ) =
hm0; '; M 0i , de�ned as follows:

� hTG' ; ' T i is a colimit object (in categoryTG-Graph ) of the diagram rep-
resenting derivation  , as depicted (for a single derivation step) in Fig-
ure 7.2.(b);

� P' = fhprod( )( j ); j i j j 2 ng. For all j 2 n, if prod ( )( j ) = qis (in
the notation of De�nition 5.11, Figure 5.6), then � ' (hprod( )( j ); j i ) is es-
sentially production qis , but typed overTG' (see Figure 7.2.(b)). Formally
� ' (hprod( )( j ); j i ) is the production

hjLqis j; cgi � 1 � gi � in L
is i

lqis hj K qis j; cdi � ki � in K
qis

i
r qis! hj Rqis j; cgi � hi � in R

qis
i
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and ' P (hprod( )( j ); j i ) = prod( )( j ). Finally the \ � component" is given by
� ' (hprod( )( j ); j i ) = hid jL qis j ; id jK qis j; id jRqis j i .

Note that for j 1 6= j 2 we may have prod( )( j 1) = prod( )( j 2); instead, the
productions in P' are all distinct, as they can be considered occurrences of
production of G;

� notice that � ' = cg0(G0) and ' � = cgn (Gn ) (and thecgi 's are injective, because
so are the horizontal arrows) so that we can de�nem0 = cg0 � m and M 0 =
cgn � M .

Finally we de�ne the image of the trace[ ]c as CA ([ ]c) = [ cp( )].

As an example, the process of Figure 7.1 can be obtained (up toisomorphism) by
applying the construction just described to either the derivation of Figure 5.6 or
that of Figure 5.11.

Notice that it is quite easy to have a concrete characterization of the colimit graph
TG' . Since all the squares in the diagram representing derivation  : G0 ) � Gn

commute (they are pushouts),TG' can be regarded equivalently as the colimit of

the bottom line of the derivation,G0
b1 D1

d1! G1
b2 � � � Dn

dn! Gn . Thus TG' can be
characterized explicitly as the graph having as itemsItems(�  ) (see De�nition 7.12),
and where source and target functions are determined in the obvious way. The
injections cxi (x 2 f g; dg) simply map every item into its equivalence class.

Lemma 7.19 ( CA is well-defined)
Let G = hTG; Gs; P; � i be a typed graph grammar and let 1 � c  2 be two decorated
derivations of G. Then cp( 1) �= cp( 2).

Proof. Let  1 and  2 be ctc-equivalent decorated derivations ofG. Then, by Theorem 7.14 there
exists a �ve-tuple h�  1 ; m 2 � m� 1

 1
; � ; M  2 � M � 1

 1
; �  2 i with a function � : Items( 1) ! Items( 2)

witnessing its consistence.
Let cp( 1) = 
 1 = hm1; ' 1; M 1i and cp( 2) = 
 2 = hm2; ' 2; M 2i . First notice that Items( i )

is isomorphic to the set of items of the corresponding type graph T G' i (i 2 f 1; 2g), and thus �
induces readily a function f T : T G' 1 ! T G' 2 , which, by de�nition of consistent �ve-tuple, is
consistent with the decorations of the processes. Moreoverthe permutation � induces a bijection
f P : P' 1 ! P' 2 , de�ned as f P (hprod( 1)( j ); j i ) = hprod( 2)(�( j )) ; �( j )i , for j 2 j P' 1 j.

From the de�nition of consistent �ve-tuple it follows easil y that hf T ; f P i : 
 1 ! 
 2 is an
isomorphism of concatenable processes. 2

The next lemma shows that the constructions performed byCA and DA are, at
abstract level, \inverse" to each other.

Lemma 7.20 (relating CA and DA )
Let G be a graph grammar. Then:

1. CA (DA ([
 ])) = [ 
 ], for any concatenable process
 ;

2. DA (CA ([ ]c)) = [  ]c, for any decorated derivation .
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Proof. 1. Let 
 = hm; p; M i be a concatenable process ofG and let e : jP' j ! P' be a
linearization of P' . Consider the decorated derivation:

 (
; e ) = hm; f Gi � 1 ) e( i ) Gi gi 2j P ' j ; M i

as in De�nition 7.16.
Let us now construct the process
 1 = cp( ) = hm1; ' 1; M 1i as in De�nition 7.18, with the

type graph T G' 1 obtained as colimit of the diagram:

L iqi :

� L
' (e(i ))

K i

� K
' (e(i ))

Ri

� R
' (e(i ))

L 0
ie(i ) :

tl i

K 0
i

tk i

R0
i

tr i

Gi � 1

cgi � 1

D i
bi di

cdi

Gi

cgi

T G' 1

Observe that a possible concrete choice forT G' 1 is T G' , with all cgi 's de�ned as inclusions.
If we de�ne f P : P' 1 ! P' as f P (hprod( )( i ); i i ) = e(i ), for i 2 #  , then it is easy to prove

that f = hidT G ' ; f P i : 
 1 ! 
 is a concatenable process isomorphism.

2. First of all, if  is a discrete decorated derivation, the result is obvious. Otherwise we can
suppose = hm; f Gi � 1 ) qi Gi gi 2 n ; M i to be a derivation using a single production at each step
(recall that, by Lemma 7.19, we can apply the concrete construction to any derivation in the trace
and that in [  ]c a derivation of this shape can always be found).

Let 
 = cp( ) = hm; p; M i be the concatenable process built as in De�nition 7.18. In particular,
the type graph T G' is de�ned as the colimit of the diagram:

L iqi :

gi

K i
l i r i

k i

Ri

h i

Gi � 1

cgi � 1

D i
bi di

cdi

Gi

cgi

T G'

The set of productions is P' = f q0
i = hqi ; i i j i 2 ng, with � ' (q0

i ) = hjL i j; cgi � 1 � gi i
l i 

hjK i j; cdi � ki i
r i! hj Ri j; cgi � r i i . Moreover m = cg0 � m and M = cgn � M  . Remember that all

cgi 's are injections andcg0 : G0 ! � ' , cgn : Gn ! ' � are isomorphisms.
Now it is not di�cult to verify that prod( ) is a linearization of P' and  0 =  (
; prod( )) is

the derivation whose i th step is depicted below.

