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Abstract

Graph grammars(or graph transformation systemp originally introduced as a gen-
eralization of string grammars, can be seen as a powerful faalism for the speci-
cation of concurrent and distributed systems, which propdy extends Petri nets.
The idea is that the state of a distributed system can be nataily represented (at
a suitable level of abstraction) as a graph and local state @nsformations can be
expressed as production applications.

With the aim of consolidating the foundations of the concumncy theory for
graph transformation systems, the thesis extends to this me general setting some
fundamental approaches to the semantics coming from Petrenhtheory. More specif-
ically, focusing on the so-callediouble pushout{dpo) algebraic approachto graph
rewriting, the thesis provides graph transformation systas with truly concurrent
semantics based on (concatenable) processes and on a Wirslkayle unfolding
construction, as well as with more abstract semantics based event structures and
domains.

The rst part of the thesis studies two generalizations of P& nets, already
known in the literature, which reveal a close relationship ith graph transformation
systems, namelycontextual nets(also called nets with read, activator or test arcs)
and inhibitor nets (or nets with inhibitor arcs). Extending Winskel's seminalwork
on safe nets, the truly concurrent semantics of contextualets is given via a chain
of core ections leading from the category of contextual netto the category of ni-
tary coherent prime algebraic domains. A basic role is plagiby asymmetric event
structures which generalize prime event structures by allowing a nosymmetric
con ict relation. The work is then generalized to inhibitor nets, where, due to the
non-monotonicity of the enabling, the causal structure ofamputations is far more
complex, and a new, very general, notion of event structurealled inhibitor event
structure, is needed to faithfully describe them.

The second part of the thesis, relying on the conceptual basdrawn in the
rst part, focuses on graph grammars. Inhibitor event strutures turn out to be
expressive enough to model graph grammar computations, atieé theory developed
for contextual and inhibitor nets, comprising the unfoldirg and the (concatenable)
process semantics, can be lifted to graph grammars. The deged semantics is
shown to to be consistent also with the classical theory of iourrency for dpo
graph grammars relying orshift-equivalence
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Chapter 1

Introduction

Over the last thirty years there has been a steadily growingpierest in concurrent and
distributed systems. An unbroken thread leads from the morelassical ideas related
to the sharing of many computing resources among various us¢multiuser systems,
databases, etc.) and the use of many distinct computing res@es to obtain a greater
computational power (multiprocessor computing), to the cuent widespread di u-
sion of Internet and network applications. Day by day real sstems become more
complex and sophisticated, but at the same time more di cultto test and verify,
and thus possibly more unreliable. Because of this, new foairmodels adequate to
ease the speci cation, development and veri cation of comerent systems are called
for.

Generally speaking, a formal model must give a representaii of a system which
is abstract enough to disregard unnecessary details, and,the same time, is suf-
ciently rich to allow one to represent properties and aspés of the system which
may be relevant for the design and veri cation activities. Bsides representing the
state and the architectural aspects of a system, a model tyally comes equipped
with an operational semantics which formally explains howhe system behaves. On
top of the concrete operational description, depending onhich observations one
wants to take into account, more abstract semantics can betmduced. At this level
one can de ne techniques for checking the equivalence of teygs with respect to
the selected observations, for verifying if a systems saéis a given property, for
synthesizing in an e cient way a system satisfying a given mperty, etc.

For sequential systems it is often su cient to consider an iput/output semantics
and thus the appropriate semantic domain is usually a suitdé class of functions
from the input to the output domains. When concurrent or distibuted features are
involved, instead, typically more information about the atual computation of the
system has to be recorded in the semantic domain. For instancone may want
to know which steps of computation are independent (conclent), which steps are
causally related and which steps represent the (nondetemistic) choice points. This
information is necessary, for example, if one wants to havecampositional semantics,
allowing to reduce the complexity of the analysis of concuent systems built from
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smaller parts, or if one wants to allocate a computation on aistributed architecture.
Roughly speaking,nondeterminismcan be represented either by collecting all the
possible di erent computations in a set, or by merging the derent computations in

a unique branchingstructure where the choice points are explicitly represeatl. On
the other hand, concurrent aspects can be represented by usingtuly concurrent
approach, where the causal dependencies among events aszideed directly in the
semantics using a partially ordered structure. There is samagreement in consid-
ering this choice more appropriate for the analysis of concent and distributed
systems than theinterleaving approach, where concurrency is confused with nonde-
terminism, in the sense that the concurrent execution of emts is represented as the
nondeterministic choice among the possible interleavingdg such events.

Petri nets are one of the the most widely used models of conoemcy, which has
attracted, since its introduction, the interest of both theoreticians and practitioners.
Along the years Petri nets have been equipped with satisfamly semantics, making
justice of their intrinsically concurrent nature and which have served as basis for
the development of a variety of modelling and veri cation tehniques. However, the
simplicity of Petri nets, which is one of the reasons of thesuccess, represents also a
limit in their expressiveness. If one is interested in givina more structured descrip-
tion of the state, or if the kind of dependencies between stepf computation cannot
be reduced simply to causality and con ict, Petri nets are kely to be inadequate.

This thesis is part of a project aimed at proposing graph trasformation systems
as an alternative model of concurrency, extending Petri nget The basic intuition
underlying the use of graph transformation systems for forah speci cations is to
represent the states of a system as graphs (possibly attriled with data-values) and
state transformations by means of rule-based graph transfoations. Since a rule has
only a local e ect on the state, it is natural to allow for the parallel application of
rules acting on di erent parts of the state, a fact that makesgraph transformation
systems suited for the representation of concurrency.

Needless to say, the idea of representing system states byame of graphs is
pervasive in computer science. Whenever one is interestedgiving an explicit rep-
resentation of the interconnections, or more generally ofi¢ relationships among the
various components of a system, a natural solutions is to u§gossibly hierarchical
and attributed) graphs. The possibility of giving a suggeste pictorial representa-
tion of graphical states makes them adequate for the desdiign of the meaning of a
system speci cation, even to a non-technical audience. A polar example of graph-
based speci cation language is given by the Uni ed Modelinganguage (UML). In
UML the conceptual models of system states, the collectioh admissible states, and,
on an higher level, the distribution of systems are represinl by means of diagrams,
which are of course graphs, sometimes attributed with texal information. Recall
also the more classical Entity/Relationship (ER) approachwhere graphs are used
to specify the conceptual organization of the data, or Statharts, a speci cation
language suited for reactive systems, where states are argad in a hierarchical
tree-like structure. Furthermore, graphs provides a prileged representation of sys-
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tems consisting of a set of processes communicating througbrts. When one is
interested in modelling the dynamic aspects of systems wigostates have a graphi-
cal nature, graph transformation systems are clearly one thfe most natural choices.

With the aim of consolidating the foundations of the concurency theory of graph
transformation systems, this thesis extends to this more geral setting some fun-
damental approaches to the semantics of Petri nets. More speally, inspired by
the close relationships existing between nets and graph trsformation systems, we
provide graph transformation systems with truly concurrensemantics based on de-
terministic processes and on a Winskel-like unfolding cansction, as well as with
more abstract semantics based on event structures and domsui

As an intermediate step, we study two generalizations of Petnets proposed in
the literature, which reveal a close relationship with gralp transformation systems,
namely contextual nets (also called nets with read, activat or test arcs) and nets
with inhibitor arcs. Due to their relatively wide di usion, we believe that the work
on these extended kinds of nets may be understood as an aduital outcome of
the thesis, independently from its usefulness in carryingub our program on graph
transformation systems.

The rest of this introductory chapter is aimed at presentinghe general frame-
work in which this thesis has been developed, the main motitans and concepts
from Petri net theory, and an overview of the results. Firstjn Sections_Lll andT12,
we give a description of the basic models, namely ordinary tenets, contextual
and inhibitor nets and nally graph transformation systems organized in an ideal
chain where each model generalizes its predecessor. TheatiSe [[3 outlines the
approach to the truly concurrent semantics of ordinary Petrnets which we propose
as a paradigm. Sectioi"Il4 gives an overview of the thesis, &yplaining how the
semantical framework of ordinary nets has been lifted alonpe chain of models,
rst to contextual and inhibitor nets and then to graph grammars. We give a avour
of the main problems which we encountered and we outline theaim achievements
of the thesis. Finally, Sectio_L6 describes how the thesssorganized and explains
the origin of the chapters.

1.1 Petri nets

Petri nets, introduced by Carl Adam Petri in the early Sixties [Pet62] (see
also [Rei85]), are one of the most widely accepted models ohcurrent and dis-
tributed systems, and one of the rare meeting point of thedtieians and practition-

ers. The success of Petri nets in the last thirty years can beeasured by looking
not only at the uncountably many applications of nets, but ao at the development
of the theoretical aspects, which range from a complete agais of the various phe-
nomena arising in simple models to the de nition of more expssive (and complex)
classes of nets.
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Figure 1.1: A simple Petri net.

One of the reasons of the popularity of Petri nets is probablthe simplicity of
the basic model, whose behaviour, at a fundamental level,rche understood simply
in terms of the so-calledoken game The state of a net is a set ofokensdistributed
among a set oplaces A transition is enabled in a state if enough tokens are present
in the places in its pre-set. The ring of the transition removessome tokens and
producesnew tokens in its postconditions.

Petri nets admit a very pleasant and simple graphical represtation where places
are drawn as circles, transitions as rectangular boxes andr@avs are used to rep-
resent the ow relation, specifying which resources are consumed and produced by
each transition. To visualize the state of the net, usuallyalled marking, the tokens
are depicted as bullets inside the corresponding places.rkostance, in the net of
Figure[L1, the transitiont, consumes two tokens, one frors, and one froms,, and
thus it is enabled in the represented marking. Its ring prodices the new marking
wheresy and s; are empty and a new token is produced both is, and ss.

The above informal description is probably su cient to suggst the appropriate-
ness of nets as models of concurrency. The state of a net hasrannsic distributed
nature, and a transition modi es a local part of the state, m&ing natural to allow
the concurrent ring of transitions when they consume mutully disjoint sets of to-
kens (e.g.t, andts in the state produced after the ring oft). A situation of mutual
exclusion is naturally represented by two transitions congting for a single token
like t; and t, in the gure. The nondeterministic behaviour of a net is intmately
connected with such kind of situations.

A limit in the expressiveness of Petri nets is represented ke fact that a
transition can only consume and produce tokens, and thus atrsannot express in a
natural way activities which involves non-destructive teng operations on resources.
In the following we review contextual nets and inhibitor nes, two generalizations of
classical nets aimed at overcoming this limit.
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Figure 1.2: Traditional nets do not allow for concurrent red-only operations.

Contextual nets.

Contextual nets[MR95], also called nets with test arcs in_|[CH93], activatoarcs in
[JK95] or read arcs in[[Vog96], extend classical nets with ¢hpossibility of checking
for the presence of tokens which are not consumed. Concrgtdbesides the usual
preconditions and postconditions, a transition of a conténal net has also some
contextconditions, which specify that the presence of some tokemsdertain places is
necessary to enable the transition, but such tokens are noeated by the ring of the
transition. In other words, a context can be thought of as a m®ource which igead but
not consumedby the transition, in the same way as preconditions can be csidered
being read and consumed and postconditions being simply tten. Coherently with
this view, the same token can be used as context by many tratisns at the same
time and with multiplicity greater than one by the same transtion. For instance, the
situation of two agents, which access a shared resource iread-only manner can be
modelled directly by the contextual netN of Figure[L.2, where the transitiong, and
t; use the places as context. According to the informal description of the seamtics
of contextual nets, inNg the transitions t, and t; can re concurrently. Notice that
in the pictorial representation of a contextual net, direcéd arcs represent, as usual,
preconditions and postconditions, while, following[I[MRY5 non-directed (usually
horizontal) arcs are used to represent context conditions.

It is worth remarking that the nawe technique of represenng the reading of a
token via a consume/produce cycle may cause a loss in conemey, even if the same
markings are reachable. For instance, in the né; of Figure[L2, the two transitions
to and t; cannot read the shared resource concurrently, but their accesses must be
serialized.

The ability of faithfully representing the \reading of resaurces" allows contextual
nets to model many concrete situations more naturally thanlassical nets. In re-
cent years they have been used to model the concurrent accesshared data (e.qg.,
reading in a database)[Ris94, DFMR94], to provide concumesemantics to concur-
rent constraint (CC) programs [MR94,[BHMR98] where severagents may access
a common store, to model priorities/ [JK91] and to compare tgmoral e ciency in
asynchronous systems [Vog9J7al.

As a concrete example we hint how contextual nets allow to fadhe problem of
serializability of concurrent transactions in the eld of catabases[|Ris94]. Roughly
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speaking atransaction implements an \activity" on the database by means of a
sequence of read and write operations, which, starting froenconsistent state of the
database, produces a new consistent state. When several rdgeaccess a database
it is natural to allow transactions to be executed concurrety. However in this way
the operations of distinct transactions may interleave in @ arbitrary way and this
may cause interferences which lead the database to an incstent state. To ensure
that the consistency of the state is maintained we must showhat the considered
interleaving, called aschedulingof the transactions, is indeed equivalent to a serial
scheduling of the same transactions, where no interleaving admitted.

be represented by means of a contextual net process (forrgatle ned later, in
Chapter[d). For instance a transactionT °= tq;t,;t3, given by

t; - readx;y);
to - write(z);
t3 : readz)

is represented by the process in Figufe_1.3. The places ldbelby s°, in the left part
of the gure, represent the internal state of the agent perfioning the transaction,
which evolves step by step. The places labelled by y and z, in the top part of

represented by two transitions (e.g.t,; and t,, in the gure), one consuming the
previous value ofx and the other producing a new value fok. The two transitions
are distinct since the write operation does not depend on thgrevious value ofx but
only destroys it. Observe that both read and write operatios consume the place
corresponding to the previous internal state of the agent a@produce the new state.

Given two transactionsT?and T%and a scheduling consisting of a possible in-
terleaving of their actions, we can construct, in the same waa corresponding
contextual net process. In[[Ris94] it is shown that two suchckedulings lead to the
same nal state for all the possible interpretation of the tansitions if and only if
the corresponding processes are isomorphic. Hence a schiegwf T°and T%is seri-
alizable if and only if the corresponding process is isomdrip either to the process
for T% T%or to the process forT %9 T

For example, letT°be the transaction de ned above and leT °%e the transaction
consisting of the only operation

ty : readz)

Figure[L4 reports the processes corresponding to the sohiags (a) tq; t4; to; t3 and
and (b) t1;t,;t4;t3, of T2and T The two processes are not isomorphic, witnessing
that the two schedulings are not equivalent. Indeed obsertkat in the rst schedul-
ing t,4 read the initial value of the variablez, while in the second scheduling, read
the value written in z by t».
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Figure 1.3: The contextual net process corresponding to aamsaction.

(& (b)

Figure 1.4: The contextual net processes for two possiblehedulings of the trans-
actionsT%and T
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Figure 1.5: Representing priorities via inhibitor arcs.

Instead, it is not di cult to realize that the serial schedulings T% T%and T%T?
have associated exactly the processes in Figlrel1.4 (a) am, (fespectively. There-
fore both the considered schedulings;;ts;ts;tz and tq;t,;ts;ts of TO and T®are
serializable.

Inhibitor nets

Inhibitor nets (or nets with inhibitor arcs) [AEZ3] further generalize contextual nets
with the possibility of checking not only for the presence, t also for the absenceof
tokens in a place. For each transition amnhibitor set is de ned and the transition
is enabled only if no token is present in the places of its iffitor set. When a place
s is in the inhibitor set of a transition t we say thats inhibits (the ring of) t.

While, at a rst glance, this could seem a minor extension, itle nitely increases
the expressive power of the model. In fact, many other exteéonss of ordinary nets
can be simulated in a direct way by using nets with inhibitor ecs (see, e.g.[ [Pei81]).
For instance, this is the case for prioritized nets [Hack6, G®V93], where each tran-
sition is assigned a priority and whenever two transitionsra enabled at a given
marking, then the transition with the highest priority res. To have an informal
idea of how the encoding may proceed, two transitionty and t; of a prioritized
net, with ty having the highest priority, may be represented by simply fgetting
the priorities and adding an inhibitor arc, as depicted in Fgure[L.5. Observe that
the fact that a place s inhibits a transition t is graphically represented by drawing
a dotted line from s to t, ending with an empty circle.

Indeed the crucial observation is that traditional nets careasily simulate all the
operation of RAM machines, with the exception of theero-testing Enriching nets
with inhibitor arcs is the simplest extension which allowsd overcome this limit, thus
giving the model the computational power of Turing machinefAge74,Kel72| Kos73].

It is worth stressing that while from the point of view of expessiveness Turing
completeness is surely a desirable property, when analyssconcerned it may be-
come a problem since many properties which were known to becdkable for Petri
nets become undecidable. The thesis [Bus98] shows that tipisoblem can be par-
tially overcome by singling out restricted, but still interesting, subclasses of inhibitor
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nets for which algorithms and techniques of classical netsagjnbe extended.

1.2 Graph Grammars

The theory of graph grammargor of graph transformation systempgstudies a variety
of formalisms which extend the theory of formal languages iarder to deal with
structures more general than strings, like graphs and map&.graph grammar allows
one to describe nitely a (possibly in nite) collection of gaphs, i.e., those graphs
which can be obtained from a start graph through repeated afipations of graph
productions. A graph productionis a rule of the kindp: L ; R, that speci es that,
under certain conditions, once an occurrence faatch) of the left-hand sideL in a
graph G has been detected, it can be replaced by the right-hand sié&e The form of
graph productions, the notion of match and in general the mbaanisms stating how
a production can be applied to a graph and what the resultingrgph is, depend on
the speci c graph rewriting formalism.

Graph grammars have been deeply studied following the clasd lines of the
theory of formal languages, namely focusing on the propest of the generated
graph languages and on their decidability; brie y, on theresults of the generation
process. However, quite early, graph grammars have beenaggized as a powerful
tool for the speci cation of concurrent and distributed sysems. The basic idea is that
the state of many distributed systems can be naturally repsented (at a suitable
level of abstraction) as a graph, and (local) transformatios of the state can be
expressed as production applications. Thus a stream of raseh, mainly dealing with
the algebraic approaches, has grown, concentrating on thewriting process itself
seen as a representation of systems computations, studyipigpperties of derivation
sequences, their transformations and equivalences.

Double-pushout algebraic approach

Here we follow the so-calleddouble-pushout(dpo) algebraic approach(dpo ap-
proach for short) [Ehr87], where the basic notions of productionral direct deriva-
tion are de ned in terms of constructions and diagrams in a stable category. Con-
sequently, the resulting theory is very general and exibleeasily adaptable to a
very wide range of structures, simply by changing the undstihg category. In this
thesis we will concentrate on directed (typed) graphs, but is easy to realize that
the results immediately extends also to hypergraphs. The geralization to more
general structures and to abstract categories (e.g., to Hidevel replacement sys-
tems [EHKPP91)) is instead less trivial and left as a matterfdfurther investigation.
In the dpo approach a graph production consists of a left-hand side gralL, a
right-hand side graphR and a (common) interface graptK embedded both inR
and in L, as depicted in the top part of Figurd_Ll. Informally, to apfy such a rule to
a graphG we must nd a match, namely an occurrence of its left-hand side in G.
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Figure 1.6: A (double-pushout) graph rewriting step.

The rewriting mechanism rst removes the part of the left-had sideL which is not
in the interface K producing the graphD, and then adds the part of the right-hand
sideR which is not in the interfaceK , thus obtaining the graphH . Formally, this is
obtained by requiring the two squares in Figuré€Il6 to be pushts in the category
of graphs, hence the name of the approach. The interface ghaf is \preserved":
it is necessary to perform the rewriting step, but it is not aected by the step itself,
and as such it corresponds to the context of a transition in otextual nets. Notice
that the interface K plays a fundamental role in specifying how the right-hand
side has to be glued with the graptb. Working without contexts, which for graph
grammars would mean working with productions having an emptinterface graph
K, the expressive power would drastically decrease: only ciginected subgraphs
could be added.

A basic observation belonging to the folklore (see, e.d.,d€9€]) regards the close
relationship existing between graph grammars and Petri ngt Basically a Petri net
can be viewed as a graph transformation system that acts on astricted kind of
graphs, namely discrete, labelled graphs (that can be codered as sets of tokens
labelled by places), the productions being the transitionsf the net. In this view,
general graph transformation systems are proper extension of ordinary Petri nets
in two dimensions:

1. they allow for the speci cation ofcontext-dependent rewritingswhere part of
the state is required, but not a ected by the rewriting step;

2. they allow for amore structured description of the statethat is an arbitrary,
possibly non-discrete, graph.

The relevance of the rst capability in the representation & concurrent accesses
to shared resources has been already stressed when we haesgnted contextual
nets.
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Figure 1.7: A graph grammar representation of systerRing .

As for the second capability, even if multisets may be su ciat in many situa-
tions, it is easy to believe that graphs are more appropriatehen one is interested
in giving an explicit representation of the interconnectinos among the various com-
ponents of the systems, e.g. if one wants to describe the tépgy of a distributed
system and the way it evolves.

Furthermore, in a graph transformation system each rewritig step is required
to preserve the consistency of the graphical structure of ¢hstate, namely each step
must produce a well-de ned graph. In thedpo approach this is expressed by the so-
calledapplication conditionfor productions, which, technically, ensures the existeac
of the left-pushout of Figure[LL6 for the given match and thushe applicability of
the rule. The restrictions to the behaviour which are imposkby such requirement
have often a very natural interpretation in the modelled syem.

Let us present an example, which even if very simple, may hetpe reader to
get convinced of the gain in expressiveness determined bythse of graphs in place
of multisets. Consider a systenRing consisting of a set of processes using a single
common resource which is accessed in mutual exclusion. Thiegesses are connected
to form a ring and the right to access the resource passes frame process to its
successor in the ring.

This situation can be modelled by the graph grammar consisiy of the start
graph depicted in the left part of Figure[L¥V and the productn Mov. The state of
the system is naturally represented as a graph where processare nodes labelled
by P and the connections are established by means of edges, |e@aeby E. The
fact that a process has the right to access the resource is megented by adding a
loop R to the corresponding node. The behaviour of the system is m&gented via
production Mov, which moves the loop from the node currently holding the resirce
its successor in the ring, preserving their connection.
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Figure 1.8: A Petri net representation of systenRing .

One can observe that the same system can be represented algothe Petri
net of Figure[L B, where processors are modelled as placed #re right to access
the resource is given by the token moving around the ring. Thirepresentation is
surely reasonable and simple, but conceptually it seems reonatural to represent
the topology of the system as part of the state and to model theoving of the
resource from a processor the its successor via a single (ideally applied by some
supervisor of the system).

At a more concrete level one can notice that the net represetion is not very
exible. In fact, consider a slightly di erent system, where processors are not always
part of the ring. The topology of the system can change dynacally, since a pro-
cessor can (ask to) be inserted and removed from the ring, Withe constraint that
the processor holding the resource cannot be removed formething. While the net
of Figure[I.8 cannot be easily extended to deal with the newtation, the graph
grammar of Figure[L.Y can be adapted by just including the twaoew rulesAdd and
Remfor adding and removing a processor from the ring, respeatiy.

It is worth noting that, since the consistency of the graphial structure of the
state must be preserved, the ruld&kemcannot be applied to the processor holding
the resource because after its removal the lodp would remain dangling Therefore
the satisfaction of the constraint imposing that the procesor holding the resource
cannot be removed is entailed by the basic properties of thewriting mechanism.

The above observation leads us to another crucial remark. Aghown by the
example, to ensure that after each rewriting step the new g is a well de ned
graph, before applying a productiorg which removes a nod@ we must be sure that
any edge with source or target im is removed byqg as well, otherwise it would remain
dangling in the new state. This requirement, a part of the apcation condition called
dangling conditionin the dpo approach, can be interpreted by thinking that the
edges with source or target in the node, not removed byq, inhibits the application
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of g. This establishes a deep connection between inhibitor nedad graph grammars

which will be exploited throughout the thesis. Among other lhings this suggests the
appropriateness of graph grammars to model phenomena whitdn be expressed by
using inhibitor nets.

1.3 Truly concurrent semantics of Petri nets

In this section we describe the approaches to the semantic Retri nets which
represent the starting point of the results presented in tlsi thesis. Then we hint at
the possible applications of such semantics and we commenttbe role of category
theory in its development.

1.3.1 Semantics of Petri nets

Along the years Petri nets have been equipped with severalnsantics, aimed at
describing appropriately, at the right degree of abstractin, the truly concurrent
nature of net computations. The approach that we propose asparadigm, comprises
the semantics based odeterministic processeswhose origin dates back to an early
proposal by Petri himself [Pet77] and the semantics based ¢ime nondeterministic
unfolding introduced in a seminal paper by Nielsen, Plotkin and WinskdNPW81],
and shows how the two may be reconciled in a very satisfactoimamework.

Deterministic process semantics

The notion of deterministic processnaturally arises when trying to give a truly
concurrent description of net computations, taking explitly into account the causal
relationshipswhich rule the occurrences of events isingle computations.

Apart from Best-Devillers processes [BD87] which do not amgnt for causality,
the prototypical example of process for Petri nets is givenylthe Goltz-Reisig pro-
cessedGR83]. A Goltz-Reisig process of a néll is a (deterministic) occurrence net
O, i.e. a (safe) nite net satisfying suitable acyclicity andcon ict freeness proper-
ties, plus a mapping to the original net' : O! N. The ow relation induces a
partial order on the elements of the netO, which can be naturally interpreted as
causality. The mapping essentially labels the places andamsitions ofO with places
and transitions of N, in such a way that places inO can be thought of as tokens in
a computation of N and transitions of O as occurrences of transition rings in such
computation.

A limitation of Goltz-Reisig processes resides in the fachat they cannot be
endowed with an operation of sequential composition, meagful with respect to
causality. The nawe attempt of concatenating a process; with target u with a
second oné ,, with sourceu, by merging the source and the target immediately fails.
In fact, there are in general, many ways of putting in one-t@ne correspondence the
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maximal places of ; with the minimal places of' ,, respecting the labelling, and
they lead to di erent resulting processes of the net. The ptdem is that the places
of a process represerntbkensproduced in a computations, and tokens in the same
place should not be confused since they may have di erent (gsal) histories.

Concatenable processeare de ned in [DMM96] as Goltz-Reisig processes in
which minimal and maximal places carrying the same label adearly ordered.
Such an ordering allows one to disambiguate token identiseand thus an opera-
tion of concatenation can be safely de ned. This brings us tthe de nition of a
category CP [N] of concatenable processes, in which objects are markingsates
of the net), arrows are processes (computations) and arrowraposition models the
sequential composition of computations. It turns out that ach category is asymmet-
ric monoidal category in which the tensor product represents faithfully the parbel
composition of processes.

Unfolding semantics

A deterministic process species only the meaning of a simgldeterministic com-
putation of a net. Nondeterminism is captured only implicity by the existence of
several di erent \non con uent" processes having the sameasirce. Instead the ac-
curate description of the ne interplay between concurrencand nondeterminism is
one of the most interesting features of Petri nets.

An alternative classical approach to the semantics of Petriets is based on an
unfolding construction which maps each net into a single denotational structure,
representing, in an unambiguous way, all the possible eventhat can occur in all
the possible computations of the net and the relations exisg between them. This
structure expresses not only the causal ordering betweenetlevents, but also gives
an explicit representation of the branching (choice) poirst of the computations.

In the seminal work of Nielsen, Plotkin and Winskel INPW81]the denotation of
a safe netis de ned as acoherent nitary prime algebraic Scott domain[Sco70], or
dl-domain [Ber78] (briey domain), via a construction which rst unfolds the net
into a (nondeterministic) occurrence net which is then absicted to a prime event
structure. Building on such result, Winskel [Win87a] prove the existence of a chain
of core ections (a particularly nice kind of adjunction), leading from the category
S-N of safe (marked) P/T nets to the categoryDom of nitary prime algebraic
domains, through the categorie©-N of occurrence nets andPES of prime event
structures.

| occ S N P
S-N 2 O-N _? _ PES Dom
) E L

The rst step unfolds a safe netN into a nondeterministic occurrencenet U (N).
Such a net can be understood as a nondeterministic processtlod net N where
each transition represents a precise ring of a transitionniN, and places represent
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occurrences of tokens in the places of. Di erently from deterministic processes,
the unfolding can be in nite and can contain (forward) con icts. In this way it can
take advantage of its branching (tree-like) structure to rpresentall the possible
computations of the original netN .

The subsequent step abstracts the occurrence net obtaineth ihe unfolding
construction to a prime event structure Recall that prime event structures(pes)
are a simple event based model of (concurrent) computatioms which events are
considered as atomic, indivisible and instantaneous stepshich can appear only
once in a computation. An event can occur only after some othevents (its causes)
have taken place and the execution of an event can inhibit thexecution of other
events. This is formalized via two binary relationscausality, modelled by a partial
order relation and conict, modelled by a symmetric and irre exive relation #,
hereditary with respect to causality. Thepes semantics is obtained from the unfold-
ing simply by forgetting the places, but remembering the basrelations of causality
and con ict between transitions that they induce.

The last step of Winskel's construction shows that the categy of prime event
structures is equivalent to the category of domains. An eleent of the domain cor-
responding to apes is a set of events (con guration) which can be understood as a
possible computation in thepes. The order (which is simply set inclusion) represents
a computational order: if C v C° then C can evolve and becom€&?®

In [MMS92, IMMS97] it has been shown that essentially the san@®nstruction
applies to the wider category ofsemi-weightednets, i.e., P/T nets in which the
initial marking is a set and transitions can generate at mosbne token in each
post-condition. It is worth noting that, besides being moregeneral than safe nets,
semi-weighted nets present the advantage of being charatzed by a \static con-
dition", not involving the behaviour but just the structure of the net. Figure[L®
shows an example of semi-weighted P/T net, which is not saf€he generalization
of Winskel's construction to the whole category of P/T nets equires some original
technical machinery and allows one to obtain a proper adjution rather than a
core ection [MMS92].

Reconciling deterministic processes and unfolding

Since the unfolding of a net is essentially a nondeterministprocess that completely
describes the behaviour of the net, one would expect that alagion exists between
the unfolding and the deterministic process semantics. leeéd, as shown i [MMS96],
the domain associated to a nelN through the unfolding construction can be equiva-
lently characterized as the set of deterministic processetthe net starting from the
initial marking, endowed with a kind of pre x ordering. This result is stated in an
elegant categorical way. The comma categotyn # CP [N ]i, wherem is the initial
marking of the net, is shown to be a preorder (more preciselyis is true for semi-
weighted nets, while for general nets a slight variation ofht notion of process has
to be considered, calledlecorated process Intuitively, the elements of such preorder
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N>

Figure 1.9: A semi-weighted P/T net, which is not safe.

are computations starting from the initial state, and if' ; and"' , are elements of the
preorder, we have ; ', if ' ; can be extended tc , by performing appropriate
steps of computation. Finally, the ideal completion of suclpreorder, which can be
seen as a representation of the ( nite and in nite) computatons of the net, is shown
to be isomorphic to the domain associated to the unfolding.

Deterministic processe
_— p s\

P=T Nets Domains

— Unfolding/7

Although not central in this thesis, we recall that there exsts a third approach
to Petri net semantics which ts nicely in the above picture,called algebraic seman-
tics. Roughly speaking, the algebraic approaches to Petri netraantics, originated
from [MM90Q], characterize net computations as an equatioh&erm algebra, freely
generated starting from the basic elements of the net and hag (suitable kinds
of) monoidal categories as models. For instance, the categof concatenable pro-
cesses can be given a purely algebraic and completely abstreharacterization as
the free symmetric strict monoidal categorygenerated by the netN, modulo some
suitable axioms|[Sas96]. In particular the distributivity of tensor product and arrow
composition in monoidal categories is shown to capture theabic facts about net
computations.

1.3.2 A view on applications

The semantical framework for Petri nets illustrated beforebesides being elegant
and satisfactory from a theoretical point of view, represés a basis on which the
bridge towards applications can be settled. The discussednstructions provide a
description of the behaviour of a net which is, in general, hinite" and thus appar-
ently di cult to deal with. However, on top of them one can build more abstract
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\approximated" descriptions of the behaviour which turn ou to be useful in the
veri cation of several properties of the modelled systems.

The deterministic process and event structure semanticspesent the basis for
the de nition of history preserving bisimulation[RT88, [BDKP91l], a bisimulation-
like observational equivalence suited to deal with concwent systems. For instance it
Is a congruence with respect to some kind of re nement operahs and it preserves
the amount of autoconcurrency. History preserving bisimation is known to be
decidable forn-safe nets, where the number of tokens in each place is bouddby n.
Algorithms for checking the bisimilarity of two nets and to gt a minimal realization
in a class of bisimilar systems have been proposed in the taeure [Vog91,[MP98].

Furthermore, although the unfolding is in nite for non trivial nets, as observed by
McMillan in his PhD thesis [McM93], limiting attention to ( n-)safe nets it is possible
to construct a nite initial part of the unfolding which cont ains as much information
as the unfolding itself, the so-callechite complete pre x. The advantage of complete
pre xes is that they can be much smaller of the state space dfi¢ system, when they
are generated via \clever" algorithms, and, as such, they peesent a useful technique
to attack the well-known state explosion problem of modelhecking techniques.
Moreover, the information about causality, concurrency ash distribution contained
in the unfolding may be used to verify properties expressed local logics, which
allow to reason on the knowledge that each component has ofetlylobal state of
the system. The unfolding technique has been applied to thew cation of circuits,
telecommunication systems, distributed algorithms, etc.

1.3.3 The role of category theory

Category theory originated as an abstract theory of mathen@&al structures and
of the relationships between structures, aimed at giving aniied view of \similar"
results from disparate areas of mathematics.

The categorical language, with its elegance and abstracsg has been exploited
in Computer Science as a tool to give alternative systematformulations of existing
theories, making clear their real essence and disregardingnecessary details, and
as a guidance for the development and justi cation of new caepts, properties and
results. The advantages of the use of category theory in Conper Science are well
summarized in[[Gog91]. Here we try to point out some aspect$ieh are particularly
relevant to our approach.

Considering categories of systems, one is lead to introdus® appropriate notion
of morphism between systems, typically formalizing the ideof \simulation". Then
expressing the semantics via &unctor means to de ne the semantical transforma-
tion consistently with such notion: a morphism between twoystems must yield a
morphism between their models.

Moreover, the notion ofuniversal construction(e.g., adjunction, re ection, core-
ection ) provides a formal way to justify the naturality of the semattics, by express-
ing its \optimality". It is often the case that an obvious functor maps models back
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into the category of systems (e.g., this happens for Petri t&g¢ where occurrence nets
are particular nets and thus such a functor is simply the inalsion). Consequently
the semantics can be de ned naturally as the functor in the quosite direction, form-
ing an adjunction, which (if it exists) is unique up to naturd isomorphism. In other
words, once one has decided the notion of simulation, thegea unique way to de ne
the semantics consistently with such notion.

Finally, several composition operations can be naturallyxpressed at categorical
level as limit/colimit constructions (products sums pushouts pullbacksjust to cite a
few). For instance, a pushout construction can be used to cpmse two nets, merging
some part of them, obtaining a kind of generalized nondeternstic composition,
while synchronization of nets can be modelled as a produceés[Win874, MMS9F7]).

Remarkably, since left/right adjoint functors preserve cbmits/limits, a seman-
tics de ned via an adjunction turns out to be compositional vith respect to such
operations.

1.4 From Petri nets to graph grammars: an
overview of the thesis

Inspired by the close relationship between graph grammarsié Petri nets, in or-
der to present graph grammars as a formalism for the specitan of concur-
rent/distributed systems alternative to Petri nets, the thesis explores the possibility
of developing a theory of concurrency for graph transformiain systems recasting
in this more general framework notions, constructions andesults from Petri nets
theory. More precisely, the thesis investigates the possity of generalizing to graph
grammars the nice semantical framework described for Petniets in the previous
section, by endowing them with deterministic process and fwiding semantics, as
well as with more abstract semantics based on (suitable of tersions of) event
structures and domains.

Remarkably, the reason for which graph grammars represent appealing gener-
alization of Petri nets, namely the fact that they extend ne$ with some non-trivial
features, makes non-trivial also such generalization. ladt, the main complications
which arise in the treatment of graph grammars are related otne one hand to the
possibility of expressing contextual rewritings, and on th other hand to the neces-
sity of preserving the consistency of the graphical structa of the state, a constraint
which leads to the described \inhibiting e ects" between poductions applications.

We already observed that contextual nets, where a transitiocan test for the
presence of a token without consuming it, share with graph gmmars the ability of
specifying a \context-sensitive" ring of events. Furthemore inhibitor nets, where
the presence of a token in a place can disable a transitionlcal one to model
a kind of dependency between events analogous to the one wharises indpo
graph grammars due to the requirement of preserving the castency of the state.
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Informally, we can organize the considered formalisms in dheal chain leading from
Petri nets to graph transformation systems as follows

Petri _ Contextual _Inhibitor _ Graph
nets nets nets grammars

Motivated by the idea that contextual nets and nets with inhbitor arcs can
serve as a bridge for transferring notions and results fromassical nets to graph
grammars, the rst part of the thesis concentrates on theseniermediate models,
while the second part is devoted to the study of graph grammsr

Di erently from what happens for ordinary nets, we de ne an unfolding seman-
tics (essentially based on nondeterministic processes)fdr@ developing a theory of
deterministic processes. To understand why we proceed ingtway observe that for
traditional nets the only source of nondeterminism is the th presence of pairs of
di erent transitions with a common precondition, and therdore there is an obvious
notion of \deterministic net". When considering contextua nets, inhibitor nets or
graph grammars the situation becomes much more involved: éldependencies be-
tween event occurrences cannot be described only in termscatisality and con ict,
and the deterministic systems cannot be given a purely syrdtical characterization.
Consequently, a clear understanding of the structure of ndeterministic computa-
tions becomes essential to be able to single out which are theod representatives
of deterministic computations.

The core of the theory developed for each one of the considemodels is the
formalization of the kind of dependencies among events ingin computations and
the de nition of an appropriate notion of event structure fa faithfully modelling
such dependencies.

Contextual nets and asymmetric con icts

When dealing with contextual nets, the crucial point is the dct that the presence
of context conditions leads toasymmetric con icts or weak dependencielsetween
events. Consider, for instance, the neNs of Figure [IID, with two transitions tg
and t; such that the same places is a context forty and a precondition fort;. The
possible ring sequences are given by the ring dfy, the ring of t; and the ring
of to followed by t,, denotedtg; t;, while ty;tg is not allowed. This represents a new
situation not arising within ordinary net theory: to and t, are neither in con ict nor
concurrent nor causal dependent. Simply, as for a traditi@i con ict, the ring of
t; preventst, to be executed, so that, can never followt; in a computation. But
the converse is not true, since; can re after to. This situation can be interpreted
naturally as anasymmetric con ict between the two transitions. Equivalently, since
to precedest; in any computation where both transitions are executed, inugh
computations ty acts as a cause df;. However, di erently from a true cause,tq is
not necessary fot; to be red. Therefore we can also think of the relation betwee
the two transitions as aweakform of causal dependency
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Figure 1.10: Asymmetric con ict in contextual nets.

Prime event structures and in general Winskel's event striigres result inade-
quate to give a direct representation of situations of asymetric con ict. To give a
faithful representation of the dependencies between evsrarising in contextual nets
we introduce asymmetric event structuregaes's), a generalization ofpes's where
symmetric conict is replaced by a relation% modelling asymmetric con ict. An
aes allows us to specify the new kind of dependency described abdor transitions
to and t; of the net in Figure[IID simply ag % t;.

The notion of asymmetric con ict plays an essential role bdt in the ordering
of the con gurations of an aes, which is di erent from set-inclusion, and in the
de nition of (deterministic) occurrence contextual nets,which are introduced as
the net-theoretical counterpart of (deterministic) aes's. Then the entire Winskel's
construction naturally lifts to contextual nets.

Inhibitor nets and the disabling-enabling relation

When considering inhibitor nets, the nonmonotonic featuerelated to the presence
of inhibitor arcs (negative conditions) make the situatiorfar more complicated. First
if a places is in the post-set of a transitiont® in the inhibitor set of t and in the
pre-set oft, (see the netN, in Figure [LT1), then the execution oft® inhibits the
ring of t, which can be enabled again by the ring oty. Thust can re before or
after the \sequence"t® to, but not in between the two transitions. Roughly speaking
there is a sort of atomicity of the sequence’; ty with respect to't.

The situation can be more involved since many transitiont, ..., t, may have
the places in their pre-set (see the netNs in Figure [[.T1). Therefore, aftert® has
been red, t can be re-enabled by any of the con icting transitiongo, ..., t,. This
leads to a sort ofor-causality. With a logical terminology we can say that causally
depends on the implicationt®) to t;  ::: t,.

To face these additional complications we introducenhibitor event structures
(ies's), which enrich asymmetric event structures with a ternay relation, called
DE-relation (disabling-enabling relation) denoted by ~( ; ; ). Such a relation is
used to model the previously described situation as(ft%;t; fto;:::;t,0). The DE-
relation is su cient to represent both causality and asymmetric conict and thus
concretely it is the only relation of aies.
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Figure 1.11: Two basic nets with inhibitor arc.

Remarkably, computations of an inhibitor net (and thus congurations of anies)
involving the same events may be di erent from the point of \@w of causality. For
instance, in the basic netN,4 of Figure[LI1 there are two possible orders of execution
of transitions t, t°and to, namelyt;t%t, and t% ty; t, and while in the rst case it is
natural to think of t as a cause df®, in the second case we can imagine instead thiat
(and thus t9 causest. To take into account correctly this further information, both
con gurations of ies's and processes of inhibitor nets are enriched with a so-eal
choice relation specifying which of the possible computations we are referg to.

The unfolding construction for inhibitor nets makes an esséal use of the con-
struction already developed for contextual nets. The mainrpblem emerges in the
passage from occurrence inhibitor net tees's where the backward steps is impos-
sible, basically because of complications due to the comyplkind of causality ex-
pressible inies's. More technically, the construction associating an inbitor event
structure to an occurrence net is functorial, but does not ge rise to a categorical
core ection.

Lifting the results to graph grammars

When we nally turn our attention to graph grammars we are revarded of the e ort
spent in the rst part, since basically nothing new has to benvented. Inhibitor
event structures are expressive enough to model the structuof graph grammar
computations and the theory developed for inhibitor nets soothly lifts, at the price
of some technical complications, to grammars. Furthermaoraot only the process and
the unfolding semantics proposed for a graph grammars areosin to agree, but the
theory developed in this thesis is shown to be consistent alsvith the classical
theory of concurrency fordpo grammar in the literature, basically relying onshift-
equivalencelKre74, CMR™ 97, (CEL" 96h]. We hope that this can be considered a
valuable contribution to the understanding of the theory ofconcurrency fordpo
graph transformation.
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1.4.1 The general approach

For each one of the mentioned formalisms, namely contextuakts, inhibitor nets
and graph grammars we develop a similar theory by following @mmon schema
which can be described as follows:

1. We de ne acategory of system$ys. The morphisms, which basically origins

from an algebraic view of the systems, can be interpreted assilations.

. We develop anunfolding semantics expressed as a core ection betweefys
and a subcategoryO-Sys, where objects are suitable systems exhibiting an
acyclic behaviour.

From the unfolding we extract an (appropriate kind of)event structure the
transformation being expressed as a functor frof®-Sys, to the considered
category of event structuresEsS.

Finally, a connection is established with domains and trational pes by show-
ing that the category ES of generalized event structures core ects into the
categoryDom of domains.

Summing up, we obtain the following chain of functors, leadg from systems
to event structures and domains

Q - -
Sys » O-Sys——ES 2 _Dom PES

—_—

The last step in the chain is the equivalence between the cgt@miesDom of
domains andPES of prime event structures, due to Winskel.

In the case of contextual nets, the step leading fro®-Sys to ES is not only
a functor, but a true core ection.

. We de ne a notion ofdeterministic processfor systems inSys. Relying on the
work developed in the previous point, a general (possibly ndeterministic)
processof a systemS is introduced as \occurrence system" irD-Sys, plus a
(suitable kind) of morphism back to the original systemS (the prototypical
example of nondeterministic process being the unfolding).

Then, roughly speaking, a process ideterministic if it contains no con ict,
or, in other words, if it uniquely identi es a single con guration of the event
structure associated to the system, in such a way that it canéseen as the
representative of a single deterministic (concurrent) coputation of S .

The deterministic processes of a syste® are turned into a categoryCP [S ],
by endowing them with a notion of concatenation, modellinghte sequential
composition of computations.
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4. We show that the deterministic process and the unfoldingemantics can
be reconciled by proving that, as for traditional nets, the amma category
Rnitial State # CP[S ]i, is a preorder whose ideal completion is isomorphic
to the domain obtained from the unfolding, as de ned at point(2).

1.4.2 Summary of the results

The main achievement of the thesis is the development of a sywatic theory of
concurrency for graph grammars which contribute to close éhgap existing between
graph transformation systems and Petri nets.