L iq0
i :

cgi � 1 � gi

K i

cdi � k i

Ri

cgi � h i

cgi � 1(Gi � 1) cdi (D i ) cgi (Gi )

The family of isomorphismf � X i : X i ! X 0
i j X 2 f G; D g; i 2 ng[f � G0 g between corresponding

graphs in the two (linear) derivations de�ned as:
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� D i = cdi and � G i = cgi

satis�es the conditions of De�nition 5.16 and thus we have that  0 � abs  . Therefore [ ]c = [  0]c =
DA ([
 ]) = DA (CA ([ ]c). 2

The previous lemma, together with functoriality of DA , allows us to conclude
that CA : Tr [G] ! CP [G], de�ned as identity on objects and asCA ([ ]c) = [ cp( )]
on morphisms, is a well-de�ned functor. In fact, given two decorated derivations 1

and  2, we have

CA ([ 1]c ; [ 2]c) = [by Lemma 7.20.(2)]

= CA (DA (CA ([ 1]c)) ; DA (CA ([ 2]c))) = [by functoriality of DA ]

= CA (DA (CA ([ 1]c) ; CA ([ 2]c))) = [by Lemma 7.20.(1)]

= CA ([ 1]c) ; CA ([ 2]c)

Similarly one proves also that CA preserves identities. Moreover, again by
Lemma 7.20, functorsDA and CA are inverse to each other, thus implying the main
result of this section.

Theorem 7.21 (relating processes and traces)
Let G be a graph grammar. ThenDA : CP [G] ! Tr [G] and CA : Tr [G] ! CP [G]
are inverse to each other, establishing an isomorphism of categories. 2

7.4 Relating unfolding and deterministic pro-
cesses

This section is aimed at reconciling the unfolding semantics of a graph grammar,
which basically relies on the notion of nondeterministic graph process, with the
semantics de�ned in terms of (concatenable) deterministicgraph processes. The
general pattern is the same we already followed in the case ofnets. We show that
the domain extracted from the unfolding of a grammar can be characterized as the
set of deterministic processes with source in the start graph of the grammar and
ordered by pre�x, or, formally, that Idl(h[Gs] # CP [G]i ) is isomorphic to the domain
L i (Eg(Ug(G))) (see Sections 6.3-6.5 in the previous chapter).

The result can be proved for general (consuming) graph grammars, and not
only for the subclass of semi-weighted graph grammars. In fact, as usual, a central
role in the proof is played by the characterization of the unfolding as a universal
construction. We know from the previous chapter (Section 6.4) that, when consid-
ering general morphisms, such a characterization only holds for the subcategory of
semi-weighted grammars. However, limiting our attention to the (lluf) subcategories
GG R and O-GG R where the left component of the type span of any morphism is
mono (see De�nition 6.25), the result generalizes to general (consuming) grammars.
Simply observing that strong grammars morphisms (see De�nition 6.12), which are
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used to de�ne graph processes, are particular morphisms inGG R , it results clear
that the proof schema followed in theFirst Part for nets can be easily adapted
here to reach the desired result for general grammars.

The �rst observation regards the structure of the categoryh[Gs] # CP [G]i , which,
by de�nition of sequential composition between processes,can be easily shown to
be a preorder.

Proposition 7.22
Let G be a consuming grammar. Then the categoryh[Gs] # CP [G]i is a preorder.

Let . be the preorder relation inh[Gs] # CP [G]i . As in the case of nets, given
two concatenable processes
 : [Gs] ! [G] and 
 0 : [Gs] ! [G0], if 
 . 
 0 . 
 ,
then 
 can be obtained from
 0 simply by composing it with a discrete process.
Hence the partial order induced byh[Gs] # CP [G]i intuitively consists of classes
of processes which are \left-isomorphic", in the sense thatthey are related by a
process isomorphism which is required to be consistent onlywith the decoration of
the source.

The above considerations provide some intuition on the transformation de�ned
below, which associates to each concatenable process
 a (non concatenable) marked
process ^
 by forgetting the decoration of the target and using the decoration of the
source to construct the \�" component for the start graph.

Definition 7.23 (from concatenable processes to marked proc esses)
Let G = hTG; Gs; P; � i be a graph grammar and let� : Gs ! Can(Gs) be a �xed
isomorphism. For any (abstract) concatenable process
 = hm; '; M i : [Gs] ! [G]
let 
̂ be the marked procesŝ' obtained from the unmarked process' by adding as
component�s

^' the isomorphismm � � .

One can show that, for a �xed isomorphism� , the above function establishes a
bijective correspondence between the elements of the partial order induced by the
preorder h[Gs] # CP [G]i and (�nite) abstract marked processes.

Recall that the domain semantics of a graph grammarG, as de�ned in the
previous chapter, is obtained by taking the domain of con�gurations of the event
structure associated to the unfoldingUg(G) of the grammar. In symbols the domain
is L i (Ea(Ug(G))). We next prove the announced result, characterizing thedomain
semantics in terms of the concatenable processes of a grammar.

Theorem 7.24 (unfolding vs. concatenable processes)
Let G be a (consuming) graph grammar. Then the ideal completion ofh[Gs] # CP [G]i
is isomorphic to the domainL i (Eg(Ug(G))) .

Proof (Sketch). Let G = hT G; P; �; G s i be a graph grammar. As in the proof of the analogous
result for nets (see, e.g., Theorem 3.67), we exploit Lemma 3.66, which ensures that the thesis
follows form the existence of a surjective function� : h[Gs ] # CP [G]i ! K(L i (Eg(Ug(G)))) such
that � is monotone and monic, namely for all
 1; 
 2 in h[Gs ] # CP [G]i ,


 1 . 
 2 i� � (
 1) v � (
 2).
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Recalling that the compact elements of the domainL i (Eg(Ug(G))), associated to G, are exactly
the �nite con�gurations of Eg(Ug(G)), we can de�ne the function � as follows. Let
 = hm; '; M i be
a concatenable process inh[Gs ] # CP [G]i and consider the marked process ^
 as in De�nition 7.23.

By de�nition of graph process, 
̂ : O
̂ ! G is a (marked) strong morphism. Therefore, by
Theorem 6.26, there exists a unique arrow' 0 : O
̂ ! Ua (N ), making the diagram below commute.

Ug(G)
' G

G

O
̂

' 0


̂

Then the con�guration associated to 
 can be de�ned as� (
 ) = ' 0
P (P
̂ ). The proof that � is a

well-de�ned surjective, monotone and monic function is routine. 2

The above result can be informally interpreted by saying that the elements of
the domain associated to a graph grammar corresponds to the marked processes of
the grammar, namely to the deterministic computations starting form the initial
state. Performing a further step, we can consider thepes associated to the above
domain by Winskel's equivalence, namelyP (L i (Eg(Ug(G)))). The events of such
pes are special con�gurations which represent the possible histories of events in the
ies Eg(Ug(G)). Hence they correspond to processes where there is a production q
which is maximum with respect to% � , namely computations where there is a \last
applied" production q which cannot be shifted backward.