1. We de ne a Winskel's style semantics for graph grammars.nAunfolding con-
struction is presented, which associates to each graph grarar a nondeter-
ministic occurrence grammar describing its behaviour. Skhica construction
establishes a core ection between suitable categories afagmars and the
category of occurrence grammars. The unfolding is then abstted to an in-
hibitor event structure and nally to a prime algebraic doman (or equivalently
to a prime event structure).

2. We introduce a notion ofnondeterministic graph procesgeneralizing the de-
terministic processes of [CMR96]. The notion ts nicely in or theory since a
graph process of a gramma6 can be de ned simply as a (special kind of)
grammar morphism from an occurrence grammar int& (while in [CMR96]
an ad hoc mapping was used).

3. We de ne concatenable graph processess a variation of (deterministic nite)
processes endowed with an operation of concatenation, astent with the
ow of causality, which models sequential composition of ocaputations.

The appropriateness of this notion is con rmed by the fact tht the category
CP [G] of concatenable processes of a grammarturns out to be isomorphic
to the classical truly concurrent model of computation of agmmar based on
traces of [CMR 97,IBCE" 99].

4. The event structure obtained via the unfolding is shown teoincide both with
the one de ned by Corradini et al. [CEL"96k] via a comma category con-
struction on the category of concatenable derivation trase and with the one
proposed by Schied [Sch94], based on a deterministic vatiar the dpo ap-
proach. These results, besides con rming the appropriatess of the proposed
unfolding construction, give an unied view of the various eent structure
semantics for thedpo approach to graph transformation.

A second achievement is the development of an analogous yim§ theory for two
widely di used generalizations of Petri nets, namelycontextual netsand inhibitor
nets While a theory of deterministic processes for these kind okets was already
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available in the literature, the Winskel-style semanticscomprising the unfolding
construction, its abstraction to a prime algebraic semants, as well as its relation
with the deterministic process semantics are original.

Finally, we like to mention as a result also the development a categorical theory
of two kind of generalized event structures, namelasymmetric event structures
and inhibitor event structuresand of their relation with Winskel's event structures.
In this thesis they are presented as a mean for the treatmentf ¢extended nets
and) grammars, but the generality of the phenomena they alloto model and their
connections with other extensions of event structures in ¢hliterature makes us
convinced that their applicability goes beyond the consided examples.

1.5 Structure of the thesis

The thesis is divided into two parts. TheFirst Part is devoted to the study of
contextual and inhibitor nets, while theSecond Part , exploiting also some notions
and results from theFirst Part , concentrates on the theory of concurrency alpo
graph transformation systems.

The First Part  consists of three chapters. IlChapter 2[] we introduce some
background material. After xing the basic mathematical ndation, we present the
notions of contextual and inhibitor net and we review some ocgurrent semantics
proposed in the literature for these generalized kinds of tse Then we present the
work of Winskel on prime event structures, their equivalere with prime algebraic
domains and we present some generalizations of the basicioontof event structure
proposed in the literature.

Chapters 3[0and@ contain the original contributions of theFirst Part . Chap-
ter 3 proposes a truly concurrent semantics for (semi-weighteadpntextual nets
by following the general approach described in thiatroduction . First, we de ne
asymmetric event structuregaes's) as a new event based model capable to represent
the dependencies between events in contextual net computats and we study their
relationship with pes's and domains. Then, exploiting an unfolding construction
the semantics of semi-weighted contextual nets is given véachain of core ections
leading from the category of semi-weighted contextual nets the category of prime
algebraic domains. Finally, we prove that the unfolding andhe (deterministic) pro-
cess semantics of contextual nets can be reconciled by shayvthat concatenable
processesllow to give an alternative characterization of the domairobtained from
the unfolding.

Chapter 4[] generalizes (part of) the work in the previous chapter to thease
of inhibitor nets. This chapter has the same structure as the previous one. Eirin
order to deal with the greater complexity of inhibitor net canputations we introduce
a generalization of asymmetric event structures, callechhibitor event structures
(ies's) and we study their relationship withpes's and domains. Then we give a truly
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concurrent semantics for (semi-weighted) inhibitor netsig functorial construction
which rst associates to each inhibitor net an occurrence mbitor net. The unfolding
is mapped to an inhibitor event structure and then to a prime kebraic domain.
Finally we discuss the notion of deterministic process fonhibitor nets arising from
our theory, we de ne their concatenable version and we showadt, as for contextual
nets, concatenable processes allow us to recover the donsgmantics of an inhibitor
net as obtained via the unfolding construction.

The second part is divided into four chaptersChapter 50 provides an introduc-
tion to the algebraic approacho graph transformation based on thedouble-pushout
(dpo) construction, by presenting some (partly revisited) baaground notions. We
rst give the basic de nitions of dpo graph grammar, rewriting step and deriva-
tion. Then we introduce the fundamental notions of the conauency theory of the
dpo approach by presenting therace semanticsbased on theshift equivalenceThe
chapter is closed by the de nition of thecategory of graph grammarsonsidered in
this thesis.

The original contributions of the Second Part  are presented irChapters 6£8[1
Chapter 61 de nes anunfolding semanticsfor dpo graph transformation systems.
As for inhibitor nets, the unfolding construction is charaterized as a categorical
core ection. Then we de ne a functorial construction whichmaps the unfolding to
an inhibitor event structure, and nally, by the results in Chapter 4[], to a prime
algebraic domain. This chapter uses many notions and intugns from Chapter 4[]
on inhibitor nets (in particular it resorts to inhibitor event structures and to their
relationship with domains).

Chapter 70 presents the notion ofconcatenable procestr dpo graph transfor-
mation systems, and proves that the category of concatenabprocesses provides a
semantics for a graph grammar which is equivalent to the clgisal abstract truly
model of computation, discussed irChapter 5[] We also study the relationship
between the process and the unfolding semantics of a graplagmar, by showing,
that, as for nets, concatenable graph processes allow to weer the same domain
semantics de ned inChapter 61

Chapter 8[reviews two other event structure semantics which have begmo-
posed in the literature fordpo graph transformation systems inl[CEL 96b,[Sch94].
By exploiting the results in Chapters 6[] and [, these two alternative event struc-
tures are shown to coincide with the one obtained from the uoliding, which thus
can be claimed to be \the" event structure semantics alpo graph transformation.

Both the First Part  and the Second Part end with a summary of the pre-
sented results and some nal remarks. Th€onclusions contains a general dis-
cussion on the thesis and sketches possible future direcsoof research.

Finally, the Appendix collects some basic notions of category theory which are
used in the thesis.
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Origins of the chapters

The truly concurrent semantics for contextual nets preseretl in Chapter 3[] rst ap-
peared as/|[BCM98b], while a complete version, including Fgroofs and the relation
with the process semantics, appeared ih [BCM99a].

The notion of nondeterministic process and the unfolding ostruction for graph
transformation systems described irfChapter 6] can be found in [[BCM99b]. The
characterization of the unfolding as a universal construicin, in the case of semi-
weighted grammars, will appear as [BCM99c].

Concatenable graph processes and their relation with the mleation trace se-
mantics, presented inChapter 7], appeared in [BCM98a| BCE 99]. The relation
between the process and the unfolding semantics, with a drent proof, has been
presented in[[BCM99Db].

Finally, Chapter 8[1 relating our event structure semantics with other proposal
in the literature has been extracted from [BCM99b].
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Contextual and inhibitor nets






Chapter 2

Background

This chapter presents some background material which willebused in theFirst
Part . We rst x the basic mathematical notation. Then we presentcontextual and
inhibitor nets and we review some concurrent semantics proped in the literature
for these generalized kinds of nets. In the last part of the apter we review the
work by Winskel on prime event structures, their equivalere with prime algebraic
domains and we present some generalizations of the basiciootof event structure
proposed in the literature.

2.1 Basic notation

This section introduces the basic mathematical concepts dmotation which are
used in the rest of the thesis. It is mainly intended to provid a list of symbols
and keywords with the aim of xing the notation for sets, reldions, functions and
multirelations.

Sets

Without referring to a formal set-theory, we resort to the inuitive notion of set as
unordered collection of elements and we use the common openas on sets. For
instance, given two setsX and X °we can consider theiunion X [ X ¢ intersection
X\ X9 dierence X X cartesian productX X9 etc. The cardinality of a set
X is denoted byjX .

The powersetof a setX is denoted by2*, while 2X denotes the set of nite
subsets ofX and 2{ the set of subsets oK of cardinality at most one (singletons
and the empty set;). When Y 2 2% we will write Y , X. Given a set of sets
Y 2%, the big union of Y is de ned as

Y=1fyj9Z22Y:y2 Zg

T
and similarly the big intersectionof Y isthe set Y =fyj8Z 2 Y:y2 Zqg. If the
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getY is indexed, i.e.Y = fZ; :i 2 I g, its big union and intersection are written as
- Zi and 5, Z;, respectively.

Relations

Let X andY be sets. A (binary)relation r from X to Y is a subset of the cartesian
product of X and Y, namelyr X Y. We often use the \in x" and \pre x"
notation for relations by writing xry andr(x;y), respectively, in place ofX;y) 2 r.
We denote byr ! the inverse relationof r, namelyf (y;x) j (x;y) 2 rg. The domain
dom(r) and codomain codr) of the relation r are de ned by

dom(r)=fx2 X j9y 2 Yi(x;y)2rg cod(r)=fy2Y jIx2 X:(x;y) 2 rg.

Given X% X we sometimes writer (X 9 for the setfyj9x 2 X: (x;y) 2 rg, called
the image ofX ° throughr.

The composition of two relationsr; X Y andr, Y Z is the relation
r- rp X Z,sometimes writtenrq;r,, de ned as follows

ro, ri=1(x2)j9y2Y:(x5y)2ry ™ (y;2)2r,9

Let us turn our attention to relationsr X X (which we call binary relations
over X). By r* we denote thetransitive closure of r, and by r the re exive and
transitive closure of r. Given X° X the symbol ry. indicates the restriction ofr
to X% X%ie,r\ (X° X9

We say thatr is acyclic if it has no \cycles” eyre;r :::re,reg, with ¢ 2 X,
or, in other words, if r* is irre exive. We call r well-foundedif it has no in nite
descending chains, i.efegi,n 2 X such thate., rej, g 6 .1, foralli 2 N. In
particular, if r is well-founded it has no (non-trivial) cycles.

The relation r is called apreorder if it is re exive and transitive; it is a partial
order if it is also antisymmetric. The relationr is an equivalenceif it is re exive,
transitive and symmetric.

Functions

A partial function f : X ! Y is a special relatiof X Y with the property that
for any x 2 X there is at most oney 2 Y such that (x;y) 2 f, namelyjf (fxg)] 1.
In this case we writef (x) = vy instead of f (fxg) = fyg. Furthermore we write
f(x) = ? and we say thatf is unde ned on x whenx 62dom(f ), or equivalently if
f(fxg)=;.Afunctionf : X ! Y is calledtotal if dom(f) = X.

Multisets and Multirelations

Let A be a set. Amultiset of A ig>a functionM : Al N. Such a multiset is denoted
sometimes as a formal sutM = _,, n, @ wheren, = M (a). The coe cients 1 are
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usually implicit and terms with a zero coe cient are omitted. The set of multisets
of A is denoted by A .

The usual operations and relations on multisets are used. IHmstance, multiset
union is denoted by + and dened as M + M9%(a) = M(a) + MYa); multiset
dierence M M9YisdenedasM MYa)= M(a) MYa)if M(a) MYa)
and M M9Y(a) = 0 otherwise. We write M MOif M(a) MYa) for all
a2 A If M Fjs a multiset of A, we denote by M] the attening of M, namely
the multiset = ;,Ajm a>0g 1 @ oObtained by changing all non-zero coe cients of
M to 1. Sometimes we confuse the multisetM] with the corresponding subset
fa2 AjM(a) > Og of A, and use on them the usual set operations and relations.

A multirelation f : A! B is a multiset of A B. It induces in an obvious way
afunction f : Al B ,bdenedas

X X X
f( na @)= (na f(a;h) b

a2A b2B a2A

If the multirelation f satisesf(a;b 1lforalla2 A andb2 B then we sometimes
confuse it with the corresponding set-relation and writef b or f (a; b for f (a;b =
1. We callinverseof f the multirelation f *:B! A,denedbyf (b;a= f(a;b
foralla2 A, b2 B.

A multirelation f : A! B is called nitary if for any ain A the setfb2 B |
f(a;b > Og is nite. In the following we will consider only nitary mult irelations,
and thus the quali cation \ nitary” will be often omitted.

The composition of two multirelations f : A'! B andg: B ! C is the
multirelation g f : A! C dened as

X
(g f)ag=  f(abh g(b;9:

b2B

Observe that the above de nition is well given only if the inwlved multirelations
are nitary (since \in nite" coe cients are not allowed). T he category having sets
as objects and ( nitary) multirelations as arrows is denotd by MSet .

We conclude by recalling some trivial properties of multise which will be used
in the sequel.

Proposition 2.1
Leth:A! B be a multirelation and letM; M °2 A . Then

1. h(M+M9= h(M)+ h(M9;
2.ifM  M%hen h(M) h(M9;

3. [h(M)] h(M]),forallM 2 A .
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2.2 Contextual and inhibitor nets

In this section we review the de nition of contextual and inhbitor nets, the two
generalizations of ordinary Petri nets which are investigad in the First Part
The adopted notions of concurrent enabling and step sequen¢token game) are
compared with other proposals in the literature.

2.2.1 Contextual nets

Contextual netsextend ordinary Petri nets with the possibility of handlingcontexts:
in a contextual net transitions can have not only preconditins and postconditions,
but also context conditions. A transition can re if enough tokens are presenin
its preconditions and context conditions. In the ring, preconditions are consumed,
context conditions remainunchangedand new tokens are generated in the postcondi-
tions. We next introduce (marked) contextual P/T nets[Ris94, Bus98] (orc-netsfor
short), that following the lines suggested inC[MRE5] for C/Esystems, add contexts
to P/T Petri nets.

Definition 2.2 (c-net)
A (marked) contextual Petri net (c-net) is a tupleN = hS; T; F; C; mi, where

S is a set ofplaces

T is a set oftransitions;

F = hFpe; Fpostl IS @ pair of multirelations, from T to S.

C is a multirelation from T to S, called thecontext relation;
m is a multiset of S, called theinitial marking .

We assume, without loss of generality, thaB\ T = ;. Moreover, we require that for
each transitiont 2 T, there exists at least a places 2 S such that Fy(t;s) > off
This is a common assumption when one is interested in havingcausal semantics
for nets. In fact given a transition with empty pre-set, an ubounded number of in-
distinguishable occurrences of such transition can be red parallel. Consequently,
although a theory of deterministic processes could be stdleveloped, very serious
problems arise when trying to de ne an unfolding and an everstructure semantics,
where each event is intended to represent a uniquely detemed occurrence of a
transition.

1This is a weak version of the condition of T-restrictedness that requires also Fpost (t;s) > O,
for somes 2 S.
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Definition 2.3 (pre-set, post-set, and context)
Let N be a c-net. As usual, the functions fronil to S induced by the multirelations
Fore and Fpos; are denoted by () and () , respectively. IfA 2 T is a multiset of
transitions, A is called its pre-set while A is called its post-set Moreover, by A
we denote thecontext of A, de ned asA = C (A).

An analogous notation is used to denote the functions fro to 27 de ned
as, fors 2 S, s="ft2 T ] Fpa(t;s) > 09, s = ft 2 T j Fpe(t;s) > 0Og,
s=ft2TjC(ts) > Og.

For a multiset of transitions A to be enabled by a markingV it is su cient that
M contains the pre-set ofA and at least oneadditional token in each place in the
context of A. This corresponds to the intuition that a token in a place carbe used
as context by many transitions at the same time and with mulfplicity greater than
one by the same transition.

Definition 2.4 (token game)

Let N be a c-net and leM be amarking of N, that is a multisetM 2 S . Given a
nite multiset of transitions A 2 T , we say thatA is enabledbyM if A+[A] M.
The transition relation between markings is de ned as

M [Ai M© i A is enabled byM and M%= M A+ A .

We call M [Ai M %a step A simple step(also called aring ) is a step involving just
one transition, i.e.,M [ti M

Definition 2.5 (reachable marking)
Let N be a c-net. A markingM is called reachableif there exists a nite step
sequence

M [Agi M1 [A1i My [ALT M

starting from the initial marking and leading toM .

2.2.2 Inhibitor nets

Inhibitor nets (or nets with inhibitor arcs) further generalize contextual nets with
the possibility of checking not only for the presence, but ab for the absenceof
tokens in a place. Concretely, inhibitor nets are contextuanets enriched with a new
relation that speci es, for each transition, which are the faces that inhibit its ring.

Definition 2.6 (i-net)

A (marked) inhibitor Petri net (i-net) is a tuple N = KS;T;F;C;I;mi, where
hS:;T;F;C;mi is a contextual net andl T S s a relation, called theinhibitor
relation.
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Let N be an i-net. The pre-set, post-set and context of transitiand places are
de ned as for c-nets. Furthermore, for a multiset of transibnsA 2 T we de ne the
inhibitor set of A, denoted by A, as the set of places which inhibit the transitions
in A, namely A = I ([A]). Similarly, for a placeswe dene s=ft2 T jI(t;s)g.

The notion of enabling changes in order to take into accountlso the e ect of
the inhibitor arcs. As for c-nets, a nite multiset of transitions A is enabled by a
marking M, if M contains the pre-set ofA and covers the context ofA. In addition
no token must be present nor produced by the step in the place§the inhibitor set
of A.

Definition 2.7 (token game)

Let N be an i-net and letM 2 S be amarking of N. Given a nite multiset
of transitions A 2 T, we say thatA is enabledby M if A+[A] M and
[M + A ]\ A=;.The transition relation between markings is de ned as

M [Ai M© i A is enabled byM and M %= M A+ A .

Steps, rings and reachable markings are de ned in the obvis way.

2.2.3 Alternative approaches

In the literature there is not a complete agreement on the nain of enabling for
transitions and steps of contextual and inhibitor nets. Thealternative proposals, for
instance in [Vog97b] and in[[JK95], allow for the executionfsteps where the same
token is used both as context and as precondition, or duallyf steps where a token
is generated in the inhibitor set.

The basic assumption which motivates our choice is that congent transitions
should be allowed to re also in any order. In other words we giire that given two
multisets of transitionsA1; A, 2 T , then

M [A+ Asi MO ) M [A1i M %QA,i M °for someM @

Consequently, any marking reachable via step sequences Isoareachable by ring
sequences where each step consists of a single transition.

Without getting into technical details, let us compare the derent approaches by
means of simple examples. Consider the c-ndty and N, in Figure [Z. According
to our de nition, the step consisting of the concurrent exaation of to and t; is not
legal for both nets.

The de nition of [Vog970] allows for the concurrent executin ofto and t; in Ng
but not in N4, the idea being that the rings are not instantaneous and twactions
should be considered concurrent if their executions can oka in time. This is the
case fortg and t; in Ng, where the only constraint is that the ring of t, must start
after the ring of t; has begun. Instead, ifN; when the ring of a transition starts
the other transition is no more executable. The property thaany ring sequence
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Figure 2.1: Di erent notions of enabling in the literature.

serializing a concurrent step must be admissible is weakent the existenceof a
possible serialization. Consequently it is still true thatthe markings reachable via
step sequences coincide with the markings reachable viang sequences. According
to [JK95], instead, the concurrent execution ofy and t; is permitted also in Nj.
Observe that the ring of one ofty or t; inhibits the other transition. Hence also
the weaker property of coincidence of the markings reachabVia step and ring
sequences is lost.

As already pointed out in [MR95%,[JK95] the more liberal de niions of enabling
are suited to deal with timed systems, where action have naero durations, while
our approach is more appropriate when the rings are consided as instantaneous.

We conclude by observing that minor dierences exist also #i respect
to [Bus9€&], where a single transition is allowed to producetaken in its inhibitor set
and the context is a set (rather than a multiset). As for the rst point, since in both
approaches a transition cannot use the same token as preciioth and context, we
judge more coherent to forbid the ring also in the dual situéion. Moreover, in this
way a multiset of transitions can be safely thought of as a gyte \composed" tran-
sition, making the treatment more uniform. Instead, the chiwe of viewing contexts
as multisets, allowing the ring when at least one token is @sent in each context
place, is taken by analogy with graph grammars: a graph prodtion may specify a
context with multiple occurrences of the same resource, bittcan be applied with
a match which is non-injective on the context. Anyway both chices are mainly a
matter of taste, and they have little in uence on the developd theory

2.3 Process semantics of generalized Petri nets

The problem of providing a (deterministic) process semarms for contextual and
inhibitor nets has been faced by various authors [Vog97b, $84,[GM98,[Win98,
Bus98,[JK95]. This section is aimed at giving some pointers the related literature
and an overview of the approaches in_[RisB4, GM98, Win98, Bif§ which will be
\rediscovered"” in the next chapters as special cases of thewkloped theory. Rather
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than giving a formal introduction, the section is intended ¢ explain the framework
in which our results have been developed.

2.3.1 Contextual nets

A theory of non-sequential processes for contextual nets shvébeen rst proposed
in [MR95], where two kind of processes for C/E contextual nstare de ned. A c-
processconsists of an ordinary occurrence net with a suitable mappg to the given
contextual net. A simpler notion, calledcc-processis obtained by allowing for the
presence of contexts in the occurrence net underlying thequess. Contextual P/T
nets and a corresponding notion of deterministic processrcae found in the PhD
thesis [Ri1s94] and inl[GM98, Win98].

The causal dependencyelation for a contextual netN is obtained as the tran-
sitive and re exive closure of the relation y, de ned ast | t°i

t\ (t°[196; _ t\ t°6;: ()

A (deterministic) occurrence contextual netis de ned as a c-netO where | is
irre exive, the causal dependency relation is a partial orekr and each place is in
the pre- and post-set of at most one transition. Then, adeterministic) processof
a c-netN is a deterministic occurrence c-ne©, with a total mapping ' : O! N
preserving the pre-set, post-set and the context of transins.

Observe that since an occurrence net is intended to represen deterministic
computation, the problem described in thdntroduction |, related to the presence
of asymmetric conicts in c-nets does not arise here. Simplas expressed byy)
above, ift\ t°6 ; then transition t must precedet®in the computation represented
by the net, exactly as it happens for causality, and thus theikd of dependency
betweent and t° can be safely assimilated to causality.

The papers [GM98/ Win938] extend the theory of concatenableqresses of ordi-
nary nets [DMM89] to c-nets, by showing that the concatenablprocesses of a c-net
N form the arrows of a symmetric monoidal categorfCP [N], where the objects
are the elements of the free commutative monoid over the sdtaces (multisets of
places). In particular, in [GM98)] a purely algebraic charaerization of such category
is given.

A di erent approach to the process semantics of contextualats is considered
in [Vog97h]. As explained before, there the author assumesdaerent notion of
enabling, allowing for the concurrent ring of two transitions also if one consumes a
token read by the other. Therefore \syntactically” the pro@sses of [Vog97b] coincide
with those in [MR95], but they are intended to represent di eent step sequences.
The paper argues that a partial order is not su cient to express the dependencies
between transitions occurrences even inside a determimistomputation. Thus a
process is associated with a relational structure consisty of two relations modelling
causality and start precedence gpc-structure) and it is shown that they allow to
recover exactly the concurrent computations representedy lthe process.
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2.3.2 Inhibitor nets

The deterministic processes of [MR95, Ris94] are generalizto nets with read and
inhibitor arcs in [BP96, [Bus98,/BP99]. An occurrence i-netsinaturally de ned as
an acyclic i-net where all transitions may re. The main prollem in this case is that
the informations contained in an occurrence i-net may not bgu cient to single out
a unique deterministic computation. Consider the simple ridelow.

As already discussed, there are two possible di erent exdmns of the net and
they cannot be reasonably identi ed from the point of view otausality. To get rid of
this ambiguity the occurrence i-net underlying a process mnrichedby partitioning
the inhibitor arcs in two disjoint sets: the \before" arcsly, and the \after" arcs | ,.
Intuitively, if ( t;s) 2 1, is a \before" arc thent must be executed before the place
is lled, while if (t;S) 2 1, is an \after" arc then t must be executed after the place
s has been emptied.

Processes of i-nets are shown to be appropriate, in the setisat they uniquely
determine the causal dependencies among their events, ipdadent transitions can
re concurrently and concurrent sets of places correspona reachable markings.

A notion of process for elementary net systems (a kind of C/Eets) extended
with inhibitor arcs is proposed also in[[JK95] JK9B3| JK91]. his work relies on
the more liberal notion of enabling discussed in the previsusection, which per-
mits the concurrent ring of non serializable transitions.As it happens for c-nets
in [Vog97h], this choice makes partial orders insu cient toexpress the dependencies
between events also in a single deterministic computatiomo overcome the problem
the authors introduce strati ed order structures, where two di erent relations are
employed to represent causality and weak causality, and wedependent events may
also happen simultaneously.

2.4 Event structures and domains

Event structures [NPW81,[Win87a] are a widely used model obocurrent compu-
tations which arose from the attempt of developing a theoryfaconcurrency incor-
porating both the insights of C.A. Petri and D.S. Scott. In this section we introduce
the fundamental notions of prime event structure and of prira algebraic domain,
and we review the close relationship between these matherncat models explaining
how they can be seen as equivalent presentations of the samadamental idea.
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Finally we review some generalizations of prime event struces which have been
proposed in the literature to overcome some limitations ofxpressiveness of prime
event structures.

2.4.1 Prime event structures

Prime event structures(pes) [NPW81] are a simple event-based model of concurrent
computations in which events are considered as atomic andstantaneous steps,
which can appear only once in a computation. An event can oacanly after some
other events (its causes) have taken place and the executiohan event can inhibit
the execution of other events. This is formalized via two bary relations: causality,
modelled by a partial order relation and conict, modelled by a symmetric and
irre exive relation #, hereditary with respect to causality.

Definition 2.8 (prime event structures)

A prime event structure (pes) is a tuple P= hE; ;#i, whereE is a set ofevents
and , # are binary relations onE called causality relation and con ict relation
respectively, such that:

1. the relation is a partial order andbec = fe°2 E : €° egis nite for all
e2 E;

2. the relation # is irre exive, symmetric and hereditary with respect to , i.e.,
et e  e“implies e# e*%for all e; & "2 E;

A con guration of a pes is a set of events representing a possible computation
of the system modelled by the event structure.

Definition 2.9 (configuration)
A conguration of apes P = hE; ;#i is a subset of event€ E such that for
alle;d2 C

1. : (e# &) (con ict-freeness)
2. bec C (left-closedness)

Given two con gurations C; C, if ey;:::;€, is any linearization of the events in
C, C,, compatible with causality, then

C: Ci[f &g Ci[f egyerg i1 G

is a sequence of well-de ned con gurations. Therefore susinclusion can be safely
thought of as a computational ordering on con gurations.

Definition 2.10 (poset of configurations)
We denote by ConfP) the set of con gurations of a prime event structur®, ordered
by subset inclusion.
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The class ofpes is turned into a category by introducing a notion of morphism

Definition 2.11 (category PES)
Let Po = hEg; o;#ol and P, = hE;; 1;#11 be twopes's. A pes-morphism
f :Po! Pjis a partial functionf : Eq! E; such that:

1. forall eg 2 Eo, if f(e) 6 ? thenbf (eg)c f (beyo);
2. for all ey; €3 2 Ey, if f (&) 6 ? 6 f (€)) then

(@) (f(e)=T(ef) " (206 €f) ) o o8f;
(b) f(eo)#af () ) et o€f;

The category of prime event structures anges-morphisms is denoted byES.

It is possible to verify that pes morphisms \preserve computations”, in the sense that
the image through apes morphism of a con guration is a con guration. Therefore
a pes morphism naturally induces a monotone mapping between the@responding
posets of con gurations.

2.4.2 Prime algebraic domains

This subsection reviews the de nition of the categoryDom of nitary prime alge-
braic domains as introduced in([Win87a]. The intuition bemd their computational
interpretation helps in understanding the close relatiosp existing between do-
mains and event structures, which can be formalized, at cajerical level, as an
equivalence of categories.

First we need some basic notions and notations for partial ders. A preordered
or partially ordered set hD; vi will be often denoted simply asD, by omitting
the (pre)order relation. Given an elementx 2 D, we write # x to denote the set
fy2 Djyv xg A subsetX D is compatible written " X, if there exists an
upper boundd 2 D for X (i.e., x v dfor all x 2 X). It is pairwise compatibleif
" f x;yg (often written x " y) for all x;y 2 X. A subsetX D is calleddirected if
for any x;y 2 X there existsz 2 X such thatxv zandyv z.

Definition 2.12 ((finitary) (algebraic) complete partial o rder)
A partial order D is (directed) (E)mplete cpo) if for any directed subsetX D
there exists the least uppgr bound X in D. An elemente 2 D is compactif for any
directed setX D, ev X impliesev x for somex 2 X. The set of compact
elements ofD is denoted byK(D). E

A cpo D is calledalgebraicif for any x 2 D, x = (#x\ K(D)). We say that
D is nitary if for each compact elemene 2 D the set# e is nite.

Given a nitary algebraic cpo D we can think of its elements as \pieces of informa-
tion" expressing the states of evolution of a process. Figitelements represent states
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which are reached after a nite number of steps. Thus algebiaty essentially says
that each in nite computation can be approximated with arbirary precision by the
nite ones.

Winskel's domains satisfy stronger completeness prope&si, which are formalized
by the following de nition.

Definition 2.13 ((prime algebraic) coherent poset)
A partial order D is caIIedcoherent(pairwi)ge completg if for all pairwise compatible
X D, there exists the least upper bound X of X in D.

A completq: prime of D is an elementp 2 D such that, for any compatible
X D,ifpv X thenpv x for somex 2 X . The set of complete primes dD is
denoted by P(D). T'Qe partial order D is calledprime algebraicif for any element
d2 D we haved=( #d\ Pr(D)). The set#d\ Pr(D) of complete primes oD
belowd will be denoted P(d).

Being not expressible as the least upper bound of other elem® the complete
primes ofD can be seen as elementary indivisible pieces of informati@vents). Thus
prime algebraicity expresses the fact that all the possibmputations of the system
at hand can be obtained by composing these elementary bloaksinformation.

Notice that directed sets are pairwise compatible, and thusach coherent partial
order is acpo. For the same reason each complete prime is a compact element
namelyPr(D) K(D) and thus prime algebraicity implies algebraicity. Moreoegr if

is coherent then for each nonemptX D there exists the greatest lower bound
X, which can be expressed asfy2 D j8x 2 X:y v Xg.

Definition 2.14 (domains)
The partial orders we shall work with are coherent, prime agraic, nitary partial
orders, hereinafter simply referred to agWinskel's) domainsA

The de nition of morphism between domains is based on the nion of immediate
precedence. Given a domai® and two distinct elementsd 6 d°2 D we say thatd
is animmediate predecessoof d® written d  d°if

dv d® A8d02 D: (dv d® d°) d%=d _ d%= )

Moreover we writed d%ifd d%ord= d° According to the informal interpretation
of domain elements sketched abovd, d°intuitively means that d®is obtained from
d by adding a quantum of information. Domain morphisms are regred to preserve
such relation.

2The use of this kind of structures in semantics have been rstinvestigated by Berry [Ber7d],
where they are calleddl-domains. The relation between Winskel domains and dI-domains, whib are
nitary distributive consistent-complete algebraic cpo's is established by the fact that for a nitary
algebraic consistent-complete (or coherenttpo, prime algebraicity is equivalent to distributivity.
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Definition 2.15 (category Dom)
Let Do and D; be domains. Adomain morphismf : Do ! Dj is a function, such
that:

8X;y 2 Do, if x ythenf(x) f(y). ( -preserving)
F F

8 X Dy, X pairwise compatiblef ( X)= f(X); (Additive)
d d

8X Dy, X 6 ; and compatiblef( X)= f(X); (Stable)

We denote byDom the category having domains as objects and domain morphisms
as arrows.

Relating prime event structures and domains

Both event structures and domains can be seen as models ofteys where com-
putations are built out from atomic pieces. Formalizing thé intuition, in [Win87a]
the categoryDom is shown to be equivalent to the categorfPES, the equivalence
being established by two functord. : PES! Dom andP :Dom ! PES

P

-

PES Dom

P

L

The functor L associates to eaclpes the posetConf(P) of its con gurations
which can be shown to be a domain. The image vla of a pes-morphismf : Pg !
P, is the obvious extension of to sets of events.

The de nition of the functor P , mapping domains back topes's requires the
introduction of the notion of prime interval.

Definition 2.16 (prime interval)
Let hD; vi be a domain. Aprime interval is a pair [d; d) of elements ofD such that
d d° Let us dene

[ [d:d] if (c= Cud) * (<t d= d,

and let be the equivalence obtained as the transitive and symmetiaosure of (the
preorder)

The intuition that a prime interval represents a pair of elenents di ering only for a
\quantum" of information is con rmed by the fact that there e xists a bijective cor-
respondence between -classes of prime intervals and complete primes of a domain
D (seel[NPW8L1]). More precisely, the map

[d;d] 7! p,

wherep is the unique element inPr(d% Pr(d), is an isomorphism between the -
classes of prime intervals ob and the complete primesr (D) of D, whose inverse
is the function:
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F .
p7t[ fc2Djc@pg;pl -

The above machinery allows us to give the de nition of the fuctor P \extracting"
an event structure from a domain.

Definition 2.17 (from domains to pes's)
The functor P : Dom ! PES is de ned as follows:

given a domainD, P (D) = hPr(D); ;#i where
p p° i pvp® and pEp® i (p" P

given a domain morphismf : Dy ! D3, the morphismP (f) : P (D) !
P (D) is the function:

8
2 P if po 7! [do;df] ; f(do) f(dB)
P (F)(po) = and [f (do); f ()] 7! p;

? otherwisg i:e; if f(dg) = f (d)):

2.4.3 Generalized event structure models

To represent in a direct way the behaviour of languages or meld of computations
where the dependencies between events are not adequatelgatided in terms of
causality and con ict, several extensions of prime event gictures have been con-
sidered in the literature. Some of these extensions can be&seas special subclasses
of the more general Winskel's event structures, while othemrepresents orthogonal
generalizations of Winskel's model.

Flow and bundle event structures

In a prime event structure, and more generally in a stable enestructure, each event
has a uniquely determined history, namely given an event weamr always identify
a unique subset of events which are necessary for the exeontdf e, the set of its
causes

While in certain situations the mentioned property is appreiable since it gives to
the events a very simple operational meaning, in other casésay be an undesirable
restriction. Consider for instance a process algebra withondeterministic choice
\+"and sequential composition \;" operators. To give a pes semantics of a term
(a+ b); c we are forced to use two di erent events to represent the exdn of c,
one for the execution ot after a and the other for the execution ofc after b.

To model nondeterministic choices, or equivalently the pe#bility of having mul-
tiple disjunctive and mutually exclusive causes for an evgnBoudol and Castel-
lani [BC8E] introduce the notion of ow event structure, where the causality relation
is replaced by an irre exive (in general non transitive) ow relation, representing
essentially immediate causal dependency, and con ict is moore hereditary.
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€ #-C - #

Figure 2.2: A ow event structure F such that there are no bundle event structures
with the same con gurations.

Definition 2.18 (flow event structure)

A ow event structure is a triple hE; ;#1, whereE is a denumerable set of events,
E E is an irre exive relation called the ow relation, and# E E is the

symmetric con ict relation.

A con guration is then de ned as a con ict free set of eventswhere the ow relation
is acyclic, and given any evene in the con guration, if € e then the con guration
must contain €° or another evente®in con ict with €°such that € e (thus one of
the disjunctive causes must be present in the con guration)

To face a similar problem in the semantics dbtos , Langerak [Lan92al Lan92b]
de nes bundle event structureswhere a set of multiple disjunctive and mutually
exclusive causes for an event is callecbandle sefor the event, and comes into play
as a primitive notion.

Definition 2.19 (bundle event structure)

A bundle event structureis a triple hE; 7!;#i, where E is the denumerable set of
events,# E E is the (irre exive) symmetric conict relation and7! 2% E is
the bundle relation. Distinct events in the same bundle are required to be in cant.

The explicit representation of the bundles makes bundle avestructures strictly less
expressive than ow event structures. For instance, consad the ow event structure
F in Figure [Z2, where conict is represented by dotted linesabelled by #, while
the ow relation is represented by arrows. The con guratios of F are f e;; e3; e50,
fe;; e;gandfey; e,g. Observing that the only possible bundles are pairs of cortiual
events it is not di cult to see that there are no bundle event $ructures having the
same set of con gurations (see [Lan92b] for a wider discums). On the other hand,
bundle event structures o er the advantage of having a simpl theory. For instance,
di erently from what happens for ow event structures, nonexecutable events can
be removed without a ecting the behaviour of the event struture.

Event automata and asymmetric con icts

The papers [PP92] PP95] introduce the \operational" notionof event automaton
which can be seen as a generalization of the set of con guais of an event struc-
ture. An event automaton is a triple E = hE;St; _ i, whereE is a set of events,
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St 2% isasetofstatesand St Stis a relation such that if X _ Y then
the state Y is obtained fromX by adjoining a single event.

A language is introduced which allows one to specify in logicterms the be-
haviour of an event automata, and an event structure can thehe thought of as a
speci cation expressed in the language. In particular, ieding negation in the lan-
guage and allowing for prescriptions of the kind:\e; ~ &", meaning that the event
€ IS enabled in a stateS if e; 62S, one is naturally lead to the notion of possible
event and asymmetric conict. In fact, if \: e; ~ &" holds then if both events are
in the same state, necessarilg, must have been executed rst. Hence, as already
discussed, we can think thate, is a possible cause of;, or that an asymmetric
con ict exists between the two events.

Inspired by these considerations, the paper [PPO5] extendeame and ow event
structures with possible events/ ow A prime event structure with possible evenis
atuplehE;E,; #i,wherehE; ;#iisapesandE, E isa setofpossible events
A con guration is then required to contain all the causes ofmevent inE  E,, but
some possible causes may be absent.

Similarly, a ow event structure with possible owis a ow event structure en-
riched with a new relation< j, called thepossible ow relation The ow and possible
ow relations must be acyclic on a con guration, but the caual closure is requested
only with respect to the ow relation. Again the precedencesnposed by the possible
ow relation can be thought of as possible precedences.

To conclude, it is worth remarking that similar ideas are desoped, under a
di erent perspective by Degano, Vigna and Gorrieri, in[[DG\83,[Bod98], whereori-
oritized event structuresare introduced agpes enriched with a partial order relation
modelling priorities between events. Furthermore also buite event structures have
been extended by Langerak irl_ [Lan92b] to take into account yasmetric con icts.
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Semantics of Contextual Nets

This chapter presents an event structure semantics f@aontextual nets an extension
of P/T Petri nets where transitions can check for the presemcof tokens without
consuming them (read-only operations). A basic role is plag by asymmetric event
structures a generalization of Winskel's prime event structures whersymmetric

conict is replaced by a relation modellingasymmetric conict or weak causality

used to represent the new kind of dependency between eventsiag in contextual

nets. Extending Winskel's seminal work on safe nets, the tly concurrent event
based semantics of contextual nets is given at categoricalél via a chain of core-
ections leading from the categorySW-CN of semi-weighted contextual nets to the
categoryDom of nitary prime algebraic domains:

I o - Na Pa L
SW-CN 2 O-CN 2 AES 2 _Dom PES
Ua Ea La P

First an unfolding construction generates from a contextdanet N a corresponding
occurrence contextual netJ,(N). The unfolding describes the behaviour oN in a
static way by making explicit the possible events in the comgations of the net
and the dependency relations between them. The construatican be extended to
a functor from SW-CN to the categoryO-CN of occurrence contextual nets, that
is right adjoint to the inclusion functor. The transitions of an occurrence contextual
net are related by causal dependency and asymmetric con jand thus, the seman-
tics of semi-weighted contextual nets given in terms of oceence contextual nets
can be naturally abstracted to anaes semantics: given an occurrence contextual
net we obtain anaes simply forgetting the places, but remembering the depen-
dency relations that they induce between transitions. Agai this transformation is
expressed, at categorical level, as a core ection betwedmetcategoryAES of asym-
metric event structures andO-CN . Finally, the con gurations of the asymmetric
event structure, endowed with a suitable order, are shown torm a nitary prime
algebraic domain. This last step generalizes Winskel's agalence betweerPES and
Dom to the existence of a core ection betweeAES and Dom . Such a core ection
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allows for an elegant translation of theaes semantics into a domain, and thus (via
Winskel's equivalence) into a traditionalpes semantics.

We also investigate the relation between the proposed unflithg semantics and
several deterministic process semantics for contextualtean the literature. First
we show that the notion ofdeterministic processnaturally arising from our theory
coincides with other common proposals in the literature. Tén a tight relationship
is established between the unfolding and the deterministiprocess semantics, by
showing that the domain obtained via the unfolding can be chacterized as the
collection of the deterministic processes of the net endaidvevith a kind of pre x
ordering.

The rest of the chapter is organized as follows. Sectign3ritroduces the cat-
egory AES of asymmetric event structures and describes some propesdiof such
structures. Sectiorl-3R de nes the core ection betweeAES and the categoryDom
of nitary prime algebraic domains. Sectior 313 presents #category of contextual
nets and focuses on the subcatego§W-CN of (semi-weighted) contextual nets
which we shall work with. Sectiorl"3 4 is devoted to the de nibn and analysis of the
category O-CN of occurrence contextual nets. Section_3.5 describes thefalding
construction for semi-weighted contextual nets and showsoWw such a construction
gives rise, at categorical level, to a core ection betweeBW-CN and O-CN . Sec-
tion B8 completes the chain of core ections fronsW-CN to Dom, by presenting
a core ection betweenO-CN and AES . Section[3¥ discusses the relation between
the unfolding and the deterministic process semantics of mextual nets.

3.1 Asymmetric conicts and asymmetric event
structures

We stressed in thdntroduction that pes's (and in general Winskel's event struc-
tures) are not expressive enough to model in a direct way thesbaviour of models
of computation, such as string, term, graph rewriting and aatextual nets, where a
rule may preserve a part of the state, in the sense that part dfie state is necessary
for the application of the rule, but it is not a ected by such gplication.

The critical situation when dealing with contextual nets isrepresented by the
net in Figure [3.(a), where the ring of t; inhibits to, but not vice versa. The
dependency between the two transitions can be seen eitheraakind of asymmetric
con ict or as a weak form of causality, and cannot be modelledirectly via a pes.

A reasonable way to encode this situation in es is to represent the ring of
to with an event g5 and the ring of t; with two distinct mutually exclusive events:
e}, representing the execution of; that prevents to, thus mutually exclusive with
eo; and €2° representing the execution of; after t, (thus caused byey). Such pes is
depicted in Figure[31.(b), where causal dependency is regented by a plain arrow
and con ict is represented by a dotted line, labelled by #. Havever, this solution is
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(& (b)

Figure 3.1: A simple contextual net and a prime event structie representing its
behaviour.

not completely satisfactory with respect to the interpretéion of contexts as \read-
only resources": sincdy just reads the token ins without changing it, one would
expect the ring of t;, preceded or not byty, to be represented by a unique event.
This encoding may lead to an explosion of the size of thges, since whenever an
event is \duplicated" also all its consequences must be dughted. In addition it
should be noted that the information on the new kind of deperehcy determined
by read-only operations is completely lost because it is \oéused" with causality or
symmetric con ict.

It is worth noting that the inability of representing the asymmetric con ict be-
tween events without resorting to duplications is not sped to prime event struc-
tures, but it is basically related to the axiom of general Wigkel's event structures
(see [Win874a], De nition 1.1.1) stating that the enabling elation ~ is \monotone"
with respect to set inclusion:

A e~ A B ™ B consistent ) B e

A consequence of this axiom is that the computational orderdiween con gurations
is set inclusion, the idea being that ifA and B are nite con gurations such as
A B, then starting from A we can reachB by performing the events inB A,

whenever they become enabled. Obviously, this axiom doed hold in the presence
of asymmetric con ict.

As mentioned in the previous chapter (Sectioi2.4), the prd&m of represent-
ing asymmetric conicts in event structures has been alregdfaced in the litera-
ture [PP92,[Lan92b]. However none of the proposed models isted for our aims.
On the one hand,pes's with possible events[[PP92]are not su ciently expresse
since they resort to a \global" notion of possible event. Foexample, the net of Fig-
ure[32 cannot be modelled by @es with possible events since transitiortig should
be a \possible" cause fot,, but a \strong" cause fort,. On the other hand ow event
structures with possible ow and bundle event structures wh asymmetric con ict
are expressive enough, but unnecessarily complicate for @ms due to their possi-
bility of expressing multiple disjunctive causes. Technadly, as it will become clear
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in the next chapter, this greater generality would have preanted us from realizing
the step from occurrence c-nets to event structures as a caion. Furthermore no

categorical treatment of such models was available, and theelation with domains

and pes's was not fully investigated.

Figure 3.2: A contextual net for whichpes's with possible events are not adequate.