Chapter 8

Relating Some Event Structure
Semantics for DPO Graph
Transformation

This chapter brie
y reviews two other prime event structuresemantics which have
been proposed in the literature fordpo graph transformation systems. The �rst one
[CEL+ 96b] is built on top of the \abstract truly concurrent model of computation"
of a grammar, i.e., the category of concatenable derivationtraces. The other one
[Sch94] is based on a deterministic variation of thedpo approach. By the results in
Chapters 6 and 7, these two alternative event structures can be shown to coincide
with the one obtained from the unfolding, which thus can be claimed to be \the"
event structure semantics ofdpo graph transformation.

8.1 Event structure from concatenable traces

The construction of a prime event structure for a (consuming) graph grammar
proposed by Corradini et al. in the paper [CEL+ 96b], relies on the category
Tr [G] of (concatenable) derivation traces (see Section 5.2). More precisely the au-
thors consider the category of objects ofTr [G] under the start graph Gs, namely
h[Gs] # Tr [G]i , thought of as a synthetic representation of all the possible concurrent
computations of the grammar beginning from the start graph.For consuming gram-
mars, the partial orderDom [G] obtained as the ideal completion of the preorder cat-
egoryh[Gs] # Tr [G]i is shown to have the desired algebraic structure, namely to be a
prime algebraic, coherent and �nitary partial order. Then,by Winskel's results pre-
sented in Section 2.4,Dom [G] indirectly determines apes, ES[G] = P (Dom [G]),
which is assumed to give the concurrent semantics ofG.

By the results in the previous chapter it is quite easy to recognize that ES[G]
coincides with the prime event structure extracted from theunfolding, namely
P (L i (Eg(Ug(G)))). In fact, by Theorem 7.21, for any grammarG, the category
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of concatenable processesCP [G] and that of concatenable derivation tracesTr [G]
are isomorphic, and thus also the corresponding comma categories h[Gs] # Tr [G]i
and h[Gs] # CP [G]i are isomorphic. Therefore Theorem 7.24 immediately entails
the desired result.

In [CEL+ 96b] the algebraic properties of the domainDom [G] are proved by
presenting an explicit construction of the prime event structure ES[G] associated to
a graph grammar and then by showing that the �nite con�gurations ofES[G] are
one-to-one with the �nite elements of the domainDom [G]. We brie
y outline the
construction of ES[G], since we think that it is an interesting complement to the
construction in Chapter 6 . In fact, it provides an equivalent trace-based description
of the prime event structure associated to a grammar, which,in our opinion, can be
helpful to get a clearer understanding of the meaning of the events in suchpes.

Definition 8.1 (pes from traces)
Let G = hTG; Gs; P; � i be a graph grammar. Apre-event for G is a pair h ; � i ,
where is a decorated derivation starting from a graph isomorphic to Gs, and � is
a direct derivation which applies a single production inP (namely # � = 1) such
that

1.  ; � is de�ned (i.e., � ( ) = � (� ), and M  = m� ) and

2.  ; � � c
�  0 implies �(#  + 1) = #  + 1.

If h ; � i is a pre-event, we denote by"  
� the corresponding derivation trace, namely

"  
� = [  ; � ].

An event " for G is then de�ned as a derivation trace" = "  
� for some pre-event

h ; � i . For each event" let Der(" ) denote the set of derivations containing such
event, formally de�ned as:

Der(" ) =
[

f � j 9� " � ": 9� 0: � " ; � 0 = � g:

Notice that, in particular, " � Der(" ), since each concatenable derivation trace
� " � " can be concatenated with (the concatenable trace corresponding to) a discrete
derivation. Then the prime event structure of grammarG, denoted byES[G], is
the triple ES[G] = hE; � ; # i , where E is the set of all events forG, " � "0 if
Der("0) � Der(" ), and "# "0 if Der (" ) \ Der("0) = ; .

Conceptually, an event"  
� of a grammarG is determined by the application of

a production to a graph reachable from the start graph ofG (i.e., by the direct
derivation � ), together with the history that generated the graph items needed by
that production application (i.e., the derivation  ). The fact that in the pre-event
h ; � i the last step � cannot be shifted backward (requirement (2) for pre-events)
guarantees that� is not independent from all the previous steps in . It is worth
stressing that the same requirement implies that if ; � � c

�  0 then  0 =  00; � 0with
 � c

� j #  
 00and � � abs � 0. Clearly, isomorphic production applications or di�erent
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linearizations of the same history should determine the same event. Therefore an
event is de�ned as aset of equivalent derivations inG, more precisely as a trace
including all the derivations having (a copy of)� as last step and containing the
corresponding history.

Given this notion of event, the causality and con
ict relations are easily de-
�ned. In fact, considering for each event" the set Der(" ) of all the derivations that
performed " at some point, we have that two events are in con
ict if there is no
derivation that can perform both of them, and they are causally related if each
derivation that performs one also performs the other.

Example 8.2 (event structure of grammar C-S )
Figure 8.1 depicts part of the event structure of the graph grammarC-S of Example
5.9. Continuous arrows form the Hasse diagram of the causality relation, while dotted
lines connect events in direct con
ict (inherited con
ictsare not drawn explicitly).

Recalling that, intuitively, an event of a grammar corresponds to a speci�c ap-
plication of a production together with its \history", a careful analysis of grammar
C-S allows us to conclude that its event structure contains the following events:

E = f req(n) j n 2 Ng [ f ser(w); rel(w) j w 2 N
 g,

whereN
 denotes the set of non-empty sequences ofdistinct natural numbers.
In fact, an application of productionREQ only depends on previous applications

of the same production (because it consumes ajob edge, and onlyREQ can pro-
duce such edges). Therefore a natural number is su�cient to represent its history:
conceptually, req(n) is the event corresponding to then-th application of REQ. An
application of production SER, instead, depends both on a speci�c application of
REQ (because it consumes areq edge), and, because of theS node it consumes
and produces, either on the start graph or on a previous application of SER itself
followed by REL (SER cannot be applied in presence of abusyedge connected to
nodeS because of the dangling condition). It is not di�cult to check that such an
event is uniquely determined by a non empty sequence of distinct natural numbers:
ser(n1n2 � � � nk) is the event corresponding to the application ofSER which serves
the nk-th REQuest, after requestsn1, . . . , nk� 1 have been served in this order. In
turn, an application of production REL only depends on a previous application of
SER (because of thebusyedge), and we denote byrel(w) the event caused directly
by ser(w).

This informal description should be su�cient to understand the part of the pes
ES[C-S ] shown in Figure 8.1, including only the events which are caused by the
�rst three requests and the relationships among them. The causality and con
ict
relations of ES[C-S ] are de�ned as follows:

� req(n) � req(m) i� n � m;

� req(n) � ser(w) i� n 2 w, that is, an application of SER only depends on the
request it serves and on those served in its history;
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req(1) req(2) req(3)

ser(1) #

#

ser(2) # ser(3)

rel (1) rel (2) rel (3)

ser(12) # ser(13) ser(21) # ser(23) ser(31) # ser(32)

rel (12) rel (13) rel (21) rel (23) rel (31) rel (32)

ser(123) ser(132) ser(213) ser(231) ser(312) ser(321)

rel (123) rel (132) rel (213) rel (231) rel (312) rel (321)

Figure 8.1: Event structure of the grammarC-S .

� ser(w) � ser(w0) i� w v w0, where v is the pre�x ordering (the application
of SER depends only on applications ofSER in its history);

� ser(w) � rel(w0) i� w v w0;

� rel(w) � ser(w0) i� w @w0;

� for x; y 2 f rel; serg, x(w)# y(w0) i� w and w0 are incomparable with respect
to the pre�x ordering. 2

8.2 Event structure semantics from deterministic
derivations

Schied in [Sch94] proposes a construction for de�ning an event structure semantics
for distributed rewriting systems, an abstract uni�ed model where several kinds of
rewriting systems, such as graph grammars and term rewriting systems, naturally �t.
He shows that, given a distributed rewriting systemR , a domainDR can be obtained
as the quotient, with respect to shift equivalence, of the collection of derivations
starting from the initial state, ordered by the pre�x relati on. To prove the algebraic
properties ofDR he constructs, as an intermediate step, atrace languagebased on
the shift equivalence, and applies general results from [Bed88] to extract a prime
event structure ER from the trace language. Finally he shows thatDR is isomorphic
to the domain of con�gurations ofER .
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The main interest in Schied's paper is for the application tograph grammars. Let
us sketch how, according to Schied, the above construction instantiates to the case
of graph grammars. Graph grammars are modelled as distributed rewriting systems
by considering adeterministic variation of the dpo approach, where at each direct
derivation the derived graph is uniquely determined by the rewritten graph, the
applied production and the match. The idea consists of working on concrete graphs,
where each item records his causal history. Formally the de�nition of deterministic
direct derivation is as follows.

Definition 8.3 (deterministic derivation)
Let q : Lq  K q ! Rq be a production and letm : Lq ! G be a match. Then a
deterministic direct derivation G ; q;m H exists if m satis�es the gluing conditions
and

H = gluehq;mi (q; m; G) � m(Lq � l (K q)) .

Let G = hTG; Gs; P; � i be a typed graph grammar. Adeterministic derivation in G is
a sequence of deterministic direct derivationsGs ; q1 ;m1 G1 ; q2 ;m2 : : : ; qn ;mn Gn ,
starting from the start graph and applying productions ofG.

Actually the above de�nition instantiates the ideas of Schied to our setting which
is slightly di�erent, in that we work with typed graph grammars. Moreover in the
original de�nition of Schied, since productions are nameless, the new items inH
are marked only with the morphismm. Here we have to add also to name of the
production.

Let G1 ; q1 ;m1 G2 ; q2 ;m2 G3 be sequentially independent deterministic deriva-
tions. A basic observation is that we can shift the applications of the two produc-
tions without changing the matches, thus obtaining a new deterministic derivation
G1 ; q2 ;m2 G0

2 ; q1;m1 G3. The construction of the domain of a grammar is then based
on the partial order of deterministic derivations endowed with the pre�x relation,
and on shift equivalence.

Definition 8.4 (Schied's domain)
The Schied's domain for a consuming grammarG, denoted byDG, is de�ned as
the quotient, with respect to shift equivalence, of the partial order of deterministic
derivations of a grammarG endowed with the pre�x relation.

Now it is not di�cult to prove that the (ideal completion of) S chied's do-
main coincides with the domain semantics for a grammarG, as de�ned in Chap-
ter 6 . More precisely, the domain of con�gurations of the unfolding of a grammar
Conf (Ug(G)) (or equivalently the domain of con�gurations of theies associated to
G, i.e., L i (Eg(Ug(G)))) is isomorphic to Idl(DG).

Theorem 8.5
For any (consuming) graph grammarG, the ideal completion ofDG and the domain
Conf (Ug(G)) are isomorphic.
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Proof. Consider the function � : DG ! Conf (Ug(G)), de�ned as

� ([d]sh ) = fhqi ; mi i j i 2 ng if d : Gs ; q1 ;m 1 G1 ; q2 ;m 2 : : : ; qn ;m n Gn .

Notice that the de�nition is independent from the particula r choice of the representatived, since
the shift construction does not change the pairshqi ; mi i in the derivation.

Vice versa given a con�gurationC 2 Conf (Ug(G)), consider any linearization of C, compatible
with the asymmetric con
ict relation % of the unfolding. Let q0

1; : : : ; q0
n such a linearization, and

supposeq0
i = hqi ; mi i for i 2 n. Then (by correspondence between unfolding and deterministic

processes, and by properties of deterministic processes) we can construct a derivation

dC : Gs ; q1 ;m 1 G1 ; q2 ;m 2 : : : ; qn ;m n Gn .

and di�erent linearizations lead to shift equivalent deriv ations. Thus we can de�ne a function

 : Conf (Ug(G)) ! DG as 
 (C) = [ dC ]sh , for any con�guration C.

Finally, it is not di�cult to verify that the two functions ar e monotonic and that they are
inverse each other, establishing an isomorphism between the two domains. 2



Final Remarks on Part II

The notions and results developed in theFirst Part for contextual and inhibitor
nets have been fruitfully exploited to providedpo graph transformation systems
with a systematic theory of concurrency which reduces the gap existing between
Petri nets and graph grammars.

The intuitive relationship between graph grammars and inhibitor nets, and the
observation that safe graph grammars can be encoded by meansof inhibitor nets
have guided us in the de�nition of a Winskel's semantics for graph grammars. The
notion of occurrence grammarand the unfolding construction, which can be ex-
pressed as a categorical core
ection between suitable categories of graph grammars
and occurrence grammars, are introduced by following closely the approach used for
inhibitor nets. Then, not surprisingly, inhibitor event structures turn out to be suf-
�ciently expressive to represent the dependencies betweenevents in graph grammar
computations, and thus the unfolding can be naturally abstracted to an inhibitor
event structure and �nally, by using the results inChapter 4 , to a prime algebraic
domain.
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As in the case of inhibitor nets, Winskel's construction hasnot been fully extended
to graph grammars since the passage from occurrence grammars to inhibitor event
structures is not expressed as a core
ection.

The notion of nondeterministic graph processwhich arises from our theory (the
prototypical example of process being the unfolding), turns out to be a generalization
of the deterministic processes of [CMR96].