3.1.1 Asymmetric event structures

In order to provide a more direct, event based representatioof the behaviour of
contextual nets this section introduces a new kind of eventrscture, called asym-
metric event structure (aes). An aes, besides of the usual causal relation of a
prime event structure, has a relation% that allows us to specify the new kind of
dependency described above for transitiorig and t, of the net in Figure[31 simply
asty % t,. As already remarked, the same relation has two natural intpretations:
it can be thought of either as an asymmetric version of con tcor as a weak form
of causality. We decided to call itasymmetric con ict, but the reader should keep
in mind both views, since in some situations it will be prefable to refer to the
weak causalityinterpretation. Informally, in an aes each event has a set of \strong"
causes (given by the causal dependency relation) and a setwsfak causes (due to
the presence of the asymmetric con ict relation). To be red each event must be
preceded by all strong causes and by a (suitable) subset oktlweak causes. There-
fore, di erently from pes's, the ring of an event can have more than one history.
However observe thataes's still satisfy a property of stability, since a least histoy
always exists, coinciding with the set of strong causes.

It comes of no surprise that in this setting the symmetric biary conict is not
anymore needed as a primitive relation, but it can be represed via \cycles" of
asymmetric con ict. For instance, if e % €° and € % e then clearly e and €° can
never occur in the same computation. As a consequenpes's can be identi ed with
a special subclass of asymmetric event structures, namelyose where all con icts
are actually symmetric.
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The basic ideas for the treatment of asymmetric conict in ou approach are
similar to those suggested by Pinna and Poigre in |[PP92, PBE). Apart from a
di erent presentation, asymmetric event structures can beeen as a generalization
of pes with possible events. Using their terminology, wherey, % e, we can say
that ey is a possible cause ad;. However, di erently from what happens for event
structures with possible events, where a distinct set of psible events is singled
out, our notion of possible cause is local, being induced blget asymmetric con ict
relation. The extended bundle event structures of Langerdkan92b] share with our
approach also the intuition that when asymmetric con ict isavailable, the symmetric
con ict becomes useless.

For technical reasons we rst introduce pre-asymmetric emé structures. Then
asymmetric event structures will be de ned as special presgmmetric event struc-
tures satisfying a suitable condition of \saturation".

Recall from SectionZll that given a relatiom X X and a subsetY X,
we denote byry the restriction of r to Y, namelyr\ (Y Y).

Definition 3.1 (pre-asymmetric event structure)

A pre-asymmetric event structure (preaes) is a tuple G= hE; ;%i, whereE is
a set ofeventsand , % are binary relations onE called causality relation and
asymmetric con ict respectively, such that:

1. the relation is a partial order andbec = fe°2 E j & egis nite for all
e2 E;

2. the relation % satis es, for all e;: €2 E:

@ e<e® ) e% el
(b) Yopec IS acyclicﬁ
If e % €° according to the double interpretation 0%, we say thate is preventedby

e or e weakly causes®. Moreover we say thatk is strictly prevented by €° (or that
e strictly weakly causese?), written e €% if e% €’and: (e < €Y.

The de nition can be easily understood by giving a more presg account of the
ideas presented in théntroduction . Let Firedc(€) denote the fact that the event
e has been red in a computationC, later formalized by the notion of con guration,
and let prec. (e; €) denote that e precedess® in the computation. Then

e<ed means that 8C: Firedc(€) ) Firedc(e) * prece(e;€)
e% e meansthat 8C: Firedc(e) ™ Firedc(€) ) precc(e; €.

twith e <e®we meane eande8 €.
2Equivalently, we can require onec)* irre exive. This implies, in particular, that the relation
% is irre exive.
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L

&~ €
e gl
Figure 3.3: A preaes with two con ictual events e and €°, not related by asymmetric
conict.

Therefore< represents a global order of execution, whifb determines an order of
execution only locally to each computation. Thus it is natual to impose% to be an
extension of<. Moreover notice that if a set of events form a cycle of asymine
conict then such events cannot appear in the same computain, otherwise the
execution of each event should precede the execution of tivet itself. This explains
why we require the transitive closure o%o, restricted to the causesec of an evente,
to be acyclic (and thus well-founded, beingpec nite). Otherwise not all causes ofe
could be executed in the same computation and thusitself could not be executed.
The informal interpretation makes also clear that% is not in general transitive. If
e % €% e%it is not true that e must precedee®when both re. This holds only in
a computation where alsce® res.

The fact that a set of events in a cycle of asymmetric con ict & never occur
in the same computation can be naturally interpreted as a koh of con ict. More
formally, it is useful to associate to each prees an explicit con ict relation (on sets
of events) de ned in the following way:

Definition 3.2 (induced conflict relation)
Let G = HE; ;%i be a preaes. The conict relation #2 2% associated toG is
de ned as:

€% e %% e % e #3(A[feg) e €
#afep el eng #23(A[f €9)

whereA denotes a generic nite subset dE. The superscript \a" in # 2 reminds that
this relation is induced by asymmetric con ict. Sometimes & use the in x notation
for the \binary version" of the conict, i.e., we write e# 2e” for # 3f e; €y.

Notice that if # 2A then bAc contains a cycle of asymmetric con ict, and, vice versa,
if bAc contains a cyclegy % e;:::e, % € then there exists a subseA® A such
that # 2A° (for instance, by choosing an even, 2 A such thate & for each

Clearly, by the rules above, ife % €®and €% e then #2f e; €gy. The converse,
instead, does not hold, namely in general we can hae# 2e’and : (e % €9, as in
the aes Figure[33, because # is inherited along<, while % is not. An asymmetric
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event structure is a preaes where each binary conict is induced directly by an
asymmetric con ict in both directions.

Definition 3.3
An asymmetric event structure(aes) is a pre-aes G = hE; ;%i such that for any
e;d2 E, if e#2ethene % €°

Observe that given any preaes G = hE; ;%i, we can always \saturate"G in
order to obtain anaes G = hE; ;%9, by de ning %°ase %°€°if and only if
(e% €% _ (e#2€). Furthermore it is easy to verify that the con ict relations of G
and of G° coincide.

3.1.2 Morphisms of asymmetric event structures

The notion of aes-morphism is a quite natural extension of that ojpes-morphism.
Intuitively, it is a (possibly partial) mapping of events that \preserves computa-
tions".

Definition 3.4 (aes-morphism)
Let Gg = hEq; ;%0 and G, = hE;; 1;%;,i be twoaes's. An aes-morphism
f :Gy! G;is apartial functionf : Eq! E; such that:

1. forall eg 2 Eo, if f(e) 6 ? thenbf (eg)c f (beyo);

2. for all ey; €32 Ey, if f (&) 6 ? 6 f (€)) then

(@) (f(eo)=f(ef) " (206 €f) ) ot §ef.
(b) f(eo) %17(ef) ) € %o&f;

It is easy to show that aes-morphisms are closed under composition. In fact, let
fo:Gy! Gpandf;:Gy! G, beaes-morphisms. The fact thatf, f, satises
conditions (1) and (2.a) of De nition 34 is proved as for orthary pes's. The validity
of condition (2.b) is straightforward.

Definition 3.5 (category AES)
We denote byAES the category having asymmetric event structures as objeatsd
aes-morphisms as arrows.

Notation 3.6

In the following when considering gpes P and anaes G, we implicitly assume that
P =Hh; ;#i and G = hE; ;%i. Moreover superscripts and subscripts on the
structure name carry over the names of the involved sets, fations and relations
(e.9.,G; = ME;; ;%;i).
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The binary conict in an aes is represented by asymmetric conict in both
directions, and thus, analogously to what happens fques's, it is re ected by aes-
morphisms. The next lemma shows thates-morphisms re ect also the general
(induced) con ict relation.

Lemma 3.7 (aes-morphisms reflect conflicts)
Let Go and G, be twoaes's and letf : Gy ! G; be anaes-morphism. Given a set
of eventsA , Eo, if #3f (A) then #3A°for someA® A.

Proof. Let A , Eo and let #2f (A). By de nition of conict there is a %;-cycle €3 %;
€ %; ::: %1 €2 %, € in bf (A)c. By de nition of aes-morphism, we have thatbf (A)c  f (bAc)

and thus we can nd ep;:::;€, 2 bAc such that e? = f(g) for all i 2 f0;:::;ng. Consider
A= fag;:::;anQ A such that e ¢ g fori 2 f0;:::;ng. By de nition of aes-morphism,
€0 %0 €1 %o ::: %o €9, and thus # §AL 2

3.1.3 Relating asymmetric and prime event structures

We conclude this section by formalizing the relation betweeaes's and pes's. We

show that aes's are a proper extension opes's, in the sense that, as one would
expect,pes's can be identi ed with the subclass ohes's where the strict asymmetric

con ict relation is actually symmetric. The correspondingfull embedding functor is

right adjoint to the forgetful functor from AES to PES.

Lemma 3.8
Let P = hE; ;#i be apes. Then G = hE; ;< [ #1i is an aes, where the asym-
metric con ict relation is de ned as the union of the \strict" causality and con ict
relations.

Moreover, iff : Po! Py is apes-morphism thenf is an aes-morphism between
the correspondingaes's Go and G, and if g: Gg ! G; is an aes-morphism then
it is also a pes-morphism between the originapes's.

Proof. Let P = hE; ;#i be apes. The fact that G = hE; ;< [ #i is an aes is a trivial
consequence of the de nitions. In particular, the asymmetic con ict relation of G is acyclic on
the causes of each event since # is hereditary with respect to and irre exive, and < is a strict
partial order (namely an irre exive and transitive relatio n) in P.

Now, letf : Po! P; be apes-morphism. To prove that f is also anaes-morphism between the
correspondingaes's Go and G1, rst observe that, according the de nition of g, and %g,, the
validity of the conditions (1) and (2.a) of De nition 3230l lows immediately from the corresponding
conditions in the de nition of pes-morphism (De nition Z7IT]). As for condition (2.b), if f (ey) %g,
f (e1), then, by construction, f (ey) <p, f(e1) or f (ep)# p,f (€1) and thus, by properties of pes's
(easily derivable from De nition ZTIT), in the rst case ey <p, €1 or ep# p,e1 Whilst, in the second
case,ep# p,e1. Hence, in both casesgy %g, €.

Similar considerations allow us to conclude that, ifg: Go ! G; is an aes-morphism, then it
is also apes-morphism between the originalpes's. 2
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By the previous lemma, there is a full embedding functor frolRES into AES
that transforms eachpes by replacing the symmetric con ict with an asymmetric
con ict relation given by the union of \strict" causality an d con ict relation, and
that is identity on arrows.

Proposition 3.9 (from pes's to aes's)
The functorJ :PES! AES de ned by

J (hE; #i)=hE;, ;<[ #i;
J (f:Pg! Py)=f

is a full embedding oPES into AES.

Observe that given anyaes G = hE; ;%I the induced binary con ict, which
can be expressed &\ % !, satis es all the properties of the con ict relation of
pes's, i.e., it is irre exive (since % Iis irre exive), symmetric and hereditary with
respect to . ThereforehE; ;#i, where # =% \% 1, is apes, in the following
referred to as thepes underlying the aes G.

Definition 3.10 (pes underlying an aes)
We denote byF o, : AES ! PES the forgetful functor de ned on objects as
Fap(G)=hE; ;%\% i and which is the identity on arrows.

The functor is well-de ned, as it can be veri ed by showing tlat eachaes-morphism
is a pes-morphism between the underlyingpes's. Furthermore for any pes P it is
easy to see thatF ,,(J (P)) = P. The functor F 4, is left adjoint to J and they
establish a re ection betweerAES and PES, the component of the counit at apes
P being the identity idp.

Proposition 3.11 (relating aes's and pes's)
Fapald

3.2 From asymmetric event structures to domains

As shown in Sectioi’ZM, the categoryES of prime event structures is equivalent to
the categoryDom of ( nitary coherent) prime algebraic domains. For asymmaic
event structures this result generalizes to the existencd a core ection between
AES and Dom. Such a core ection allows for an elegant translation of ames
semantics into a domain, and thus into a classic@les semantics. Thepes semantics
obtained in this way represents asymmetric con icts via symetric conict and
causality with a duplication of events, as described in Seoh [31 (see Figuré_3]11).
The domain corresponding to araes G is obtained by considering the con g-
urations of G, suitably ordered using the asymmetric con ict relation. \ice versa,
given a domainD we obtain the correspondingaes by applying rst the functor
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P :Dom ! PES (see SectioriZl4) and then the embeddingg : PES ! AES,
de ned in Proposition [3.9.

3.2.1 The domain of con gurations of an aes

As already explained, a con guration of an event structures a set of events rep-
resenting a possible computation of the system modelled bhd event structure.
The presence of the asymmetric con ict relation makes suctedition slightly more
involved than the traditional one.

Definition 3.12 (configuration)
Let G = hE; ;%i be anaes. A con guration of G is a set of eventC E such
that

1. %c is well-founded:;
2. 12 Cje’% egis nite for all e2 C;

3. C is left-closed with respect to , i.e., forall e2 C, €2 E, €® e implies
e"2 C.

The set of all con gurations of G is denoted by Cor{fs).

Condition (1) rst ensures that in C there are no%-cycles, and thus excludes the
possibility of having in C a subset of events in con ict (formally, for anyA | C,
we have: (# 2A)). Moreover it guarantees that% has no in nite descending chains
in C, that, together with condition (2), implies that the set fe°2 C j e{%¢)" eg
is nite for each event e in C; thus each event has to be preceded only by nitely
many other events of the con guration. Finally condition (3 requires that all the
causes of each event are present.

If a set of eventsA satis es only the rst two properties of De nition 8121 it
is called consistentand we write co(A). Notice that, unlike for traditional event
structures, consistency is not a nitary propert)E For instance, letA = fe ji 2
Ng E be a set of events such that aké's are distinct ande.; % ¢ for all i 2 N.
Then A is not consistent, but each nite subset ofA is.

Let us now de ne an orderv on the con gurations of anaes, aimed at formal-
izing the idea of \computational extension”, namely such tat C; v C, if the con-
guration C; can evolve intoC,. A remarkable di erence with respect to Winskel's
event structures (see, e.g., De nition20) is that the orer on con gurations is
not simply set-inclusion, since a con gurationC cannot be extended with an event
inhibited by some of the events already present i.

3A property Q on the subsets of a seX is nitary if givenanyY X, from Q(Z) for all nite
subsetsZ Y it follows Q(Y).
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Definition 3.13 (extension)
Let G = hE; ;%i be anaes and letA;A° E be sets of events. We say th#&°
extendsA and we writeA v A0 if

1. A AC
2. :(e"% e) foralle2 A; e°2 A° A,

Often in the sequel it will be preferable to use the followingondition, equivalent

to (B):
8e2 A: 86’2 A% % e ) €°2A.

The extension relation is a partial order on the seConf(G) of con gurations
of anaes. Our aim is now to prove thathConf(G);vi is a nitary prime algebraic
domain. This means that like prime event structures [Win87a ow event structure
[Bou90], and prioritized event structures IDGV93], also gsmetric event structures
provide a concrete presentation of prime algebraic domains

Given an aes G, in the following we will denote by Conf(G) both the set of
con gurations of G and the corresponding partial order. The following proposon
presents a simple but useful property of the partial order ofon gurations of an
aes, strictly connected with coherence. Recall from Sectidnthat, given a partial
order (D; v), two elementsd;d®2 D are called compatible, writtend " d° if there
exists d°2 D such thatdv d®and d°v d Furthermore, a subsetX D is called
pairwise compatibled " d°for any d; d®°2 X.

Lemma 3.14
Let G be anaes and letA  Conf(E) be a pairwise compatible set of con gurations.
Then forallC2 A ande2 C

S
2 ANEEf%e ) €2C;
S
Proof. Let €2 ~ A be an event such thate® % e. Then there is a con guration C°2 A such
that €2 C° Being C and C° compatible, there is C°°2 Conf(G) such that C;C°v C% Thus

e?2 Cc%and, sinceC v C% by de nition of v we conclude thate’2 C. 2

The next lemma proves that for pairwise compatible sets of ngurations the
least upper bound and the greatest lower bound are simply gr by union and
intersection.

F d
Lemma 3.15 ( and for sets of configurations)
Let G be anaes. Then

F S
1. if A Conf(E) is pairwise compatible then A= A,

2. if C" C then CouC, = Co\ C,.
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Proof.

S
1. Let A Conf(E) be a pairwise compatible set of con gurations. First notice that A is a
con guration. In fact:

% S 5 is well-founded.
Let us suppose that there is in A an in nite descending chain:

e e %e 1% % e

Let C 2 A suchthatey 2 C. Lemmal313, together with an inductive reasoning, ensure
that this in nite chain is entirely contained in C. But this contradicts C 2 Conf(G).

S
fe’2 ~Aje’% egis nite forall e2 ~ A,
Let e A, then there exists C 2 A such that e 2 C. By Lemma [Z13, the set
feP2 Aje"% eg=fe’2 Cje’% eg, and thus it is nite.

S
A is left-closed, since eaclC 2 A is left-closed.

The con guration S A isgfm upper bound forA. In fact, for any C 2 A, clearly C SSA

and foralle2 C,e°2 A, if e % ethen, by Lemma[3I3,e°2 C. Thus C v  A.

Moreover, if Co is agother upper bound for A, namely a gon guration such that C v Co

forall C 2 A, then ~ A Co. Furthermore, for gy e2 ~ 4, e? 2 Cy with €% e, since
2 C for someC 2 A we conclude thate®?2 C A. Thus A v Cy and this shows that
A is the least upper bound ofA.

2. Let Cy and C; be two compatible con gurations and let C = Co\ C;. Then it is easily seen
that C is a con guration. Moreover C v Cq. In fact C  Cy and for all e 2 C, €°2 Cy,
if €% e then, sincee 2 C; and Cp " Cy, by Lemma[313,e° 2 C; and thus °2 C. In
the same wayC v Cy, and thus C is a lower bound for Cy and C;. To show that C is
the greatest lower bound observe that ifC°v Coy; C; is another lower bound then, clearly
C® C. Furthermore, if e 2 C% €°2 C with €° % e, since, in particular, € 2 Cy, we
concludee®2 C% HenceC®v C. 2

For prime event structures an evente uniquely determines its history, that is
the set bec of its causes, independently of the con guration at hand. Irthe case of
asymmetric event structures, instead, an everg may have di erent histories, in the
sense that the set of events that must precedein a con guration C depends orC.
Essentially, the possible histories af are obtained inserting or not in a con guration
the weak causes o€, which thus can be seen as \possible causes".

Definition 3.16 (possible history)

Let G be anaes and lete 2 E. Given a con guration C 2 Conf(G) such thate2 C,
the history of ein C is de ned asC[e] = fe°2 C j €% eg. The set of (possible)
histories of e, denoted by Hise), is then de ned as

Hist(e) = fCJe]j C 2 Conf(E) » e2 Cg.
We denote by HisfG) the set of possible histories of all events in G, namely

S
Hist(G) = fHist(e)je2 Eg.
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Notice that each history is a nite set of events since, by conditions (1) and (2) in
the de nition of con guration, ( %) is a nitary partial order.

Let us now give some properties of the set of histories. Poifit) shows that
each history of an evente in a con guration C, is itself a con guration which is
extended byC. Point (2) essentially states that although an event has in general
more than one history, as one would expect, the history cannchange after the
event has occurred. Point (3) asserts that di erent histors of the same event are
incompatible.

Lemma 3.17 (history properties)
Let G be anaes. Then in hConf(G);vi we have that:

1. if C2 Conf(G) ande2 C, then C[e] 2 Conf(G). Moreover C[e] v C;

2. if C;C%2 Conf(G), C" C%ande2 C\ C°then C[e] = CYe]; in particular
this holds forC v C°

3. ife2 E, Cp;Cy 2 Hist(e) and Cy " C; then Cy = C;.

Proof.

1. Obviously, C[e] 2 Conf(G). In fact, the requirements (1) and (2) of the de nition of
con guration are trivially satis ed, while (3) follows by r ecalling that % <. Moreover
Cle] C andif €2 C[e], €°2 C and €% €° then €% e(%¢) e, thus €2 C[e].
Therefore Ce] v C.

2. By Lemma [313, sinceC " C% and e 2 C, an inductive reasoning ensures that if
e % e % ::: % e, % e with g 2 C[ C° then each g is in C. Therefore

Clel =(C[ COlel = CYel.
3. SinceCp " C; ande?2 Cp\ Cy, by (2), we have that Cyp = Cp[e] = Cif€e] = C;. 2

We are now able to show that the complete primes @onf(G) are exactly the
possible histories of events iiG.

Lemma 3.18 (primes)
Let G be anaes. Then

1. for all con gurations C 2 Conf(G)
F : : F :
C= fC%2 Hist(G)jC% Cg= fC[e]je2 Cg.

2. Pr(Conf(G)) = Hist(G) and Pr(C) = fCJe]je2 Cg.
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Proof.

F
1. Let C 2 Conf(G) and let Co = fC%2 Hist(G) jC°v Cg. Then clearly Co v C. Moreover
for all e2 C, by Lemmal3I1.(1), the history C[e] v C and thuse2 Ce] Cy. This gives
the converse inclusion and allows us to conclud€ = C,.

2. Let C[e] 2 Hist(e), for somee 2 E, be a-history and leg A Conf(G) be a pairwise
compatible set of con gurations. If C[eJ]v A, thene2 A. Thus there existsCe 2 A
such that e 2 C.. Therefore:

Clel= ( F Alel [by Lemmal3T.(2), sinceC[e] F Al
= Ce[e€] [by Lemmal3IT.(2), sinceCe v A]
v Ce [by Lemmal3IT.(1)]

Therefore C[e] is a complete prime in Conf (G).
Conversely, letC 2 Pr (Conf (G)). Then, by point (1),

F . .
C= fCP%2 Hist(G)jC% Cg.

Being C a complete prime, there must existC°2 Hist(G), C°v C such that C v C%and
thus C = C°2 Hist(G). 2

It is now immediate to prove that the con gurations of anaes ordered by the
extension relation form a nitary prime algebraic domain.

Theorem 3.19 (configurations form a domain)
Let G be anaes. Then hConf(G);vi is a (coherent nitary prime algebraic) do-
main.

Proof. By Lemmal[3I5.(1), Conf(G) is a coherent partial order. By Lemma[3I8, for any con-
guration C 2 Conf(G)

Pr(C)= fCJe]je2 Cg

and C = F Cle]. Therefore Conf(G) is prime algebraic.

Finally, Conf(G) is nitary, as it immediately follows from the fact that com pact elements
in Conf (G) are exactly the nite con gurations. To seg- this, let C 2 Conf(G) be nite and let
us consider a directedA  Conf(G) such that C v A. Then we can choose, for alle 2 C,
Ce 2 A such that eg Ce. Being A directed and C nite, the set fCg j €2 Cg has an upper bound
C°2A.ThenC= _,.Cle]l= ,c Cele] v CPfollows immediately from Lemmal3LT. ThusC
is compacg For the converse, letC 2 Conf(G) be a compact element. Since each possible history
is nite, f ,, Cl[e]jZ ., Cgis adirected set of nite con gurations, having C as éeast upper
bound. SingeC is compact, we conclude that there existsZ , C suchthat Cv ,; C[e].
Thus C = ,, C[e] is nite. 2

An example ofaes with the corresponding domain can be found in Figurg—3.7,
(a) and (b), at the end of Sectior=316 (for the moment, the read should disregard
how the aes is obtained from the c-netN). In particular notice how asymmetric
con ict in uences the order on con gurations, which is di erent from set-inclusion.
For instance,fto;t4ag f to;t2;t40, but fto;tsg 6V tto; t2; t4g sincetd % t,.
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3.2.2 A core ection between AES and Dom

To prove that the construction which associates to ames the domain of its con g-
urations is functorial we rst give a characterization of the immediate predecessors
of a con guration. As one could expect, we pass from a con gation to one of its
immediate successors by executing a single event.

Lemma 3.20 (immediate precedence)
Let G be anaes and letC v C°be con gurations in Conf(G). Then

C CY i jc® Cj=1.
where denotes the immediate precedence relation on con guratien

Proof. () )LetC Clandlete®e®2 C® C.WehaveC @Ct (CYeY) v C%and thus, by
de nition of immediate precedence,C°= C[ (CYeY). In the same way C°= C[ CYe’]. Hence,
by de nition of history, we have €(%co) €’{%co) €®and thus €= € (otherwise % co would not
be acyclic, contradicting the de nition of con guration).

(( ) Obvious. 2

The following lemma leads to the de nition of a functor fromAES to Dom . First
we prove that aes-morphisms preserve con gurations and then we show that the
function naturally induced by anaes-morphism between the corresponding domains
of con gurations is a domain morphism.

Lemma 3.21 (aes-morphisms preserve configurations)

Let Gg, G; be twoaes's and letf : Gg! G; be anaes-morphism. Then for each
Co 2 Conf(Gp) the morphismf is injective on Cy and the f -image of Cy is a
con guration of Gy, i.e.,

f (Co)=Tff(e)je2 Cog2 Conf(Gy).

Moreoverf : Conf(Gg)! Conf(G;y) is a domain morphism.

Proof.  Let Co 2 Conf(Go) be a con guration. Since %c, is well founded and thus: (e# @€ for
all e; &2 Cy, the conditions of the de nition of aes-morphism (De nition $ZJ imply that for all
e;&in Cq such that f (e) 6 ? & f (€9:

bf (e)c f (bec);
f@=1fE) ) e=¢€
fe%.f(e) ) e%qe

Thereforef is injective on Cy (as expressed by the second condition) and we immediately cclude
that f (Cp) is a con guration in G;.

Let us now prove that f : Conf(Gp) ! Conf(G;) is a domain morphism. Additivity and
stability follow from Lemma In particular for stabili ty one should also observe that ifCy and
C, are compatible thenf is injective on C; [ C; and thusf (C1\ Cy) = f (Cy)\ f (Cy). Finally, the
fact that f preserves immediate precedence can be straightforwardlyedived from Lemmal320.

2
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Theorem[3I® and LemmB321 suggest how to de ne a functoriindhe category
AES of asymmetric event structures to the categorypom of domains. Instead, the
functor going back fromDom to AES rst transforms a domain into a pes via
P :Dom ! PES, introduced in De nition £I7] and then embeds suclpes into
AES viaJ :PES! AES, dened in Proposition [39.

Definition 3.22 (from aes's to domains and backwards)
The functorL , : AES ! Dom is de ned as:

for any AES -object G,
L 2(G) = hConf(G);vi ;
for any AES -morphismf : Gg! Gy,
La(f)=1f :La(Go)! L a(Gy).

The functor P , : Dom ! AES is de ned asJ P .

It is worth recalling that, concretely, given a domainD; vi , the pesP (D) is de ned
ashPr(D);v ;#i, where # is the incompatibility relation (i.e., p# p°i p and p®do
not have a common upper bound). The® ,(D) = J (P (D)) is the corresponding
aes, namelyhPr(D);v; @[ #i.

The functor P , is left adjoint to L , and they establish a core ection between
AES and Dom . The counit of the adjunction maps each history of an ever# into
the event e itself. The next technical lemma shows that the function dened in this
way is indeed anaes-morphism.

Lemma 3.23
Let G be anaes. Then g : P 4(L 2(G))! G dened as:

s(C)=¢e if C 2 Hist(e),

is an aes-morphism.

Proof.  Let us verify that ¢ satis es the three conditions imposed onaes-morphisms: for all
C;C%2 Hist(G), with C 2 Hist(e), C°2 Hist(&9:

b 6(C)c & (bCo).

We have:
c(bCc) =
= c(Pr(C))
= g(fCle?je’2 Cg) [by Lemma 18]
=C
b ec [sinceC is left-closed]

= b s(C)c
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(c(C)= c(CY ~ C6C® ) C#2CO

Let g(C)=e=¢e"= g(CY and C 6 C° SinceC;C°2 Hist(e), by Lemma 31, we have
:(C " CY and thus C#C%in P (L 4(G)) and therefore, by de nition of J , C#2CCin
P a(L a(G)).

c(C)% c(CH) ) CuncCh

Let ¢(C) = e% e°= 5 (CY. Since the relation % is irre exive, surely e 6 €° and thus
C 6 C° Now, if e 62C%then, by Lemmal313, surely: (C " C9, thus C# C%in P (L 4(G)) and
therefore, by de nition of J , C % C%in P 4(L 4(G)). Otherwise, if e 2 C°we distinguish
two cases:

{ C=C[e]= CYe].
In this case, by Lemmal31¥.(1), we have thatC v C° and the relation is strict, since
C 6 CO° Thus, by de nition of P 5, C % C%in P 4(L a(G)).

{ C=C[e] & CYe].
In this case, by Lemmal[3IV.(2), we conclude thatC and C° are not compatible,
namely : (C " C9. HenceC# C%in P (L 4(G)) and therefore C % C%in P 4(L a(G)).
2

The next technical lemma characterizes the behaviour of th&inctor P , on
morphisms having a domain of con gurations as codomain.

Lemma 3.24
Let G be anaes, D adomainandletg: D! L 4(G) be a domain morphism. Then

forall p2 Pr(D), j 9(p) g(Pr(p) f pg)j 1and
, S
if g(p) g o(Pr(p) f pg)=;
ifg(p)  9(Pr(p) f pg)= feg
Proof. Let p2 Pr(D) and let us consider the corresponding prime interval

F

[ (Pr(p) f pg);pl;

then also h G i
g (Pr(p) f p9):a(p) ; 3.1)

is a prime interval in L 5(G), and, by de nition of the functor E, (De nition 22}

F
_ 2 if g(p) = 9( (Pr(pxf pg))
Pa@P)= ¢ it Pr(g(p) Pr(g()F(Pr(m f pg)) = fCg

PUOP= o

F F S
Now, by additivity of g and Lemmal3T5.(1),9( (Pr(p) f pg)) =g 9(Pr(p) f pg)= g(Pr(p)
fpg), and, since [F1) is a prime interval, by LemmalZZDg(p) g(Pr(p)gf pg) has at most one

element. Ifg(p) = g(Pr(p) f pg)then P 4(g)(p) = ? .SOtherwise, if g(p) g(Pr(p) f pg) = feg,
then, by Lemmal[3TI8.(2), we have thatPr (g(p)) Pr( g(Pr(p) f pg)) = fg(p)[e]g and thus we
conclude. 2

Finally we can prove the main result of this section, namelythat P , is left
adjoint to L 5 and they establish a core ection betweerRES and Dom . Given an
aes G, the component atG of the counit of the adjunctionis ¢ : P 5 L ,(G)! G.
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Theorem 3.25 (coreflection between AES and Dom)
P.ali,.

Proof. LetG beanaesandlet g : P 4(L 2(G)) ! G bethe morphism de ned as in Lemma3ZB.
We have to show that given any domainD and aes-morphism h : P 5(D)! G, there is a unique
domain morphismg:D ! L 4(G) such that the following diagram commutes:

Pa(La(G) ——=G
A
P a(9)

P a(D)

h

Existence
Letg: D! L 4(G) be de ned as:

g(d) = h (Pr(d)).
A straightforward checking shows that Pr (d) is a con gurationin P (D) and thus, by Lemma[321,

h is injective on Pr (d) and h (Pr (d)) is a con guration in G, i.e., an element ofL ,(G). Moreover
g is a domain morphism. In fact it is

-preserving Let d;d°2 D, with d d% Then Pr(d% Pr(d)= fpg and thus

o(d) g(d) =
= h (Pr(d)) h (Pr(d)
f h(p)g

Therefore jg(d® g(d)j 1 and, since it is easy to see thag(d) v g(d%, by Lemma 320
we concludeg(d)  g(d9.

Additive. Let X D be a pairwise compatible set. Then:

F
g X)= E
h (Br( X)) F s
g( X2 X Pr (x)) [since Pr( X)= “2X Pr (x)]
Ex2x N (Pr(x))
x2X g(x)

Stable Let d;d°2 D with d" d° then:

g(dud9 =

h (Pr(du d9)

h (Pr(d)\ Pr(d9) [since Pr(du d) = Pr(d)\ Pr(d% and
h injective on Pr(d) [ Pr (d9]

h (Pr(d))\ h (Pr(d9)
g(d) u g(d?)

The morphism g de ned as above makes the diagram commute. In fact, letp 2 Pr(D) (=
P a(D) ) and let us use Lemmal32ZK to determineP ,(g)(p). We have:
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S
gp  9(Pr(p) py =
h (Pr(p) fh (Pr(p)) jp°2 Pr(D); p°@pg
h (Pr(p) f h(p®jp®2 Pr(D); p®@pg
h (Pr(p)) h (Pr(p) f pg)
fh(p)g [sinceh injective on Pr (p)]

Therefore, if h(p) is unde ned then P ,(g)(p) = ? and thus ¢ (P a(g)(p)) = ?. If h(p) = ethen
P a(9)(p) = g(p)ie] and thus (P a(9)(p)) = e= h(p). Summing up we conclude

e Pa(g)=h.
Uniqueness
Let g°: D! L 4(G) be another morphism such that

G P a(g% = h.

By Lemma 323, for allp 2 Pr(D) we have:

S
9 if gXp) g 9APr(p) f pg)=:
Pa@(P = ppe it Q) ~ gAPr(p) f py)= feg
Therefore
S
D)= oPa@E)= ° 19 sglPr(p) fpg=; (3:2)
P = c(Pa@)p e if gp) ~ g¥Pr(p) f py)= feg '

Let us show that g%p) = g(p) for all p2 Pr (D), by induction on k = jPr(p)j (that is nite, since
D is nitary).

S
(k= 1) In this case gp) ~ gAPr(p) f pg) = g¥p). Thus, by (B2) above, if h(p) = ? then
9P = ; = g(p), otherwise, gAp) = Th(p)g= g(p).
(k! k+ 1) First notice that being g° monotonic, for all p°2 Pr (p) we havegqp®) v g%p), thus

S s
gP =(g¥p) ( gAPr(p) f pg)) [ (" gAPr(p) f pg)).

By inductive hypothesis, S gXPr(p) f po) = S g(Pr(p) f pg), thus, reasoning as in the case
(k = 1) we conclude.

Being g and g° additive, since they coincide on the complete primes oD, which is prime
algebraic, they coincide also on the whole domaiiD. 2

3.3 The category of contextual nets

This section introduces a notion of morphism for contextuahets, turning the class
of c-nets into a categoryCN . Morphisms are shown to preserve the token game in
such a way that they can be thought of as simulations of the sate net into the
target net.

In the following when considering a c-nelN, we implicitly assume thatN =
hS; T;F; C; mi. Moreover superscripts and subscripts on the nets names igaover
the names of the involved sets, functions and relations (e, &N; = hS;; Ti; Fi; Ci; mji).

A c-net morphism between two nets maps transitions and plasef the rst net
into transitions and multisets of places of the second netgspectively, in such a
way that the initial marking as well as the pre- and post-set®f transitions are
\preserved". Contexts are preserved in a weak sense.
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Definition 3.26 (c-net morphism)
Let No and N; be c-nets. Amorphismh : Ng ! Nj is a pair h = hhy;hsi, where
hr : To! Ty is a partial function and hs : Sp! S; is a multirelation such that

1. hs(mg)=my
2. foreachA2 T,

(@ hs( A)= h+(A);
() hs(A)= ht(A);
©) [h+(A)] hs(A) hs(A).

We denote byCN the category having c-nets as objects and c-net morphisms as
arrows.

Conditions (1), (2.a) and (2.b) are standard for ordinary nts, but condition (2.c),
regarding contexts, deserves some comments. It can be ekpda by recalling that,
since in our model a single token can be used as context with liplicity greater
than one, the ring of a transition t can use as context any multiseX satisfying

] X t

Given any multiset of tokens that can be used as context in theing of a transition,
its image should be a set of tokens that can be used as conteytthe image of the
transition. This can be formalized by requiring that [h +(A)] hs(X) h(A)
forany X 2 Sgysuchthat[A] X A, which is equivalent to the above condition
(2.c). Observe that, in particular, [h + (A)] =[ h s(A)].

It is worth remarking that if hy is unde ned on a transitionty 2 Ty, written
hr(to) = ?, then, by de nition of c-net morphism, the places in the pre- post-set
and context ofty are forced to be mapped to the empty set, i.eh s( t+t +t) = ;.

A basic result to prove (to check that the de nition of morphism is \meaning-
ful") is that the token game is preserved by c-net morphismsAs an immediate
consequence morphisms preserve reachable markings.

Proposition 3.27 (morphisms preserve the token game)
Let No and N; be c-nets, and lehh = hhy;hsi : Ng! Nj; be a morphism. Then for
eachM;M°%2 S andA2 T

MAIM® ) hs(M)[hr(A)i hs(M9.

Therefore c-net morphisms preserve reachable markings.j.if Mgy is a reachable
marking in Ng then h s(Mg) is reachable inN;.
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Proof.  First notice that h 1 (A) is enabled by h s(M). In fact, since A is enabled byM, we
have M A +[A]. Thus

h s(M)
hs( A+[A]
hs( A)+ hs([A])
hs( A)+[ hs(A)]
ht(A)+[ ht(A)] [by def. of c-net morphism]

Moreover h (M9 = h g(M) ht(A)+ ht(A) .Infact, M°= M A+ A | therefore
we have:

hs(M9
= hs(M) hs( A)+ hs(A)
= hs(M) ht(A)+ ht(A) [by def. of c-net morphism] 2
The seminal work by Winskel [[WIn87a] presents a core ectiobetween prime
event structures and a subclass of P/T nets, namelgafe nets. In [MMS97] it is
shown that essentially the same constructions work for thaidger category of \semi-
weighted nets" as well (while the generalization to the whelcategory of P/T nets
requires some original technical machinery and allows one bbtain a proper ad-
junction rather than a core ection [MMS9€]). In the next setions we will relate by

a core ection (asymmetric and prime) event structures and demi-weighted c-nets".

Definition 3.28 (semi-weighted and safe c-nets)
A semi-weightedc-net is a c-netN such that the initial markingm is a set and
Frost IS @ relation (i.e., t is a set for allt 2 T). We denote bySW-CN the full
subcategory ofCN having semi-weighted c-nets as objects.

A semi-weighted c-net is calledafeif also Fy and C are relations (i.e., t and
t are sets for allt 2 T) and each reachable marking is a set. The full subcategory of
SW-CN containing all safe c-nets is denoted b$-CN .

Notice that the condition characterizing safe nets invol&the dynamics of the net
itself, while the one de ning semi-weighted nets is \syntdeal” in the sense that it
can be checked statically, by looking only at structure of th net.

3.4 Occurrence contextual nets

In the previous section we gave a description of the behavioof a c-net in a dynamic
way, by describing how the token game evolves. Occurrenceats are intended to
represent, via the unfolding construction, the behaviourfogeneral c-nets in a more
static way, by expressing the events (ring of transitions)which can appear in a
computation and the dependency relations between them. Qaecence c-nets will be
de ned as safe c-nets such that the dependency relations teeen transitions satisfy
suitable acyclicity and well-foundedness requirements. Nile for traditional occur-

rence nets one has to take into account the causal dependemayd the (symmetric)
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con ict relations, by the presence of contexts, we have to nsider an asymmetric
con ict (or weak dependency) relation as well. The con ict elation, as already seen
in the more abstract setting ofaes's, turns out to be a derived relation.

3.4.1 Dependency relations on transitions

Causal dependency is de ned as for traditional safe nets, twian additional clause
stating that transition t causeg?if it generates a token in a context place of°

Definition 3.29 (causal dependency)
Let N be a safe c-net. Thecausal dependency relatior y is the transitive closure
of the relation de ned by:

1. ifs2 tthens t;
2.ifs2t thent s
3.ift \ t° ; thent t°

Given a place or transitionx 2 S| T, we denote byoxc the set ofcausesof x in T,
dened asbxc=ft2Tjt N xg T, where y is the reexive closure of<y.

Definition 3.30 (asymmetric conflict)
Let N be a safe c-net. Thestrict asymmetric conict relation  is de ned as
t Nt i t\ t°6; or (t6t°~ t\ %6 ;).

The asymmetric con ict relation %,y is the union of the strict asymmetric con ict
and causal dependency relations:

t % t° i t<y tlort to

In our informal interpretation, if t %y t°then t must precedet® in each compu-
tation in which both re or, equivalently, t°preventst to be red, namely

Firedc(t) » Firedc(t9 )  prece(t;t9 (¥)

As noticed in the Introduction  , in an acyclic safe c-net where any transition is
enabled at most once in each computation, conditiory) is surely satis ed when the
same places appears in the context ot and in the pre-set oft® But () is trivially true
(with t and t%in interchangeable roles) when and t° have a common precondition,
since they never re in the same computation. This is apparély a little tricky but
corresponds to the clear intuition that a (usual) symmetric(direct) con ict leads
to asymmetric conict in both directions. Furthermore, since, as noticed for the
general model ofes, (y) is weaker than the condition that expresses causality, the



3.4. Occurrence contextual nets 67

LA

Figure 3.4: An occurrence c-net with a cycle of asymmetric gact.

condition (y) is satis ed whent causes (in the usual senseﬂﬂ For technical reasons
it is convenient to distinguish the strict asymmetric con ict from causality.

In the sequel, when the netN is clear from the context, the subscripts in the
relations N and %y will be omitted.

The c-net N4 in Figure [I4 shows that, as expected, also in this setting ¢h
relation % is not transitive. In fact we havet; % t; % t, % t4, but, for instance, it
is not true that t; % t,.

An occurrence c-net is a safe c-net that exhibits an acyclieebaviour and such
that each transition can re in some computation of the net. kErthermore, to allow
for the interpretation of the places as token occurrencesa&h place has at most one
transition in its pre-set.

Definition 3.31 (occurrence c-nets)
An occurrence c-neis a safe c-netN such that

1. each places 2 S is in the post-set of at most one transition, i.e.j sj 1;

2. the re exive closure \ of the causal relation<y is a partial order such that
btc is nite for any t2 T;

3. theinitial marking m coincides with the set of minimal places with respect to
N, LB, m=fs2S] s=;0;

4. (%N )uc is acyclic for all transitionst 2 T.

With O-CN we denote the full subcategory &-CN having occurrence c-nets as
objects.

Conditions (1)-(3) are the same as for ordinary occurrenceets. Condition (4) cor-
responds to the requirement of irre exivity for the con ict relation in ordinary oc-
currence nets. In fact, if a transitiont has a%y cycle in its causes then it can never
re, since in an occurrence c-nelN, the order in which transitions appear in a ring
sequence must be compatible with the transitive closure ohé¢ (restriction to the
transitions in the sequence of the) asymmetric con ict reldon.

As anticipated the asymmetric conict relation induces a sypnmetric con ict
relation (on sets of transitions) de ned in the following wa:

4This is the origin of the weak causality interpretation of %.
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Definition 3.32 (conflict)
Let N be a c-net. Theconict relation # 2T associated toN is de ned as:

to% t;1 % 1% t, % to #(A[ftg t t°
#itoty; i1 thg #(A[f t9)

whereA denotes a generic nite subset of . As for aes's, we use the in x notation
t#t0for #ft;t%.

For instance, referring to Figure[3}, we have #ti;t,;t30, but not # ft;;t;g for
any i;j 2 f1;2;3g. Notice that, by de nition, the binary conict relation # is
symmetric. Moreover in an occurrence c-net # is irre exive ¥ the fourth condition
of De nition §3T1

Finally, observe that irre exivity of the asymmetric con i ct relation %y Iin an
occurrence c-netN implies that the pre-set, the post-set and the context of any
transition t in N are disjoint (any possible intersection would lead td %y t).

3.4.2 Concurrency and reachability

As for ordinary occurrence nets, a set of placdd is called concurrent if there is
a reachable marking in which all the places d¥1 contain a token. Di erently from
the classical case, for the presence of contexts some plabas$ a transition needs
to be red (contexts) can be concurrent with the places it prduces. However, the
concurrency of a set of places can still be checked locally moking only at the
causes of such places and thus can be expressed via a \syntatt condition. This
subsection introduces such condition and then shows thatebrrectly formalizes the
intuitive idea of concurrency.

Definition 3.33 (concurrency relation)
Let N be an occurrence c-net. A set of placdd S is called concurrent, written
cong(M), if

1. 8s;°2 M: : (s<s9;
S
2. bMcis nite, where bMc= fbscjs2 Mg;
3. %y ¢ is acyclic (and thus well-founded, sincbM c is nite).

In particular, for each transition t in an occurrence c-net, the set of places consisting
of its pre-set and context is concurrent.

Proposition 3.34
For any transition t of an occurrence c-net, cont t + t).

Proof.  Sinceb t+ tc[f tg= btc, by de nition of occurrence c-net, conditions (2) and (3) of the
de nition of concurrency are satis ed. As for the rst condi tion, suppose thats < s%fors;s°2 t+t.
Then there is a transition t such that s 2 t%and t®< s® Now, sincet®<s®ands®2 t+ t we
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havet®<t and, sinces2 t+tands2 t% we have alsat % t° Thereforet®<t % t%is a %-cycle
in btc, contradicting the de nition of occurrence c-net. Thus, also condition (1) is satis ed. 2

The next two lemmata show that given a concurrent set of plase we can inter-
pret it as the result of a computation and perform a backward roforward step in
such a computation, still obtaining a concurrent set.