Furthermore concatenable graph processeshave been de�ned as a variation of the
(deterministic �nite) graph processes endowed with an operation of sequential com-
position, and have been shown to provide a semantics for graph grammars which is
equivalent to the classical truly concurrent semantics based on theshift-equivalence.
More precisely, we proved that the categoryCP [G] of concatenable processes of
a grammarG is isomorphic to the abstract truly concurrent model of computation
based on tracesTr [G] [CMR+ 97, CEL+ 96b, BCE+ 99]. As already done for the other
formalisms in the First Part , we have also proved that the process semantics is
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strictly related to the unfolding semantics, in the sense that concatenable processes
allow to recover the same domain extracted from the unfolding.

As a last result, we showed that the prime event structure extracted from the
unfolding coincides both with the one in [CEL+ 96b], obtained via a comma category
construction on the category of concatenable derivation traces, and with the one
in [Sch94], based on a deterministic variant of thedpo approach. Nicely, this result
gives a uni�ed view of the various event structure semanticsfor the dpo approach
to graph transformation in the literature.



Chapter 9

Conclusions

In this thesis we singled out a general approach, inspired bythe theory of ordinary
Petri nets, for the development of a truly concurrent semantics of a class of systems.
The semantics describes the concurrent behaviour of the systems through several
mathematical structures at various levels of abstraction.The approach has been
applied to contextual and inhibitor nets, two generalization of Petri nets in the
literature, and �nally to graph transformation systems.

The core of the approach is anunfolding construction which, when applied to a
system, produces a single structure describing all the possible computations of the
given system starting from its initial state. A more abstract representation of the
behaviour of the system is obtained from the unfolding by abstracting from the na-
ture of the states and recording only the events and the dependencies among events.
This leads to a semantics based on suitableevent structure models(asymmetricand
inhibitor event structures), extending Winskel's prime event structure in order to
allow for a faithful representation of the dependencies between events, without re-
ducing them simply to causality and symmetric con
ict. We developed a general
theory of the mentioned event structure models, which allows one to recover, �nally,
a semantics in terms of more classical structures for concurrency like prime alge-
braic domains or equivalently prime event structures. The approach also includes
a notion of deterministic process which captures the deterministic computations of
the system. Deterministic processes, endowed with a suitable a notion of sequential
composition, form a category which can be seen as amodel of computationfor the
system at hand. The two approaches to the semantics based on the unfolding and
on deterministic processes can be �nally reconciled by showing that both allow to
recover the same event structure for the system.

Besides the concrete results and constructions proposed for each single model,
we think that an \informal" achievement of the thesis is the presentation and the
treatment of (generalized) Petri nets and graph grammars ina uni�ed framework,
where also graph grammars are seen as a kind of enriched nets.This allowed us to
use net-theoretical concepts to reason on graph transformation systems, a possibility
which has been useful in extending constructions and results from nets to graph
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grammars. We believe that the mentioned uniform presentation of nets and graph
grammars can help net-theorists to get closer to graph grammars and thus can
contribute, in the next future, to transfer to graph grammars some of the veri�cation
and modelling techniques existing for Petri nets.

A technical problem which remains open regards the possibility of fully extend-
ing Winskel's construction also to inhibitor nets and graphgrammars, by expressing
as a core
ection the whole semantical transformation leading from the category of
systems to the category of domains. In fact, while the results on contextual nets
can be considered completely satisfactory, in the case of inhibitor nets and graph
grammars the absence of a core
ection with the category of inhibitor event struc-
tures suggests that the construction should still be improved. We observed that this
problem cannot be overcome easily. A possible solution could be to look for a quite
di�erent unfolding construction, producing, for instance, in the case of nets, a 
ow
net [Bou90] rather than an occurrence net.

An aspect which has not been considered in the thesis is theabstract algebraic
characterization of the model of computation of a system. Well established results
exist for ordinary Petri nets, whose computations have beencharacterized in terms
of monoidal categories [MM90, Sas96]. In the case of contextual nets a partial an-
swer to the question is given in [GM98], where it is shown thatthe categoryCP [N ]
of concatenable processes of a contextual netN can characterized as a (non full)
subcategory of a free dgs-monoidal category (a variation ofmonoidal categories with
non-natural duplicator and co-duplicator) constructed over the net. For graph trans-
formation systems the PhD thesis [Hec98] provides a characterization of the model
of computation of a grammar based on apseudo-freeconstruction in the setting of
double categories with �nite horizontal colimits. The result relies on the interesting
assumption that, while the state of a Petri net is naturally characterized as a free
commutative monoid, colimits are the right constructions for generating and com-
posing graphs. A di�erent solution has been proposed in [GHL99], where theconcrete
model of computation of adpo grammar is axiomatized via the construction of a
free dgs-monoidal bicategory. However the problem of giving an axiomatization of
the abstract model of computation of a grammar as a true free constructionis still
unsolved and represents an interesting topic of future research.

We mentioned in theIntroduction that a (concrete) truly concurrent seman-
tics for a system represents the basis for de�ning more abstract observational seman-
tics. For instance,history preserving bisimulation(HP-bisimulation) on P/T Petri
nets [vGG89] is based on the notion of process and of deterministic event structure
Ev (' ) associated to a process' . Roughly speaking, two netsN0 and N1 are HP-
bisimilar if, for any process' 0 of N0 we can �nd a process' 1 of N1 such that the
underlying deterministic pes's are isomorphic. Moreover whenever' 0 can perform
an action becoming a process' 0

0, then also ' 1 must be able to perform the same
action becoming' 0

1 and vice versa; the isomorphism betweenEv (' 0) and Ev (' 1) is
required to be extensible to an isomorphism betweenEv (' 0

0) and Ev (' 0
1). Informally
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this means that each event of a net can be simulated by an eventof the other net
with the same causal history. Relying on the process semantics and on the proposed
event structure models we can easily de�ne notions of history preserving bisimulation
for generalized nets and for graph transformation systems.According to the chosen
class of event structure models one obtains various notionsof HP-bisimulation which
\observe" a system at di�erent levels of abstraction. Some preliminary results for
contextual nets are illustrated in [BCM00], where it is shown that the decidability
result for HP-bisimulation of ordinary nets extends also tocontextual nets.

Furthermore, once an unfolding construction has been de�ned, a natural question
suggested by the work initiated in [McM93] regards the possibility of extracting from
the (possibly in�nite) unfolding of a system a �nite fragment which is still useful to
study some relevant properties of the system. For a subclassof contextual nets, called
read persistent nets, a generalization of McMillan's algorithm has been proposed
in [VSY98]. We are con�dent on the possibility of further extending such result to
the whole class of semi-weighted contextual nets by relyingon the notion of \possible
history" of a transition introduced in Chapter 3 . However this extension could not
be relevant for concrete applications since the need of considering di�erent histories
for the same event could signi�cantly increase the complexity of the algorithm.

Finally, as already mentioned, although in this thesis we have concentrated only
on basic graph rewriting acting on directed (typed) graphs,it would be interesting to
understand if the presented constructions and results can extended to more general
structures. While the generalization to hypergraphs is trivial, developing a similar
theory for more general structures and for abstract categories (e.g., high level re-
placement systems [EHKPP91]) is not immediate and represents an interesting topic
of further investigation.





Appendix A

Basic Category Theory

This appendix collects some basic notions of category theory which are used in
the thesis. For a comprehensive introduction to the subjectwe refer the reader
to [ML71, BW90]. The notion of category represents a formalization of the intuitive
idea of a collection of objects with common structure, related by mappings which
preserve such structure.

Definition A.1 (category)
A categoryC consists of a collectionOC of objects (ranged over bya, b,...) and a
collection AC of arrows (ranged over byf , g,...) with the following structure:

� Each arrow has adomain dom(f ) and a codomaincod(f ) (also calledsource
and target, respectively) that are objects. We write

f : a ! b or also a
f

�! b

if a is the domain off and b is the codomain off .

� Given two arrowsf and g such that cod(f ) = dom(g), the composition of f
and g, written f ; g, is an arrow with domain dom(f ) and codomain cod(g):

a
f

�! b
g

�! c = a
f ;g

�! c:

� The composition operator is associative, i.e.,

f ; (g; h) = ( f ; g); h

wheneverf , g and h can be composed.

� For every objecta there is an identity arrow ida : a ! a, such that for any
arrow f : a ! b

ida; f = f = f ; idb:



242 Appendix A. Basic Category Theory

The collection of arrows from an objecta to an object b in C, called homset, is
denoted byC[a; b].

As usual, we write eitherf 2 AC or just f 2 C to say that f is an arrow in C, and
similarly for objects.

Example A.2 (category Set)
We denote bySet the category whose objects are sets and whose arrows are total
functions, with the ordinary composition of functions as arrow composition and the
identity function idX as identity for each setX .

Example A.3 (categories and preorders)
Recall that a preorder is a setX together with a binary relation � which is re
exive
and transitive. A preorder (X; � ) can be seen as a categoryX where the objects are
the elements ofX , and for any x; y 2 X the homsetX [x; y] is a singleton ifx � y
and the empty set otherwise.

Conversely, a categoryA where there is at most one arrow between any two
objects is called a preorder category or simply a preorder. It will be often identi�ed
with the underlying preordered set (A O; � ), with a � b i� jA [a; b]j = 1.

Other examples are theempty category0, the category1 with one object � and
one arrowid � , and the category of sets andrelations. A category is calleddiscrete
if every arrow is the identity of some object. For example,1 is a discrete category.

Definition A.4 (subcategory)
Given two categoriesA and B , we say thatA is a subcategoryof B , if

� OA � OB ,

� for all a; b2 OA , A [a; b] � B [a; b],

� composition and identities inA coincide with those inB .

The subcategoryA is called full if A [a; b] = B [a; b], for all a; b2 OA . The subcategory
A is called lluf if it has the same objects ofA , namely if OA = OB .

In category theory, it is common practice to express properties or requirements
by means of commutativediagrams. A diagram is made up of objects and arrows,
and we say that it commutesif picking any two objects in the diagram and tracing
any path of arrows from one object to the other, the composition of the arrows
yields always the same result. For example, the associativity of composition can
be equivalently expressed by saying that the diagram(i) in Figure A.1 commutes.
Similarly, the identities are characterized by the commutativity of the diagram (ii)
in Figure A.1.
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a
f ;g

f

b

h

c

g

g;h d

a
f

f
id a

b
id b

a
f b

(i ) ( ii )

Figure A.1: Associativity and identity diagrams for arrow composition.

Definition A.5 (inverse)
An arrow f : a ! b in a categoryC is called an isomorphismif there is an arrow
g : b ! a such thatf ; g = ida and g; f = idb. In this case,g is called theinverseof f
(and vice versa) and it is denoted byf � 1 (it is immediate to prove that the inverse,
if it exists, is unique).

The set-theoretic notions of injective and surjective function are captured by the
categorical concepts ofmono and epi morphism.

Definition A.6 (mono and epi morphisms)
An arrow m : b ! c in a categoryC is called amonomorphism, or simply mono, if
for any pair of morphismsf; g : a ! b, f ; m = g; m implies f = g.

Conversely,e : a ! b is called anepimorphism, or simply epi, if for any pair of
morphismsf; g : b ! c, e; f = e; g implies f = g.

A.1 Functors

Functors are essentially morphisms between categories, inthe sense that they are
mappings which \preserve" the relevant structure of categories.

Definition A.7 (functor)
Given two categoriesA and B , a functor F : A ! B consists of a pair of mappings
(FO ; FA ) such that:

� FO : OA ! OB ,

� FA : AA ! AB ,

� if f : a ! b 2 A then FA (f ) : FO(a) ! FO(b) (but usually we omit subscripts
and write F (f ) : F (a) ! F (b)),

� F (f ; g) = F (f ); F (g) for eachf : a ! b and g : b ! c 2 A ,

� F (ida) = idF (a) for each objecta 2 A .
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A notion of composition for functors is naturally de�ned via the composition
of their object and arrow components, seen as functions. It is easy to see that this
operation is associative and admits identities, namely the(endo)functorsId A : A !
A whose components are the identities on the sets of objects and arrows ofA . This
yields the categoryCat of all categories, whose objects are categories and whose
arrows are functors. Consequently a notion ofisomorphismof categories (as objects
of Cat ) naturally arises:

Definition A.8 (isomorphism of categories)
Two categoriesA and B are isomorphic if there are two functorsF : A ! B and
G : B ! A such thatG � F = IdA and F � G = IdB .

Any functor F : A ! B induces a set mappingA [a; b] ! B [F (a); F (b)]. Accord-
ing to the properties of such mapping, the next de�nition identi�es special classes
of functors.

Definition A.9 (faithful, full and embedding functors)
A functor F : A ! B is called

� faithful if the induced mappingF : A [a; b] ! B [F (a); F (b)] is injective for
every pair of objectsa; b in A ;

� full if the induced mappingF : A [a; b] ! B [F (a); F (b)] is surjective for every
pair of objectsa; b in A ;

� an embeddingif FA : AA ! AB is injective.

Observe that an embedding is always injective on objects andfaithful. Moreover,
if it is also full it establishes an isomorphisms betweenA and the full subcategory
F (A ) of B .

A.2 Natural transformations

Natural transformations can be thought of as morphisms between functors. A natural
transformation from a functorF to a functor G respects the structure of the functors
in the sense that it provides auniform way to translate images of objects and arrows
through F to images throughG.