Lemma 3.35 (backward steps preserve concurrency)
Let N be an occurrence c-net and leiv S be a set of places. If cor(®1) and
t 2 bM c is maximal with respect to(% ) then

1.952S:s2t \ M;

2. condM t + t).
Proof.

1. Sincet 2bMc, there iss; 2 M andt®2 T such thatt t%ands; 2 t°. But recalling that
% implies <, by using maximality of t, we can conclude thatt = t°.

2. LetM%=M t + t.Clearly bM% = bMc f tgand thus bM % is nite and %y o is
acyclic.

Moreover, we have to show that there are no causal dependentistinct) places in M % Since
conc(M t ), by hypothesis, and conc( t), by Proposition B34, the only problematic case
couldbes2M t ands®2 t.But

if s <s%then, by transitivity of <, we haves < sy;

if s°< s then there is a transition t° such that s°2 t°andt® s. Sinces®2 t\ t°
we have thatt % t°% t is a %-cycle in bM c.

In both cases we reach a contradiction with the hypothesisonc(M ). 2

Lemma 3.36 (forward steps preserve concurrency)
Let N be an occurrence c-net and leM S be a set of places. If cor(®) and
M [ti M °then condM 9.

Proof.  The transition t is enabled byM, i.e., t+t M and thus: (t % t9 for all t°2 bMc.
In fact, let t°2 bM ¢, that is t°< s°for somes®2 M. Clearly it can not be t  t° otherwise, if
s2 tO (t[t) M thens<s? contradicting the hypothesis conc(M ). In the same way, ift <t °©
then given anys2 t( M), we would haves < s°.

Therefore, sincebM % b M c[f tg (the strict inclusion holds whent = ;) and, by hypothesis,
%m ¢ IS acyclic, we can conclude that%y, o is acyclic. Moreover, beingbM ¢ nite, also bM % is
nite.

Finally, we have to show that there are no (distinct) causal dependent places inM % Since
conc(M t) and conc(t ) the only problematic case could bes2 M tands2 t . But

if s<s%then s <s%for somes®2 t[ t;

if s%<'s then, for s°°2 t, by transitivity of <, s%<s.
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In both cases we reach a contradiction with the hypothesisonc(M ). 2
It is now quite easy to conclude that, as mentioned before, ¢hconcurrent sets
of places of a c-net indeed coincide with the (subsets of) oiable markings.

Proposition 3.37 (concurrency and reachability)
Let N be an occurrence c-net and le"l S be a set of places. Then

conc(M) i M MPfor some reachable marking/ .
Proof.
() ) By de nition of the concurrency relation, bM c is nite. Moreover %y, . is acyclic and
therefore there is an enumerationt® ; :::;t(K) of the transitions in bM ¢ compatible with (%, ¢)* -

Let us show by induction on k = jbM cj that

m=MO[OIMO @M@ ::: tOiME© M.

(k = 0) In this case simplym M andthusm=M®©® M.

(k > 0) By construction, t(K) is maximal in bM ¢ with respect to (% ¢)* . Thus, by Lemmal[335,
if we dene M= M t) + t() we haveconc(M % and bM °¢ = ft@;::::t(k Dg. Therefore,
by inductive hypothesis, there is a ring sequence

mi@imM® ok D& D00 (3.3)

Now, by construction, t® M9 Moreover alsot® M In fact, if s 2 t() then s 2 m
ors 2t for someh < k. Thus a token in s is generated in the ring sequence [3B), and no
transition t() can consume this token, otherwise(¥) % t(), contradicting the maximality of t().
Finally, by de nition of occurrence c-net, t)\ t() = being % irre exive. Therefore t(K) is
enabled inM ©so that we can extend the ring sequence[[3B) to

MEDTiM® [tk Dim & D[ m K,
whereM (K) = M (k 1) 1) + £ MO ()4 () =M,
(( ) Let us suppose that there exists a ring sequence
MEDTIMO @iM@ :: gfOiM® M

and let us prove that conc(M (X)) (and thus conc(M )).
If (k =0),then M m and clearly conc(m). If k > 0 then an inductive reasoning that uses
Lemmal[333® allows one to conclude. 2

As an immediate corollary we obtain that each transition of a occurrence c-net
is rable in some computation of the net.

Corollary 3.38
For any transition t of an occurrence c-netN there is a reachable marking/ of N
which enableg.

Proof. By Proposition B34, conc( t + t) and thus, by Proposition B34, we can nd a reachable
marking M of N, such that M t+ t, enabling t. 2
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3.4.3 Morphisms on occurrence c-nets

This subsection shows some properties of c-net morphismsveen occurrence c-nets
that will be useful in the sequel. We start with a characteriation of such morphisms.

Lemma 3.39 (occurrence c-nets morphisms)
Let No and N; be occurrence c-nets and lgt = hhy;hsi : Ng! Nj; be a morphism.
Then hg is a relation and

8512 my: 9lsg 2 mg: hs(sg; S1);
for eachtg 2 Ty, if hr(tg) = t; then

{ 8512 t3:91592 to: hs(So;S1);
{ 8s12 t1: 95 2 to: hs(So; S1);
{ 8s121t; :9ls52 tg: hs(So;Sl);

Moreover given anysg 2 Sp, S1 2 Sy, t; 2 Ty
s12mg N hs(So;s1) ) So 2 Mg;
S12t; N hs(Se;s1) ) 9 Mo2Toi(So2to ™ hr(to) = ta).

Proof.  The result is easily proved by using the structural properties of occurrence c-nets. We
treat just the rst point. Let s; 2 mj. Since it must be h s(mg) = m,, there existssy 2 mg such
that hs(sp;s1). Such s must be unique, since otherwise the initial marking of N; should be a
proper multiset, rather than a set, contradicting the de ni tion of occurrence c-net. 2

As an easy consequence of the results in the previous subsggtc-net morphisms
preserve the concurrency relation.

Corollary 3.40 (morphisms preserve concurrency)
Let Ng and N; be occurrence c-nets and leh : Ng ! N; be a morphism. Given
Mo Sp, if conc(Mg) then h s(My) is a set and con¢h s(My)).

Proof. Let Mg So, with conc(Mg). Then, by Proposition B34, there exists a ring sequence
in Ng:

Mo tDiM® :: tMiM @™ M.
By Proposition B2Z4, morphisms preserve the token game andhus
mi = h s(mo)[hr (tV)i h s(M@D)::: [hr (tM)i hs(M™M)  h s(Mo).
is a ring sequence inNi. Hence h s(My) is a set and, by Proposition[Z3T,conc( h s(My)). 2

Notice that the corollary implicitly states that morphisms are \injective" on
concurrent sets, in the sense that itond(M) and s 6 s’ are in M, then h s(s),
h s(s) are sets andh s(s)\ h s(s®) = ; (otherwise (M) would be a proper
multiset).



72 Chapter 3. Semantics of Contextual Nets

The next lemmata show that, more generally, morphisms prese the \amount
of concurrency”. Let the symbol denote the immediate causal dependency between
transitions, namelyt t%if t <t 9and there does not exist$®°such thatt <t ®<t?
First we prove that c-net morphisms re ect -chains. Then, by means of some other
technical results, we can conclude that c-net morphisms rect causality and con ict,
while asymmetric conict is re ected or becomes con ict.

Lemma 3.41 (morphisms reflect -chains)

Let No and N; be occurrence c-nets, leh : Ng ! N; be a morphism and Iet(lo)
t itV be a chain of transitions inT; such thatt{” = hr(t{"). Then
there exists a chaintgo) tél) D tg‘) in Ty such thatt(li) = hT(tg)) for all
i1 2f0;:::;ng

Proof. =~ We proceed by induction onn:

(n = 0) Obvious.

(n > 0) Let t(lo) t(ll) e t(ln) = hr (t(()”)). By inductive hypothesis (applied to the nal part

of the chain) there is a chaint$”  ::: t{" such that t{" = hy (t{?) for i 2 1;:::;ng.
Moreover, sincet(lo) t(ll) = hy (tf)l) ), two cases arise:

@ VP06
Let 51 2 t(10) \ t(ll). Sincet(ll) = hr (t(()l)) there is sp 2 Q such that fs(Sp; s1). Moreover,

by Lemmal339, froms; 2t we have that that 91t 2 Ty such that hy (1) = t© and
So 2 tg)) . Thereforetgo) tgl) is the transition that completes the chain.

tO 1\ tPe ;.
Analogous to the previous case.

Lemma 3.42
Let Ng and N, be occurrence c-nets and ldt : Ng! N; be a morphism. Then, for
all to;t$ 2 To, with ht(to) 8 ? & hr (D),

1. (hr(to) = hr(t3)) "~ (to 6 1) )  to#otg;
2. hr(to) 1hr(td) ) 9 %2 To: (t° ot ~ hr(t3) = hr(to));

3. (@) hr(to) 1hr(td) ) (to otd) _ (to#otd);
(b) hr(to) <1 hr(td) )  (to<otg) _ (to# otd);

Proof.

1. Let hr(to) = hr(t9) and to 6 t3. Consider a chain of transitionst?  ::: t{ = hr(to)
such that t(10) m; and t(l') \ t(l'+l) 6 ; foralli 2f0;:::;k 1g (the existence of
such a nite chain is an immediate consequence of the de nitbn of occurrence c-net). By

Lemmal3Zl, we can nd in To two -chains of transitions,
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tgo) M t(()k) and tgo) N tgk),

Let j be the least index such thattg) 6 tg”. If j =0 (and thus t(lj) m;) consider a
generics; 2 t(lo). By de nition of morphism, there are sy 2 tf)o) and s§ 2 tgo) such that
hs(sp; s1) and hs(sg;sl). By Lemma B39, sinces; 2 m;, also sy and 38 are in the initial
marking and thus sp = s§. Hencetg)) %o tgo) %ot thus tgo)# tho) and therefore, by
de nition of #, to#ot3. If j > 0, then considerings; 2 t(lj Doy t(lj), the same reasoning
applies.

2. Existence easily follows from Lemmd=341. As for uniquerss, lett3® o t3 and hy (t3% =
ht (to). If t39% tthen, by point (1) t3% ot3and thereforetd# ot, contradicting the de ni-
tion of occurrence c-net.

3. (a) Let ht(to) 1 ht(t8). Then there is a places; 2 (hr(to) [ hr(to))\ hr(t3). Thus
there aresg 2 (to[ to) such that hs(so;s1) and s3 2 t§ such that hg(s8; s1). If s; is
in the initial marking then so = s$ and thusty ; tJ. Otherwise so and s are in the

post-sets of two transitionstg’) and tgo) , which are mapped to the same transition in

N (the transition which has s; in its post-set). By point (1), tgo) and tgo) are identical
or in conict: in the rst case sgp = 38 and thustg ¢ t8, while in the second case
to# 0'[8.

(b) Let hr(to) <1 hr(t3). By Lemma BZ1, there existst)’2 Ty such that tJ°<, t3 and
ht (t3) = h (to). It follows from point (1) that either t3°= to and thus to <o t$, or
t9% oto and thus to# ot9. 2

Corollary 3.43
Let No and N; be occurrence c-nets and let : Ng! N; be a morphism. Then, for
all to;t3 2 To with hy(to) 8 ? 6 hr(tD),

1. bhr(to)c  hy(btec);

2. (hr(to)= hr(t]) ~ (161 )  toots;

3. hT (to) %, hT (tg) ) (t() %0 tg) _ (to# Otg),

4. #ht(A) )  #A° for someA® A.
It is worth observing that, since the asymmetric conict rehtion de ned for an
occurrence c-net does not satisfy the saturation conditiorequired for aes's (see

De nition 8:3) asymmetric con ict is not necessarily re eded by a c-net morphism,
but it can also become conict.
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3.5 Unfolding: from semi-weighted to occurrence
contextual nets

This section shows how, given a semi-weighted c-nidt, an unfolding construction
allows us to obtain an occurrence c-ndtl,(N) that describes the behaviour olN.
As for traditional nets, each transition inU,(N) represents an instance of a precise
ring of a transition in N, and places inU,(N) represent occurrences of tokens
in the places ofN. Each item (place or transition) of the unfolding is mapped d
the corresponding item of the original net by a c-net morphis fy : Ua(N) ! N,
called the folding morphism. The unfolding operation can bextended to a functor
U, :SW-CN ! O-CN thatis right adjoint to the inclusion functor | o : O-CN !
SW-CN and thus establishes a core ection betwee8W-CN and O-CN .

We rst introduce some technical notions. We say that a c-neNg is a subnetof
N, written Ng N, if Sg  S;, To Ty and the inclusionhit;isi (with i (t) = t,
forallt 2 Ty, andig(s;s) =1, forall s2 Sp) is a c-net morphism. In wordsNo N
if No coincides with an initial segment ofN;. In the following it will be useful to
consider the subnets of an occurrence c-net obtained by treating the original net
at a given \causal depth”, where the notion of depth is de nedn the natural way.

Definition 3.44 (depth)
Let N be an occurrence c-net. The function depthS[ T ! N is de ned inductively
as follows:

depth(s) =0 for s2 m;
depth(t) = maxfdepth(s) js2 t[ tg+1 fort2 T,
depth(s) = depth(t) fors2t.

It is not di cult to prove that depthis a well-de ned total function, since in nite
descending chains of causality are disallowed in occurrenc-nets. Moreover, given
an occurrence c-nefN, the net containing only the items ofdepth less or equal to
k, denoted byN X is a well-de ned occurrence c-net and it is a subnet ™. The
following simple result holds:

Proposition 3.45 (truncation)
An occurrence c-netN is the (componentwise) union of its subnets !, of depthk.

The unfolding of a semi-weighted c-netN can be constructed inductively by
starting from the initial marking of N, and then by adding, at each step, an instance
of each transition ofN enabled by (the image of) a concurrent subset of places in
the partial unfolding currently generated. For technical easons we prefer to give an
axiomatic de nition.
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Definition 3.46 (unfolding)

Let N be a semi-weighted c-net. The unfoldiid,(N) = hS® T%F%C% m4 of the net
N and thefolding morphismfy = H1;fsi : Ua(N)! N are the unique occurrence
c-net and c-net morphism satisfying the following equatisn

m°= fh;;sij s2 mg

S%= mO[fh t%sij t°= M,;;M;ti2 TOA s2t g

TO= fhMpMctij MpiMe SO~ Mp\ Mc=; A concM,[ M) A
t2T ~ fs(Mp)= t~ [t] fs(Me) tg

Fore(t% 59 i t0= M Mqiti & P2 M, (12 T)
Cqt%s9 i t°= M, Mg ti & s°2 M, (t2T)
Foost(t5s) i o= Hlsi (s2'S)

fr(t9=t i t%= hM; Mg ti

fs(s%s) i %= h;si (x 2 TO[f,g )

The existence of the unfolding can be proved by explicitly gng its inductive de -
nition. Uniqueness follows from the fact that each item in a@urrence c-net has a
nite depth.

Places and transitions in the unfolding of a c-net represemespectively tokens
and ring of transitions in the original net. Each place in the unfolding is a pair
recording the \history" of the token and the corresponding face in the original net.
Each transition is a triple recording the pre-set and contebused in the ring, and the
corresponding transition in the original net. A new place wih empty history h;; si
is generated for each placs in the initial marking of N. Moreover a new transition
t0= hMp; M; ti is inserted in the unfolding whenever we can nd a concurrerget
of places that corresponds, in the original net, to a markinghat enablest (M, is
mapped to the pre-set andVi. to the context of t). For each places in the post-set
of sucht, a new placet® si is generated, belonging to the post-set of. The folding
morphismf maps each place (transition) of the unfolding to the corregmding place
(transition) in the original net. Figure B3 shows a c-nelN and the initial part of its
unfolding (formally, it is the subnet of the unfolding of deph 3, namely U,(N)®).
The folding morphism is represented by labelling the itemsfdhe unfolding with
the names of the corresponding items o .

Occurrence c-nets are particular semi-weighted c-nets,uf we can consider the
inclusion functor | o : O-CN ! SW-CN that acts as identity on objects and
morphisms. We show now that the unfolding of a c-net,(N) and the folding
morphism f are cofree oveN. Therefore U, extends to a functor that is right
adjoint to |1 o and thus establishes a core ection betweeSW-CN and O-CN .
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Ua(N)®!

Figure 3.5: A c-net and (part of ) its unfolding.
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Theorem 3.47 (coreflection between SW-CN and O-CN)
I O a Ua

Proof. Let N be a semi-weighted c-net, letUs(N) = hS%T%F%C%mY be its unfolding and
let fy : Ua(N) ! N be the folding morphism as in De nition BE480 We have to show that for
any occurrence c-netN; and for any morphism g : N1 ! N there exists a unique morphism
h:Ni! Ua(N) such that the following diagram commutes:

fn

Ua(N) —N

A
h g

N1
Existence
We de ne a sequence of morphism&lk! : N1 1 U, (N) such that, for any k,
Ko Rk and  fy o b= gy,

S
then the morphism h we are looking for will beh = hikl, We give an inductive de nition:

(k = 0) The c-net N[ consists only of the initial marking of N1 with no transitions, i.e., N1/ =
tmy;;;;;;; mai. Therefore h has to be de ned:

he@ =,
hs(sy;h;isi)  gs(siis)  forall 5,28/ =m;ands2s.

(k! k+ 1) The morphism hik*1l extends h!l on items with depth equal to k + 1 as follows. Let
t; 2 T with depth(t;) = k + 1. By de nition of depth, depth(s) k forall s2 ti[ t; and
thus hi! is de ned on the pre-set and on the context oft;. We must de ne ht ont; and hs on its
post-set. Two cases arise:

If gr(t1) = ? then necessarily
hr () = 2

hs* (s;;89) =0 forall s;2t; ands2 SO

If gr(t1) = t then consider the sets
Mp = hsM( 1) Mc= hsM(t).

SinceN; is an occurrence c-net, t;\ t; = ; and, by Proposition[Z332,conc( t1 [ t1). Hence,
by Corollary BZ0,

Mp\ M¢=; and conc(Mp [ My).
Moreover, by construction, fy  hl¥l = g ), and therefore

f s(Mp)
fs(hs®( t))
0s( t1)

t

[by def. of morphism]
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and in the same way f] f s(M¢) t. Thus, by de nition of unfolding, there exists a
transition t9= HMp; Mc;ti in TC

It is clear that, to obtain a well de ned morphism that makes t he diagram commute, we
have to de ne

hr B8 (1) = °
and, sincegs(t; )=t ,foralls;2t; ands2t
hs™ ™ (sy; H%si) = gs(s1;s).

A routine checking allows to prove that, for eachk, hX! is a well-de ned morphism and
fN h[k] = OiN,kD-
N 1

Uniqueness
The morphism h is clearly unique since at each step we were forced to de ne &s we did to ensure
commutativity. Formally, let h®: N; ! Ua(N) be a morphism such that the diagram commutes,
i.e., fy  h®= g. Then, we show, that for all k

thNl[k] = thl[k].

We proceed by induction onk:
(k = 0) The c-net N1 consists only of the initial marking of N1 and thus we have:

h-?[O] =; = hel9,
hQ (sy;h;;si) = gs(s1;5) = hs¥(sy;h;;si), forall ;2 S =m; ands2 S.
(k! k+ 1) Forall t; 2 TI* with depth(t;) = k + 1 we distinguish two cases:
If gr(t1) = ? then necessarily
hot ;)= 2  and hs ity )=,

thus h®* coincides with h*1 | on t; and its post-set.

If gr(ty) =t then
hQfH (1) = 9= M p;Mc;ti 2 T

with M, = = hQ( t;) and M = t°= h 2(t1)H By inductive hypothesis, since
depth(s;) k forall s; 2 t1[ ty, we have that h s( t1) = Mp and h s(ty) = Me.
Therefore, by de nition of h, ht(t1) = lMp; M;ti = h (ty).

Moreover, for all s; 2 t; and for all s 2 t , again by reasoning on commutativity of the
diagram, h(s1; % si) = gs(s1;s) = hs(si; % si).
2

SNotice that here equality holds since we are working with ocarrence c-nets and thus contexts
can only have multiplicity 1.
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3.6 Occurrence contextual nets and asymmetric
event structures

This section shows that the semantics of semi-weighted ctagjiven in terms of oc-
currence c-nets can be abstracted to an event structure and & domain semantics.
First the existence of a core ection betweerAES and O-CN is proved, substanti-
ating the claim according to whichaes's represent a suitable model for giving event
based semantics to c-nets. Then the core ection betwe&ES and Dom, de ned
in Section[31, can be exploited to complete the chain of cagetions from SW-CN
to Dom .

Given an occurrence c-net we can obtain a paes by simply forgetting the
places, but remembering the dependency relations that thegduce between transi-
tions, namely causality and asymmetric con ict. The corrgsonding (saturated) aes
has the same causal relation y, while asymmetric con ict is given by the union
of asymmetric conict %y and of the induced binary conict #, . Furthermore a
morphism between occurrence c-nets naturally restricts @ morphism between the
correspondingaes's.

Definition 3.48 (from occurrence c-nets to aes's)
Let E; : O-CN ! AES be the functor de ned as:

for each occurrence c-nelN, if # 5 denotes the induced binary conict inN:
Ea(N) = hT; n; %N [ #n1;
for each morphismh : Ng ! Nj:
Ea(h:No! Nj)= hr.

Notice that the induced conict relation # 2 in the aes E;(N) (see De nition 3.2)
coincides with the induced con ict relation in the netN (see De nition[3:32). There-
fore in the following we will confuse the two relations and siply write # to denote
both of them.

Proposition 3.49 (well-definedness)
E, is a well-de ned functor.

Proof.  Given any occurrence c-netN, De nition I3T]and the considerations on the saturation
of pre-aes's following De nition 333] immediately imply that E,;(N) is an aes. Furthermore, if
h : No ! Njis a c-net morphism, then, by Corollary 43, E;(h) = ht is an aes-morphism.
Finally E, obviously preserves arrow composition and identities. 2

An aes can be identi ed with a canonical occurrence c-net, via a feeconstruction
that mimics Winskel's: for each set of events related in a dain way by causality and
asymmetric con ict we generate a unique place that inducesish kind of relations
on the events.
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Definition 3.50 (from aes's to occurrence c-nets)
Let G = hE; ;%i be anaes. Then N,(G) is the netN = hS;T;F;C; m de ned
as follows:

A:B E; 8a2 A: 8b2 B:a% b;

m= hABI gn2B: be ) bl ;
8 9
< A;B E; e2E; 82A[ B:e<x; =

S=m][ hfeg;A;Bij 8a2 A: 8b2 B: a % b; o
' 8b;2B: b6 ) i :

T=E;
F = I‘Fpre; Fposti, Wlth

I:pre: f(e;s)js: hx;A:Bi2 S; e2 Bg,
Fpost = f(€;9 j s = hfeg;A;Bi2 Sg;

C="f(e;9)s=mABi2 S; e2 Ag.

The transitions of N ;(G) are simply the events ofG, while places are triples of the
form hx; A;Bi, with x;A;B E, andjxj 1. A placehx;A;Bi is a precondition
for all the events inB and a context for all the events inA. Moreover, ifx = feg,
such a place is a postcondition foe, otherwise ifx = ; the place belongs to the
initial marking. Therefore each place gives rise to a conicbetween each pair of
(distinct) events in B and to an asymmetric con ict between each pair of events
a2 A and b 2 B. Figure [36 presents some examples of basies's with the
corresponding c-nets. The cases of aes with two events related, respectively, by
causality, asymmetric conict and (immediate symmetric) on ict are considered.
Pictorially, an asymmetric con ict e, % e, is represented by a dotted arrow frong,
to e,. Causality is represented, as usual, by plain arrows.

The next proposition relates the causality and asymmetrican ict relations of
an aes with the corresponding relations of the c-neN ,(G). In particular it is useful
in proving that N ,(G) is indeed an occurrence c-net.

Lemma 3.51
Let G = hE; ;%i be anaes and let N ,(G) be the netN = hS;T;F;C;mi. Then
for all ;@2 E:

l.e<ye i e<e?
2.e n€ i e% e

3.e%y € i e% €&
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€
Go l N a(Go)
€&
Gl € > €1 N a(Gl)
G, &  _e& N a(Gy)

Figure 3.6: Three simpleaes's and the corresponding occurrence c-nets produced
by the functor N ,.
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Proof.

1. Let  denote the immediate causality relation inN. If e y €°then there exists a place
hfeg; A;Bi2 S with €°2 A[ B and thus, by de nition of N4, e <e® Vice versa, ife < e
then hfeg;; ;fe%i2 S and thuse y €% Since<y is the transitive closure of  and < is
a transitive relation we conclude the thesis.

2. If e n €’then there exists a placetx; A;Bi2 Swith e2 A[ B ande”2 B and thus either
e % e or e# €2 But since G is an aes, the binary con ict is included in the asymmetric
con ict and thus, also in the second caseg % €°. Vice versa, ife % e’then h;;feg;feli2 S
and thuse  €°.

3. Immediate consequence of points (1) and (2).

As an immediate corollary we have:

Corollary 3.52
Let G= hE; ;%i be anaes. Then N,(G) = N = IS;T;F;C; mi is an occurrence
c-net.

Proof. By Lemmal3X1 the causality relation = and the asymmetric con ict %y =% inherit
the necessary properties from those o6. 2

Let G = hE; ;%I be anaes. For e 2 E, we de ne the set ofconsequences
dfege as follows (considering the singletoieg instead of e itself will simplify the
notation later).

dfege= fe2 E je < e%.

This function is extended also to the empty set, byd;e = E. We use the same
notation for occurrence c-nets, referring to the underlymaes.

The next technical lemma gives a property of morphisms betee occurrence
c-nets which will be useful in the proof of the core ection rault.

Lemma 3.53
Let No and N; be occurrence c-nets and leh : No ! N; be a morphism. For all
So2 Spands; 2 Sy, if hs(sg; s;1) then

1. hr( s0) = s
2.0 = hi(sy)\d sog

3. 50=hy'(s)\d see.
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Proof. Letsp2 Sy ands; 2 S; such that hs(sp; s1).

1. If sp = ;,ie,sp 2 mgthens; 2 my and thus s; = ; = hy( sp). Otherwise, let
So = ftogﬂ Therefore ht (tg) = t; is de ned (see the remark after De nition BE26) and
Ss;p2t; . Thus s3=ftig= hr( Sp).

2. Lettp2 sp ,i.e.,S02 tp.Sincehgs(sp;s1), we have that hy(tp) = tyisdenedands; 2 t;.
Thus to 2 hyY(s; )\d  soe.

For the converse inclusion, lettg 2 th(sl )\d spe Thens; 2 hy(tg) and thus there is
sd 2 tg such that hs(s3;s;). Now, reasoning as in Lemma—3.42.(1), we conclude thas]
and sp necessarily coincide, otherwise they would be in the postandition of con icting
transitions and thus, sincetg 2 d spe, we would havetg# tg.

3. Analogous to (2). 2

Recall that, by Lemma[3X%l, for anyaes G = hE; ;%i the causality and
asymmetric con ict relations in N ;(G) coincide with  and %. HenceE;(N 4(G)) =
hE: ;%Y9, where%®%=% [ # = %, where the last equality is justi ed by the fact
that in an aes # % . HenceE; N, is the identity on objects.

We next prove that N ; extends to a functor fromAES to O-CN , which is left
adjoint to E; (with unit the identity idg). More precisely they establish a core ection
from AES to O-CN .

Theorem 3.54 (coreflection between O-CN and AES)
N,akE
Proof. Let G=hE; ;%i be anaes and let N,(G) = hS;T;F;C; mi be as in De nition

We have to show that for any occurrence c-netNy and for any morphismg: G ! E;(No) there
exists a unique morphismh : N4(G) ! Ny, such that the following diagram commutes:

G~ E(Na(G) = G

Ea(h)
\

Ea(No)

g

The behaviour of h on transitions is determined immediately by g:
hT = 0.
Therefore we only have to show that a multirelationhs : S! Sp such that hht; hsi is a morphism
exists and is uniquely determined byhy.

Existence
Let us de ne hs in such a way it satis es the conditions of Lemma[35B, speciized to the net
Na(G), that is, for all s= hx;A;Bi2 Sandsy 2 Sp:

5There is a unique transition generatingsy, since Ng is an occurrence c-net.
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hs(s; so) i ((x=;" sp2mg) _ (x="Ftg " so2 hr(t)))
A B =h;(so )\dxe
A A= hit(so) \d xe

To prove that the pair h = hht;hsi is indeed a morphism, let us verify the conditions on the
preservation of the initial marking and of the pre-set, postset and context of transitions.

First observe that h s(m) = myg. In fact, if s= h;A;Bi2 m and hs(s;sg) then x = ; and
thus, by de nition of hs, Sp 2 mg. Vice versa, letsy 2 mg and let

A = h:Y(s0) and B =h;*(so)

Sinceto# tg for all to;t3 2 so and to % t for all to 2 so, tJ 2 s , by de nition of aes-morphism,
t#t0for all t;t°2 B andt % t°for all t 2 A and t°2 B. Hence there is a places = h;;A;Bi2 m
and hs(s; o).

Now, lett 2 T be any transition, such that hy (t) is de ned. Then

hs(t)=hr(t).

In fact, let s= hx;A;Bi 2 t,thatis t 2 B, and let hs(s;Sp). Then, by de nition of hsg,
ht(t) 2 sp , or equivalently sp 2 hr(t). For the converse inclusion, letsp 2 hy(t) and
let x = th( Sp) \b tc. SinceNg is an occurrence c-nef spj 1andthusjxj 1 (more
preciselyx = ; if sp 2 mg, otherwise, x contains the uniquet® t, such that ht (t9 = to,
with  sp = ftog). Consider

A=nh;'(so)\dxe and B =h;(so)\dxe

Sinceto# t for all to;t3 2 so and to % t§ for all to 2 sp, t3 2 S , as in the previous case,
we have thats = hx;A;Bi 2 S is a place such thaths(s;sp). Clearly t 2 dxe, thust 2 B
and therefores2 tandsp2 h s( t).

h's(t) = hr(t).
Analogous to the previous case.

hs(t)= hr(t) .
If s= h;A;Bi 2 t,thatis x = ftg, and hs(s;sp), then, by de nition of hg, we have
So 2 hy (t) . For the converse, letsy 2 hr (t) . As above, consider

A= h;Ysp)\df tge and B = h;(sp )\df tge

Then s = hftg;A;Bi2 t and, by de nition of hg, we havehs(s; S).

Finally, if hy(t) is not de ned, then the de nition of hg impliesthat h s( t)= hs(t)= hs(t)=
;. This concludes the proof that h is a morphism.

Uniqueness

The multirelation hs such that hht; hsi is a c-net morphism is unique essentially because it must
satisfy the conditions of Lemmal35B. More precisely, ih2 : S! Sp is another multirelation, such
that hhr;h2i is a morphism andhl(s; so) then necessarily by Lemma3BBhs (s; So). Conversely,

let hs(s;so), with s = hx;A;Bi. Then, if x = ;, by properties of net morphisms, sp 2 my.
Therefore there must bes®2 m such that h2(s%sp). But, by Lemma B&3 and de nition of hs,
s® = h;'(sp) = A and similarly s° = h;!(sp ) = B. Therefore s® = h;;A;Bi = s and thus

h2(s; so). An analogous reasoning allow us to conclude in the case= ftg. 2
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We know by the previous theorem thatN , extends to a functor fromAES to
O-CN . The behaviour ofN , on morphisms is suggested by the proof of the theorem.
Let h : Go ! Gy, be anaes-morphism and letN,(G;) = hS;;T;; Fi; Ci; m;i for
i 2 f0;1g. Then N 4(h) = hh; hsi, with hs de ned as follows:

for all placesh;; Aq; Bqi
hs(h;;h (A1);h *(Ba)i;h;; Ay; Bai)
for all 5 2 Ty such that ht(e) = e, and for all placeshfe,g; A1; B1i
hs(hfeog; h *(A1) \d eoerh *(B1) \ d egei; hfeig; Ag; Bai)
Finally, notice that the equivalence betweerPES and Dom (see Sectiori"Zl4)
can be used to \translate" the domain semantics of semi-wéitgd c-nets into a

prime event structure semantics. This completes the follang chain of core ections
betweenSW-CN and PES

I o 5 Na Pa L
SW-CN 2 O-CN _?» AES 2 _Dom PES
Ua Ea La P

Figure 31 shows (part of) theaes, the domain and thepes associated to the c-net
of Figure[Z%. Although (for the sake of readability) not expcitly drawn, in the pes
all the \copies" of t,, namely the eventst} are in conict.

We remark that the pes semantics is obtained from theaes semantics by intro-
ducing an event for each possible di erent history of events the aes. For instance,
the pes semantics of the netN, in Figure [38 is given byP, where€? represents the
ring of the transition t; by itself, with an empty history, and €2°the ring of the
transition t; after to. Obviously the aes semantics is ner than the pes semantics,
or in other words the translation from AES to PES causes a loss of information.
For example, the netsN3; and N2 in Figure 338 have the samees semantics, but
di erent aes semantics.

3.7 Processes of c-nets and their relation with the
unfolding

The notion of occurrence c-net introduced in Section—3.4 naally suggests a no-
tion of nondeterministic process for c-nets, which can be ded as an occur-
rence c-net with a morphism (mapping places into places andtal on transi-
tions) to the original net. Deterministic c-net processesam then be de ned as
particular nondeterministic processes such that the undiging occurrence c-net
satis es a further con ict-freeness requirement. Intergsgly, the resulting notion
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Figure 3.7: The (a)aes (b) domain and (c) pes for the c-net N of Figure[3%
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Figure 3.8:aes semantics is ner thanpes semantics.

of deterministic process turns out to coincide with those pposed by other au-
thors [Vog97h, R1s94| GM98| Win98, Bus98] (see Sectibnl2.8)is worth recalling
that the stress on the necessity of using an additional relain of \weak-causality"
to be able to fully express the causal structure of net compations in the presence
of read or inhibitor arcs can be found already ir [JK93, JK95However, we already
observed that a di erent notion of enabling allowing for thesimultaneous ring of
weakly dependent transitions is used irl_[JK95], making di cllt a complete direct
comparison. For the same reason, although \syntacticallythe processes of [Vog97b]
coincide with ours, they are intended to represent the sameing sequences, but dif-
ferent step sequences.

The papers [GM98] Win93] extend the theory of concatenableqresses of or-
dinary nets [DMM8C] to c-nets, by showing that the concateri@e processes of a
c-net N form the arrows of a symmetric monoidal categorZP [N ], where objects
are the elements of the free commutative monoid over the sdtmaces (multisets of
places). In particular, in [GM98] a purely algebraic charaerization of such category
is given.

Since the categoryCP [N] of concatenable processes of a nét provides a com-
putational model for N, describing its operational behaviour, we are naturally &l
to compare such semantics with the one based on the unfoldirithis section, relying
on the notion of concatenable c-net process and exploitinge chain of core ections
leading fromSW-CN to Dom , establishes a close relationship between process and
unfolding semantics for c-nets. More precisely, we genezal to c-nets (in the semi-
weighted case) a result proved in [MMS96] for ordinary netstating that the domain
L a(Ea(Ua(N))) associated to a semi-weighted netl coincides with the completion
of the preorder obtained as the comma category 6P [N ] under the initial marking.
Roughly speaking, the result says that the domain obtainedia the unfolding of a
c-net can be equivalently described as the collection of thieterministic processes
of the net, ordered by pre x.
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3.7.1 Contextual nets processes

A process of a c-neN can be naturally de ned as an occurrence c-né\. , together
with a morphism ' to the original net. In fact, since morphisms preserve the ken
game,’ maps computations ofN. into computations of N in such a way that the
process can be seen as a representative of a set of possibigatations of N. The
occurrence c-nefN. makes explicit the causal structure of such computationsrsie
each transition is red at most once and each place is lled amost with one token
during each computation. In this way (as it happens in the umfiding) transitions
and places olN. can be thought of, respectively, as instances of ring of trasitions
and tokens in places of the original net. Actually, to allowdr such an interpretation,
some further restrictions have to be imposed on the morphisim, namely it must
map places into places (rather than into multisets of placg¢snd it must be total on
transitions.

Besides \marked processes", representing computationstbé net starting from
the initial marking, we will introduce also \unmarked processes”, representing com-
putations starting from a generic marking. This is needed tde able to de ne a
meaningful notion of concatenation between processes.

Definition 3.55 ((nondeterministic) process)
A marked processof a c-netN = KhS;T;F;C;mi is a mapping" : N. ! N,
whereN. is an occurrence c-net and is a strong c-net morphism, namely a c-net
morphism such that 1 is total and' s maps places into places. The process is called
discreteif N- has no transitions.

An unmarked procesf N is de ned in the same way, where the mappirig is
an \unmarked morphism", namely' is not required to preserve the initial marking
(it satis es all conditions of De nition but (1)).

Equivalently, if we denote by CN the subcategory ofCN where the arrows are
strong c-netmorphisms, the processes i can be seen as objects of the comma
categoryhO-CN #Ni in CN . This gives also the (obvious) notion of isomorphism
between processes, which is an isomorphism between the uhdeg occurrence nets
\consistent” with the mappings to the original net. Analogais de nitions can be
given also for the unmarked processes of a rigtf]

A deterministic process represents a set of computations wh di er only for
the order in which independent transitions are red. In our stting a deterministic
process is thus de ned as a process such that, in the underlgi occurrence net, the
transitive closure of asymmetric conict is a nitary partial order, in such a way

"It is worth remarking that if we want each truly concurrent co mputation of the net N to be
represented by at most one con guration of the nondeterminstic process, an additional constraint
must be imposed on' , requiring that t; = t, t; = tp and’ (t1) = ' (t2) implies t; = t, as in
[VSY98]. However, the two notions of process collapse whenemestrict to deterministic processes
which are the focus of this section.
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that all transitions can be red in a single computation of the net. Deterministic
occurrence c-nets will be always denoted 9, possibly with subscripts.

Definition 3.56 (deterministic occurrence c-net)
An occurrence c-netO is calleddeterministic if the asymmetric con ict % is acyclic
and well-founded.

Equivalently, one could have asked the transitive closurd the asymmetric con ict
relation (%) to be a partial order, such that for each transitiont in O, the set
f1%) tY%,) tg is nite. Alternatively, it can be easily seen that a nite occurrence
c-net is deterministic if and only if the correspondingaes is con ict free.

We denote by min©) and max(O) the sets of minimal and maximal places oD
with respect to the partial order o.

Definition 3.57 (deterministic process)

A (marked or unmarked) process is calleddeterministic if the occurrence c-netO.
is deterministic. The process isnite if the set of transitions in O. is nite. In this
case, we denote bgin(* ) and max(' ) the setsmin(O- ) and max(O ), respectively.
Moreover we denote with' and' the multisets ' s(min(' )) and ' s(max(' )),
called respectively thesourceand thetarget of ' .

Clearly, in the case of a marked process of a c-netN, the marking ' coincides
with the initial marking of N.

3.7.2 Concatenable processes

As in [GM98, Win98] a notion of concatenable process for cextual nets, endowed
with an operation of sequential (and parallel) compositioncan be easily de ned,
generalizing the concatenable processes lof [DMM89]. Olmaty a meaningful op-
eration of sequential composition can be de ned only on thenmarked processes
of a c-net. In order to properly de ne the operation of concanation of processes,
we need to impose a suitable ordering over the places in min(and max(' ) for

each process . Such ordering allows one to distinguish among \interfacefilaces of
O which are mapped to the same place of the original net, a capktly which is

essential to make sequential composition consistent witlné causal dependencies.

Definition 3.58
Let A and B be sets and lef : A! B be a function. Anf -indexed orderingis a
family =1f ,jb2 Bgof bijections ,:f *(b)! [if *(b)j], where[i] denotes the

The f -indexed ordering will be often.identi ed with the function from A to N it
naturally induces (formally de ned as ,5 ).



90 Chapter 3. Semantics of Contextual Nets

Definition 3.59 (concatenable process)
A concatenable procesef a c-netN is a triple = h;"; i, where

' is a nite deterministic unmarked process oiN;
is ' -indexed ordering ofmin(’ );
is ' -indexed ordering ofmax(' ).

Two concatenable processes; = h ;' 1; 11 and , = h,;" 5 o of a c-netN

are isomorphicif there exists an isomorphism of processés: ' ;! ' ,, consistent
with the decorations, i.e., such that ,(fs(s;)) = 1(s;) for eachs; 2 min(* ;) and
2(fs(s1)) = 1(sy) for eachs; 2 max(' ;). An isomorphism class of processes is

called (abstract) concatenable procesand denoted by [], where is a member of
that class. In the following we will often omit the word \abstact" and write  to
denote the corresponding equivalence class.

The operation of sequential composition on concatenableqmesses is de ned in
the natural way. Given two concatenable processés,;' 1; 11 andh ;' 5; »i, such
that ' ; = ' , their concatenation is de ned as the process obtained by ghg the
maximal places of ; and the minimal places of , according to the ordering of such
places.

Definition 3.60 (sequential composition)

Let ;= h ;"1 10 and 5, = h ,;' 5, ,i be two concatenable processes of a c-net
N such that' ; = ' ,. SupposeT;\ T, = ; and S;\ S, = max(' 1) = min("' ),
with ' 1(s) = ' »(s) and (s) = ,(s) for eachs 2 S;\ S,. In words ; and ,
overlap only onmax(' ;) = min( ' ,), and on such places the labelling on the original
net and the ordering coincide. Then their concatenation,; , is the concatenable
process = h ;'; »i, where the process$ is the (componentwise) union of ; and

2

It is easy to see that concatenation induces a well-de ned epation of sequential
composition between abstract processes. In particular, [if;] and [ ,] are abstract
concatenable processes such that = » then we can always nd 9 2 [ ;]
such that ;; 9is de ned. Moreover the result of the composition at abstradevel,
namely [ 1; 3], does not depend on the particular choice of the represetites.

Definition 3.61 (category of concatenable processes)

Let N be a c-net. Thecategory of (abstract) concatenable processeEN, denoted by
CP[N], is de ned as follows. Objects are multisets of places Wf, namely elements
of S . Each (abstract) concatenable procegh;'; i] of N is an arrow from ' to

One could also de ne a tensor operation , modelling parallel composition of pro-
cesses, making the catego@P [N] a symmetric monoidal category (the symmetries
being the discrete processes). Since such operation is nelevant for our present
aim, we refer the interested reader td_ [GM98, Win98].
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3.7.3 Relating processes and unfolding

Let N = hS;T;F;C; mi be a c-net and consider the comma categohyn # CP [N ]i.
The objects of such category are concatenable processday atarting from the initial
marking. An arrow exists from a process; to , if the second one can be obtained
by concatenating the rst one with a third process . This can be interpreted as a
kind of pre x ordering.

Lemma 3.62
Let N = hS;T;F;C;m be a c-net. Then the comma categoym # CP[N]i is a
preorder.

Proof. Let ;:m! M; (i 2f1;2g) be two objects inhm #CP [N]i, and suppose there are two
arrows % 9: ;1 , By de nition of comma category 1; °= 1; %= ,, which, by de nition
of sequential composition, easily implies °= 0 2

In the sequel the preorder relation ovelm # CP[N]i (induced by sequential
composition) will be denoted by. 5 or simply by . , when the netN is clear from
the context. Therefore ;. 5 if there exists such that ; = .

We provide an alternative characterization of the preorderelation . y which will
be useful in the sequel. It essentially formalizes the intion given above, according
to which the preorder ontm # CP[N]i is a generalization of the pre x relation.
First, we need to introduce the notion of left-injection forprocesses.

Definition 3.63 (left injection)
Let :m! M; (i 2f1;2g) be two objects ifm # CP[N]i, with ; = h ;" ;; il. A
left injection : ;! 5 is a morphism of marked processes ' ;! ' 5, such that

1. is consistent with the indexing of minimal places, namely;(s) = 2( (S))
for all s2 min(" 1);

2. s \rigid" on transitions, namely for t9 in O, andty in O, if 13 % (t;)
thentd = (t?) for somet in O ,.

The name \injection" is justi ed by the fact that a morphism between marked
deterministic processes (being a morphism between the umigeng deterministic
occurrence c-nets) is injective on places and transitionas it can be shown easily
by using the properties of (occurrence) c-nets morphismsgued in Sectiori-34. The
word \left" is instead related to the requirement of consistncy with the decoration
of the minimal items. Finally, the rigidity of the morphism ensures that , does not
extend ; with transitions inhibited in ;.

Lemma 3.64
Let ;:m! M, (i 2f1;,29) be two objects inhm # CP [N]i, with ; = h ;" ; ji.
Then

1. 2 1 there exists a left injection : ;! .
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Proof. () )Let 1. o, namely , = 4; for some process = h;'; i. Without loss of
generality, we can assume that , is obtained as the componentwise union of ; and ' and this
immediately gives a morphism of marked processes (the inchion) :' ;! ', consistent with

the indexing of minimal places. To conclude it remains only b show that is rigid. Suppose that
t3 % (t;) for some transitions t; in O, and t in O ,, and thus, by De nition either
t9  (ty) or t9 < (t1). To conclude that is rigid we must show that in both casestd is in O ,.