Definition A.10 (natural transformation)
Let F; G : A ! B be two functors. Anatural transformation � : F ��! G : A ! B
consists of a family of arrows inB indexed by the objects ofA ,

� = f � a : F (a) ! G(a) 2 AB ga2 OA

such that the diagram in Figure A.2 commutes for every arrowf : a ! b 2 A ,
expressing thenaturality of the transformation � . The arrow � a is called thecom-
ponent at a of the natural transformation � .
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a

f

F (a)
� a

F (f )

G(a)

G(f )

b F (b) � b
G(b)

Figure A.2: Naturality square of the transformation� : F ��! G : A ! B for the
arrow f 2 A .

Two natural transformations � : F ��! G and � : G ��! H can be composed
elementwise, obtaining a natural transformation� � � : F ��! H , with ( � � � )a =
� a; � a. Moreover, for each functorF : A ! B there exists the obvious identity
transformation 1F : F ��! F given by 1F = f idF (a)ga2 OA . This allows us to view the
collection of functors between two categoriesA and B as the objects of a category,
where arrows are natural transformations, usually denotedB A and called functor
category.

The notion of equivalence of categories allows one to express the fact that two
categories are \essentially the same". Informally, two categories are equivalent if
they only di�er for the fact that isomorphic objects are \counted more than once".
Say that category C is skeletal two objects in C are isomorphic only if they are
identical, and call a skeletonof C a maximal skeletal full subcategory ofC. It is
possible to prove that each categoryC has a skeleton and that any two skeletons of
C are isomorphic. Then two categories are calledequivalentif they have isomorphic
skeletons.

An alternative, more handy de�nition of equivalence can be given by using nat-
ural transformations.

Definition A.11 (equivalence)
Two categoriesA and B are equivalent if there are functors F : A ! B and
G : B ! A , and two natural isomorphisms IdA ' F ; G and G; F ' Id B (where '
denotes the natural isomorphism between functors).

A.3 Universal properties, limits and colimits

In category theory, several notions are often stated by means ofuniversal properties,
namely by requiring theexistenceof a unique arrow that veri�es certain properties.

A very commonly used construction is that of product, generalizing the set-
theoretical cartesian product.

Definition A.12 (product)
We say thatC has binary products if for any pair of objects a; b 2 C there exists
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c
f

hf;g i
g

a a � b
� a � b

b

a

f

in a a + b
[f;g ]

b
in b

g

c

(i ) ( ii )

Figure A.3: The diagrams for(i) products and(ii) coproducts.

an object a � b together with twoprojections � a : a � b ! a and � b : a � b ! b
satisfying the following condition:

for each objectc and arrows f : c ! a and g : c ! b in C there exists
a unique arrow hf; g i : c ! a � b such that f = hf; g i ; � a and g =
hf; g i ; � b, i.e., there exists a unique arrowhf; g i : c ! a � b such that
the diagram (i) in Figure A.3 commutes (the fact thathf; g i is depicted
as a dotted arrow expresses its universal property, i.e., that it exists and
is unique).

The dual notion of product is called coproduct, and it generalizes the set-
theoretical construction of disjoint sum.

Definition A.13 (coproduct)
We say thatC has binary coproductsif for any pair of objectsa; b2 C there exists
an object a + b together with two injections in a : a ! a + b and inb : b ! a + b
satisfying the following condition:

for each objectc and arrowsf : a ! c and g : b ! c in C there exists a
unique arrow[f; g ] : a + b ! c such that ina; [f; g ] = f and inb; [f; g ] = g,
i.e., there exists a unique arrow[f; g ] : a + b ! c such that the diagram
(ii) in Figure A.3 commutes.

The product (resp. coproduct) of two objectsa and b is often denoted simply by
a � b (resp. a + b), but notice that it is unique only up to isomorphism, and that it
is uniquely determined only specifying also its projections (resp. injections).

Products and coproducts, as well as other useful notions like pullbacks, pushouts,
equalizers, coequalizers, are all instances of the more general concept oflimit and
of its dual notion of colimit.

Given a categoryC, a diagram D in C can be thought of as a graphG where
each nodea is labelled by an objectD(a) of C, and each edgee with source a and
target b is labelled by an arrowD(e) : D(a) ! D(b). More precisely the diagram can
be seen as a graph morphismD : G ! C, whereC stands for the graph underlying
the categoryC. In this case we say that the diagramD hasshapeG.



A.3. Universal properties, limits and colimits 247

c
pa pb

D(a)
D (g)

D(b)

Figure A.4: Commutative cone.

c0

h

p0
a c

pa

D(a)

Figure A.5: An arrow h from the conep0 to p.

Definition A.14 (cone)
Let C be a category and letD : G ! C be a diagram inC with shapeG. A cone
over the diagramD is an objectc of C together with a familyf paga2 G of arrows of
C indexed by the nodes ofG, such that pa : c ! D(a) for each nodea of G. The
arrow pa is called thecomponentof the cone at objecta. We indicate the cone by
writing p : c ! D.

A cone is calledcommutative if for any arrow g : a ! b 2 G, the diagram in
Figure A.4 commutes.1 If p0 : c0 ! D and p : c ! D are cones, anarrow from the
�rst to the second is an arrowh : c0 ! c such that for each nodea 2 G, the diagram
in Figure A.5 commutes.

Definition A.15 (Limit)
A commutative cone over the diagramD is called universal if every commutative
cone over the same diagram has a unique arrow to it. A universal cone, if such
exists, is called alimit of the diagramD.

Example A.16
A limit of the diagram ( ca; cb) (i.e., a pair of objects), which is associated to the
discrete graph with only two nodesa and b, is an objectu, together with two arrows
p1 : u ! ca and p2 : u ! cb, such that for any other cone (u0; p0

1 : u0 ! ca; p0
2 : u0 !

cb) there exists a unique arrowh : u0 ! u with p0
1 = h; p1 and p0

2 = h; p2. Notice that

1We remark that the diagram D is not assumed to commute.
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d0 h0
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h1
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f
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h2
h0
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a
h1

h0
1

d
h

d0

(i ) ( ii )

Figure A.6: Diagrams for(i) pullback and (ii) pushout.

this is just the de�nition of product of ca and cb. Dually, the colimit of the diagram
(ca; cb) de�nes the coproduct of ca and cb (if it exists).

A very commonly used kind of (co)limit is given bypullbacksand pushouts.

Definition A.17 (pullback and pushout)
Let G be the graph� � � . A diagram of this shape in a categoryC is given
by three objectsa, b and c, and two morphismsf : a ! c and g : b ! c. A cone for
such diagram is an objectd together with three arrowsh1 : d ! a, h2 : d ! b and
h3 : d ! c, such thath3 = h1; f and h3 = h2; g. Hence,h1; f = h2; g and the cone is
equivalently expressed by(d; h1; h2), becauseh3 is uniquely determined byh1 and by
h2. The cone is universal if for any other cone(d0; h0

1; h0
2) of the same diagram there

exists a unique arrowh : d0 ! d making the diagram in Figure A.6.(i) commute. A
limit for this diagram (if it exists) is called a pullback of f and g.