If t9 (t1), since the process , is deterministic, t3 and (t;) cannot be in conict and
thus it must be t9\  (t1) 6 ;. Sincetd uses as context a place which is not maximal in
O ,, necessarilytd is in O |, otherwise it could not be added by concatenating to ' ;.

If t9 < (t1) then we can nd atransition t§in O, suchthattd <t$andt \ ( (t1)[ (t1)).
As above, td must be in O, since it uses as postcondition a place irO- ,. An inductive
reasoning based on this argument shows that alst) is in O , .

(()Let = 1! 2 be a left injection. We can suppose without loss of generaljt that
O, is a subnet of O ,, in such a way that is the inclusion and ; = ;. Let O be the net
(O, O ,)[ max(O ,), where di erence and union are de ned componentwise. Moreprecisely
O = IS;T;F;Ci, with:

S=(Sz S1)[ max(' 1)
T= Tg T]_
the relations F and C are the restrictions of F, and C, to T.

It is easy to see thatO: is a well-de ned occurrence c-net and minQ: ) = max( O ,). In particular,
the fact that F is well-de ned namely thatif t 2 T then t;t S immediately derives from the fact
that the inclusion is a morphism of deterministic occurrence c-nets. Insteadtte well-de nedness
of C is related to the fact that the injection is rigid. In fact, let s2 t for t 2 T and suppose that
s 62S. Therefores 2 t;, for somet; 2 T; and thus t % t;, which, by rigidity, implies t 2 Ty,
contradicting t 2 T.

Therefore if we denote by the concatenable proces$ 1;'; 2i, then 1; = », and thus
1 . 2. 2

We can show now that the ideal completion of the preordelm # CP[N]i
is isomorphic to the domain obtained from the unfolding of tB net N, namely
L a(Ea(Ua(N))). Besides exploiting the characterization of the preorer relation on
hm # CP[N]i given above, the result strongly relies on the descriptionf ¢he un-
folding construction as chain of adjunctions.

First, it is worth recalling some de nitions and results on he ideal completion
of (pre)orders.

Definition 3.65 (ideal)

Let P be a prgorder. Anideal of P is a subsetS P, directed and downward closed
(namely S = f# x j x 2 Sg). The set of ideals ofP, ordered by subset inclusion is
denoted byidI(P).

Given a preorderP, the partial order IdI(P) is an algebraiccpo, with compact
elementsK(ldI(P)) = f# pj p2 Pg. Moreoverldi(P) * Idil(P= ), whereP= s the
partial order induced by the preorderP . Finally, recall that if D is an algebraiccpo,
then IdI(K(D)) " D.
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Lemma 3.66

Let P, and P, be preorders and lef : P, ! P, be a surjective function such that
ppv pdi f(p) v f(p?). Then the functionf : Idi(P;) ! IdI(P,), de ned by
f (1)=1ff(x)jx21g, for | 2 1dI(P,), is an isomorphism of partial orders.

Proof.  The function f is surjective since for every ideal , 2 1dI(P;) it can be easily proved that
f (ly)isanidealandf (f 1(I,)) = I, by surjectivity of f . Moreover, notice thatif ;12 2 1dI(Py)
are two ideals thenl; Iifandonlyif f (I1) f (19). The right implication is obvious. For the
left one, assumef (11) f (19). Then observe thatif x 2 1, thenf(x) 2 f (1) f (19). Hence
there existsx®2 19 such that f (x% = f (x). Thus by hypothesis onf we havex v x°and therefore,
by de nition of ideal, x 2 1¥.

Then we can conclude thatf is also injective, thus it is a bijection, and clearly f as well as
its inverse are monotone functions. 2

Notice that in particular, if P is a preorder,D is an algebraiccpo andf : P!
K(D) is a surjection such thatpv p°i f(p) v f(p9, then IdI(P)"' IdI(K(D))"' D.

We can now prove the main result of this section, which estabhes a tight
relationship between the unfolding and the process semasti of semi-weighted c-
nets. We show that the ideal completion of the preordelm # CP[N]i and the
domain associated to the nelN through the unfolding construction are isomorphic.
To understand which is the meaning of taking the ideal compien of the preorder
hm # CP[N]i, rst notice that the elements of the partial order induced ly the
preorder m # CP[N]i are classes of concatenable processes with respect to an
equivalence | dened by ; | , if there exist a discrete concatenable process

such that ;; = 5. In other words, ; | » can be read as \1 and » left
isomorphic”, where \left" means that the isomorphism is regired to be consistent
only with respect to the ordering of the minimal places. Sircthe netN is semi-
weighted, the equivalence | turns out to coincide with the isomorphism of marked
processes. In fact, being the initial marking oN a set, only one possible ordering
function exists for the minimal places of a marked processirfally, since processes
are nite, taking the ideal completion of the partial order induced by the preorder
hm # CP [N ]i (which produces the same result as taking directly the ideabmpletion
of m# CP[N]i) is necessary to move from nite computations to arbitrary oes.

Theorem 3.67 (unfolding vs. concatenable processes)
Let N be a semi-weighted c-net. Then the ideal completion bh # CP[N]i is
isomorphic to the domainL ,(Es(Ua(N))).

Proof. LetN = hS;T;F;C;mi be a c-net. It is worth recalling that the compact elements ofthe

domain L 4(Es(Ua(N))), associated to N, are exactly the nite con gurations of E;(Ua(N)), as

shown in Theorem[3I®. By Lemmd 386, to prove the thesis it sges to show that it is possible

to dene a function :m #CP[N]i! K(L a(Ea(Ua(N)))) such that f is surjective, and for all
1, 2 in hm #CP[N]I,

1. 2 [ (v (2.

The function can be de ned as follows. Let = h;'; i be a concatenable process in
hm # CP[N]i. Being' a marked process ofN (and thus a c-net morphism' : O ! N), by
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the universal property of core ections, there exists a unique arrow' °: O. | UL(N), making the
diagram below commute.

Ua(N) o N

vl

O

In other words, the core ection between SW-CN and O-CN gives a one-to-one correspondence
between the (marked) processes dfl and of those of its unfolding U,(N).

Thenwe dene ()= "'3(T ), whereT is the set of transitions of O- . To see that is a well
de ned function, just observe that it could have been written, more precisely, asE;(Ua(" ))(T: )
and T- is a con guration of E;(U4(O )) = E4(O ) since O is a deterministic occurrence c-net.

is surjective
Let C 2 K(L a(Ea(Ua(N)))) be a nite con guration. Then C determines a deterministic
process' 2 : O o ! Ua(N) of the unfolding of N, having C as set of transitions Thus
' = fy ' 2 is a deterministic process ofN, and, by the de nition of , we immediately
getthat (")="'¢(To)=C.

is monotone
Let ; and , be processes irm #CP[N]i and let ;. . Then, by Lemmal3&4 there
exists a left-injection : ;! . The picture below illustrates the situation, by depicting

also the processes ¢ and ' 9 of the unfolding of N, induced by ' ; and ' ,, respectively.

We have that ( 1)="%(T ,)="9((T,) '%T,)= ( 2). Therefore, to conclude that
(1) v ( 2) we must show that also the second condition of De nition[3713 is satis ed.
Lett, 2 (2)andt; 2 ( 1), with tp % t;. By denition of , t; = ' ;(t9) with t°in O |,
fori 2 f 1;2g and thus:

'3t % T R(1) = " 9 (17))

By properties of occurrence net morphisms (CorollaryC3ZI3 ad the fact that O, is
deterministic), this implies t$ % (t?) and thus, being a left injection, by rigidity tJ = (t)
for somet in O ,. Thereforet, = ' 9(t9) = ' 9( (1)) = ' 9(t) belongs to ( 1), as desired.

8Essentially O o is the obvious subnet ofUa(N) having C as set of transitions and’ 2 isan
inclusion.



3.7. Processes of c-nets and their relation with the unfoldi ng 95

(1)v (2)implies ;1. 2.

Let (1) v ( 2). The inclusion ( 1) ( 2), immediately induces a mapping of the
transitions of O | into the transitions of O ,, de ned by (t1) = ty if ' 9(t1) = ' I(t2) (see
the picture above). This function is well-de ned since processes are deterministic and thus
morphisms' ? are injective. Since the initial marking of N is a set, the mapping of min( ;)
into min("' ») is uniquely determined and thus uniquely extends to places becoming a
(marked) process morphism between ; and' . Again for the fact that N is semi-weighted
(and thus there exists a unique indexing for the minimal plaes of each process starting
from the initial marking) such morphism is consistent with t he indexing of minimal places.
Finally, is rigid. In fact, let t; % (t1), for t1 in O-, and t, in O ,. By de nition of c-net
morphism (De nition 328), recalling that ' , is total both on places and transitions, we
deduce' 9(t2) % ' 9( (t1)). The way is de ned implies that ' 9( (t1)) = ' 9(t1), and thus

' 3(t2) % R(ta).

Since' %(t;) 2 ( ;) for i 2 f 1;2g, by de nition of the order on con gurations, we immedi-
ately have that ' 3(t2) 2 ( 1), thus there is t? in O, such that ' 9(t9) = ' J(t2), and thus
() = to.

By lemmal[364, the existence of the left injection : ;! 5, implies 1. ».






Chapter 4

Semantics of Inhibitor Nets

The work developed in the previous chapter for contextual teis extended here to
nets with contextual and inhibitor arcs, calledinhibitor nets, where transitions can
check both for the presence and the absence of tokens in thaqds of the net. To deal
with the non-monotonic features introduced by the presena# inhibitor arcs, we de-
ne inhibitor event structures (or ies for short), a new event structure model which
properly generalizesaes's. In such structures a relation, calleddisabling-enabling
relation, allows one to model, in a compact way, the presence of disaiive con ict-
ing causes and the situations of relative atomicity of pairef events, determined by
inhibitor arcs. The same relation permits to represent, asgsticular cases, also the
relations of causality and asymmetric con ict already presnt in asymmetric event
structures.

Following the general methodology outlined in thdntroduction , the truly
concurrent semantics for inhibitor nets is given via a chaiof functors leading from
the categorySW-IN of semi-weighted inhibitor nets to the categorypom of nitary
prime algebraic domains:

Il o P L

- -~ -~
SW-IN ? O-IN —IES _?_Dom PES
Uj & L P

The unfolding and its characterization as a universal congiction are \lifted" from
contextual to inhibitor nets. Roughly speaking, to constrat the unfolding of an
inhibitor net N we unfold the contextual net obtained fromN by forgetting the
inhibitor arcs and then we enrich the resulting occurrenceoatextual net by adding
again the original inhibitor arcs. In this way the unfoldingremains decidable, the
price to pay being the presence of non-executable events Iretresulting occurrence
inhibitor net. The unfolding can be naturally abstracted toan ies and then to a
prime algebraic domain. The main di erence with respect toantextual nets is the
absence of a functor performing the backward step froies's to occurrence inhibitor
nets. We argue that, under reasonable assumptions on the rats of occurrence net
and of unfolding, the problem has no solutions, being basibarelated to the the
complex kind of causality expressible imes's.
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Finally, the above semantics is shown to t nicely with some fathe deterministic
process semantics proposed in the literature for inhibitarets. We compare the two
approaches by characterizing the domain associated to thafolding of a net as the
partial order of processes starting from its initial markiig. To this aim a small gap
existing between the process semantics of ordinary and ibitor nets has to be lled
with the introduction of an appropriate notion of concatenableprocess for inhibitor
nets.

The rest of the chapter is organized as follows. Secti@n4.lotivates and de-
nes inhibitor event structures, by showing that they propely generalize asymmet-
ric event structures. Section 412 studies the relation bewenies's and domains,
which is formalized as a categorical core ection betwed&S and Dom . Section[43B
presents the category of inhibitor nets and focuses on thelstategory SW-IN of
(semi-weighted) inhibitor nets which we shall work with. Setion &4 introduces the
category of occurrence inhibitor nets and generalizes thafolding construction from
contextual to inhibitor nets. Section[£3b shows how the unfding can be abstracted
to an ies semantics. Finally Sectiori416 discusses the relation betn the unfolding
and the deterministic process semantics of inhibitor nets.

4.1 Inhibitor event structures

In the previous chapter, to model in a direct way the behaviaguof contextual nets,
we generalized prime event structures by replacing the synetnic con ict with an
asymmetric con ict relation. Such a feature is obviously sl necessary to be able
to model the dependencies arising between events in i-ngbsit, as observed in the
Introduction , the nonmonotonic features related to the presence of inliibr arcs
(negative conditions) makes the situation far more complated.

First if a place s is in the post-set of a transitiont®, in the inhibitor set of t and in
the pre-set oft, (see the netN, in Figure 1), then the execution ot® inhibits the
ring of t, which can be enabled again by the ring oty. Thust can re before or
after the \sequence"t® to, but not in between the two transitions. Roughly speaking
there is a sort of atomicity of the sequence t, with respect tot. The situation can
be more involved since many transitionso, ..., t, may have the places in their
pre-set (see the neN; in Figure &1). Therefore, aftert® has been red,t can be
re-enabled by any of the con icting transitionsty, ..., t,. This leads to a sort of
or-causality, but only whent res after t With a logical terminology we can say
that t causally depends on the implicationt®) to _t; _ :::  t,.

To face these additional complications we introducenhibitor event structures
(ies's), which enrich asymmetric event structures with a ternay relation, called DE-
relation (disabling-enabling relation) denoted by —( ; ; ). Such a relation is used

rst argument of the relation can be a singleton or also the epty set ;, ~(;;e;A)
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Figure 4.1: Two basic inhibitor nets.

meaning that the evente is inhibited in the initial state of the system. Equivalently

; can be thought of as a special event that must precede any othevent of the
system. Moreover the third argument (the set of eventd) can be empty—(fe%; e;;)
meaning that there are no events that can re-enabk after it has been disabled by
e. The DE-relation is su cient to represent both causality and asymmetric conict
and thus concretely it is the only relation of aies.

4.1.1 Inhibitor event structures and their dependency rela -
tions

Before giving the formal de nitions, let us x some notatioral conventions. Recall
that the powerset of a setX is denoted by2*, while 2% denotes the set of nite
subsets ofX and 2{ the set of subsets oK of cardinality at most one (singletons
and the empty set). In the sequel generic subsets of eventdlwie denoted by upper
case lettersA; B;:::, and singletons or empty subsets bg; b; :::

Definition 4.1 (pre-inhibitor event structure)

A pre-inhibitor event structure (pre-ies) is a pair | = hE; i, whereE is a set of
eventsand ~ 2F E 2F is a ternary relation called disabling-enabling relation
(DE-relation for short).

According to the discussion above, it is not di cult to see that the relation + is
powerful enough to represent both causality and asymmetrion ict.

In fact, if (;;e;fe%) then the event e can be executed only aftee’ has been
red. This is exactly what happens in traditional pes's when €° causese, or in
symbols whene’ < e. Notice that more generally, if(; ; e; A) then we can imagine
A as a set of disjunctive causes fog, since at least one of the events i\ will
appear in ]NErY history of the evente; intuitively we can think that e causally
depends on A. This generalization of causality, restricted to the caseniwhich the
set A is pairwise con ictual (namely all distinct events inA are in con ict), will be
represented in symbols a# < e. Notice that the under the assumption thatA is
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pairwise con ictual, when A < e exactly oneevent in A appears in each history of
e. Therefore, in particular, for any evente®2 A, if e and €’ are executed in the same
computation then surelye® must precedee. As discussed in Chaptefl2 (Sectidn2.4),
or-causality has been already investigated in general evestructures [Win87&], ow
event structures [Bou9D] and in bundle event structure$§ [In®2a, Lan92b]. Indeed,
if A <e in an ies then A plays exactly the role of the bundle set in bundle event
structures.

Furthermore, if ~(fe%;e;;) then e can never followe® in a computation since
there are no events which can re-enable after the execution of€’. Instead the
converse order of execution is admitted, namely can re before €2 This situation
is naturally interpreted as anasymmetric con ict between the two events, and by
analogy with the case of asymmetric event structures it is viten e % €°. Recall that
asymmetric con ict can be also seen asweakform of causal dependencgyn the sense
that if e % €°then e precedese’ in all computations containing both events. This
explains why we impose asymmetric con ict to include (alsoemeralized) causality,
by asking that A < e implies €% e for all °2 A.

Finally, as for aes's, cycles of asymmetric con ict are used to de ne a notion of
conict on sets of events. Ife; % e;,:::¢e, % e then not all such events can appear
in the same computation, a fact that is formalized via a congt relation on sets of
events #fey; e, :::; €,g. In particular, binary (symmetric) con ict is represented by
asymmetric con ict in both directions.

The intended meaning of the relations<, % and # is summarized below.

A<e means that in every computation wheree is executed, there is exactly
one evente’2 A which is executed and it precedes;

e°% e means that in every computation where bothe and €° are executed,€’
precedess;

#A means that there are no computations where all events A are executed.

We are now ready to present the de nition of the dependency laions in a
pre-ies, making precise their informal interpretation discussedlsove.

Definition 4.2 (dependency relations)
Let | = hE; i be a preies. The relations of (generalized) causality< 2F E,
asymmetric conict % E E andconict# 2% are de ned by the set of rules
in Table[4.], where# ,A means that the events ik are pairwise con ictual, namely
#fe, g forall e;€2 A with e6 €

We will use the in x notation for the binary con icts, writin g e# €° instead of
# f e; ég. Moreover we will writee < e®to indicate feg < e®

The basic rules € 1), (% 1) and (# 1), as well as €0 2) and (% 3) are justi ed by
the discussion above.
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~( e A) # A
A<e

(<1

A<e 82 AiAw<el #,([f Awje’2 Ag)

([f Awj @2 Ag) <e (<2
~(felgen) e2 A<e® #fedy
“Tewe 0D Teme (P9 ene *I

€ % :::% e, % e #1) Al<e 8e°2 A% #(A[f €Y) #2)
#fey 1 eng #(A[f eg)

Table 4.1: Causality, asymmetric con ict and conict in a predes.

Rule (< 2) generalizes the transitivity of the causality relation inaes's. If A<e
and for every evente®2 A we can nd a set of eventsAq such that A < €% then
the union of all such sets, nameljff A« j e°2 Ag, can be seen as (generalized) cause
of e, provided that it is pairwise con ictual. Observe that in particular, if felg<e
andfe’y<ethenfe'y<e.

Rule (# 2) expresses a kind of hereditarity of the con ict with respedo causality,
generalizing the inductive de nition of the conict in aes's (see De nition [3.2).
SupposeA’< e and that any evente®2 ACis in conict with A, namely #(A[f €%)
for eache® 2 A. Since by de nition of < the execution ofe must be preceded by
an event in A we can conclude that alse is in conict with A, i.e., #(A [f eg).
In particular by taking A°= fe"g and A = e’y we obtain that if felg < e and
# 1 e e’y then #fe; €9

Notice that, due to the greater generality ofies's, the rules de ning the depen-
dency relations are more involved than imes's, and it is not possible to give a
separate de nition of the various relations. In fact, accating to rules (< 1) and
(< 2) one can deriveA° < e only provided that the events inA° are pairwise con-
ictual. Asymmetric conict is in turn induced both by gener alized causality (rule
(% 2)) and by con ict (rule ( % 3)). Finally, the con ict relation is de ned by using
the asymmetric con ict (rule (# 1)) and it is inherited along causality (rule (#2)).

We will see in the following that, as expected, inhibitor ev@ structures properly
generalize asymmetric event structures; moreover, when@ied to (the encoding
into ies's of) asymmetric event structures the above rules induce ¢husual relations
of causality and (asymmetric) con ict.

It is worth observing that in an ies we can havew(;;e;;), meaning that the
event e can never be executed. Indeed, observe that, by rule (1), we deduce; <e
and thus, by rule (#2), we have #f eg, namely the evente is in con ict with itself.
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Remark 4.3

The set of rules de ning the relations of (generalized) caaBty, asymmetric con ict
and con ict are not intended to be complete in any sense. In €4 a natural notion
of completeness would require the conict relation to capte precisely the non-
executability of events, namely that ife is not executable in any computation then
# f eg. But the correspondence betweeres's and i-nets suggests that the problem
of establishing if an event does not appear in any computatids not semidecidable.
Thus trying to de ne a proof system complete with respect to he computational
properties ofies's seems hopeless.

An inhibitor event structure is de ned as a preies where events related by the
DE-relation satisfy a few further requirements suggestedylthe intended meaning of
such relation. Furthermore the causality and asymmetric goict relations must be
induced \directly" by the DE-relation. This will allow us to have a simpler notion
of ies-morphism.

Definition 4.4 (inhibitor event structure)
An inhibitor event structure (ies) is a predes | = hE; i satisfying, for alle2 E,
a22f andA E,

1. if ~(a;e;A) then# ,A and 8e°2 a: 86”2 A: e’<e®
2. if A<e then (;;e;A);

3. if e% e°then —~(feY; e;;).

It is easy to see that given a prees | satisfying only (1) it is always possible to
\saturate" the relation + in order to obtain anies where the relations of causality
and (asymmetric) con ict are exactly the same as in .

Proposition 4.5 (saturation of a pre-ies)

Let | = hE; i be a preies satisfying condition (1) of De nition f:4] Then | =
hE; 4, where =% = - [f (;;e;A) j A< eg[f (feg;e®;)je % €is aies.
Moreover the relations of causality, asymmetric con ict ad conict in | are the
same as inl.

4.1.2 Morphisms of inhibitor event structures

The notion of ies-morphism is introduced as a generalization odes-morphisms.
The requirement of saturation in the de nition of ies allows us to formulate the
conditions onies-morphisms in a compact way.
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Definition 4.6 (category IES)
Let 1o = hEg; i and Iy = hEy; ;i be twoies's. An ies-morphismf : ! 1;is a
partial function f : Eq! E; such that for alley; €} 2 Eo, Ay E3

1. (f(e)=f(D)) " (0B €f) )  eottoed;
2. A1<f(e) ) 9 Ay f A):Ao<eg;
3. ~(ff (D)o f(e); A1) ) 9 Ag f 1(A1):9ay f €Jg: ~o(ao; €0; Ao).

where it is intended thatf (e;) andf (€8) are de ned. We denote byES the category
of inhibitor event structures andies-morphisms.

Condition (1) is the usual condition of event structure morpisms which allows one
to confuse only con ictual branches of computations. As fonally proved later in
Proposition [£I0, condition (2) can be seen as a generalipat of the requirement
of preservation of causes, namely of the propertyf (e)c  f (bec), of pes (and
aes) morphisms. Finally, condition (3), as it commonly happendor event struc-
tures morphisms, just imposes the preservation of computahs by asking, whenever
some events in the image are constrained in some way, that@tger constraints are
present in the pre-image. More precisely suppose that(ff (e9)g; f (e); A1). Thus
we can have a computation wheré (€)) is executed rst and f (ey) can be executed
only after one of the events inA;. Otherwise the computation can start with the
execution off (). According to condition (3), & and €} are subject inl, to the
same constraint of their images or, wheag = ; or Ag = ;, to stronger constraints
selecting one of the possible orders of execution. It is whrstressing that, since
A; <f (g) can be equivalently expressed as(; ;f (g); Aj), condition (2) just repre-
sents a reformulation of (3) aimed at covering the case in wii the rst argument
of the DE-relation is the empty set.

The next proposition proves some useful properties ms-morphisms, which are
basically generalizations of analogous properties holdinn the case of prime and
asymmetric event structures. They will help in showing thaties-morphisms are
closed under composition and thus categomgS is well-de ned.

Proposition 4.7
Let 1o and I; beies's and letf : 15! 1, be anies-morphism. For any ey; €5 2 Eo,

1. if f (&) <f (€3) then 9Ao: ey 2 Ap < e or ey €3;
2. if f (ep) % f (€9) then ey % €5.
Proof.

1. Let f(ey) < f (€9), namely ff (eg)g < f (€3). By condition (2) in the de nition of ies-
morphisms, there existsAg f 1(ff (e5)g) such that Ag < eJ. Now, if &5 2 Ag the desired
property is proved. Otherwise for eache3®2 Ao, e3°6 ey and, by construction f (e89 = f (ep).
Hence by condition (1) in the de nition of ies-morphism, it must be ey# e°for eachel’2 Ao.
Hence, by rule (#2), we concludeey# €3.
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2. Let f (eg) % f(€). Then, by de nition of ies, (ff (e8)g;f (eo);;). By condition (3) in
the de nition of ies-morphism there must exista, f e€dgand Aq f 1(;) = ; such that
(ao; €0; Ao). Therefore, if ag = fedg then - (fedg;ep;;) and thus, by rule (% 1), we
concludeey % €3. If instead ap = ; then - (;;ep;;) and thus, by rule (< 1), ; < eo. Hence,
by rule (# 2), we deduce #f ey; €3g and thus ey % €3 by (% 3). 2

Proposition 4.8
The ies-morphisms are closed under composition.

Proof. Let fo : Ig! Igandfy : 11! 1, beies-morphisms. We want to show that their
compositionf; fg still satis es conditions (1)-(3) of De nition 461

1. Let eg; €3 2 Eq be events such thatey 6 €3 and f1(fo(e)) = f1(fo(€))). If fo(en) = fo(el)
then, being fo a morphism, ep# €9. Otherwise, since alsof ; is a morphism, f o(eo)# f o(€5)
and thus, by rule (% 3), fo(eo) % f (€3) % f (e). Hence, by Proposition[Z1.(2), it must
hold ey % e8 % ep, which in turn, by rule (# 1) allows us to deduceep# e8.

2. ConsiderA; Ejandey 2 Eg such that A, <f 1(fo(ep)). Sincef, is anies-morphism there
existsA;  f, 1(Ay) such that A; <f o(ep). By using again condition (2) in the de nition of
ies-morphism, applied to fo, we obtain the existence ofA, f, 1(A1) satisfying Ag < ey.
We conclude observing thatAy  f, 2(A1)  fo 1(f, Y(A2) =(f1 fo) (A2).

3. Let us assumer (ff1(fo(€3))g;f1(fo(en)); Az). By de nition of ies-morphism there exist
A YAy) anda; f fo(€3)g such that - (ay;fo(ep); A1). We can distinguish two cases
according to the form of a;.

If a; = ; and thus A; < f ¢(&y), by de nition of ies-morphism there will be Ag
f, 1(A1) such that Ay < eo. By de nition of ies this implies (;;eo; Ag). Moreover
Ao fol(A1) o X(f; 2(A2)) and thus condition (3) is satis ed.

If a; = ffo(ed)g and thus r(ffo(e3)g;fo(en); A1) reasoning as above, but using
point (3) in the de nition of morphism, we deduce the existence of Ay f, LA
fo 2(f, 2(A2)) and ap f eog such that - (ao; ey; Ag), thus satisfying condition (3).

2

We conclude this subsection with a technical lemma, which Iivbe useful later. It
gives some su cient conditions for a function between prées's to be a well-de ned
ies-morphism between thees's obtained by saturating the original preies's.

Lemma 4.9

Let I; = hE;; —ii (i 2 f0;1g) be pretes's satisfying condition (1) of De nition £.4]
let I; = ME;; %, and let <;, %; and #; be the relations of causality, asymmetric
conict and conictin 1;. Letf : Eq! E; be a partial function such that for each
€; €32 EgandA; Ei:

1. f(en)=f(ef) " @6 € ) ot 0€l;
2. ~a(if(e);A) ) 9 Ag f H(Ay): Ag <o &;
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3. u(f (e9)if(e0)is) ) & %o &b

4. (T ()G f (0); A1) ALE ;) 9 Ao T Y(A1):9a f €fg: §(a0; €0;Ac).
Thenf :1y! 1, is anies-morphism.
Proof. ~ We rst show that f satis es the following properties:

a Ar<if(e) ) 9 Ag f (A1) Ag<ye;

b. f(eo) %1f(ef) ) e %oef.

c. #1f(Ag) ) # o0Ao.

The three points are proved simultaneously by induction on the height of the derivation of the
judgement, involving the relations < 1, %1 and # 1, which appears in the premise of each implication
and by cases on the form of the judgement.

a. JudgementA; <; f (ep).
We distinguish various subcases according to the last rule sed in the derivation:

(< 1) Let the last rule be
Fo1(5 5T (€0); A1) # pAs
A1 <1 f(eo)

In this case, sincer-q(;;f (e); A1), we immediately conclude by using point (2) in
the hypotheses.

(< 2) Let the last rule be
A1 <if(ep) 8e12 AiiAe, <161 #,([f Ae, je12 A10)
([f Ae, j €12 A10) <1f(e0)

By inductive hypothesis from A; <; f (ey) we deduce that

9Ac f (A1):Ao<oen ()
Now, for all €8 2 Ag, by (y), f(€3) 2 A;. Therefore, by the second premise of the
rule above, A¢ (eg) <1 f (€9), and thus, by inductive hypothesis, there exists A
f (A (e)) such that Ag <o €. Finally, [f Ag j € 2 Aog is pairwise cQnictual. In
fact if eg;€§ 2 [f Acg j € 2 Aog with €5 6 €5, we havef (e5);f () 2 ¢ oa, Aes
which is pairwise con ictual. Therefore f (e}) = f (€3) or f (e})# 1f (€3) and, by using
point (1) in the hypotheses in the rst case, and by inductive hypothesis in the second
case, we concludel# o€3.
By using the facts proved so far we can apply rule € 2) as follows:

(<1

(<2

AO <o € 8682A0 Ae8<068 #p([f AegjeSZAog)

. < 2
(If A 1632 Aog) <o & (<2)

This concludes the proof of this case since
[f Aeg i €32 Aog
[ff “(Ar(e) €2 Aog
ff YAe)jer2Ag
=f Y[f Ae, je12 A1)
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b. Judgementf (ey) % f (€3).
We distinguish various subcases according to the last rule sed in the derivation:

(% 1) Let the last rule be
—1(ff (e9)g: f (€0);s)
f (e0) %1 f (€5)
From 1 (ff (€3)g;f (eo);;), by point (3) in the hypotheses, we immediately have that
68 %o €p.
(% 2) Let the last rule be

(% 1)

f(e0) 2 A1 <1 f ()
f (e0) %1 f (€8)

By inductive hypothesis there existsAq f 1(A;) such that Ag <g €§.

For all e}°2 A, we havef (683 2 A;. Thus recalling that, since A; <; f (€3), the set

A; is pairwise conictual, it follows that f (€3 = f (&) or f (e33# 1f (e). By using

point (1) of the hypotheses in the rst case and the inductive hypothesis in the second
case, we can conclude that for aled’2 Ag, ey = edPor ep# oed°

Consequently there are two possibilities. One is thate, = €3°2 A, for someed’2 Ay,

which allows us to conclude sinceA, <o €J. The other one is that ey# (e’ for all

e3°2 Ag. Thus, by rule (# 2), we can derive that #,f ep; €Jg, and therefore ey %, €3

by rule (% 3).

(% 3) Let the last rule be

(% 2)

#1ff (e0); f (eB)g
f (e0) %1 T (€f)

In this case by inductive hypothesis #of eg; €3g and therefore, by rule % 3), ey % €3.

(% 3)

c. Judgement# 1f (Ao).
We distinguish various subcases according to the last rule ged in the derivation:

(# 1) Let the last rule be

f(el”) %1 %; f(e5) % f(e))

#1)

whereAg = fe::::; e(()”)g. By inductive hypothesis eg’) %o 11 %o eg”) %o ego), and
therefore #Ao.
(# 2) Let the last rule be

A;<if(ep) 8e12 Ap:#4(f(AY) [f e0)

#1(f (AD [ f (e0)9)

#2)

where Ag = AS[f ep0.
By inductive hypothesis, from A; <; f (&p) it follows that
9AEY f (A1) A%< e )
Now, for all €§ 2 A8% by (y), f (€3) 2 A;. Therefore, by the second premise of the rule

above, #1(f (A9) [f f (€8)g), namely # 1f (AS [f €8g). Thus, by inductive hypothesis,
#o(AJ[f €3g) for all €3 2 AQ Recalling that A< ey, by using rule (# 2), we obtain
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A’<o e 8e52 AG #o(Ag[f &)

# 2
#o(AS LT Q) #2
which is the desired result.
This completes the proof of the properties (a), (b) and (c).
It is now easy to conclude thatf : 1o ! Iy is aies-morphism. Let I; = hE;; -5i fori 2 f 1;2g.

Conditions (1) and (2) of the de nition of ies-morphism (De nition 48] are clearly satis ed. In

fact, by Proposition EEH the relations of causality and coniict in 1; and |; coincide, and thus the

mentioned conditions coincide with point (1) in the hypotheses and point (a) proved above.
Hence it remains to verify condition (3) of De nition £8] th at is

S(FF(EDT;f(e0); A1) ) 9 Ag f (A1) 9a f €)g: o§(ao; €n; Ao).

Suppose that -$(ff (ed)g;f (e0);A1). If Ay 6 ;, by denition of 1;, it must be

1 (ff (e9); f (e0); A1) and thus the thesis trivially holds by point (4) in the hypot heses. If in-
stead A; = ; then, by rule (% 1), f (ey) %1 f (€3). Hence, by point (b) proved above, ey % €3
and therefore §(f €Jg; eo;; ), which satis es the desired condition. 2

4.1.3 Relating asymmetric and inhibitor event structures

The category AES of asymmetric event structures can be viewed as a full sub-
category ofIES. This result substantiates the claim according to whiches's (and
constructions on them) are a proper \conservative" extensn of aes's and thus of
pes's.

Proposition 4.10 (from aes's to ies's)
LetJ ,: AES ! IES be the functor de ned as follows. To anges G = hE; ; %i
the functor J , associates thaes | = hE; i where

=(; s e;fe’y) if %< e and ~(fege;r) if e% €

and for anyf : Gy ! G, itsimageJ ,(f) is f itself. Then the functorJ , is a full
embedding ofAES into IES.

Proof.  We start noticing that, given an aes G = hE; ;%i, if <,,, %,, and #,. denote the
dependency relations inlg then

A<, € i A=feg " e<el
e%;, € i e% €’ (y)
BIA T # A

Since the causality, asymmetric con ict and con ict relati ons ofG; and | g, coincide, in the following
they will be denoted by the same symbols<, % and #.

By using the characterization (y) of the dependency relations inl¢ it is easy to prove that
the functor J 4 is well-de ned. First, given any aes G = hE; ;%i, the structure | ¢ satis es the
conditions (1)-(3) of De nition £4]and thus |¢ is indeed anies. Observing that if - (a; e;A), then
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either A = ; ora=;, and A contains at most one element we see that condition (1) is trivally
satis ed. The validity of conditions (2) and (3) immediatel y follows from (y).
Moreover, let f : Go ! Gi be an aes-morphism. To see thatf : Ig, ! |lg, iS anies-

morphism rst notice that condition (1) of De nition 4671$ p resent also in the de nition of aes-
morphism (De nition $Z). As for condition (2), if Aj <f (&) then, by (y) above, A; = fe;g and
e, < f (ep). Hence, by condition (1) in the de nition of aes-morphisms, there existsed’2 Eq such
that eJ’< eo and e, = f (€]) (thus €°2 f 1(e;)). Finally, also condition (3) is satis ed. In fact, if

- (ff (e8)g; f (e0); A1), according to the de nition of 1g, it must be A; = ;. Hencef (&) % f (&)
and thus, by de nition of aes-morphisms, ey % €. Thus, by construction of Ig,, it follows that

o (fe8g; eo; ;) proving (3).

To conclude it remains to show that also the converse holds,amely if f :l1g, ! lg, isanies-

morphism thenf : Gy ! G; is anaes-morphism. Let us verify the validity of the three condition s
of the de nition of aes-morphism (De nition IZ).

1. bf (ep)c f (bege).
Let g 2 bf (eg)c, namely ey < f (e). Thus, by condition (2) in the de nition of ies-
morphism, there existsAy, f 1(e;) such that Ag <, e. By the characterization (y) above
of the dependency relations inl g, , this means that Ao = feJg and €] < eq, with f (€3) = e;.
Hencee; 2 f (beyC).

2. f(ep)=F(8) " &6 €] ) etted.
This condition is trivially satis ed since it is also a condition for aes-morphisms and, as
observed above, the con ict relations inA; and |, coincide.

3. f(e)%f(ed) ) e%e) _ ette
Immediate by Proposition E4.(2). 2

Observe that by composingl , with the full embeddingJ : PES ! AES
(Proposition [39) we obtain a full embedding oPES into IES.

4.2 From inhibitor event structures to domains

This section establishes a connection betweaes's and prime algebraic domains.
The relation is expressed as a categorical core ection betenlES and Dom , which
allows one to translate eaches into the domain (or equivalently the pes) which, in
a sense, represents its best approximation. Then we studyetiproblem of removing
the non-executable events from ates, by investigating the relation betweenlES
and its subcategorylES , consisting of theies's where all events are executable.

4.2.1 The domain of con gurations of an ies

As for aes's the domain associated to afes is obtained by considering the family
of its con gurations with a suitable order. Since here comgations involving the
same events may be di erent from the point of view of causalit a con guration is
not uniquely identi ed as a set of events, but some additiorlanformation has to be
added which plays a basic role also in the de nition of the oet on con gurations.
More concretely, a con guration of anies is a set of events endowed with ahoice
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relation which chooses among the possible di erent orders of exeautiof events
constrained by the DE-relation.

Consider a set of eventsC of an inhibitor event structure |, suppose that
e’ e; @°2 C and assume—(f €Y; e; A) for someA, with €°°2 A. We already noticed
that in this case there are two possible orders of executiofithe three events (either
e; e* e®or €% e e), which cannot be identi ed from the point of view of causaly.
A choice relation for C must choose one of them by specifying that precedese’
or that e”precedese. To ease the de nition of the notion of choice relation, we
rst introduce, for a given set of eventsC, the setchoicegC), a relation on C which
\collects" all the possible precedences between events induced by the REtion. A
choice relation forC is then de ned as suitable subset ofhoicegC). To ensure that
all the events in the con guration are executable in the speed order, the choice
relation is also required to satisfy suitable properties acyclicity and nitariness.

Definition 4.11
Let | = hE; i be anies and letC E. We denote by choicd€) the subset of
cC C

choicefC) = f(e;&) j ~c(fe;e; A)g[f (€%€) | ~c(a;e; A" €2 Ag.

where the restriction of~(; ;) to C is de ned by ~c(a; e; A) if and only if —~(a;e; A9,
fore2 C,a CandA= A% C.

Definition 4.12 (choice)
Let | = hE; ~i be anies and let C E. A choicefor C is a relation ] ¢
choicegC) such that

1. if ~c(a;e;A) then9e’2 a: el ce’or 9e°92 A: € (g
2. ! ¢ is acyclic
3.8e2 C:fe"2 C: €% egis nite.

Condition (1) intuitively requires that whenever the DE-rdation permits two pos-
sible orders of execution, the relationl ¢ chooses one of them. The fact that
I ¢ choicegC) ensures that! ¢ does not impose more precedences than neces-
sary. Conditions (2) and (3) guarantee that the precedencepeci ed by ] ¢ do not
give rise to cyclic situations and that each event must be pceded only by nitely
many others. Notice that the acyclicity of! ¢ ensures that exactly one of the two
possible choices in condition (1), namely eithéde®2 a: e! ce’or 9e¢°°2 A: €%} ceis
taken. It is worth observing that conditions (2) and (3) can te equivalently rephrased
by saying that | . is a nitary partial order.

Con gurations of pes's and aes's are required to be downward closed with re-
spect to causality. The following simple proposition obsees that the property of
admitting a choice implies a generalization of causal clabeess.



110 Chapter 4. Semantics of Inhibitor Nets

Proposition 4.13
Let | = hE; ~i be anies and letC E be a subset of events such that there exists
a choice forC. Forany e2 C, if A<e thenA\ C6 ;.

Proof. = Observe that if A < e, by de nition of ies, +(;;e;A). Therefore, if A\ C = ; then
we would have ¢ (;;e;; ). Therefore no relation over C could be a choice, since condition (1) of
De nition £1Z]could not be satis ed. 2

Another simple but important property is the fact that each doice agrees with
the asymmetric con ict relation, in the sense expressed byé following proposition.

Proposition 4.14
For every subseCC of anies | and for every choice! ¢ for C, %c | c.

Proof. ConsiderC E ande;&2 C. If e% €°then, by de nition of ies, r(f€e%;e;;) and thus
oc (fed; e;;). Therefore, if | ¢ is a choice forC, by condition (1) in De nition 4[TZInecessarily
el cel 2

It is now easy to verify that a set of events for which a choicexists cannot
contain con icts.

Proposition 4.15
Let | = hE; i be anies and letC E be a subset of events such that there exists
a choice forC. For any A C it is not the case that# A.

Proof. Let A C and suppose that #A. Then it is easy to show that C contains a cycle
of asymmetric conict, and thus by Proposition f£T4] any choice for C would be cyclic as well,
contradicting the de nition.

The proof of the fact that if # A for someA C then C contains a cycle of asymmetric con ict
proceeds by induction on the height of the derivation of #A. The base case in which the the last
rule in the derivation is (# 1), namely

% : ::%e % e

#1)

is trivial. Suppose instead that the last rule in the derivation is (# 2), namely

A%<e 8e°2 A% #( A°[f e%)
#(A°[f eg)

#2)

In this case, by Proposition[ZT3, there existse®®2 A%\ C. Since #(A°[f €°Q) by the second
premise of the rule, andA°[f € C we conclude by inductive hypothesis. 2

A con guration of an ies is now introduced as a set of events endowed with a
choice relation. The properties expressed by PropositiodST3 -[ZT5 show how this
de nition generalizes the notion ofaes con guration.
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Definition 4.16 (configuration)
Let | = hE; ~i be anies. A con guration of | is a pair hC;] ¢i, whereC E is
asetofeventsand ¢ C C is achoicefor C.

In the sequel, with abuse of notation, we will often denote aoa guration and the
underlying set of events with the same symbdC, referring to the corresponding
choice relation as! . We already know that the existence of a choice implies
the causal closedness and conict freeness of con gurat&nMoreover, ifC is a
con guration, given any e 2 C and A < e, not only A\ C 6 ;, but since by
de nition of < necessarily #A, we have that A\ C contains exactly one event.
More generally, for the same reason, € is a con guration and ~(a; e; A) for some
e 2 C, then A\ C contains at most one element, and if it is non-empty then
a C. The last assertion is obvious ifa = ;, while if a = fe%y it follows from
Proposition[ZT3, recalling thate’ < e®for all €°°2 A.

The next technical proposition shows a kind of maximality ppperty of the choice
relation for a con guration. It states that if a choice for C relates two events, then
any other choice forC must establish an order between such events. Consequently
two compatible choices on the same set of events must coireid

Proposition 4.17
Let hCi;! ¢, i for i 2f 1,29 be con gurations of anies | .

1. If ;€2 C;\ Cyande! ¢,e°thene! c,e%or &) (e

2. fC;=Cyand} o, ! ¢,then] ¢, = c,, namely the two con gurations
coincide.

Proof.

1. Let e; 2 C;\ C, with e! ¢,€% By de nition of choice, it follows that ¢, (fey; e; A)
or toc,(a;e%A9, with e 2 A% Assume that r-c,(feYg;e;A) and thus r(fe%;e; A%
with A = A\ C; (the other case can be treated in a similar way). Sincee; € 2 C,,

¢, (fe%; e; A°Q C,), and thus, by de nition of choice, also C, must choose among the
two possible orders of executions, namelye! c,e or €% ¢,e for €2 A%\ C,. In the
second case, since by de nition ofes €° < e% by Proposition EZ14, we havee®! ¢,e"and
thus €% . e.

2. If el ¢,€% by point (1), e! c,e’or €% e Butthe second possibility cannot arise, since
el ¢, implies e! . € and thus e! . €% Vice versa, if e! ¢,€% by point (1), e! c,€°
or €% c,© Again the second possibility cannot arise, otherwise we wdd have e c,®
contradicting the acyclicity of | ¢,.

The computational order on con gurations is a generalizatin of the one intro-
duced in the previous chapter fomes's.
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Definition 4.18 (extension)
Let | = hE; ~i be anies and let C and C°be con gurations of . We say thatC°
extendsC and we writeC v C0 if

1.C C¢
2.8e2C:8°2C% e e ) €2C;
3. ¢ ) co
The poset of all con gurations of |, ordered by extension, idenoted by Confl).

The basic idea is still that a con guration C cannot be extended by adding events
which are supposed to happen before the events already @ as expressed by
condition (2). Moreover the extension relation takes into @ount the choice relations
of the two con gurations, requiring a kind of consistency bigveen them. Condition
(3) serves to ensure, together with (2), that the past histor of events inC remains
the same inC% Observe that the last condition is not present inaes's, where the
choice relation on a con guration is uniquely determined ahe restriction of the
asymmetric con ict to the set of events in the con guration.

The intuition on the extension relation can be enforced by @erving that, as an
easy consequence of the de nition and of Propositian Z117)( it can be equivalently
characterized asC v CPi

c c¢

the inclusioni : hC;! <i'h C%! . isarigid embedding, i.e., it is monotone
and fore2 C, "2 C°% €% ..eimpliese’2 C.