The dual notion is calledpushout. It can be de�ned as the colimit for the diagram
(a; b; c; f : c ! a; g : c ! b), which is associated to the graph� � � .
Figure A.6.(ii) represents the corresponding diagram.

An interesting property of pullbacks is the preservation ofmonomorphisms: if
the arrow g in Figure A.6 is mono then alsoh1 is mono. Dually, pushouts preserve
epimorphisms.

A.4 Adjunctions

Adjunctions are extensively used in the thesis to characterize constructions by means
of universal properties. There are several equivalent de�nitions of adjunction. We
think that the more \intuitive" one relies on the scenario consisting of two categories
A and B and a functor F : A ! B , where given an objectb in B we want to �nd an
object u in F (A ), i.e. u = F (Gb) for some objectGb in A , that better approximates
b. The intuitive idea of approximation is formalized by the existence of an arrow
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Gb

a

f

F (Gb)
� b

b

F (a)

F (f ) g

Figure A.7: The left adjoint F .

Gb0

Gb

h

F (Gb0)
� b0

b0

F (Gb) � b

� b;f
F (h)

b

f

Figure A.8: The de�nition of the right adjoint to F .

from F (Gb) to b. The fact that this approximation is better than the othersmeans
that any other arrow f : F (a) ! b for somea in A factorizes through the better
approximation of b via the image of a morphism inA , in a unique way.

Definition A.18 (adjunction)
Given two categoriesA and B and a functor F : A ! B , we say thatF is a
left adjoint if for each objectb in B there exists an objectGb in A and an arrow
� b : F (Gb) ! b in B such that for any objecta 2 A and for any arrow g : F (a) ! b
there exists aunique arrow f : a ! Gb 2 A such thatg = F (f ); � b (see Figure A.7).

An immediate consequence of the fact thatF is left adjoint is the existence of
a functor from B to A that maps each objectb into its approximation Gb, i.e., the
mapping G extends to a functor. This point can be proved by noticing that, given
an arrow f : b ! b0 in B , the arrow � b; f : F (Gb) ! b0 factorizes through� b0 and the
image of a unique arrowh from Gb to Gb0. Therefore the functorG can be de�ned
by taking G(f ) = h (see Figure A.8). The functorG is called theright adjoint to F ,
and we writeF a G. The collection� = f � bgb2 B is called thecounit of the adjunction
and de�nes a natural transformation fromG; F to 1B .

Remark A.19
Adjoints are unique up to natural isomorphism. This is the reason why we are
allowed to speak ofthe right adjoint to F .

We could have employed an equivalentdual approach to the de�nition of adjoints,
by starting with the functor G and de�ning the \least upper" approximation Fa for
each objecta. This construction yields theunit � = f � a : a ! G(Fa)ga2 A of the
adjunction (see Figure A.9).
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G(b)

a

f

� a
G(Fa)

G(g)

b

Fa

g

Figure A.9: The right adjoint G.

An important property of adjunctions is the preservation ofuniversal construc-
tions: left adjoints preserve colimits and right adjoints preserve limits.

Theorem A.20 (adjoints and (co)limits)
Let F : A ! B be a right adjoint functor, letD : G ! A be a diagram inA and let
p : c ! D be the limit of D. Then F (p) : F (c) ! F (D) is the limit of the diagram
F (D) (de�ned as F (D)(x) = F (D(x)) for any x in G) in B .

A dual result holds for colimits and left adjoints.
A typical example of adjunction consists of aforgetful functor U : S ! C,

from a category S of certain structures and structure-preserving functions (e.g.,
the categoryMon of monoids and monoid homomorphisms) to a categoryC with
lessstructure (e.g., Set). Forgetful functors have often a left adjoint that adds the
structure missing inC by means of afree construction.

Re
ections and core
ections are two particularly important kinds of adjunction,
where respectively the counit and the unit are natural isomorphisms. For instance,
in the case of a core
ection, referring to the introductory discussion, we have that
B is equivalent to a full subcategory ofA . Thus we can think that G gives the
best approximation of an object ofA inside such a subcategory. Observe that an
equivalence is an adjunction which is both a re
ection and a core
ection.

A.5 Comma category constructions

Given two functors F : A ! C and G : B ! C, with a common target C we can
consider thecomma categoryhF # Gi . This is a standard categorical construction
which makes (a selected subset) of the arrows ofC be objects of a new category. More
precisely, the objects ofhF # Gi are arrows of the kindx : F (a) ! G(b) in C, and an
arrow h : (x : F (a) ! G(b)) ! (y : F (a0) ! G(b0)) is a pair (f : a ! a0; g : b ! b0)
of arrows inA and B , respectively, such that the diagram of Figure A.10 commutes.

Clearly, by varying the choice ofF and G we obtain several di�erent \comma
constructions". Next we give an explicit de�nition of two relevant instances of comma
construction. First if A is 1, then F just selects an objectc in C. If moreoverB = C
and G = Id C then hF # Gi , denoted in this case byhc # Ci , is the comma category
of objects ofC under c.



A.5. Comma category constructions 251

F (a)

x

F (f )
F (a0)

y

G(b)
G(g)

G(b)

Figure A.10: Arrows in the comma categoryhF # Gi .

c
yx

c0
f c00

c0

x

f
c00

y

c

(i ) ( ii )

Figure A.11: Category of objects under/over a given object.

Definition A.21 (category of objects under a given object)
Let C be a category and letc be an object ofC. The category of objects (ofC) under
c, denotedhc # Ci , has arrows likex : c ! c0 as objects. Furthermoref : (x : c !
c0) ! (y : c ! c00) is an arrow of hc # Ci if f : c0 ! c00is an arrow of C and x; f = y
(see Figure A.11.(i)).

Dually, when F = Id C , B = 1 and G is the constant c, we obtain the category
of objects over a given object.

Definition A.22 (category of objects over a given object)
Let C be a category and letc be an object ofC. The category of objects (ofC) over
c, denotedhC # ci , has arrows likex : c0 ! c as objects. Furthermoref : (x : c0 !
c) ! (y : c00! c) is an arrow of hC # ci if f : c0 ! c00is an arrow of C and x = f ; y
(see Figure A.11.(ii)).

Interestingly, to obtain limits and colimits in the category hC # ci one can consider
the corresponding diagram inC and compute the limit there. HencehC # ci inherits
from C the properties of being complete and cocomplete.
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