Furthermore, it is worth noticing that if C v C° by Proposition ZIT.(1) we imme-
diately getthat | ¢ =) co\ (C C), and thus the inclusion ofC into C%is also
order monic, namely for eache; @2 C, if el € then e! € Roughly speaking
this means thatC v C°wheneverC coincides with a \truncation" of C°.

As in the case ofaes's, given an event in a con guration it is possible to de ne
the past history of the event in that con guration as a con guation itself.

Definition 4.19 (history)

Let | be anies and letC 2 Conf(l) be a con guration. For anye 2 C we de ne the
history of ein C as the con gurationhC[e]; ! ¢qi, WhereC[e] = fe2 Cj €% .eg
and] cig =1 c\ (Cle] C[eD.

It is not di cult to see that hC[e];! cgi is a well-de ned con guration. The only
fact that is not obvious is the validity of condition (1) in the de nition of choice
(De nition £12). Now, if ce(a; €3 A) then ~c(a; €AY with a  C[e], €°2 C[e]
and A = AA CJ[e]. BeingC a con guration, it must be €% ce;fore; 2 aorey) c€°
for somee; 2 A° In the rst case, g2 a C[e] and thus €% c[el€, While in the
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second case, sinc@ 2 C[e], by de nition of history we must have e, 2 C[€], thus
el cre€”

It is worth recalling that by de nition the re exive and tran sitive closure of a
choice is a nitary partial order, and thus each historyC[e] is a nite con guration.
Furthermore, it immediately follows from its de nition that C[e] v C.

From now on the proof of the algebraic properties of the posef con gurations of
an ies follows closely the steps already performed in the caseags's. Hence we will
discuss explicitly only the points which are speci c taes's. We start with a charac-
terization of least upper bounds and greatest lower boundg$ pairwise compatible
sets of con gurations.

Lemma 4.20
Let X Conf(l) be a pairwise compatible set of con gurations of ales | and let
Ci;C 2 X. Then

if el c,e”ande’2 C; thene2 C; ande! €’
if e2 Cy\ C, then Cf€e] = Cofe];

CiuCy,=Ci\ Cy,with ) cpne, =1 o\ ) s

N

the least upper bound oX exists, and it is given by

G [ [ _
X =h C; el
Cc2X Cc2X

Proof.

1. Letus rstsuppose that e! ¢,e?ande’2 C,. Let C 2 X be an upper bound forC; and C»,
which exists sinceX is pairwise compatible. From C; v C, by de nition of extension, we
have that ;2 C and e! ¢€° Recalling that C, v C and e°2 C, we deducee 2 C,. Since
e;2 C, = C;\ C ande! ce€’ by Proposition EETA.(1), it must be el ¢,e”or € . e
The second possibility cannot arise, otherwise we should ha €° e, contradicting the
acyclicity of ! ¢. Hence we can conclude! Czeo.

In the general case in whiche! CleO the desired property is easily derived via an inductive
reasoning using the above argument.

2. Immediate consequence of point (1).

3. Toshowthat! c,vc, =1 ¢,\ ! ¢, isachoice forCi\ Cy,, the only non trivial point is the
proof of condition (1) of De nition 41271 Suppose that -c,\ c,(a; e;A), namely (a;e; A9
with a C;\ Cp andA = A%\ (A;\ A,). Hence r~c,(a; e;A°\ C;) and thus either e! ¢, €’
for e2 aor e ¢, ewith e”2 A%\ C;. Being C; and C, compatible, by point (1) it must
bee! ¢,e’ ore®2 A%\ C, and €” (,e, respectively. Therefore, as desirede! ¢, c,€°or
e"92 A with €9 ¢\ c,e

HenceC;\ C; is a con guration. Moreover, it is the greatest lower bound o C; and C; as
one can check via a routine veri cation using point (1).
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4. Letus ve§fy that | Sy = SCB( ] ¢ is a choice forS X . First, it is quite easy to see that
1 Sx = px ! ¢ choiceg  X).
As for condition (1) gf the de nition ofgchoice, suppose that S x (a;e;A), namely
- (a; e; A9 with a X and A = A%\ ~ X. Sincea;feg X we can nd C;C92 X
such thata C and e 2 C° Moreover, being X pairwise compatible, there isC°2 X,
upper bound of C and C containing both a and e. Therefore -cw(a; e; A°\ C%, and thus
by de nition of choice e! ewe’ for €2 a or €9 cwe for €02 A%\ C It follows that, as
desired,e! Sy efor (€292 ~ X and) e S e
The relation ! Sy is acyclic since point (1) implies that a cycle of)! Sy in S X should
be entirelyg'nsidesa single con guration C 2 X . Furthermore it is easily seen that given an

evente2 X, ( X)[e] = C[e], forany C 2 X such that e 2 C. Therefore ( X)[€] is
surely nite.

F
Hence! Sy is a choice and th X is a con guration. A routine veri cation, using point
(1) allows one to conclude that X is the least upper bound ofX . 2

Theorem 4.21 (configurations form a domain)
Let | be anies. Then hConf(l);vi is a (nitary prime algebraic) domain. The
complete primes of Con€l ) are the possible histories of events in, i.e.

Pr(Conf(l)) = fC[e]j C 2 Conf(l);e2 Cg:

Proof.  Let us start by showing that for egch C 2 Conf (1) and e2 C, the con guration Cf[e] is
a complete prime element. Suppos€[e]v X for X Conf(l) pairwise compatible. Therefore
there existsC; 2 X such that e 2 C;. SinceC; and C[e€] are bounded by X, by LemmalZZ0.(1),
Cle] = Cy[€]. Observing that C1[e] v Cy, it follows that, as desired, C[e] v C;.

Now, by a set-theoretical calculation exploiting the de nition of history (De nition 4[fT9)land
the characterization of the least upper bound in LemmaZZ0we obtain

G G
C= Clel= Pr(C):

e2C

This shows that Conf (I ) is prime algebraic and that Pr (Conf (1)) = fCJe]j C 2 Conf(l);e2 Cg.

The fact that Conf(l) is coherent has been proved in Lemm&Z.20.(3). Finally, thenitariness
of Conf (1) follows from prime algebraicity and the fact that C[e] is nite for each C 2 Conf (l)
ande?2 C. 2

We remark that if G is anaes and|l = J ,(G) is its encoding intoies's, then for
each con guration ofl the choice relation is uniquely determined as the restriain of
the asymmetric con ict to that con guration. Therefore the domain of con gurations
Conf(l) de ned in this section coincides with the domainConf(G) as de ned in
the previous chapter.

4.2.2 A core ection between IES and Dom

To prove that the construction which associates to aies its domain of con gurations
lifts to a functor from IES to Dom a basic result is the fact thaties-morphisms
preserve con gurations.
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Observe that since con gurations are not simply sets of evemit is not completely
obvious, a priori, what should be the image of a con guratiothrough a morphism.
Letf :1o! 1, be anies-morphism and letCy be a con guration of I . According
to the intuition underlying ies (and general event structures) morphisms, we expect
that any possible execution of the events ilCy can be simulated inf (Cp). But
the converse implication is not required to hold, namely thével of concurrency in
f (Co) may be higher. For instance we can map two causally relatedents e, e
to a pair of concurrent events. Hence we cannot pretend thahé whole image of
the choice relation ofC, is a choice forf (Cy), but just that there is a choice for
f (Cop) included in such image. By the properties of choices, therg only one choice
on f (Cop) included in the image of! ¢,, which is obtained as the intersection of the
image of! ¢, with choicegf (Cy)).

Given a functionf : X I Y and arelationr X X, we will denote byf (r)
the relation in Y dened asf (r)= f(y;y9jo(x;x92rf(x)=y ~ f(x9 = y%.

Lemma 4.22 (morphisms preserve configurations)
Letf : 1o ! I, be anies-morphism and lethCy;! of 2 Conf(lg). Then the pair
hCy; ) 11 with C; = f(Co) and ! ; = f(} o)\ choicegf (Cp)), namely the unique
choice relation onC; included inf (! ¢,), is a con guration in 1;.

Moreover the functionf : Conf(lg) ! Conf(l,) which associates to each con-
guration Cy the con guration C; de ned as above, is a domain morphism.

Proof.  To prove that | ; is a choice forf (Cy) and thus H (Cp);! 1i is a con guration, rst
observe that! 1 choiceqC;) by de nition.

Let us verify the validity of condition (1) in the de nition o f choice (De nition £1I2). Assume
that ¢ (c,)(as;f (e0); A1). This means that r(as;f (e);A?) with a;  f(Co) and Ay = A9\
f (Cp). We distinguish two cases according to the shape od;:

If a; = ;, and thus A9 < f (ep), by condition (2) in the de nition of ies-morphism it follows
that there exists Ag f 1(A9) such that Ay < e. Sinceey 2 Co, by Proposition BEZI3,
Ao\ Co is non-empty (precisely, it is a singleton). Takee?2 Ao\ Co. By rule (% 2), €3°% e
and thus, by Proposition EZI3, we haveed? oey. Hence, by construction, f (€3] 1f (ep).
Notice that f (e§3 2 A9\ f (Co) = Aj.

If a; = ff (€9)g, then by condition (3) in the de nition of ies-morphismwe can ndag f €lg
and Ap f (A?) such that - (ao; €p; Ao).

If ap = ; we proceed as in the previous case. If insteady = feJg then, by de nition of
choice ey 0€3 or e)? ey for €§°2 Ag. Therefore f (ep)! 1f (€8) or f(edy! 1f (&) (and
observe thatf (€33 2 A;).

As for condition (2), to show that | 1 is acyclic, rst observe that a ies-morphism is injective
on a con guration. In fact, if ey;e] 2 Co and f (e) = f(€9) then ey = €} or eg# 3. But, by
Proposition EET3, the second possibility cannot arise. Nowif there were a cycle of] ; then, by
the above observation and by de nition of ! 1, a cycle should have been already present it o,
contradicting the hypothesis that Cy is a con guration.

Finally, observe that also condition (3) holds, since by an aalogous reasoning, the nitariness
of the choice inCy implies the nitariness of the choice in f (Cyp).
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Let us show that f : Conf(lg) ! Conf(l1) is @a morphism in Dom .

If C and C°are compatible thenf (CuC%Y=f (C)uf (C9.
Recalling how the greatest lower bound of con gurations is omputed (see LemmdZ.20.(3)),
we have that

f (CuCYH=H(C\ CY;f(} c\ ! co)\ choiceqf (C\ CY)i;
while
f (C)uf (CY=

H (C);f (! ¢)\ choiceg(f (C))iuhf(CY;f(! co)\ choicegf (C9)i
H(C)\ f(CY:f(} )\ f(! co)\ choicesf (C))\ choiceg(f (C9)i

Observe that f is injective on C [ C° since C and C° have an upper boundC® and, as

already observed,f is injective on con gurations. By using this fact, we can deduce that

f(C)\ F(CHO=F(C\ CY, f() c)\ (! co)=1f(} ¢\ ] co). Moreover it is easy to see
that choicefC\ C9 = choicegC)\ choicegC% holds in general. Therefore we conclude
that f (CuC%=f (C)uf (CY.

F F
f( X)= f (X),for X Conf(lg) pairwise compatible
Keeping in mind the characterization of the least upper bourd given in LemmalZ20.(4), we
obtain

F
f (X)=

S . S _ . .
h ff(C)jC2Xg;, ff(] ¢)\ choiceqf(C))jC 2 Xgi

S S S
H( X);f( fl ¢jC2Xg)\ choiceqf ( X))i

S_ S
f (h X; fl ¢cjC2Xqgi)

F
fC X)

To understand the second passage observe that

S
ff(l ¢)\ choiceqf (C))jC 2 Xg [by set-theoretical properties]
S S
ff(}] ¢)jC2Xg\ fchoicegf(C))jC2Xg [by de nition of choiceq
S S
f( fl ¢cjC2Xg)\ choices(f (~ X))

S S
Therefore Proposition[Z1IT.(2) and the equality ff(C)jC 2 Xg= f( X) allow us to
conclude.

C CYimpliesf (C) f (CO.
This property immediately follows form the observation that, as in the case ofaes's, C C°
i Cv Clandjc® cCj=1.

The previous lemma implies that the construction taking ares into its domain
of con gurations can be viewed as a functor.
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Proposition 4.23
There exists a functorL ; : IES ! Dom de ned as:

Li(l) = Conf(l), for eachies I;
Li(f)=f , for eachies-morphismf : 15! 1;.

A functor going back from domains toies's, namely P ; : Dom ! IES can
be simply obtained as the composition of the functoP : Dom ! PES, de ned
by Winskel (see Sectioi2l4), with the full embedding , J of PES into IES
discussed after Proposition 210, hende; = J , J P .

We nally prove that P ; is left adjoint to L; and thus that they establish a
core ection betweenlES and Dom . As for aes's, given anies |, the component at
| of the counit of the adjunction is the function , : P; L;(l1)! 1, mapping each
history of an evente into the event e itself. The next preliminary lemma proves that
such a mapping is indeed @&s-morphism.

Lemma 4.24
The function | : Pi(Li(l))! | dened as |(C[e]) = e for all C 2 Conf(l) and
e2 C, is an ies-morphism.

Proof.  Let us prove that | satis es conditions (1)-(3) of De nition £51

1. ((Clel)= (CYeD ~ Clel 6 CoeT )  Clel# CYeY.
Assume that | (C[e]) = | (CYe"]), namely e = €°, and C[e] 6 CYe"]. By Lemma [Z20.(2)
it follows that there is no upper bound for f C; C%. In fact, if there were an upper bound
C%then necessarilyC[e] = C°e] = CYe]. Hencee# €°

2. A1< ((Clel) ) 9 Ao | *(A1): Ag<Clel
Let us assumeA; < | (C[e]) = e. Sincee 2 C, by Proposition EET3, A1\ C = f &% for some
€% Moreover, sincee® 2 A; < e, by rule (% 2), € % e and thus, by Proposition 212 and
the de nition of history, €°2 C[€].

By point (2) of Lemma EEZ0, one easily derives thatC[e’] v C[e]. Therefore, according to
the de nition of P ;, C[€”] < C [€] and sincee®2 Ay, fC[e9g | *(A1).

3. ~(f 1 (CTeMg 1 (CleD;A1) ) 9 Ao “(A1): 920 f CYeg: (ao; Cle]; Ao)-
Assume - (f | (CYeY)g; | (C[e]); A1), namely

o (fe'g; e; Aq):
If : (C[e] " CYqeY) then, by de nition of P ;, C[eJ# CYe" and thus C[e] % CYe". Hence
 (f CYe%g; C[el; ; ), which clearly satis es the desired condition.
Suppose, instead, thatC[e] " C9Ye%. We distinguish two subcases:

If 92 C[€] then A1\ C[€] 6 ;. Indeed, beingC[e] a con guration, A;\ C[e] must be
a singletonf e’y. As above, by LemmalZ2D.(2),C[e°] v C[e] and thus, by de nition
of P i, C[e"] < C [e]. Therefore r(;;C[e]; f C[e"Qg), which allows us to conclude,
sincee®2 A; implies fC[e®Tg |, *(Aq1).
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Assume €° 62C[€]. Consider a con guration C% upper bound of C[e] and CYe],
which exists by assumption. Sincee; & 2 C%it must be e! cwe. In fact, otherwise
there would be €92 C%\ A; and €°? coe. But then, by Lemma EEZ0.(1), €°°2 C[e],
an thus, being e’ < €% we would havee®2 C[e], contradicting the hypothesis.

Therefore, by LemmalZ2D.(1),e 2 CYe", and thus C[e] v CYe", implying C[e] <
C9e". HenceC[e] % C9eY, and therefore  (f CYe%g; C[el:; ;). 2

The main theorem relies on the following technical resulttd proof is a straight-
forward variation of the proof of the corresponding resultdr aes's (Lemmal3Z4).

Lemma 4.25
Let | be anies, D a domain and letg: D ! L (l) be a domain morphism. Then
forall p2 Pr(D), j g(p) g(Pr(p) f pg)j 1land

S
_ - 7 if g(p) g 9(Pr(p) f pg)=;
PiO®= gl ifam oPr(p) f pg)= feg

Theorem 4.26 (coreflection between IES and Dom)

P,alL;.

Proof. Let| be aniesandlet | :P;i(Li(l))! | be the morphism de ned as in LemmalZZH.
We have to show that given any domain O;v) and ies-morphism h : P (D) ! 1, there is a

unigue domain morphismg:D ! L (l) such that the following diagram commutes:

Pi(Li(1)) ——=1
A

Pi(g9) N

Pi(D)

The proof follows the same lines of that foraes's, and thus some parts are only sketched.
Existence

The morphism g : D ! Li(l) can be dened as follows. Givend 2 D, observe that Cy =
hPr (d); @b ()i is a con guration of |, where @b, (qy= @\ (Pr(d) Pr(d)). Therefore we can de ne
9(d) = h (Ca).

The fact that h (Cq4) is a conguration in P (D) and thus an element ofL ;(I), follows from
LemmalZ22.
Moreover g is a domain morphism. In fact it is

-preserving By prime algebraicity, d;d°2 D, with d d°then Pr(d® Pr(d) = fpg, for
somep 2 Pr(D). Thus

g(d) g(d) =
= h (Pr(d)) h (Pr(d)
f h(p)g

Therefore jg(d®  g(d)j 1 and, since it is easy to see thatg(d) v g(d%, we conclude
g(d)  g(d).



4.2.

From inhibitor event structures to domains 119

Additive. Let X D be a pairwise compatible set. Then
F
g( X)=h (KCx;! c,i)= M(Cx);h(} ¢c,)\ choicegh(Cx))i

F S
whereCx = Pr( X)= ,,x Pr(x)and! ¢, =@, . On the other hand

szng(X) =

= ox W (FPr(x); @ (x)i)
h ox h(SPr(x)); «2x (N(@r (x)) \ choicegh(Pr (x))))
F(Cx); 4ox (h(@b (x))\ choicegh(Pr(x)))) i

Now, thechoice relation of the con guration above is included in the choice of the con gu-
ration g(  X), namely

S ax (N(@r (1) choicestn(Pr(x))))  h(! c,)\ choices(Cx )

F F
Thus by using Proposition [£11.(2) we can conclude thatg( X)= ,,, 9(x).

Stable Let d;d°2 D with d" d° then:
g(dud) = h (KC;} ci)= M(C);h(} c)\ choicegh(C))i,
whereC = Pr(du d® = Pr(d)\ Pr(d% and ] ¢ =@-. Moreover
g(d) u g(d) =
= hh(Pr (d)); h(@ (4)) \ choicegh(Pr (d)))i
uhh(Pr (d9); h(@br (g0) \ choiceg(h(Pr (d9))i

Now, sinced " d°it is easy to see thath is injective on Pr (d) [ Pr(dY and therefore the set
of events ofg(d) u g(d9 is

h(Pr(d)) \ h(Pr(d9) = h(Pr(d)\ Pr(d9) = h(C),

namely it coincides with the set of events ofg(d u d°.
By a similar argument, h(@b (g)) \ h(@br (g0)) = h(@br (a)\ pr(a9)) = h(@c). Moreover,
reasoning as in the proof of Lemmd432, we have,

choicegh(Pr (d))) \ choicegh(Pr (d9))
choices(h(Pr (d)) \ h(Pr(d%9)) [since choicegX \ Y)= choicegX )\ choiceqY)]
choicegh(Pr (d)\ Pr(d%)) [by injectivity of h on C]
choicegh(C))

and we are able to conclude that also the choice relation irg(d) u g(d® is the same as in
g(du d9. In fact

h(@br (4)) \ h(@br (a0)) \ choicegh(Pr (d))) \ choicegh(Pr (d%))
= h(@:)\ choicegh(Pr(d)\ Pr(d9)) [oby injectivity of h on C and remark above]
= h(} ¢)\ choicegh(C))
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feg # felYy
l RN
fe;ely f e edy fe%edy
O\ | l
fe; & edy fe;€edy feleyeg fe% e, eg

The fact that the morphism g de ned as above makes the diagram commute and its uniqueness
can be proved, as foraes's, by exploiting essentially LemmalZZ5. 2

It is worth stressing that the above result, together with Whskel's equivalence
between the categoryDom of domains and the category’ES of prime event struc-
tures, allow to translate anies | into a pesP (L i(l)). The universal characterization
of the construction intuitively ensures that thepes obtained in this way is the \best
approximation" of | in the category PES. By the characterization of the complete
prime elements in the domain of con gurations (see TheoremZl) we have that the
events inP (L (I)) are the possible histories of the events ih. Figure [£2 shows

event e as a set of events, where appears in boldface style.

4.2.3 Removing non-executable events

We already observed that the non-executability of events ires's cannot be com-
pletely captured in a syntactic way, in the sense that therera no proof systems
singling out exactly the non-executable events. However,ewcan adopt a semantic
approach to rule out unused events from aies, namely we can simply remove from
a givenies all events which do not appear in any con guration. Nicely, his can be
done functorially and the subcategoryES of ies's where all events are executable
turns out to be a core ective subcategory ofES . Moreover, the core ection between
IES and Dom can be easily shown to restrict to a core ection betweelES and
Dom . This subsection is not essential to the remainder of the cpter, since it will
be used only for discussing a negative result. Anyway, we tti it answers a very
natural question onies's.

We start de ning the subcategory ofies's where all events are executable.

Definition 4.27
We denote bylES the full subcategory ofES consisting of theies's | = hE; i
such that for anye 2 E there existsC 2 Conf(l) with e2 C.
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Any ies can be turned into an object oflES by forgetting the events which
do not appear in any con guration. The next de nition introd uces the functor
IES ! IES performing such construction.

Definition 4.28
We denote by : IES ! I[IES the functor mapping eaches | into the IES object

(1)=h (E);~ )i, where (E) is the set of executable events in namely
(E)=fe2 Ej9C 2 Conf(l): e2 Cg:

Moreover if f : lo ! Iy is an ies-morphism then ( f) = f; ;. With J jes :
IES ! IES we denote the inclusion.

The fact that ( 1) is a IES object follows easily from its de nition. The well-
de nedness of (f) for any ies-morphism f is basically a consequence of the fact
that, by Lemma (422, anies-morphism preserves con gurations and thus also exe-
cutable events.

Before formalizing the above claim, we make explicit two eaproperties of the
relations of causality and asymmetric conictin ().

Fact 4.29
Let | be anies. Then, foranye;@2 (E)andA E

1.e%, € ) e% (1) €
2. A<, e ) (A\ (E))<(|)e
3.HANA  (E) ) #(hA.

Proposition 4.30
Let o and |, beies's and letf : 15! 1, be anies-morphism. Then ( f): ( lg)!
( 1), de ned as above, is anes-morphism.

Proof. First observe that

f( (Eo))  (E1) v)

and thus the restriction f; g,y : (Eo)! (Ei) is a well-de ned function. In fact, if e 2 (Eo)
then ey 2 Cp for some con guration Cy 2 Conf(lg). Hence, if de ned, f (&) 2 f (Cp) and, by
LemmalZ22,f (Cy) is a con guration of 1. Thus f (e) 2 (E1).

Now, for i 2 f 0;1g, let us denote by -, <i, %; and #; the relations in I;, and by + ,
< ., % , and # ;| the relations in h (E;);  (g,)i, the pre-ies which, when saturated, gives

the ies ( Ii). To show that ( f) : ( lg) ! ( I1) is an ies-morphism we verify that ( f) :
h (Eo);  (gp)i'h (E1); — (g,)i satis es conditions (1)-(4) of Lemmal[43, namely

1 (f)e)=( f)(ed) " enB €] ) et ,ef;

2. o G (F)(e0)iA) ) 9 Ao (f) Y(A1):Ao< , ep;
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3. L (FCF)(EQ)a (F)(e)is) ) €% , €f;

4. (F(F)EDY ((F)(e0);A1) » A1 8 )
9A0 (f) Y(A1):9ag f €3g: ~ ,(a0;en;Ao).

To lighten the notation let f°®denote ( f), i.e., the restriction f; (g,).

1. If fqep) = YA€) and ey 6 €3, sincef : 1o ! 15 is anies-morphism, it must be ey# o€l.
Hence, by Fact[Z29.(3),e# ,€3.

2. Assume that - ,(;;f Yep);A1). By de nition of ( 11), recalling that f Yeg) = f (), we
have r-1(;;f (e0); A9), with A; = A9\ (Ey). Since, by de nition of ies, #,A?, we can
apply rule (< 1), thus obtaining

105 (e0); AD) # pA
A <1 f(ep)
By de nition of morphism, there exists A3 f (A9) such that A <, eo. If we de ne

Ao = AJ\  (Eo) then, by Fact EZ9.(1), Ap < , € and, by the property (y) above, Ag
fO 1(Ay).

(<1

3. Assume that  ,(ff (€d)g;f Yeo);;). By de nition of + , and recalling that f ° is the
restriction of f, it must be 1 (ff (€3)g;f (e); A1) with A;\ (E;) = ;. Hence, by de nition
of morphism, there existay f egg and Ag f 1(A1) such that rg(ag;eg;Ap). Since
A1\ (E1) = ;,wededuce thatAp\ (Eo) = ;.Moreover, recallingthatey 2 (Eop), namely
it is executable, necessarilyag = f€Jg. Therefore — (fedg; €;;), and thus ey % , €3.

4. Assume that - , (ff ed)g;f Yeo); A1) with A; 6 ;. Then, by de nition of - ,, we must
have
1 (ff (3)g; f Yeo); A)
whereA; = A9\ (E;). By de nition of ies-morphism, there must existA3 f 1(A?) and
ap f €Jgsuch that -o(ag; e0; A9).
If we de ne Ag = AJ\ (Eo), then by de nition of - ,, we have - ,(ao;€ep;Ao) and, by
the property (y) proved above,Aq % 1(A,). 2

It is easy to verify that, if | is alES object and|is an arbitrary ies, then any
ies-morphismf : 1! (19 is also a morphismf : 1 ! 1% This simple observation
allows us to conclude immediately that the inclusion dfES into IES is left adjoint
of the functor and thus that IES is a core ective subcategory ofES.

Proposition 4.31 (relating IES and IES )
- J ies
Finally observe that the functorP ; : Dom ! IES maps each domain into the

encoding of apes, which is clearly an object in[ES . Therefore it is easy to prove
that the core ection betweenlES and Dom restricts to a core ection betweenlES
and Dom .

Corollary 4.32 (coreflection between IES and Dom)
let P, : Dom ! IES andL; :IES ! Dom denote the restrictions of the
functorsP; andL ;. Then P jc a L j.
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4.3 The category of inhibitor nets

This section de nes the categorylN of inhibitor nets by introducing a suitable
notion of morphism. Morphisms of i-nets are morphisms betwa the underlying
c-nets, satisfying a further condition which takes into aaunt the presence of the
inhibitor arcs. In this way the categoryCN of contextual nets is a (full) subcategory
of IN .

Definition 4.33 (i-net morphism)
Let Ng, N1 be i-nets. Ai-net morphismh : Ng ! Nj is a pair h = hht; hsi, where
hr : To! Ty is a partial function andhs : Sg! S; is a multirelation such that

1. hs(mg)= my;

2. foreachA2 T,

(@ hs( A)= ht(A),

(b) hs(A)= hr(A),

© [h(A)] hs(A) h(A)
(d) [hsl *( hr(A) Al

where[hs] is the set relation underlying the multirelationhs. We denote byiN the
category having i-nets as objects and i-net morphisms as @ms.

Conditions (1), (2.a) - (2.c) are the de ning conditions of enet morphisms (see Def-
inition B2Z6). Finally, condition (2.d) regarding the inhibitor arcs can be understood
if we think of morphisms as simulations. As preconditions ahcontexts must be pre-
served to ensure that the morphism maps computations &f, into computations of
N1, similarly, inhibitor conditions, which are negative condions, must be re ected.
In fact condition (2.d) can be expressed, in words, by sayirtyat if the image of a
placesy in Ng inhibits the image of a transitiontg, then s, must inhibit ty (see also
the remark below).

Remark 4.34
Observe that condition (2.d) on inhibiting places can be rextten as

S1 2 [hs(so)l * li(hr(to);s)) ) lo(to; So);

which shows more explicitly that inhibitor arcs are re ectel. In particular, if hs is
a total function then

l1(ht(to);hs(s0)) ) lo(to; So)-

1We are grateful to Nadia Busi and Michele Pinna for pointing out the appropriateness of this
condition, generalizing the one appeared in a preliminary ersion of the work.
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Although, to the best of our knowledge, no other categorie$ pets with inhibitor
arcs have been introduced in the literature, our i-net morgbms can be seen as a
generalization of the process mappings of [Bus98, BP96, BI?9We will come back
on this point in Section[4®, where a (deterministic) procasof an i-netN will be
de ned as a special morphism from a (deterministic) occurnee i-net to the netN.

Proposition 4.35 (composition of morphisms)

The class of i-net morphisms is closed under composition.

Proof. Let hg : No! Nz and h; : N7 ! N3 be two i-net morphisms. Their composition
h; ho obviously satis es conditions (1) and (2.a)-(2.c) of De nition EE33, since these are exactly

the de ning conditions of c-net morphisms which are known tobe closed under composition.
Finally, hy hg satis es also condition (2.d). In fact, for any multiset of t ransition A in No:

[his hosl *( (hir hor)(A)) =
=[hos] *([his] *( h1r(h ot (A))
[hos] *( hor(A)) [since h; is a morphism]

A [sincehg is a morphism]

Let us now verify that, as in the case of contextual nets, i-nenorphisms preserve
the token game, and thus the reachability of markings.

Theorem 4.36 (morphisms preserve the token game)
Let No and N; be i-nets, and leth = hhr;hsi : No ! Nj; be an i-net morphism.
Then for eachM;M°2 S andA2 T

MIAIM® ) hs(M)[h+(A)i hs(M.

Therefore i-net morphisms preserve reachable markingse.i.if Mgy is a reachable
marking in Ng then h s(Mg) is reachable inN;.

Proof.  Suppose thatM [Ai M % and thus, in particular, M [Ai, namely A +[A] M and
M+A]JV A=,

First notice that h 1(A) is enabled by h s(M). The proof of the fact that h (A) +
[h+(A)] h s(M) is the same as for c-net. Hence let us consider the new conitinh for the
enabling regarding the inhibiting places. Observe that

[hs(M)+ ht(A) ]\ hr(A)=
=[hs(M)+ hs(A)\ h<1(A) [by(2.b)inthe de nition of morphism]
=[hsM+A)]\ h+(A)

The last passage is justi ed by observing that ifs; 2 [h s(M + A )]\  h 1(A), then there is
So2 M + A Jsuchthats; 2 [h s(so)] and s; 2 ht(A). By condition (2.d) in the de nition of
i-net morphism, this implies sp 2 A and thereforesp 2 [M + A J\ A, which instead is empty
by hypothesis.

It is now immediate to conclude that h s(M)[h 1 (A)i h s(M?9. 2
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As in the case of contextual nets, the Winskel's style semaos will be de ned
on the subcategory ofN having semi-weighted nets as objects. The next de nition
introduces semi-weighted and safe inhibitor nets by gendirang in the obvious way
the corresponding notions for contextual nets.

Definition 4.37 (semi-weighted and safe i-nets)
A semi-weightedi-net is an i-net N such that the initial markingm is a set and
Frost IS @ relation (i.e., t is a set for allt 2 T). We denote bySW-IN the full
subcategory ofN having semi-weighted i-nets as objects.

A semi-weighted i-net is calledafeif also F,. and C are relations (i.e., t and
t are sets for allt 2 T) and each reachable marking is a set.

4.4  Occurrence i-nets and unfolding construction

Generally speaking, occurrence nets provide a static repentation of the computa-
tions of general nets, in which the events ( ring of transitons) and the relationships
between events are made explicit. In the previous chapter é¢hnotion of occurrence
net has been generalized from ordinary nets to nets with cat conditions. Here,
the presence of the inhibitor arcs and the complex kind of depdencies they induce
on transitions makes hard to nd an appropriate notion of ocarrence i-net.

As a rst step, consider an i-net where only forward con ictsare admitted,
namely where each place is in the post-set of at most one tréen. The condition
of niteness and acyclicity of the causes, which ensures thaach transition of an
occurrence (contextual) net is rable in some computationhas no natural general-
izations in this setting. Indeed also the notion of set of caes of a transition becomes
unclear. In fact, as already observed, a transitioh to be red may require the ab-
sence of tokens in a place, and therefore it can be seen as a (weak) cause of the
transition t%in the pre-set ofs if it res before sis lled, or as a consequence of any

a set of causes depending on a kind of \choice", which spea@ &r any inhibitor arc
(t;s) if transition t is executed before or after the placeis lled and in the second
case which of the transitions in the pre-sets of the inhibitor place consumes the
token. Then the rability of a transition t would amount to the existence of a choice
which is acyclic on the transitions which must be executed bmret. However, relying
on this idea the notion of occurrence net would be not very easo deal with and
furthermore the unfolding construction would produce a netvhich is not decidable,
in the sense the sets of transitions and places of the net amet mecursive. In fact, due
to the Turing completeness of inhibitor nets (see, e.g|, [&F4]) the reachability of a
marking, or equivalently the existence of a computation in hich a given transition
res, is undecidable.

We propose the following solution. Given an i-neN, we rst consider the un-
derlying contextual netN, obtained fromN by forgetting the inhibitor arcs. Then,
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SW-IN =2 OON

SW-CN O-CN

Figure 4.3: Functors relating semi-weighted (occurrence}rnets and i-nets.

disregarding the inhibitor arcs, we apply toN. the unfolding construction for c-nets
de ned in the previous chapter (De nition B48), which produces an occurrence c-
net. Finally, if a place s and a transition t were originally related by an inhibitor arc
in the net N, then we insert an inhibitor arc between each copy & and each copy
of t in Ua(N,), thus obtaining the unfolding U;(N) of the net N.

The characterization of the unfolding as a universal consiction can be easily
lifted from contextual to inhibitor nets. Furthermore, in this way the unfolding of an
inhibitor net is decidable, a fact which, besides being nideom a theoretical point of
view, may be helpful if one want to use the unfolding in practe to prove properties
of the modelled system. The price to pay is that, di erently fom what happens
for ordinary and contextual nets, some of the the transitiogs in the unfolding may
not be not rable, since they are generated without taking cee of inhibitor places.
Therefore not all the transitions of the unfolding correspad to a concrete ring of
a transition of the original net, but only those which are exeutable.

Since our unfolding construction disregards the inhibitoarcs, we de ne an oc-
currence i-net as an i-net which becomes an occurrence c-mdten forgetting the
inhibitor arcs. To formalize this fact it is useful to introduce two functors, the rst
one mapping each i-net to the underlying c-net, and the othesne embedding the
category of c-nets into the category of i-nets (see Figufe3.

Definition 4.38

We denote byRi : SW-IN ! SW-CN the functor which maps each i-
net to the underlying c-net obtained by forgetting the inhibr relation, namely

Ric(hS;T;F;C;I;mi) = hS;T;F;C;mi, and byl ¢ : SW-CN ! SW-IN the

functor mapping each c-net into an i-net with an empty inhitor relation, namely

| i(hS;T;F;C;mi) = hS;T;F;C;;;mi. Both functors act as the identity on mor-
phisms.

Recall that causal dependency on contextual nets is de ned #he least transitive
relation < such thatt < t%if t \ ( t°[ t9 6 ;, the only novelty with respect
to classical nets being the fact that a transition causally €pends on transitions
generating tokens in its context. Asymmetric con ict% is de ned by taking t % t°
if t° consumes a token in the context of, namely ift\ t°6 ;. Moreovert % t°
if (t6t°~ t\ t°6 ;) to capture the usual symmetric conict, and nally,
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H o o

N2 Ric(NZ)

Figure 4.4: Not all events of an occurrence i-net are execbta.

according to the weak causality interpretation of%o, t % t° whenevert < t% An
occurrence c-netis then de ned as a c-netN where causality is a nitary partial
order, asymmetric conict is acyclic on the causes of eachansition, each place is
in the post-set of at most one transition and the initial markng is the minimal set
of places with respect to causality.

Definition 4.39 (occurrence i-nets)
An occurrence i-netis a safe i-netN such thatR (N ) is an occurrence c-net. The
full subcategory ofSW-IN having occurrence i-nets as objects is denoted ByIN .

We remark that, since the above de nition does not take into ecount the inhibitor
arcs of the net, we are not ensured that each transition in ancourrence i-net can
be red. For instance in the i-net N, of Figure[Z34, the only transitiont can never
re, but, by looking at the underlying c-net Ri.(N;) depicted aside, it is immediate
to see thatN, is an occurrence i-net.

In the previous chapter we have de ned an unfolding functolJ, : SW-CN !
O-CN , mapping each semi-weighted c-net to an occurrence c-nethd functor U,
has been shown to be right adjoint to the inclusion functor o : O-CN | SW-CN .
By suitably using the functorsRi. and |  we can lift both the construction and
the result to inhibitor nets.

Definition 4.40 (unfolding)

Let N = bS;T;F;C;l;mi be a semi-weighted i-net. Consider the occurrence c-net
Ua(Ric(N)) = hSCTCF%C%mY and the folding morphismfy : Ua(Ric(N)) !
Ric(N). De ne an inhibiting relation on the net U,(Ric(N)) by taking fors®2 S°
andt°2 TO

145t 1 T ()T (t9).

Then the unfoldingU;(N) of the netN is the occurrence i-nethS% T% F% C% 1% mY
and thefolding morphismis given byfy seen as a function fromJ;(N) into N.

The fact that U;(N) is an occurrence i-net immediately follows from its conaiiction.
Furthermore, since the place component dfy is a total function, according to what
observed in RemarkK 434, it immediately follows thatJ;(N) can be characterized
as theleast i-net which extendsU,(N) with the addition of inhibitor arcs in a way
that fy : Ui(N) ! N is a well de ned i-net morphism.
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The unfolding construction is functorial, namely we can dene a functor U; :
SW-IN ! O-IN, which acts on arrows asJ, Rj.. In other words, givenh :
No ! Ng, the arrow U;(h) : U;(Ng) ! U;(N,) is obtained by interpreting h as a
morphism between the c-nets underlyindN, and N4, taking its image viaU,, and
then considering the mapU,(h) as an arrow fromU;(Ng) to U;(N3).

Proposition 4.41
The unfolding construction extends to a functodJ; : SW-IN ! O-IN , which acts
on arrows asU, Rjc.

Proof.  The only thing to verify is that given an i-net morphism h : Ng! N3, the c-net morphism
h°= Uas Ric(h): Ua(Ric(No)) ! Ua(Ric(N1)), seen as a mappingh®: U;(Ng) ! U;(Ny) is an
i-net morphism.

First notice that the following diagram, where fo and f; are the folding morphisms, commutes
by construction (although h° in principle, may not be an i-net morphism).

No ——— N

o] I

Ui(NO) m Ui(Nl)

As usual, conditions (1) and (2.a)-(2.c) are automatically veri ed since h®is a c-net morphism.
Let us prove the validity of condition (2.d), as expressed byRemark[Z33, namely

s?2[hg(sPI ~ 12(hF(t8);s)) ) 15(t8;sP).
Assumes? 2 [h 2(sD] ~ 12(h?(t3);s9). Hence,f1s(s?) 2 [ (fis h2)(s§)] and, by de nition of

the unfolding, |1(f 11 (h9 (t3)); f1s(sY)). Therefore, by commutativity of the diagram

f1s(s9) 2 [h s(fos(s9)] and  li(hr (for (t8));fas(s?))

Being h an i-net morphism, by condition (2.d) in De nition 4:33Jwe h ave that

Lo(for (t0); fos (S9))
and therefore, by de nition of the unfolding, 1§(t3;s3), which is the desired conclusion. 2

We can now state the main result of this section, establishgna core ection be-
tween semi-weighted i-nets and occurrence i-nets. It essalty relies on the fact that
the unfolding for c-nets has been already characterized as aniversal construction
(Theorem[Z242).

Theorem 4.42 (coreflection between SW-IN and O-IN)
The unfolding functorU; : SW-IN ! O-IN is right adjoint to the obvious inclusion
functor | o : O-IN ! SW-IN and thus establishes a core ection betwe&W-IN
and O-IN .

The component at an objecN in SW-IN of the counit of the adjunction,f :
| o U;! 1, is the folding morphismfy : Ui(N)! N.
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Proof. Let N be a semi-weighted i-net, letU;(N) = S T%F%C%1%mY be its unfolding and
let fn : Ui(N) ! N be the folding morphism as in De nition 40, We have to show tat for
any occurrence i-netN; and for any morphism g : N; ! N there exists a uniqgue morphism
h:N;y! U;j(N) such that the following diagram commutes:

fn
Ui(N) —=N

A
h g

N1

The existenceis readily proved by observing that an appropriate choice ish = U;(g). The
commutativity of the diagram simply follows by the commutat ivity of the diagram involving the
underlying c-nets and c-net morphisms, namely

Ua(Ric(N)) —> Ric(N)

A
h 9

Ric (N1)

With a little abuse of notation, we have denoted with the same symbol the c-net morphism and
the same mapping seen as an i-net morphism.

Also uniquenessfollows easily by the universal property of the construction for c-nets. In fact
let h°: Ny ! U;(N) be another i-net morphism such that fy h® = g. This means that h® is
another c-net morphism which makes commute the diagram invilving the underlying c-nets. This
implies that, as desired,h and h° coincide. 2

4.5 Inhibitor event structure semantics for i-nets

To give an event structure and a domain semantics for i-netsewinvestigate the
relationship between occurrence i-nets and inhibitor evemstructures. The kind of
dependencies arising among transitions in an occurrenceet can be naturally rep-
resented by the DE-relation, and therefore thées corresponding to an occurrence
i-net is obtained, as in the case of c-nets, by forgetting thelaces and taking the
transitions of the net as events. Furthermore morphisms bween occurrence i-nets
naturally restrict to morphisms between the correspondinges'’s, and therefore the
semantics can be expressed as a functgr: O-IN ! I[ES.

The converse step, fromes's to occurrence i-nets, instead, is shown to be very
problematic. An object level construction can be easily pfarmed, associating to
eachies a corresponding i-net. However such a construction does rgite rise to a
functor. We discuss the origin of this problem, showing that is intimately connected
to or-causality, and we argue that it has no reasonable solahs in the considered
framework.
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45.1 From occurrence i-nets to  ies's

Let us introduce DE-relation naturally associated to an oagrence i-netN, denoted
with the symbol . It will be used to de ne rst a pre-ies and then anies for the
net N.

Definition 4.43 (pre-ies for occurrence i-nets)
Let N be an occurrence i-net. The prées associated toN is de ned asl § = HT; R i,
with oy 21 T 2T, given by: fort;t°2 T ands2 S

1oift \ (t° 196 ; then =P (;;t%ftg)
2.0 (t[ )\ t°6 ; then = (ft%;t;;);

3.ifs2 tthen{( s;t;s).

The rst two clauses of the de nition encode, by means of the B-relation, the
causal dependencies and the asymmetric con icts induced bgw and read arcs.
The last clause fully exploits the expressiveness of the DElation to represent the
dependencies induced by inhibitor places.

Notice that I} is a preies, satisfying also condition (1) of the de nition of ies.
Therefore, as proved in Propositioili’4l5, it can be \saturat¥' to obtain an ies.

Definition 4.44 (ies for occurrence i-nets)
The ies associated to the occurrence i-nell, denoted byly = hT;—yi, IS de ned

N
asly.

Recall that the causality, asymmetric conict and con ict relations of Iy and I
coincide. They will be denoted by< y, %N and #y, respectively.

The next proposition shows that the above construction extels to a functor,
by proving that the transition component of an i-net morphisn is anies-morphism
between the correspondingges's.

Proposition 4.45
Let No and N; be be occurrence i-nets and ldt : Ng ! N; be an i-net morphism.
Thenhy 11y, ! Iy, IS @aies-morphism.

Proof. Fori 2f0;1g, let <;i, %; and #; be the relations of causality, asymmetric con ict and
conictin the pre- ies I { = hE;; Pi. We show thathy : 1§ 1 I} satis es conditions (1)-(4) in the
hypotheses of LemmdZ419 and thudit is anies-morphism between the corresponding \saturated"
ies's.

1. hr(to)=hr(t) » to 61t )  to#otd.
This property can be proved exactly as for c-nets. Alternatively, we can observe that if #59
denotes the con ict relation in the c-net Ric (Ng) then it is easy to see that #,0 # (. Since
Ric(h)= h:Ric(Ng)! Ric(N31) is an c-net morphism, by resorting to Lemmal3ZR in the
previous chapter we conclude thatto# 40t3 and therefore to# ot3.
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2. }—OE(; ihr(to); A1) ) 9 Ag th(Al)Z Ao <o to.
Let us assumet-{(; ;ht (to); A1). By the de nition of - we can have

(a) A= ftlg and 11 \ hT (to) 6 ;.

Considers; 2 t; \  ht(tg). By de nition of i-net morphism there must exist sp 2 tp such
that hs(so;s1), and t3 2 Ty such that hr (t§) = t; and so 2 tJ . By de nition of -}, if we
de ne Ap = ftdg, it follows that §(;;to; Ao), and thus by rule (< 1), Ag < to. Recalling
that tJ 2 th(tl) and thus Ap  h;~(A1) we conclude.

(b) A= ft]_g and 11 \ hT(tg) 6 ;.
Analogous to case (a).

() 9s12 hr(to): s1=; " s1 = A5

Since s; = ;, namely s; is in the initial marking my of N1, by de nition of i-net morphism,

there exists a uniquesy 2 mg such that hs(sp; s1). Again, by de nition of i-net morphism,

from s; 2 ht(tg) and hg(so;s1) it follows that sp 2 tg. Hence }—08( So;to;So ), namely,
recalling that sp 2 mo,

B to; S0 ).

Therefore, by rule (< 1), we havesy <g to. Observe that, by the condition (2.a) in the
de nition of i-net morphisms, ht(sp ) s1 and, sincehs(sp;s1), hecessarilyh is de ned
on eachtd 2 so . Thus so th(sl ) concluding the proof for this case.

3. HR(fhr(td)gihr(to)is) ) to %o td.
By de nition of -, we can have

@ ( hr(to) [ hr(to)\ hr(t3) 6 ;.

Let s; 2 ( hr(to) [ hr(to))\ ht(td). If sq is in the initial marking than, by the de nition
of i-net morphisms, one easily deduces that there exists a ugue placesy 2 Sp such that
hs(So;s1) and moreoversg 2 ( to[ to)\ t3. Therefore, by de nition, —§5(ftdg;to;;) and
thus, by rule (% 1), to %o tS.

Suppose instead thats; 62m;. If ( to[ to)\ tJ 6 ; then we conclude as above. Otherwise,
as in the case of c-nets (LemmB_3:32), one easily deduces thgt# (t3, and therefore, by rule
(% 3), we can concludety %0 t3.

(b) 9s2 hr(to) \ hr(td) ~ sp = ;.

By condition (2.c) in the de nition of i-net morphism (De ni tion E33), there must be
Sp 2 tp such that hs(so; s1). By condition (2.d) in the same de nition, sp 2 tp. Observing
that necessarilys, = ;, we conclude Hg(ftgg;to; ;) and thus tg %¢ t8.

4. =f(fhr(t)g:hr(to);A1) A1 65 ) 9 Ao h'(A1): 9a f t0g: §(a0;to; Ao).
Assume - (fhr (3)g; hr (to); A1) and A; 6 ;. Thus, by de nition of {  there is a place
s12 hr(to)\ hr(t]) suchthat A; = s; . Hence there isso 2 t§ such that hs(so;s1). By
condition (2.a) in the de nition of i-net morphism ht(sp ) si1 = A; and necessarilyht
is de ned on eacht$ 2 sy . Therefore

So th(Al):

Sincesy 2 ht(tg) and hs(sp; s1), by condition (2.d) in the de nition of i-net morphism,
So 2 to. Hence we conclude that, as desiredi-n, (ft3g; to; So ). 2
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By the above proposition we get the existence of a functor wdii maps each i-net
to the correspondingies de ned as in De nition ££44] and each i-net morphism to
its transition component.

Definition 4.46
Let E : O-IN ! IES be the functor de ned as:

E(N) = Iy, for each occurrence i-netN;

E(h:No! Nj)= hy, for each morphismh: Ng! N;.

The core ection betweenlES and Dom can be nally used to obtain a do-
main semantics, and, by exploiting Winskel's equivalence, prime event structure
semantics for semi-weighted i-nets. As explained in Seatid.2, the pes semantics is
obtained from theies semantics by introducing an event for each possible di erén
history of events in theies.

45.2 From ies's to i-nets: a negative result

In [MW1n87a] Winskel maps each prime event structure into a cenical occurrence
net, via a free construction which generates, for each setafents related in a certain
way by the dependency relations, a unique place that inducésat kind of relations
on the events. In the previous chapter this construction habeen generalized to
c-nets. This section shows that the result cannot be extenddo inhibitor nets and
events structures, the problem being essentially the presme of or-causality.

A natural extension of Winskel's construction to inhibitor nets andies's could
be as follows.

Definition 4.47 (from occurrence i-nets to ies's)
Let | = hE; i be anies. Then N(l) is the netN = hS;T;F;C;I;mi de ned as
follows:

_ o ~.. . AB;C E; 82A:8b2B:a%b; .
m= MABCI: 48 A gc2cioBY B:Bo<c

8

< A;B;C E; e2E; 8 2A[ B:e<x;
S=m[  hfeg;A;B;Ci: 8a2 A: 8b2 B: a% b; o
' #,B N 8c2C:9B° B:~(feg;c;BY -

I ©

T=E;
F = I‘Fpre; Fposti, Wlth

I:pre= f(e;5)15= h;A;B;Ci2 S; e2 Bg,
Foost = f(€;9 :s= he;A;B;Ci2 Sg;



4.5. Inhibitor event structure semantics for i-nets 133

C=1f(e;9:s=hA;B;Ci2 S; e2 Ag.

| =f(e;9:s=mA;B;Ci2 S; e2 Cg

As one would expect, the main di erence with respect to the ewstruction Chap-
ter @ resides in the fact that here also inhibitor places aredded. Since the same kind
of dependency among a set of transitions can be induced by oenting the tran-
sitions to a place in di erent ways, all the possibilities mat appear inN;(E (N)).
For instance a dependencye < e® may be related to the presence of a place which
appears both in the post-set o& and in the pre-set ofe’. But it may be induced also
by the presence of a place in the initial marking of the net, wbh inhibits €’ and is
consumed bye.

A rst problem with the described construction is the fact that, in general, it
does not maplES objects into O-IN objects. The reason is essentially the fact that
in an occurrence i-net the dependencies induced by the ow dmead arcs, and those
which are due to the inhibitor arcs are treated di erently: the former must satisfy
the conditions characterizing occurrence c-nets, while éhatter are not constrained
in any way. Instead, in anies all kind of dependencies are represented via the
only relation . Consequently, the distinction between inhibitor and ow/read arcs
cannot be recovered from anes and the net N;(I) encodes the (possibly cyclic)
situations of dependency among events in all possible wayr instance, a cycle
of causality is represented not only with inhibitor arcs butalso with ow arcs. In
this way the c-net underlyingNi(l) may not be an occurrence c-net and thus, in
general,N(I) is not an occurrence i-net.

However this is a minor problem, since the problematic situ@ns are clearly
related to the non executable events of ares, i.e., to events which do not appear
in any con guration. The presence of such events leads to tigeneration of nets
containing cyclic or non-well founded situations, which dmot satisfy the require-
ments to be an occurrence i-net. The mentioned problem digagar if we remove
the non-executable events and work witHES objects. A functor from O-IN to
IES , mapping each occurrence i-net into ames where all events are executable,
can be obtained simply as E, where : IES ! IES is the functor de ned in
Section[Z2 (De nition E21). The construction describedn De nition £47] applied
to a IES object indeed produces an occurrence i-net.

Proposition 4.48
Let | be alES object. ThenN;(l) is an occurrence i-net.

Proof. Let Ni(I) = (S;T;F;C;l;m). Then by construction, the initial marking and the pre-
set, post-set and context of any transition are sets. Moreogr the net is safe since any transition
consumes a token in a place it and thus it can be red at most once.

Finally, if  and % are the causality and asymmetric con ict relation in the und erlying c-net,
then it is easy to realize that is a partial order and % is acyclic on the causes of each transition.
In fact one can prove that such relations are included into thke corresponding relations of theies
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I, and thus the presence of a non- rable transition in the net would imply the presence of a non-
executable event inl . 2

It is not di cult to verify thatif 1 isanlES objectthenE(N;i(l)) " |. Hence
it is still possible to obtain a net representing a given everstructure.

However a second problem exists, which instead appears haodget rid of and
which makes impossible to turn the construction into a funair. The problem is illus-
trated by the following example. Consider twaes's |, and | ;, obtained by saturating
the pre-es's hfey; €3; €39; f (; ; eo; f €3; €39)gi, and hfey; €0g; f (; ; er; f€)g)gi. The nets
Ni(lo) and N;(l1), are quite complicated, therefore the gure below represés only
the parts of these nets which are relevant to our argument.

& o0,

Ni(lo) Ni(l1)

It is easy to see that theies-morphismf : 15! 1, dened by f (e3) = f(e3) = e
and f () = € is well de ned, but it cannot be extended to the places of theats
above in order to obtain an i-net morphism. Formally, the prblem is that there is
no place in ey, which can be mapped tcs;.

Conceptually, the problem is related to the fact that in an ocurrence i-net a
situation of or-causality can be induced only by a place likgy, which inhibits a
transition and is consumed by other transitions. Instead,he or-causality induced
by a backward con ict is forbidden, while, as already obseed, at the level ofies's,
where one forgets the state, the two dependency situationsdome indistinguishable.
Indeed one could be tempted to generate, instead Nfi(lo) above, a di erent net,
where or-causality is represented also by backward con Efsee the picture below).

However, in this way the generated net is not an occurrencenét, but, by analogy
with the ow nets of [Bou90d], something which we could call aow i-net . Unfortu-

nately the nasve solution of enlarging the category of ocetence i-net to comprise
also such kind of nets does not work, as one can easily checkeflefore, the un-
folding construction should be changed in order to generage ow net instead of
an occurrence i-net. However this would be a drastic changmodifying the basic
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intuition underlying the unfolding. In fact transitions and places in the \ordinary"
unfolding are identi ed by their history, a concept which, n the presence of backward
con icts, would become unclear.

4.6 Processes of i-nets and their relation with the
unfolding

We showed that i-nets can be given a functorial unfolding seantics which general-
izes the one de ned for c-nets. Unfortunately, the resultshtained for c-nets cannot
be fully extended to i-nets and the step which leads from oceence i-nets to in-
hibitor event structures is not expressed as a core ectiorNevertheless, the work
developed so far allows us to naturally provide i-nets with éeterministic) process
semantics which nicely ts with the notions already existing in the literature. Also
a notion of concatenable i-net processan be easily de ned, and, as already done
for c-nets, by exploiting the characterization of the unfaling construction as a core-
ection between the categories of semi-weighted i-nets amatcurrence i-nets, a tight
relationship can be established between the (concatenablgrocess semantics and
the unfolding semantics of an i-net.

We will concentrate only on the peculiar aspects of i-netseferring the reader to
the previous chapter for an extensive explanation of the nioins and results which
are an easy adaptation of those for c-nets.

The de nition of nondeterministic process remains exactlyhe same. A (nonde-
terministic) process of an i-net is de ned as as on occurreménet O with a special
kind of morphism, calledstrong, to the original net. A strong morphism is total on
places and transitions, and maps places into places (rath#ran into multisets of
places). Furthermore to correctly represent a concurrentomputation of the origi-
nal net N, a strong morphism is required to preserve (and not only to rect) the
inhibitor arcs. In this way the net underlying a process oN turns out to have the
same \structure" of the netN.

Definition 4.49 (strong i-net morphism)
An i-net morphism f : Ng ! N;j is called strong if f+ and fs are total functions,
and for any placesy and transition to in N, if 1o(to; So) then I1(f1(to); fs(So)).

Observe that if f is a strong morphism thenl(to;So) i 11(f1(to); fs(So)) , since
the converse implication follows from the de nition of gen&l i-net morphisms (see
De nition 4£33). Observe that, in particular, the folding morphism is a strong mor-
phism.

Definition 4.50 ((nondeterministic) process)

A marked processof an i-net N = hS;T;F;C;Il;mi is a mapping’ : N- I N,
whereN: is an occurrence i-net and' is a strong i-net morphism. The process is
calleddiscreteif N. has no transitions.
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An unmarked procesf N is de ned in the same way, where the mappirig is
an \unmarked morphism", namely' is not required to preserve the initial marking
(it satis es all conditions of De nition 4.33] but (1)).

As usual, an isomorphism between two processes of a métis an isomorphism
between the underlying occurrence i-nets, which is congst with the mapping
over the original netN.

A deterministic occurrence i-netis de ned as an occurrence i-net where all the
events can be executed in a single computation. However, drently from what
happens for ordinary nets and c-nets, this requirement mayhbe su cient to ensure
that a deterministic occurrence net is a good representa&wf a uniquely determined
computation. In fact, from the previous considerations ortimets andies's it should
be clear that computations involving the same events may bei érent from the
point of view of causality. For instance, consider the basitet N, of Figure[41 with
just one inhibitor arc. The transitions t, t® and t, may be executed in two di erent
orders, namelyt;t%t, or t%te;t, and, while in the rst case it is natural to think
of t as a cause of’ in the second case we can imagine that insteag (and thus
t9 causest. This further information is taken into account in the so-c#led enriched
occurrence i-nets, where a choice relation on the set of titions speci es which of
the possible computations we are referring to.

Definition 4.51 (deterministic occurrence i-net)

A deterministic occurrence i-netis an occurrence i-netO = hS;T;F;C;I;mi such
that, if §(O) = hTp; oi is the correspondinges thenhlp; ! +,i is a con guration
of E(O) for some choice! 1, . In this case the pairhO;! i is called anenriched
deterministic occurrence i-net

The notion of enriched deterministic occurrence i-net coaondes, apart from the
slightly di erent presentation, with that in [Bus98] BP99] (see also Sectioh2.3).
We recall that in such papers an enriched occurrence i-net @ ned as an i-net,
where the set of inhibitor arcsl is partitioned into two subsets: the \before" arcs
I, and the \after" arcs |,. Intuitively, if ( t;s) 2 |, is a \before" arc thent must be
executed before the placs is lled, while if (t;S) 2 1, is an \after" arc then t must
be executed after the places has been emptied. The precedence relation among
transitions induced by such a partition is required to be aagtic. A comparison of
the two de nitions reveals that the only di erence residesn the fact that in our case
the choice is done directly on transitions, while_ [Bus98, BF] imposes requirements
on each single inhibiting arc. Therefore the two approachese equivalent, although
we think that imposing precedences directly on transitionss slightly more natural.

Definition 4.52 (deterministic process)

A (marked or unmarked) deterministic procesgor an i-net N is a pair H;,! -1,
where' : O! N is a process ofN and hO. ;] i is an enriched deterministic
occurrence i-net.
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A process is callednite if the set of transitions inO- is nite. In this case, we denote
by min(* ) and max(' ) the sets of places irD. which have empty pre-set and post-
set, respectively. Moreover we denote with' and' the multisets ' s(min('))
and ' s(max(' )), called respectively thesourceand the target of ' . We will usually
denote an enriched process simply by, and use the symbol! . to refer to the
associated choice relation.

Two enriched processes; and ' , are isomorphic if there exists a process iso-
morphismh :' ;! ', whose transition component is an isomorphism of the partia
ordershrl. ;1 . iandhl. ;1 . i.

Also the notion of concatenable process can be naturally exided to i-nets. As
usual a meaningful operation of sequential composition cdre de ned only on the
unmarked processes and a suitable ordering over the placesnin(’ ) and max( )
is needed to distinguish di erent occurrences of tokens irhé same place.

Definition 4.53 (concatenable process)
A concatenable procesef a c-netN is a triple = h;'; i, where

is a nite deterministic unmarked process ofN;
is ' -indexed ordering ofmin(" );
is ' -indexed ordering ofmax(' ).

An isomorphism between concatenable processes is de ned,usual, as a process
isomorphism which respects the ordering of the minimal and amimal places. An
isomorphism class of processes is called @istract) concatenable procesand de-
noted by [ ], where is a member of that class. In the following we will often omit
the word \abstract” and write  to denote the corresponding equivalence class.
The operation of sequential composition of two concatenablprocesses; =
h ;"1 1210 and , = h ;"5 »i of ani-netN is de ned as the process obtained
by gluing the maximal places of ; and the minimal places of , according to the
ordering of such places. Once the two underlying ne3; and O, have been glued
producing a new netO, a delicate point is the de nition of the inhibiting relation in
O. In fact, if a place s inhibits a transition t in the original net, then each copy of
the places must inhibit each copy of the transitiont. To achieve this result, some
inhibitor arcs must be added toO connecting places inO; with transitions in O,,
and vice versa. Technically, the resulting net is the uniqupossible enrichment oD
with inhibitor arcs which makes the gluing of the two proces a process df.
Moreover the choice relation associated to the sequentiabraposition is given
by the union of ! . and]! ., with the new dependencies arising for the fact that
the two processes are \connected". As for c-nets some of thedependencies are
induced by the fact that places in max( ;) can be used used by transitions of .
Other dependencies are peculiar of the construction on i43¢ being related to the
newly added inhibitor arcs.
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Definition 4.54 (sequential composition)

Let 1 =h ;"' 1; 11 and .= h ' 5 ,i be two concatenable processes of an i-net
N suchthat' ; = ' ,. Supposel;\ T, =; andS;\ S, = max(' 1) =min(" ,), with
"1(s) =" o(s) and 1(s) = o(s) foreachs2 S;\ S,. Inwords ; and , overlap only
on max(' 1) = min("' ), and on such places their labelling on the original net and
the ordering coincide. Denote by : O! N the componentwise union of ; and’ ,.
Then the concatenation 1; , is the concatenable process= h ;' : 0% N; i,
where O is the unique enrichment ofO with new inhibitor arcs making' an i-net
morphism, namelyl oo is de ned as:

l0o(t% s9) i InC (1) (9)).
The choice relationisdened as! -, [ ! -,[ r, where

r = f(tl,tz)ZTl sztl\(tz[t_z)g,_ t_]_\ tzg,g[
f(tl;tz)ZT-l T2J tl\ [P 6;_ tl\ t26,g

We remark that, as expected, the choice relation associatéal the sequential com-
position takes care of the precedences induced by the ow awcdntext relations on
the transitions connected to the \interface" places. Moreger, whenever a choice is
necessary between two transitions; 2 T., and t, 2 T., because a new inhibitor
arc has been added by the construction, the transitions aredered in the expected
way, namelyt; comes rst.

It is not dicult to see that sequential composition is well-de ned. The only
doubt which may arise regards the acyclicity of the relatiod . . But observing that
the new dependencies added by the concatenation are only bétkind (t;; t,) with
ti 2 T., fori 2f1;2g, one easily realizes that a cycle should be entirely insidae
of the two original processes.

The above construction induces a well-de ned operation oequential composi-
tion between abstract processes. In particular, if [] and [ ] are abstract concaten-
able processes such that; = , then we can always nd 92 [ ,] such that ;; 9
is de ned. Moreover the result of the composition at abstradevel, namely [ 1; J],
does not depend on the particular choice of the representes.

Definition 4.55 (category of concatenable processes)

Let N be an i-net. Thecategory of (abstract) concatenable processes N, denoted
by CP[N], is de ned as follows. Objects are multisets of places Nf, namely ele-
ments of S . Each (abstract) concatenable procegh;’; i] of N is an arrow from
' 1o

In the case of c-nets one can prove that the prime algebraicrdain obtained from
the unfolding of a net can be characterized as (ideal compleh of) the collection
of processes starting from the initial marking, endowed wita kind of subprocess
order. This result, which establishes a quite intuitive caespondence between the
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two kinds of semantics, still holds for i-nets. Let us outlia how the approach followed
for c-nets can be extended to i-nets.

First, it is immediate to see that for any i-netN = bS; T;F; C;l; mi the comma
categoryhm # CP [N]i is a preorder. The objects of such category are concatenable
processes o starting from the initial marking. An arrow exists from a process ;
to , if the second one can be obtained by concatenating the rst enwith a third
process .

Lemma 4.56
Let N = hS;T;F;C;m be an i-net. Then, the comma categorim # CP[N]i is a
preorder.

In the sequel the preorder relation ovehm # CP [N]i (induced by sequential com-
position) will be denoted by. 5 or simply by . , when the netN is clear from the
context. Therefore ;. 5 if there exists such that ; = .

The main result is then based on a characterization of the poeder relation. y
in terms of left injections, formalizing the intuition accading to which the preorder
onhm # CP[N]i is a generalization of the pre x relation. First, we must intoduce
an appropriate notion of left-injection for processes ofrets.

Definition 4.57 (left injection)

Let ;:m! M; (i 2f1;29) be two objects inhm # CP [N]i, with ; = h ;" ; ji.
A left injection : ;! ,is a morphism of marked i-net processes: ' ;! ' ,,
such that

1. is consistent with the indexing of minimal places, namely;(s) = 2( (S))
for all s2 min(" 1);

2. t:hm ;) o ith T ;1 i is arigid embedding.

As for c-nets, the rigidity condition ensures that , does not extend ; with tran-
sitions which should occur before transitions already in,. Hence the past history
of each transition in ; remains the same in , (and thus the inclusion is also order
monic).

Lemma 4.58
Let i :m! M; (i 2f1;29) be two objects inm # CP[N]i, with ; = h ;" ; ji.
Then

1. 2 1 there exists a left injection : ;! .
Having this lemma, the theorem which characterizes the donmasemantics of a

semi-weighted i-net in term of its deterministic processesomes as an easy conse-
qguence.
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Theorem 4.59 (unfolding vs. concatenable processes)
Let N be a semi-weighted i-net. Then the ideal completion oh # CP[N]i is iso-
morphic to the domainL ;(E(U;(N))).

Proof (Sketch). Let N = IS;T;F;C;I;mi be ani-netand let = h;'; i be a concatenable
process intm #CP [N ]i. Being' a marked process o\ (and thus a i-net morphism' : O ! N),
by the universal property of core ections, there exists a urique arrow' °: O | U;(N), making
the diagram below commute.

fn
Ui(N) —=N

"l

O

Obviously, also the converse holds. namely, each proces? of the unfolding can be turned in a
uniquely determined process ="' %fy of the net N.

Recall that the compact elements of the domainL ;(E (U;(N))), associated to N are the
nite con gurations of E(U;(N)). Therefore we can de ne a function : m # CP[N]i !
K(Li(B(Ua(N))) as () =('9) (T ;) i), where T. is the set of transitions of O- . The
function is well de ned since by de nition of deterministic process hT- ;! i is a con gura-
tion of E(O ) and, by Proposition EE4H, the transition component of an inet morphism is an
ies-morphism, which, by Lemmal[Z2Z2, maps con gurations into ca gurations.

Proceeding as for c-nets it is possible to show that the funébn is surjective, basically be-
cause each con guration of theies associated to the unfolding determines a deterministic subet
of the unfolding. The corresponding process oN, enriched with the order associated to the con-
guration, is mapped to the original con guration. The fact that is monotone and re ects the
order can be proved by exploiting Lemmal[Z5B. The existencefahe function  with the above
mentioned properties, by a general result on preorders (seeemmal[368), allows us to conclude
that Idi(hm # CP [N]i) and L ; (E (U;(N))) are isomorphic. 2
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The main contribution of the rst part of the thesis is a truly concurrent event-based

semantics for (semi-weighted) P/T nets extended with conté¢ and inhibitor arcs.
For the simpler case otontextual netsthe semantics is given at categorical level

via a core ection between the categorieSW-CN of semi-weighted c-nets an®om

of nitary coherent prime algebraic domains (or equivalerly PES of prime event

structures). Such a core ection factorizes through the ftdwing chain of core ections:

Il o Na Pa L

Q o —
SW-CN 2 O-CN 2 AES 2 _Dom PES
Ua Ea L a P

A key role in the treatment of contextual nets is played byasymmetric event
structures an extension of Winskel's (prime) event structures (with mary con-
ict), introduced to deal with asymmetric con icts. Asymmetric event structures
are closely related to other models in the literature, likepes's with possible
events [PP95], ow event structures with possible ow[[PP9band extended bun-
dle event structures([Lan92b]. However, none of the above dels was adequate for
representing the behaviour of contextual netges's with possible events are not suf-
ciently expressive, while the other two models look too gezral and unnecessarily
complex for the treatment of contextual nets, due to their gaability of expressing
multiple disjunctive causes for an event. More technicallyas it follows form the
discussion in Sectioi 415, the possibility of expressing-causality in these models
would have prevented us from realizing the step from occurree c-nets to event
structures as a core ection.

Independently from the conference version ofChapter 3[], appeared
as [BCM98b], an unfolding construction for contextual nethias been proposed by
Vogler, Semenov and Yakovlev i [VSY98]. The unfolding df 8X98] is carried out
in the case of safe nite c-nets and without providing a categical characterization
of the constructions. Anyway, apart from some matters of psentation, it is based
on ideas analogous to ours and it leads to the same result. Aryenteresting result
in that paper is the extension of the McMillan algorithm for he construction of a
nite pre x of the unfolding to a subclass of contextual nets called read-persistent
contextual nets. The algorithm is then applied to the analyis of asynchronous cir-
cuits. We are con dent that the result in Chapter 3[J, and in particular the notion
of set of possible histories of an event in a contextual net,ay ease the extension
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of the technique proposed in[[VSY98] to the whole class of semweighted c-nets
(perhaps at the price of a growth of the complexity).

The treatment of inhibitor nets requires the introduction d inhibitor event struc-
tures, a new event structure model which properly generalize®s's. In such struc-
tures a relation, calleddisabling-enabling relation allows one to model, in a com-
pact way, the presence of disjunctive con icting causes artte situations of relative
atomicity of pairs of events with respect to a third one, detenined by inhibitor arcs.

The truly concurrent semantics for inhibitor nets is given ia a chain of functo-
rial constructions leading from the categorySW-IN of semi-weighted i-nets to the
categoryDom of nitary prime algebraic domains:

Il o Pi L
SW-IN 2 _O-IN —=IES " Dom PES
U, & L, P

The unfolding and its characterization as a universal congiction are \lifted" from
contextual to inhibitor nets. Unfortunately, in this more complex case, we cannot
fully generalize Winskel's chain of core ections. The prdbm is the absence of a
functor performing the backward step fromies's to occurrence inhibitor nets. As
shown in Sectioi 4, this is essentially due to the presermfeor-causality in inhibitor
event structures and, under reasonable assumptions on thetions of occurrence net
and of unfolding, the problem has no solutions.

It is worth noticing that the construction on inhibitor nets is a conservative
extension of those on contextual nets, which in turn extendgVinskel's [Win87a).
More precisely, as one can easily grasp from the discussiorthe previous chapters,
the following diagram, where unnamed functors are inclusis, commutes.

SEN Y OEN E PTS
SW-CN — 2 ~0-CN — > ~AES

| | 1“/
SW-IN — 2~ 0-IN — >~ |ES

The truly concurrent semantics of contextual and inhibitornets given via the
unfolding has been shown to be closely related to variouketerministic process
semantics proposed in the literature. The natural notion of determinstic process
arising from our theory coincides with the other notions in he literature (at least
with those developed assuming the same notion of enabling) formal relationships
between the unfolding and the deterministic process sem&t has been established
by showing that the domain semantics of a net, given by the alie described chains
of functors, is isomorphic to the set of deterministic pro@ses of the net starting
from the initial marking, endowed with a kind of pre x ordering.
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As mentioned above, the capability of expressing asymmaetrcon icts in compu-
tations makes asymmetric event structures close to other texisions of event struc-
tures in the literature. Asymmetric event structures can beseen as a generalization
of prime event structures with possiblevents fppes's) [PP95]. While for aes's the
asymmetric con ict relation essentially speci es for eaclevent the set of its possible
causes, which may appear or not in the history of the events) the case ofppes's
there is a distinguished global set of possible events. Assaloved inChapter 3],
ppes's are strictly less expressive thames's.

On the other hand, an explicit asymmetric con ict relation has been consid-
ered inextended bundle event structure®bes's) [Lan92h], where there is also the
possibility of expressing a set of disjunctive con ictual auses for an event, called
a bundle In turn, ebes are generalized byow event structure with possible ow
(pfes's) in the same way asundle event structuregbes) [Lan92d] are generalized
by ow event structures (see Sectioi2l4).

Inhibitor event structures, due to their capability of expressing, by means of the
DE-relation, both asymmetric conicts and sets of con ictwual disjunctive causes,
generalizeaes's and ebes's. The relation betweenies's and pfes is still to be
investigated, although likely the two models are not compable.

The following diagram represents a hierarchy of expressingss of the mentioned
event structure models.

PES——PPES—— ATS\
BTS c EBES ——IES
FES®© PFES
Since the functorP ; : Dom ! IES is obtained by composing Winskel's functor

P :Dom ! PES with the inclusion of PES into IES, it is easy to see that the
core ection betweenlES and Dom proved in TheorenTZ.2b restricts to a core ection
between each model which is included ItES, and Dom .

We also observe that the construction which associates themain of con gura-
tions to an aes can be easily modi ed to generate arvent automata[PP9E] (see
Section[Z%). Given anies | = hE; i, the corresponding event automataA (1) is
obtained by considering the domain of con gurations of and forgetting the choice
relations of con gurations. More formally

A(l)=H;St _i;
whereSt = fC E j 9] ¢c: hC;! i 2 Conf(l)g, and C; _ C, whenever for

i 2 f1;2gthere is a choice relatior] ; such thathCi;! ;i2 Conf(l)andhCy;! i
hC,; ] ,i. The above construction gives rise to a functoA :IES ! EvAut .



144 Final Remarks on Part |

We already mentioned that Winskel's construction has been egeralized
in [MMS96] not only to the subclass of semi-weighted P/T netsbut also to the
full class of P/T nets. In the last case, some additional e dris needed and only a
proper adjunction rather than a core ection can be obtainedWe think that also
the results on contextual and inhibitor nets can be extendetb the full class of P/T
nets, by following the guidelines traced InC([MMS96] and expiting, in particular,
suitable generalizations to c-nets and i-nets of the notigsnof decorated occurrence
net and of family morphism introduced in that work.
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Semantics of DPO Graph
Grammars






Chapter 5

Typed Graph Grammars in the
DPO Approach

This chapter provides an introduction to thealgebraic approacho graph transforma-
tion based on thedouble-pushoufdpo) construction [Ehr79]. We rst give the basic
de nitions of typed dpo graph grammar, rewriting step and derivation, formalizing
the intuitive description of the rewriting mechanism desdbed in the Introduc-
tion . This allows us also to give a more precise account of the rataship between
dpo typed graph grammar and P/T Petri nets. Then we introduce thefundamental
notions of the concurrency theory ofipo graph transformation by presenting the
trace semanticsbased on theshift equivalence[Kre74, |CEL" 94&, CMR" 97]. The
presentation slightly di ers from the classical one since & adopt an equivalent,
in our opinion more convenient, approach to the sequentialbmposition of traces,
based oncanonical graphsrather than on standard isomorphismsFinally, we intro-
duce thecategory of graph grammarsve shall work with. Our morphisms on graph
grammars, which arise as a generalization of Winskel's mdrgms for Petri nets,
are a slight variation of the morphisms in/[CEL 96a4].

5.1 Basic de nitions

A common element of all the algebraic approaches to graph neting is the use of
category theory as a basic tool: the structures on which theewriting takes place
are turned into a categoryC and then the fundamental notions and constructions
are expressed via diagrams and constructions €. As a consequence the resulting
theory turns out to be very general and exible, easily adagble to a wide range
of structures (from several kind of graphs to more generalrsttures [EKT94]) just
changing the underlying category.

Originally the dpo approach to graph transformation has been de ned for la-
belled graphs. Following a slightly dierent but well-estdlished approach, here
we consider a generalization of basic graph grammars callgged graph gram-
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mars [CMR96], where a more sophisticated labelling technig for graphs is consid-
ered: each graph is typed on a structure that is itself a grapfcalled the graph of
typeg and the labelling function is required to be a graph morphmg, i.e., it must

preserve the graphical structure. This gives, in a sense, reaontrol on the labelling
mechanism. From the formal side, working with typed graph gmmars just means
changing the category over which the rewriting takes placéom labelled graphs to

typed graphs.

Definition 5.1 (graph)

A (directed, unlabelled) graphis a tuple G = Ng; Eg;Sg;tci, whereNg is a set
of nodes E¢ is a set ofedges and sg;ts : Ec ! Ng are the sourceand target
functions. A graph isdiscreteif it has no edges. Agraph morphismf : G! G%is a
pair of functionsf = hfy : Ng! Ngo;fg : Eg! Egd which preserve sources and
targets, i.e., such thatfy sSg = Sge fg andfy tg = tge fg;itis an isomorphism

if both fy andfg are bijections; moreover, arabstract graph [G] is an isomorphism
class of graphs, i.e.[G] = fH jH ' Gg. An automorphismof G is an isomorphism
h:G! G;itis non-trivial if h 6 idg. The category having graphs as objects and
graph morphisms as arrows is calleGraph .

In the following it will be useful to consider graphs as unstrctured sets of nodes
and edges. For a given grapt, with Items(G) we denote the disjoint union of nodes
and edges of5; for simplicity, we will assume that all involved sets are dijoint, to
be allowed to sedtems(G) as a set-theoretical union. Often, when the meaning is
clear from the context, we will identify a graphG with the set Iltems(G), writing,
for instance,x 2 G instead ofx 2 Items(G).

Definition 5.2 (category of typed graphs)

Given a graphTG, a typed graph G over TG (or T G-typed graph) is a graphGj,
together with a morphismtg : jGj ! TG. A morphism betweenT G-typed graphs

f : Gy ! G;is agraph morphismf :jG,j!j G,j consistent with the typing, i.e.,
such thattg, = tg, f. A typed graphG is calledinjective if the typing morphismtg

is injective. The category ofT G-typed graphs and typed graph morphisms is denoted
by TG-Graph and can be sinthetically de ned as the category of graphs ovieG,
i.e., hGraph #TGi (see De nition BZ2]in the Appendix ).

In the sequel, ifT G is clear from the context, T G-type graphs will be called simply
typed graphsand, similarly, morphisms ofT G-typed graphs will be calledtyped graph
morphisms

By general categorical arguments, the fact thafl G-Graph is de ned via a
comma category construction ensures us that it retains thergperties of complete-
ness and cocompleteness Gfraph . Limits and colimits of diagrams inT G-Graph
can be computed inGraph . Hence, to move from labelled to typed graphs we just
syntactically replace the category of labelled graphs witthat of typed graphs in
all the de nitions and results of the dpo approach to graph transformation. Fur-
thermore, it is worth remarking that the typing mechanism sbsumes the usual
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@

Figure 5.1: Pushout diagram.

labelling technique, where there are two label alphabetsy for nodes and g for
edges, and, correspondingly, two labelling functions. Iraét, consider the graph of
typesTG =h y; E N n; S ti, with s(e; ng;ny) = ny and t(e; ng;ny) = ny.
It is easily seen that there is an isomorphism between the egfory of labelled graphs
overh y; gi and the category ofT G -typed graphs.

The core of the algebraic approach to graph transformatiorsithe idea of ex-
pressing thegluing of graphsin categorical terms as apushout construction(see
also De nition A I7]in the Appendix ). We next recall the notions of pushout and
pushout complement, and the underlying intuition which wil guide the de nition of
the rewriting mechanism.

Definition 5.3 (pushout)

Let C be a category and leb: A! B, c:A! C be a pair of arrows ofC. A
triple D;f :B! D;g:C! Di asin Figure[®1 is called gushout of hb;ad if the
following conditions are satis ed:

[Commutativity]
f b=g c

[Universal Property]
for any objectD%and arrowsf®: B! D%andg’: C! DO withf® b= ¢° c
there exists a unique arrovh : D! D%such thath f = f%andh g= ¢°

In this situation, D is called apushout object of Hb;a. Moreover, given arrows
b: A! Bandf : B! D, apushout complementof the pair hb;fi is a triple
hC;c: Al C;g:C! Di suchthathD;f;gi is a pushout ofb and c. In this case
C is called apushout complement objectof hb; fi.

In the category Set of sets and (total) functions the pushout object can be
characterized asD = (B + C)=, where is the least equivalence oBB + C =
fhO;xij x 2 Bg[fh 1;yij y 2 Cg such that, for eacha2 A, H0;b(a)i h 1;c(a)i, or
in words, D is the disjoint union of B and C, where the images oA through b and
c are equated. The morphism$ and g map each element oB and C, respectively,
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to the corresponding equivalence class ID. One can see that, analogously, in the
category of graphs and (total) graph morphisms the pushoutigect can be thought
of as thegluing of B and C, obtained by identifying the images ofA through b and
c. According to this interpretation, the pushout complementobject C of bandf, is
obtained by removing fromD the elements off (B) which are not images of(A).

A typed production in the double-pushout approach is gpan i.e., a pair of typed
graph morphisms with common source. Moreover each produmti has an associated
name which allows one to distinguish productions with the sae associated span.
Such a name plays no role when the production is applied to aggh, but it is relevant
in certain transformations of derivations and when relatig di erent derivations.

Definition 5.4 (typed production)

A (T G-typed graph) production (L Kk R) is a pair of injective typed graph
morphismsl : K ! L andr : K ! R, withjLj, jKjandjRj nite graphs. It is called

consumingif morphism | : K I L is not surjective. The typed graphg, K, and R

are called theleft-hand side the interface, and theright-hand side of the production,
respectively.

Although sometimes we will consider derivations startingrém a generic typed
graph, a typed graph grammar comes equipped with a start grapplaying the same
role of the initial symbol in string grammars, or of the inital marking for Petri nets.
Conceptually, it represents the initial state of the systenmodelled by the grammar.

Definition 5.5 (typed graph grammar)

A (TG-typed) graph grammar G is a tuple hT G; Gg; P; i, where G is the start
(typed) graph, P is a set of production names and a function mapping each
production name inP to a graph production. Sometimes to indicate that(q) =

(L ' K I" R) we shall wiiteq : (L ' K !" R). The grammar G is called
consumingif all its productions are consuming, andnite if the set of productions
P is nite.

Since here we work only with typed notions, when it is cleardm the context we
will often omit the quali cation \typed" and do not indicate explicitly the typing
morphisms.

Remark 5.6 (consuming grammars)

In the following we will implicitly assume that all the consdered graph grammars
are consuming. As already discussed for Petri nets, this testion becomes es-
sential only when developing a semantics based on an unfoligliconstruction. In

fact, occurrence grammars, event structures and domainseanot suited to repre-
sent computations of non-consuming grammars: in the presgnof a non-consuming

productiongq: L | K r R where the setL |(K), which can be thought of as
the pre-set ofq, is empty, an unbounded number of indistinguishable copiex pro-
duction g can be applied in parallel in a derivation. Instead, at the pce of some
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Figure 5.2: (a) The parallel productionh(a;int);:::; (g ink)i : (L K R) and
(b) its compact representation.

technical complications, a (deterministic) process semies can be still developed
for general grammars (see, e.g., [BCBQ)).

The application of a production produces docal transformation in the rewritten
graph; hence the idea of allowing for the concurrent applitan of more than one
production naturally emerges. The idea of \parallel compdson" of productions is
naturally formalized in the categorical setting by the noton of parallel production.

Definition 5.7 ((typed) parallel productions)
A (typed) parallel production (of a given typed graph grammar) has the form

o ind); o (g;in®)i @ (L kT R) (see Figure [R2), wherek 0,
g : (L " K; " Ry is a production of G for eachi 2 kfi L is a coproduct ob-

mined, using the universal property of coproducts, by thenfidies of arrowsf g2k
and fr;gi,x, respectively. Finally, for eachi 2 k, in' denotes the triple of injec-
tions hini :L; ! Ljink : K;! K;ink :R; ! Ri. The empty production is the
(only) parallel production with k = 0, having the empty graph (initial object in
T G-Graph ) as left-hand side, right-hand side and interface, and it idenoted by; .

We will often denote the parallel production of Figurés]24) simply ascy + ¢ +

i+ g (L LK R); note however that the \+" operator is not assumed to be
commutative. We will also use the more compact drawing of Fige[2.2.(b) to depict
the same parallel production. Furthermore, we will freelydentify a production g of
G with the parallel production hq;hd, ;idg ;idgri)i; thus, by default, productions
will be parallel in the rest of the thesis.

1For eachn 2 N, by n we denote the setf1;2;:::;ng (thus 0 = ;).
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Figure 5.3: (Parallel) direct derivation as double-pushduconstruction.

The rewriting procedure involves two pushout diagrams in th category of graphs,
hence the name of double-pushout approach.

Definition 5.8 ((parallel) direct derivation)

Given a typed graphG, a parallel productiong= ¢ + :::+ g : (L = K !" R), and
a match (i.e., a graph morphism)g: L ! G, a (parallel) direct derivation from
G to H using q (based ong) exists if and only if the diagram in Figurd 213 can be
constructed, where both squares are required to be pushantd G-Graph . In this

case,D is called thecontext graph, and we write : G) qH,oralso :G) 4gH;
only seldom we shall write : G h‘qg'h;b&d' H, indicating explicitly all the morphisms

of the double-pushout. Ify= ;, i.e., if qis the empty production, thenG) . H is
called anempty direct derivation.

Example 5.9 (client-server systems)

As a running example we will use the simple typed graph grammahown in Fig-
ure [&3, which models the evolution of client-server systen{this is a little modi-
cation of an example from [CMR" 97]). The typing morphisms from the involved
graphs to the graph of typesT G are not depicted explicitly, but they are encoded
by attaching to each item its type, i.e., its image inT G, separated by a colon. We
use natural numbers for nodes, and underlined numbers forges. For example, the
node 4 of the start graphG is typed over the nodeC of TG.

A graph typed over TG represents a possible con guration containing servers
and clients (denoted by nodes of type$ and C, respectively), which can be in
various states, as indicated by edges. A loop of tygeb on a client means that the
client is performing some internal activity, while a loop otype req means that the
client issued a request. An edge of typbusyfrom a client to a server means that
the server is processing a request issued by the client.

Production REQ models the issuing of a request by a client. After producinghé
request, the client continues its internal activity {ob), while the request is served
asynchronously; thus a request can be issued at any time, Bvéother requests are
pending or if the client is being served by a server. Producin SER connects a client
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SER

Figure 5.4: Productions, start graph and graph of types of #éngrammarC-S mod-
elling client-server systems.

that issued a request with a server through dusyedge, modelling the beginning of
the service. Since the production deletes a node of tyfeand creates a new one, the
dangling condition(see below) ensures that it will be applied only if the servdras
no incoming edges, i.e., if it is not busy. ProductiorREL (for releasé disconnects
the client from the server (modelling the end of the serviceNotice that in all rules
the graph morphisms are inclusions.

The grammar is calledC-S (for client-server, and it is formally de ned as
C-S = hIG; Gy fREQ, SER, RELg; i, where maps the production names to
the corresponding production spans depicted in Figufe’.4. 2

To have an informal understanding of the notion of direct dévation, one should
recall the interpretation of the pushout as gluing of objes. According to this in-
terpretation, the rewriting procedure removes from the gnah G the images viag of
the items of the left-hand side which are not in the image of thinterface, namely
gL [I(K)), producing in this way the graphD. Then the items in the right-hand
side, which are not in the image of the interface, namelR r(K), are added to
D, obtaining the nal graph H. Thus the interface K (common part of L and R)
speci es what is preserved. For what regards thapplicability of a production to a
given match, it is possible to prove that the situation in thecategory T G-Graph
is exactly the same as irGraph , namely pushouts always exist, while for the exis-
tence of the pushout complement some conditions have to bepgosed, calledgluing
conditions [Ehr87], which consist of two parts:

[Dangling condition]
No edgee2 G g(L) is incident to any node ing(L 1(K));

[Identi cation condition]
There is nox;y 2 L, x 6 y, such that g(x) = g(y) andy 62(K).
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Nicely, the gluing conditions have a very intuitive interpetation: the dangling con-
dition avoids the deletion of a node if some edge is still paing to it, and thus it
ensures the absence of dangling edgesDn The identi cation condition requires
each item ofG which is deleted by the application ofg, to be the image of only one
item of L. Among other things, this ensures that the application of a fduction
cannot specify simultaneously both the preservation and éhdeletion of an item and
furthermore, that a single item of G cannot be deleted \twice" by the application
of g. Notice that, instead, the identi cation condition does nd forbid the match
to be non-injective on preserved items. Intuitively this mans that preserved (read-
only) resources can be used with multiplicity greater than e (seel[CMR 97] for
a broader discussion). Uniqueness of the pushout complemearp to isomorphism,
follows from the injectivity of |.

Remark h5|01dO
If G 5 ';" H is an empty direct derivation then morphismsg, k, and h are
necessarily the only morphisms from the empty (typed) graptsinceh;;;i is initial

in TG-Graph ), while b and d must be isomorphisms. Morphisnd b *:G! His

called the isomorphism inducedby the empty direct derivation. Moreover for any
pair of isomorphic graphsG' H, there is an empty direct derivationG " ) o

for each triplefD;b: D! G;d: D! Hi, wherebandd are |somorph|sms. An
empty direct derivation G h”)” ;;b;d' H will be also brie y denoted asG Sb;d;' H. 2

A parallel derivation can be seen as a sequence of single stepthe system, each
one consisting of the concurrent execution of a set of indemkent basic actions of
the system, analogously to step sequences of Petri nets.

Definition 5.11 ((parallel) derivation)
A (parallel) derivation (over G) is either a graphG (called anidentity derivation,
and denoted byG : G ) G), or a sequence of (parallel) direct derivations =
fGi 1) ¢ GiGi2n such thatg = g1+ :::+ gy, is a (parallel) production overG for
alli 2 n (as in Figure[2.8). In the last case, the derivation is writte : Go) ¢ G,
orsimply :Go) Gp. If :G) H isa (possibly identity) derivation, then the
graphsG and H, called thesourceand target graphsof , are denoted by ( ) and
( ), respectively. Thelength of a derivation , denoted byj |, is the number of direct
derivationsin (hencej j=0if isan |dent|ty derivation). The order of ,F;jenoted
by# , is the total number of elementary productions used in i.e., # = _ ki;
moreover, prod ) : # ! P is the function returning for eachj the name of the

P

j-th production applied in |formally, prod ( )(j) = gs If ] = ke + s

The sequential compositionof two derivations and °is de ned if and only if

()= (9;inthiscaseitisdenoted ; °: ()) (9, anditis the diagram

obtained by identifying ( ) with ( 9 (thusif :G) H,thenG; = = ;H,
whereG and H are the identity derivations).
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Figure 5.5: A derivation of grammarC-S starting from graph Go.
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Figure 5.6: A (parallel) derivation, with explicit drawing of the s-th production of
the i-th direct derivation.

Example 5.12 (derivation)

Figure B3 shows a derivation using grammarC-S and starting from the start
graph Gg. The derivation models the situation where a request is issd by the client,
and while it is handled by the server, a new request is issuedll the horizontal
morphisms are inclusions, while the vertical ones are anmed by the relation on
graph items they induce. 2

5.1.1 Relation with Petri nets

The basic notions introduced so far allow us to give a more mige account of the
relation between Petri nets and graph grammars in the doublpushout approach.
Being Petri nets one of the most widely accepted models forehrepresenta-
tion of concurrent and distributed systems, people workingpn the concurrency
theory of graph grammars have been naturally led to comparéheir formalisms
with nets. Therefore various encodings of nets into graph gph grammars have
been proposed along the years, all allowing to have some espondences between
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Figure 5.7: Firing of a transition and correspondinglpo derivation.

net-related notions and graph-grammars ones. Some encaginnvolving the dpo

approach can be found in([Kreg81, KW8&6€, SchB3] (for a complesarvey the reader
can consult [Cor96]). All these papers represent a net as aagrmar by explicitly

encoding in the start graph the topological structure of thenet as well as its initial
marking.

Here we refer to a slightly simpler modelling (see, e.d., [€3]), which can help
in understanding how the theory developed in th&irst Part  for contextual and
inhibitor nets can be generalized to graph grammars. It is Is&d on the simple
observation that a Petri net is essentially a rewriting sysgm on multisets, and that,
given a setA, a multiset of A can be represented as a discrete graph typed ower
In this view a P/T Petri net can be seen as a graph grammar actgqon discrete
graphs typed over the set of places, the productions beingo(ee encoding of) the
net transitions: a marking is represented by a set of nodesolens) labelled by
the place where they are, and, for example, the unique tratisin t of the net in
Figure[®1.(a) is represented by the graph production in theop row of Figure[5.T.(b):
such production consumes nodes corresponding to two tokensA and one token
in B and produces new nodes corresponding to one token@nand one token in
D. The interface is empty since nothing is explicitly preseed by a net transition.
Notice that in this encoding the topological structure of tle net is not represented
at all: it is only recorded in the productions correspondingo the transitions.

It is easy to check that this representation satis es the prperties one would
expect: a production can be applied to a given marking if andnty if the corre-
sponding transition is enabled, and the double pushout cangction produces the
same marking as the ring of the transition. For instance, tle ring of transition t,
leading from the marking 3 + 2B to the marking A+ B + C + D in Figure 54.(a)
becomes the double pushout diagram of Figufe’b.7.(b).

The considered encoding of nets into graph grammars enlighis the dimensions
in which graph grammars properly extends nets. First, graplgrammars allow for
a more structured description of the state, that is a generapossibly non-discrete,
graph. Furthermore they allow for productions where the irgrface graph may not
be empty, thus specifying a \context" consisting of items tht have to be present for
the productions to be applied, but are not a ected by the apptation. We already
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observed that, due to their capability of expressing stepshich \preserve" part of
the state, contextual nets can be seen as an intermediate neddetween ordinary
Petri nets and graph grammars. Indeed, the above encoding @fdinary Petri nets
into graph grammars can be straightforwardly extended to PT contextual nets.
They are represented by graph grammars still acting on disete graphs, but where
productions are allowed to have a non-empty interface. Furermore, we will see in
the next chapter that the graphical structure of the state ad the dangling condition
which prevents the application of a production when it wouldeave some dangling
edge, has a very natural interpretation in the setting of inlbitor nets.

To conclude, let us stress that a gap of abstraction exists tweeen graph gram-
mars and nets. The problem resides in the fact that graphs areore concrete than
markings: the nodes of a graph, although carrying the sameblel, have a precise
identity, while tokens in the same place of a net are indistguishable. Formally, the
exact counterpart of a marking (multiset) is an isomorphisntlass of discrete graphs.
Therefore suitable equivalences have to be imposed on gra@nd derivations if we
want to obtain a precise correspondence with net computatis.

5.2 Derivation trace semantics

Historically, the rst truly concurrent semantics for graph transformation systems
proposed in the literature has been the derivation trace samtics. It is based on
the idea of de ning suitable equivalences on concrete deasiions, equating those
derivations which should be considered undistinguishab&ecording to the following
two criteria:

irrelevance of representation detailsnamely of the concrete identity of the
items in the graphs involved in a derivation, and

true concurrency, hamely irrelevance of the order in which independent pro-
ductions are applied in a derivation.

The corresponding equivalences, called respectivalgstraction equivalencand shift

equivalence are presented below. Concatenable derivation traces areeh de ned

as equivalence classes of concrete derivations with regpecthe least equivalence
containing both the abstraction and the shift equivalencesDue to an appropriate
choice of the abstraction equivalence, the obvious notiorf sequential composition
of concrete derivations induces an operation of sequentiedmposition at the ab-
stract level. Thus, as suggested by their name, concatenahderivation traces can
be sequentially composed and therefore they can be seen a®was of a category.
Such category, called here theategory of concatenable derivation tracesoincides
with the abstract truly concurrent model of computatiorof a grammar presented in
[CMR™ 97], namely the most abstract model in a hierarchy of model$ computation

for a graph grammar.
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5.2.1 Abstraction equivalence and abstract derivations

Almost invariably, two isomorphic graphs are considered a®presenting thesame
system state, which is determined only by the topological sicture of the graph and
by the typing. This is extremely natural in the algebraic appoach to graph transfor-
mation, where the result of the rewriting procedure is de né in terms of categorical
constructions and thus determined only up to isomorphisﬂA natural solution to
reason in terms ofabstract graphsand abstract derivationsconsists of considering
two derivations as equivalent if the corresponding diagrasmare isomorphic. Unfortu-
nately, if one wants to have a meaningful notion of sequentiaomposition between
abstract derivations this approach does not work. For an eghsive treatment of this
problem we refer the reader to [CEL94b,|CEL" 944&]. Roughly speaking, the di -
culty can be described as follows. Two isomorphic graphs, general, are related by
more than one isomorphism, but if we want to concatenate dedtions keeping track
of the ow of causality we must specify in some way how the itemof two isomor-
phic graphs have to be identi ed. The problem is treated in_ [EL" 94b,|CEL" 944,
which propose a solution based on the choice of a uniquely eehined isomorphism,
named standard isomorphismrelating each pair of isomorphic graphs.

Here we adopt an equivalent, but slightly di erent solution which is inspired
by the theory of Petri nets, and in particular by the notion of concatenable net
process[[DMM96], and which borrows a technique frorn [MSW96)JVe choose for
each class of isomorphic typed graphs a speci c graph, calleanonical graph and
we decorate the source and target graphs of a derivation withpair of isomorphisms
from the corresponding canonical graphs to such graphs. lach a way we are able to
distinguish \equivalent"ﬁ elements in the source and target graphs of derivations and
we can safely de ne their sequential composition. The adveage of our solution is
that the notion of equivalence between derivations does ndepend on representation
details, i.e., on the real identity of the items of the graph&volved in the derivation.
For instance, given a derivation, we can change uniformly ¢hname of a node in all
the involved graphs and relations, obtaining a new derivain which is equivalent to
the original one. We refer to![BCE 99] for a more detailed comparison of the two
approaches.

Definition 5.13 (canonical graphs)
We denote byCan a xed operation that associates to eachT(G-typed) graph a
so-calledcanonical graph satisfying the following properties:

1. Can(G) "' G;
2. if G' G°then Can(G) = Can(G9.

2At the concrete level, the fact that the pushout and pushout complement constructions are
de ned only up to isomorphism generates an undesirable andcarcely intuitive unbounded nonde-
terminism for each production application.

3With \equivalent” we mean here two items related by an automorphism of the graph, that are,
in absence of further information, indistinguishable.
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The construction of the canonical graph can be performed bylapting to our slightly
di erent framework the ideas of [MSW96] and a similar techmjue can be used to
single out a class of standard isomorphisms in the sense|oE[C 94h, |CEL" 944)].
Working with nite graphs the constructions are e ective.

Definition 5.14 (decorated derivation)

A decorated derivation :Gy) G, is atriple m; ;M i, where :Gy) Gjis
a derivation, whilem : Can(Gg) ! Gg andM : Can(G,)! G, are isomorphisms.
If is an identity derivation then is calleddiscrete

In the following we will denote the components of a decoratederivation by m
and M . For a decorated derivation ,we write ( ), ( ),# ,] j,prod( )to
refer to the results of the same operations applied to the uedying derivation

Definition 5.15 (sequential composition)
Let and ©be two decorated derivations such thatl )= ( 9 andM = m o.
Their sequential compositiondenoted by ; © is de ned as follows:

m: ; oM .

One could have expected sequential composition of decokhtderivations and
%to be de ned whenever ( )' ( 9, regardless of the concrete identity of the

items in the two graphs. We decided to adopt a more concrete tmn of concate-
nation since it is technically simpler and it induces, like hte more general one, the
desired notion of sequential composition at the abstract Vel.

The abstraction equivalence identi es derivations that der only for represen-
tation details. As announced it is a suitable re nement of te natural notion of
diagram isomorphism.

Definition 5.16 (abstraction equivalence)

Let and °be two decorated derivations, with : Gy) Gpand o:G3) G
(whosei" steps are depicted in the low rows of Figule_5.8). Suppose ttltp =
G+ i+ Gy foreachi 2 n,andg’= ¢+ :::+ q?(jo for eachj 2 n° Then they

are abstraction equivalent written abs 0 jf

1. n= nY i.e., they have the same length;

2. for eachi 2 n, k; = kPand for all s 2 Ki, gs = o2; i.e., the productions applied
in parallel at each direct derivation are the same and theyearcomposed in the
same order; in particular# =# ¢

3. there exists a family of isomorphisms
fx, X! X)X 2fL;K;R;G;D g;i2ng[f &0

between corresponding graphs appearing in the two derieat such that
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Figure 5.8: Abstraction equivalence of decorated derivains (the arrows in produc-
tions spans are not labelled).

(a) the isomorphisms relating the source and target graphsnamute with the
decorations, i.e., g, m=mland g, M = M?

(b) the resulting diagram commutes (the middle part of Figafe8 represents
the portion of the diagram relative to step, indicating only the s of the
k; productions applied in parallel with the corresponding iej:tions)ﬁ

Notice that two derivations are abstraction equivalent if,not only they have the
same length and apply the same productions in the same ordbut also, in a sense,
productions are applied to \corresponding” items (conditn (3)). In other words
abstraction equivalence identi es two decorated derivabins if one can be obtained
from the other by uniformly renaming the items appearing in he involved graphs.
Relation 2 is clearly an equivalence relation. Equivalence classes defcorated
derivations with respect to 2 are calledabstract derivationsand are denoted by
[ ]abs: Where is an element of the class.

It is easy to prove that if abs Ognd ; @s Othen, if dened, ; ; @

% 9 Therefore sequential composition of decorated derivatie lifts to composition

of abstract derivations.

Definition 5.17 (category of abstract derivations)

The category of abstract derivationsof a grammar G, denoted byAbs [G], has

abstract graphs as objects, and abstract derivations as @ms. In particular, if
:G) H,then|[ ]as is an arrow from [G] to [H]. The identity arrow on [G]

is the abs-equivalence class of a discrete derivatianG;ii, wherei : Can(G) ! G

is any isomorphism, and the composition of arrow$ Jos : [G] ! [H] and

“Notice that the isomorphisms x, for X 2 f L;K;R g, relating corresponding parallel produc-
tions, are uniquely determined by the properties of coprodats.
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[ Jaos : [H] ! [X]is dened as[ ; as : [G] ! [X], where 02 [ 9us is
such that the composition is de ned.

It is worth stressing that, whenever ( ) ' (9, we can always rename the
items in the graphs of © in order to obtain a derivation °0 abs-equivalent to °
and composable with , namely such that ( )= ( °Yand M = m w. Basically,
it su ces to substitute in the derivation °each itemx in ( 9 with M (m &(x)).

5.2.2 Shift equivalence and derivation traces

From a truly concurrent perspective two derivations shoulde considered as equiv-
alent when they apply the same productions to the \same" sulbgph of a certain
graph, even if the order in which the productions are appliethay be di erent. The
basic idea of equating derivations which di er only for the cder of independent
production applications is formalized in the literature tlrough the notion of shift
equivalence[Kre77, [Kre87, [Ehr87]. The shift equivalence is based on thpossibil-
ity of sequentializing a parallel direct derivation @nalysisconstruction) and on the
inverse construction gynthesisconstruction), which is possible only in the case of
sequential independenceThe union of the shift and abstraction equivalences will
yield the (concatenable) truly concurrentequivalence, whose equivalence classes are
the (concatenable) derivation traces

Let us start by de ning the key notion of sequential independnce. Intuitively,
two consecutive direct derivationsG ) o X and X ) qo0 H, as in Figure[®9, are
sequentially independent if they may be swapped, i.e., i®°can be applied toG,
and ¢ to the resulting graph, without changing in an \essential wg' the matches.
Therefore g®°cannot delete anything that has been explicitly preservedybthe ap-
plication of o at match g, and, moreover, it cannot use (neither consuming nor
preserving it) any element generated by this is ensured if the overlapping oR;
and L, in X is included in the intersection of the images of the interfacgraphsK ;
and K, in X.

Definition 5.18 (sequential independence)
Consider a derivation i1; », consisting of two direct derivations ; : G) g, X and
21 X) gog, H (as in Figure[29). The derivations ; and ; are calledsequentially
independentif gx(L2)\ hi(R1) @(l2(K2)\ hy(ri(K4)); in words, if the images in
X of the left-hand side of®°and of the right-hand side of° overlap only on items
that are preserved by both derivation steps. In categoridarms, this condition can
be expressed by requiring the existence of two arrosvsL, ! Dj; andu:R;! D;
such thatd;, s= g andb, u= h;.

Notice that, di erently from what happens for other formalisms, such as ordinary
Petri nets or term rewriting, two rewriting steps ; and , do not need to be applied
at completely disjoint matches to be independent. The graghto which ; and
are applied can indeed overlap on something that is presedvéy both rewriting
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Figure 5.9: Sequential independent derivations.

steps. As in the case of contextual nets, according to the arpretation of preserved
items as read-only resources, we can explain this fact by saythat graph rewriting
allows for the concurrent access to read resources

Example 5.19 (sequential independence)
Consider the derivation of Figure[b. The rst two direct deivations are not se-
guential independent; in fact, the edge 3req of graph G; is in the image of both
the right-hand side of the rst production and the left-hand side of the second one,
but it is in the context of neither the rst nor the second direct derivation. On the
contrary, in the same gure, both the derivations fromG; to G3; and those fromG,
to G4 consists of two sequentially independent steps.

2

The next well-known result states that every parallel diretcderivation can be se-
quentialized in an arbitrary way as the sequential applicabn of the component pro-
ductions, and, conversely, that every pair of sequentiallindependent direct deriva-
tions can be transformed into a parallel direct derivation.This result represents
the basis of the theory of concurrency of the double pushoupproach to graph
rewriting.

Theorem 5.20 (parallelism theorem)
Given (possibly parallel) productiongP and g% the following statements are equiva-
lent (see Figure[2.1D):

1. There is a parallel direct derivationG ) g qoH
2. There are sequentially independent derivatiorS) g Hi) qoH.
3. There are sequentially independent derivations ) qoH,) pH. 2

The proof of the theorem is given by providing two constructins. The rst
one, calledanalysis given a parallel direct derivationG ) g q0 H, transforms it
into a derivation consisting of two stepsG ) ¢ X ) o0 X (with same source and
target graphs) which, moreover, is proved to be sequentiglindependent. The second
one, calledsynthesis applied to any sequentially independent two-step derivain,
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Figure 5.10: Local con uence of independent direct derivains.

transforms it into a parallel direct derivation between thesame source and target
graphs. These constructions, in general nondeterministiare used to de ne suitable
relations among derivations (see, e.gl, [Krel7[/, EHKPP91 MR ™ 91]).

Unlike the original de nition of analysis and synthesis, fthowing [CEL™ 96k], we
explicitly keep track of the permutation of the applied prodictions induced by the
constructions. Therefore we rst introduce some notationdr permutations.

Definition 5.21 (permutation)

A permutation on the setn = f1;2;:::;ng is a bijective mapping : n! n. The

identity permutation on n is denoted by . The composition of two permutations
1 and , onn, denoted by ; 2, IS their composition as functions, while the

concatenationof two permutations 1 on n; and 5 on ny, denoted by ;] »,is

the permutation onn; + n, de ned as

. _ 1(X) if 1 X ng
1l 2(X) = (X N+ ng if np<x n,

Concatenation and composition of permutations are clearlgssociative.

Proposition 5.22 (analysis and synthesis)

Let :G) 4H be aparallel direct derivation usingy= o+ :::+ ¢ : (L !

K! R).

and | \ J = ;) there is a constructive way|in general nondeterministic| to obtain
a sequential independent derivation®: G) ¢ X ) o H, called ananalysisof ,
whereq®= g, + :::+ q,, and = ¢, + :::+ ¢, (see Figurel@®). If and Care as
above, we shall write 2" © where is the permutation onk de ned as ( iy) = X
forx2 n,and ( jx)= n+ x for x 2 m.
Conversely, let : G ) @ X ) o H be a pair of sequentially independent

derivations. Then there is a constructive way to obtain a paliel direct derivation
0= G ) quqoH, called asynthesisof . In this case, we shall write =" §
where = % . 2

Informally, two derivations are shift equivalent if one carbe obtained from the
other by repeatedly applying the analysis and synthesis csinuctions. The next de -
nition emphasizes the fact that the sets of productions apied in two shift equivalent
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derivations are related by a permutation which is construetd inductively starting
from the permutations introduced by analysis and synthesis

Definition 5.23 (shift equivalence)
Derivations and °are shift equivalent via permutation , written sh 0 this
can be deduced by the following inference rules:

(SH: ) d bl= idG an O
(SH id) —— Y h;sy s sbidi (SH an) ————
srl G _sh G ) ; G sh 0
id '
syn 0 sh 0 sh 0 O sf}) 00
(SH syn) e (SH sym) o sh ) (SH trans) SQ) 00
sh 0. sh 0. —
SH com ;1 2 2 20 ( 1) - ( 2)
( P . sh 0. O
1, 2 1j 2 10 2

Note that by(SH ; ) an empty direct derivation is shift equivalent to the iden-
tity derivation G if and only if the induced isomorphism is the identity. Theshift
equivalenceis the equivalence relation " dened as " 0j sh- 0 for some
permutation

It is worth stressing that the shift equivalence abstracts bth from the order in
which productions are composed inside a single direct pdelstep and from the
order in which independent productions are applied adi erent direct derivations.

Example 5.24 (shift equivalence)

Figure 5.T1 shows a derivation ° which is shift equivalent to derivation of Figure
B.4. It is obtained by applying the synthesis constructiond the sub-derivation of
from G; to Ga. 2

Despite the unusual de nition, it is easy to check that the slit equivalence just
introduced is the same as in_ [Krei7, Ehr87, CE1944&]. From the de nitions of the
shift equivalence and of the analysis and synthesis consttions, it follows that

sh Oimplies that and ©have the same order and the same source and target
graphs (i.e., # =# % ()= (9,and ()= ( 9; by the way, this guarantees
that rules (SH comp and (SH trang are well-de ned. The shift equivalence can
be extended in a natural way to decorated derivations.

Definition 5.25
The shift equivalenceon decorated derivations, denoted with the same symbdt",
is dened bytm; ;M i s"tm; SMiif s O
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Figure 5.11: A derivation °in grammar C-S , shift-equivalent to derivation of
Figure [2.8.

Equivalence s" does not subsume abstraction equivalence, since, for exdengt
cannot relate derivations starting from di erent but isomaphic graphs.

We introduce a further equivalence on decorated derivatisnobtained simply as
the union of 2 and S, Itis called truly-concurrent (or tc-) equivalence, since it
equates all derivations which are not distinguishable frora true concurrency per-
spective, at an adequate degree of abstraction from reprataion details. A small
variation of this equivalence is introduced as well, calledic-equivalence where the
rst \c" stays for \concatenable". Equivalence classes of €)tc-equivalent decorated
derivations are called(concatenable) derivation traces

Definition 5.26 (truly-concurrent equivalences and traces)
Two decorated derivations and © are ctc-equivalent via permutation , written
¢ 0 jf this can be deduced by the following inference rules:

abs O sh 0 c O 0 c0 00
(CTC abs 0 (CTC sh) o (CTC trans) Co 00
#
id
Equivalence ¢, de ned as ¢ 0j ¢ Ofor some permutation , is called the

concatenable truly concurrent (ctc-) equivalenceEquivalence classes of derivations
with respect to ¢ are denoted ag§ ]. and are calledconcatenable derivation traces
A derivation trace is an equivalence class of derivations with respect to thely-
concurrent (tc-) equivalence de ned by the following rules:

c 0 0
(TC iso)

discrete decor. deriv. s.t. 9 is de ned

0.

(TC ctc) 0

Equivalently, the tc-equivalence could have been de ned as Oif and only if
© hm o, oMY, for some isomorphisnM?: Can( ( 9) ! ( 9. Informally,
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di erently from ctc-equivalence, tc-equivalence does ndeke into account the dec-
orations of the target graphs of derivations, that is their eding interface, and this
is the reason why derivation traces are not concatenable.

Concatenable derivation traces, instead, are naturally egpped with an opera-
tion of sequential composition, inherited from concrete @erated derivations, which
allows us to see them as arrows of a category having abstrachghs as objects.
Such category is called the category of concatenable detiea traces (or the ab-
stract truly concurrent model of computation) of the gramma.

Definition 5.27 (category of concatenable derivation traces )

The category of concatenable derivation tracesf a grammar G, denoted byTr [G],
is the category having abstract graphs as objects, and cdaoable derivation traces
as arrows. In particular, if :G) g H then[ ] is an arrow from [G] to [H]. The
identity arrow on [G] is the ctc-equivalence class of a discrete derivatidn G;ii,
wherei is any isomorphism fromCan(G) to G. The composition of arrows[ ] :
[G]! [H]and[ 9.:[H]! [X]isdenedas[ ; %.:[G]! [X], where 92 [ 9
is a decorated derivation such that ; %is de ned.

Category Tr [G] is well-de ned because so is the sequential composition arfows:
infact,if ; ¢ ,and ? ¢ Othen (fdened) 1; 2 ¢ ,; 9 (hence the
attribution \concatenable™). Moreover, for abstract derivations, whenever ( ) '

( 9, it is always possible to concatenate the correspondingaites, namely one can
always nd a derivation 92 [ 9. such that ; %is de ned.

5.3 A category of typed graph grammars

Various notions of morphism for graph grammars have been rotduced in the lit-
erature (see, e.g., [CEL964a,/[HCEL96, Rib96, BCI6]), most of them in uenced by
Winskel's notion of Petri net morphism [Win87a[Win87b] though the close rela-
tionship existing between typed graph grammars and P/T Peirnets.

Relying on the proposals in [CEL 96a,[BC96], this section de nes the category
of graph grammars which will be used in the thesis. We explalrow graph grammars
morphisms arise as a generalization of Petri net morphismend we show that, as for
Petri nets, graph grammars morphisms preserve the behavipunamely they allow
to \translate" each derivation of the source grammar into a drivation of the target
grammar.

5.3.1 From multirelations to spans

Multisets and multirelations play an essential role in the d nition of morphisms
of (generalized) Petri nets. We next provide a categoricalew of such concepts, by
showing that a tight relationship exists between the categg of multirelations and
the category of spans oveBet. These considerations will be helpful to understand
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the notion of grammar morphism as a generalization of Petrigt morphisms. The
material is elaborated partly from [CEL" 964], where the rst notion of grammar
morphism have been introduced and partly fronTIBC96, BGOO].

The category of spans

We start by reviewing the de nition of the category of semi-abstract spansover a
given category [[BC95].

Definition 5.28 (span)

Let C be a category. Alconcrete) spanin C is a pair of coinitial arrows f = hf - ; f Ri
with ft :x; ! aandfR :x; ! b Objectsa and b are called thesourcean the
target of the span and we writd : a$ b. The spanf will be sometimes written as
H L x;; f Ri, explicitly giving the objectx; .

Consider the relation over the set of spans of a category, de ned as follows:
given two spans with the same source and targétf °:a$ b put f  fCif there
exists an isomorphismk : x; ! Xsjosuch thatf® k= fl andf® k= fR (see
Figure R12.(a)). It is immediate to see that is an equivalence relation, which
intuitively abstracts out from the particular choice of the object x; in a concrete
spanf. The -equivalence class of a concrete spanwill be denoted by f] and
called asemi-abstract span

Definition 5.29 (composition of spans)

Let f, andf, be spans in a categor€. A compositionof f, andf,, denoted byf ;;f,
is a spanf constructed as in FigurefIR.(b) (i.e.ft = fI yandfR=1{fR 2),
where the square is a pullback.

The composition of spans is de ned only up to equivalence nsie the pullback, if it
exists, is unique only up to isomorphism. To obtain a categmal structure we must
work with semi-abstract spans, in a category with pullbacks

Definition 5.30 (category of spans)

Let C be a category with pullbacks. Then the categdBpan (C) has the same objects
of C and semi-abstract spans o as arrows. More precisely, a semi-abstract span
[f]is an arrow from the source to the target of . The composition of two semi-
abstract spandf,]:a$ band[f,]: b$ cis de ned as|fq;f,], wheref;f, denotes
any composition of the concrete spanfs; and f,. The identity on an objecta is the
equivalence class of the spdid,;id,i, whereid, is the identity ofa in C.

By exploiting the properties of pullbacks it can be shown thaSpan(C) is a well-
de ned category, namely that composition is associative anthat identities behave
correctly.
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Figure 5.13: The spang; (left diagram) and f, (right diagram) in Set.

Multirelations and Span (Set)

Let us restrict our attention to the category Span(Set) of spans over the category
Set of sets and total functions. We will see that a deep connecticexists between
Span(Set) and the categoryMSet of sets and ( nitary) multirelations.

Given two setsA and B, consider a semi-abstract sparf] : A $ B. We can
give a graphical representation of a span by tracing an arrobetween the elements
X 2 X; and a 2 A wheneverfl(x) = a and, similarly, betweenx 2 X; and
b 2 B wheneverf R(x) = b. The left diagram in Figure [2.IB represents the span
[fi]:A$ B, whereA = faj;a,g, B = fhy; by g, Xi = fXxg;xa;xsg and fR =
f(X1;a1); (X2; @); (X35 @2)0, 1 = f(X1;b1); (X2; B); (X3; b)g. The fact that the set X
is xed only up to isomorphism means that we can disregard theoncrete identities
of its elements.

Intuitively the span is completely characterized by the wayn which elements of
A are connected to elements d. Furthermore observe that not only the existence
of a path between two elements and b is important, but also the number of such
paths. For instance the span$; and f, of Figure[2IB are not equivalent since if;
the elementa; is connected toby via just one path, while inf, there are two paths.

The above discussion suggests that semi-abstract spansSat can be seen as
an alternative presentation of multirelations, in the sens that one can think of
[f]1: A$ B as specifying for all pairs of elements 2 A andb?2 B, \how many times
they are related”. For example, the spanf[;] can be identi ed with the multirelation
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(a1; b)) + (az; ) + (ap; k), while [f,] can be seen as a representation of (a;; by) +
(az; bp) + (@z; bs).

This intuitive correspondence can be made very formal. Theategory MSet of
sets and multirelations can be embedded intSBpan(Set). The embedding functor is
the identity on objects, and maps any multirelationF : A! B, which is a function
F:A B! N, tothe span F] with

Xe=f(abh;n)j@pP2A B " n<F(abg
and FR((a;;n)) = a, F-((a;b;n)) = b, for all ((a;b);n) 2 X .

Proposition 5.31
There is an embedding of the categoyiSet of ( nitary) multirelations into the
category Span(Set) of semi-abstract spans ovebet.

The two categories are not isomorphic essentially becauSpan(Set) extends
MSet by adding also multirelations which are not nitary. Say tha a span
[f]1:A$ B is nitary if each element ofA has a nite counterimage inX;, namely
fR 1(a) is nite for all a2 A. Then it is possible to prove that the functor described
above restricts to an isomorphism betweeRSpan (Set), the lluf subcategory (Def-
inition A.4) of Span(Set) having nitary spans as arrows, andMSet [BGOC].

Multisets and multirelation application

Let 1 denote the initial object in Set, namely the set with just one element. Observe
that a multiset M of a setA can be seen as a multirelation af A, and therefore it
can be represented as a semi-abstract spad]: 1 $ A. Equivalently, since there is
a unique arrow fromX, to 1, the multiset can be identi ed with the isomorphism
class of the mappingM* : Xw ! A (in the comma categoryhSet # Ai). This
observation con rms that (abstract) typed graphs are the n&ural generalization of
multisets when moving from sets to graphs.

Furthermore, given a multirelation F : A! B and a multiset M of A, it is im-
mediate to verify that the image ofM through F, namely F (M) can be computed
simply as the composition of the corresponding spans, i.es B ; F, as depicted in
the left part of Figure .14, where the square is a pullback.he arrow towards the
initial object is dotted to stress that we can think of the costruction as working
on typed sets. Referring to the gure, we can say that the cotsiction maps the
\A-typed set" MR : X4 ! A to the the \B-typed set" z;FR : X3 | A

As an example, the right part of FigureLl5.T¥ shows how the cadnsction can be
used to apply the multirelation F; =2 (a;; by)+( ag; ) +( ay; i), represented by the
spanf, of Figure[®I3B, to the multiseta; + a,. The result is correctly 2 by + b, + b;.
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1

A
TIE
A=z Xpg 2 B

Figure 5.14: Computing the image of a multiset.

Relations and functions

Relations can be identi ed with special multirelationsR : A ! B where multi-
plicities are bounded by one (namehR(a;) 1 foralla2 A andb?2 B). The
corresponding condition on a spari : A $ B is the existence of at most one
path between any two elementsa 2 A and b2 B. The next de nition provides a
categorical formalization of this concept.

Definition 5.32
Let C be a category. A spai :a$ bin C is calledrelational if F;fRi :x; ! a b
IS mono.

In other words f : a $ b is relational if given any objectc and pair of arrows
g;h:c! x,ifgfR=hfRandg;ft = h;ft then g = h. It is easy to verify
thatif f : A $ B is a span inSet then the above condition can be equivalently
expressed as

8x;y 2 X;:fR(x)8 fR(y) _ f-(x) 8 f-(y)
which indeed corresponds exactly to the intuition of havingt most one path between
any two elements. For example, the spah; of Figure[5.IB is relational, whilef , is
not.

Observe that, in particular, a spanf : A $ B is relational when either its
left or right component is injective. It is easy to realize tht these kinds of span
corresponds to the partial functions fromA to B and backward. In fact, a partial
function g: A! B can be identi ed with the span

A <—dom(g) ~— B
and similarly a partial function h: B! A can be represented as the span
A <" dom(hy——B

where unlabelled arrows are inclusions.
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5.3.2 Graph grammar morphisms

Recall that a Petri net morphism [Win87a,[Win87b] consists fotwo components,
namely a multirelation between the sets of places and a paatifunction mapping
transitions of the rst net into transitions of the second ore. Net morphisms are
required to \preserve" the pre-set and post-set of transitins, in the sense that the
pre- (post-)set of the image of a transitiort must be the image of the pre- (post-)set
of t.

Since the items of the graph of types of a grammar can be seeraageneralization
of Petri net places, the rst component of a grammar morphisnfrom G, to G, will
be a semi-abstract span between the type graphs &f and G;, which, as explained
in the previous subsection, generalizes the notion of mukiation. The idea of using
graph grammar morphisms based on spans has been rst introcked in [CEL" 964,
while the introduction of semi-abstract spans is due td_[B@). Dierent notions
of morphism for graph grammars use a (partial) function fronthe type graph of
G, to the type graph of G [HCEL96] or in the converse direction[|RIbS6]. Since
partial functions can be represented as (relational) spanghese notions can be seen
as instances of the more general de nition based on spans tfwithe advantage of
allowing a simpler composition, not requiring the use of plidacks).

Let G, and G, be two graph grammars and letff] : TGy, $ TG, be a
semi-abstract span between the corresponding type graphsamely an arrow in
Span(Graph ). By extending to graphs the construction presented in the nevi-
ous section for sets (see Figufe—hl14),t] allows us to relateT G;-typed graphs
to T G,-typed graphs. LetG; be in T G;-Graph . The graph G; is transformed, as
depicted in the diagram below, by rst taking a pullback (in Graph ) of the arrows
fr:Xs;; ! TGpandtg, : jGijj! TGy, and then typing the pullback object over
T G, by using the right part of the spanfR : Xy | TG,.

jGij <" |Gy

te
tGll/ y 2
Y
TG]_ L XfT (R TGZ
T T

The TG,-typed graph G, = hjG,j;fR yi obtained with this construction, later
referred to aspullback-retypingconstruction induced by f+], is determined only up
to isomorphism. Sometimes we will writd +fx; yg(Gy; G2) (or simply f+(Gy; Gy) if
we are not interested in morphisms andy) to express the fact thatG; and G, are
related in this way by the pullback-retyping construction hduced by f].

We are now ready to de ne grammar morphisms. Besides the coompent spec-
ifying the relation between the type graphs, a morphism froné, to G, contains a
(partial) mapping between production names. Furthermore dhird component ex-
plicitly relates the (untyped) graphs underlying correspoding productions of the
two grammars, as well as the graphs underlying the start gras.



172 Chapter 5. Typed Graph Grammars in the DPO Approach

Definition 5.33 (typed graph grammar morphism)
Let G = hI'G;;Gs;Pi; i (I 2 f1;29) be two graph grammars. A (typed graph
grammar) morphismf : G, ! G, is a triple Hf];fp; i where

[fr]: TGy! TG, is a semi-abstract span inGraph , called thetype-span
fp : P1 ! Py[f,g is a total function, where; is a new production name
(not in Py), with associated production; ;! ; , referred to as theempty

production;

¢ isafamily f ¢(qn) jon 2 P1.g[f Fg such that ? : jGs,j! | Ggj and for
eachq 2 Py, if fp(h) = o, then ¢ (qu) is a triple of morphisms

hi(a) tjlei!i Lad £ () iKei!] Kaii £(a) 1 jRei!] Reii.
such that the following conditions are satis ed:

1. Preservation of the start graph.
There exists a morphisnk such thatf f #;kg(Gs,; Gs,), namely such that the
following diagram commutes (where the square is requiredte a pullback).

jGsi = iGs,

thz
tGSl k
Y

TG]_ L XfT (R TGz

T T

2. Preservation of productions.
For eachq 2 Py, with ¢, = fp (), there exist morphismsk-, kX and kR
such that the diagram below commutes, amgf ¥ (0n); k* g(Xq;Xq) for X 2
fL;K;R g.

R(m)

jRChj 2j

IRq
7 K@ .
iKai: f @l /

K
) ./ o E(on) . ./
JLq) f L) k

by i . "
N l \ qu\
Xty — TGy
T

tRg,

TG,
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The grammar morphisms in [[CEL 96a] rely on the assumption of having a xed
choice of pullbacks. Consequently the pullback-retypingpastruction is deterministic
and morphisms are required to preserve the start graphs antié productions \on
the nose", namely the construction applied to the start grap of G, must result
exactly in the start graph of G,. Similarly, each production in G, must be mapped
exactly to the corresponding production inG,. Notice that this requirement is very
strict and it may imply the absence of a morphism between tworgmmars having
start graph and productions which are the same up to isomorgm. Our notion of
morphism is, in a sense, more liberal: we avoid a global cheiof pullbacks and we
x \locally", for each morphism f, only part of the pullback diagrams, namely the
morphisms in the family ;. The presence of such component in the morphism is
intuitively motivated by the fact that graph grammars are mae concrete than Petri
nets. In fact, in a graph grammar the start graph and the prodctions are speci ed
by means ofconcrete graphs, while the initial marking and the transitions of a
Petri net are de ned in terms of multisets which correspondso abstract (discrete)
graphs. Therefore when a gramma®, simulates another grammars; it is important
to specify not only that a production g, of G, is mapped to a productiong, of G,
but also the correspondence between the concrete items o€&tgraphs in the two
productions ¢ and .

It is worth noticing that, for technical convenience, the pé&ial mapping on pro-
duction names is represented as a total mapping by enrichinige target set with a
distinguished point; , representing \unde nedness". In this way the condition ak-
ing the preservation of productions (condition (2)) faithtilly rephrases the situation
of net theory where the pre- and post-set of a transition on vith the morphism is
unde ned are necessarily mapped to the empty multiset.

Definition 5.34 (category GG)
Graph grammars and graph grammar morphisms form a categoBG .

The identities and the composition of morphisms ifGG are de ned in the obvious
way. Given a grammarG, the identity on G is the grammar morphismiid+g]; idp; i,
where [d1g] is the identity span on TG, idp is the identity function on P and all
the components of are identities on the corresponding graphs.

Given two morphismsfy : G! G andf;: G ! G, the compositionf; fgq:
& ! G isthe morphismAfi] [for];fip fop; I, Where for anyqg 2 Py and any
X 2fL;K;R g, we have * () = { () { (fop(m))

5.3.3 Preservation of the behaviour

As in [CEL™964] it is possible to show that morphisms preserve the behamr of
graph grammars, in the sense that given a morphisin: G, ! G, for every deriva-
tion ; in G, there is a corresponding derivation , in G, related to ; by the
pullback-retyping construction induced by the type compoent [f 1] of the morphism.
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First, we need to review some results expressing properties pullbacks and
pushouts inGraph . The properties are stated for the categorpet of sets and total
functions, since the constructions of pullback and pushowan be lifted fromSet to
Graph , where limits and colimits are constructed \componentwise A proof can
be found in [CEL" 96a].

Proposition 5.35
Consider the following commuting diagram irSet

\PB/
/PB\

If the two internal squares, marked by’B are pullbacks, then the outer square with
verticesA, B, E andF is a pullback as well.

Proposition 5.36 (3-cube lemma)
Consider the following commuting diagram irSet

A B

\ PB /
E~—F

B | PO| PB
G-—H

e N

C D

If the small internal squares, marked byB and PO are pullbacks and pushouts,
respectively, then the outer square with vertices, B, C and D is a pushout.

We are now ready to prove that graph grammar morphisms preser derivations.
As a consequence of the partial arbitrariness in the choicd the pullback com-
ponents, such correspondence is not \functional”, but it ¢éablishes just a relation
between concrete derivations of the source and target gramans of the morphism.

Lemma 5.37

Letf : G ! G be a graph grammar morphism, and let; : G; ) q H1 be a direct
derivation in G;. Then there exists a corresponding direct derivation, : G; ) fo(q)
H, in G, such thatf+(Gy;Gy) andf+(Hq; H>y).

Proof.  The proof is extremely technical and follows the same outlie as in [CEL" 96z]. Here we

give only a sketch, singling out some relevant passages.
Assume that the derivation 3 in G; has the following shape:
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G - Ll%KlﬁRl

[T

Gl%D]_HH]_
b1 d1

The same derivation is depicted also in the left part of Figue[®IH. The right part of the top layer
represents the productiong = fp(n). Observe that the gure is not complete. First, for each
graph appearing in the top layer we should have indicated thecorresponding typing morphism.
Furthermore, by de nition of grammar morphism, the two prod uctions ¢ and o, are related by a
pullback-retyping construction as expressed by condition(3) in De nition 3:33] and thus a mor-
phism Y :jY,j! X should appear forY 2 f L;K;R g. For the sake of clearness only the typing
morphisms of L; and and the morphismk" :jL,j! X of the pullback-retyping construction are
explicitly represented.

Consider any three graphsG,, D, and H», obtained from G,, D, and H,, respectively, by ap-
plying the pullback-retyping construction. Such graphs, with the corresponding pullback-retyping
diagrams are represented in the bottom part of Figurdl5.Ib. Mw, recall that the square with ver-
tices jGij, |G2j, TGy, X is a pullback, and the square with verticesjL j, jL2j, TGy, X commutes.
Hence the matchg, : jL2j !'j G2j is uniquely determined by the universal property of pullbads.
Similarly, observing that the square jDj, jD2j, TGy, X, commutes we uniguely determine a mor-

phism b, : jD,j !'j Ggj. With an analogous reasoning we can complete the whole diagm of
Figure E13.
By using Proposition [2233 it is not di cult to realize that al | the squares with vertices
jLaj, jL2j, JGaj, |G2j j D1j, jD2j, jK 4], jK2j
j Gij, jG2j, jD1j, jD2j j Kaj, jK2j, jLaj, JL 2]

are pullbacks, while the squargK 4j, jL1j, jG1j, jD1j is a pushout, by construction. By the 3-cube
lemma (Proposition [5:38) we deduce that the squargK 5j, jL2j, jG2j, jD2j is a pushout. Since, by
symmetry also jK 2, jD2j, jH2j, jR2j is a pushout, this concludes the construction of the desired
direct derivation 5.

2

The result can straightforwardly be extended to general demtions involving an
arbitrary number of (possibly parallel) direct derivation

Recall that in [CEL™ 964], where the more concrete notion of morphism based on
a choice of pullbacks is adopted, the relation between deaitvons induced by a mor-
phism is indeed a function. Furthermore the result above isxeended to show that the
concrete model of computation of the grammar (not considey abstraction equiv-
alence) can be obtained via a functorial construction, edtéishing an adjunction
between the category of graph grammars and the category ofnooete derivations.
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o F(au) o
JR4j f JR2J
/ hi /
o € (o) o h
1K1 1K
" jH4j JH2j
V / e %
. k(o) .
JL4 JL>J
o jD1j iD2j
by g by
t,
1Gaj 1G2) )
\ fTL \ "
TG, X TG,

Figure 5.15: Graph grammars morphisms preserve derivati®n



Chapter 6

Unfolding and Event Structure
Semantics

This chapter introduces a truly concurrent semantics fodpo graph grammars based
on a Winskel-style unfolding construction. The work develzed in the First Part

for contextual and inhibitor nets represents both an intuiive guide and a formal basis
for the treatment of graph grammars. In fact, as in contextulanets, the possibility
of specifying rewriting steps which preserve part of the s leads to asymmetric
conicts between productions. Furthermore thedangling condition a part of the
application condition which prevents the application of a ppduction when it would
leave dangling edges, has a natural encoding in the settinfymhibitor nets: the edges
whose presence prevents the application of a production cée seen as inhibitor
places for that production.

First, nondeterministic occurrence grammarswhich generalize the (determin-
istic) occurrence grammars of_ [CMR96], are de ned as safeagnmars satisfying
suitable acyclicity and well-foundedness conditions. Ascourrence inhibitor nets are
de ned without considering the inhibitor arcs, the requirgnents on occurrence gram-
mars disregard the constraints imposed by the dangling coiion. Consequently not
all the productions of an occurrence grammar are really exgable. The possible
deterministic computations of an occurrence grammar are ptured by considering
the con gurations of the grammar which are later shown to be closely related thé
con gurations of the corresponding event structure.

An unfolding construction is proposed, which associates to each (consuming)
graph grammar a nondeterministic occurrence grammar reenting its behaviour.
As for nets, the idea consists of starting from the start grap of the grammar,
applying in all possible ways the productions of the grammaand recording in the
unfolding each occurrence of production and each new grapgbem generated by the
rewriting process, both enriched with the corresponding oaal history. Consistently
with the notion of occurrence grammar, in the construction fothe unfolding the
productions are applied without considering the danglingandition.
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The \object level" unfolding construction naturally works on the whole class
of graph grammars essentially because graph grammars aracsty more concrete
than Petri nets. Hence, exploiting the additional informaton given by the concrete
identity of the items in a grammar, one can avoid the kind of atfusion arising in
Petri nets related to the presence of several causally intilgguishable items.

Then we face the problem of turning the unfolding construatin into a functor
establishing a core ection between the category of graph gmmars and that of
occurrence grammars. We rst restrict to those grammars wie the start graph
and the items produced by each production are injectively ped. Such grammars,
by analogy with the corresponding subclass of Petri nets, ercalled semi-weighted
grammars, and the corresponding full subcategory @G is denoted bySW -GG .
We show that indeed in this case the unfolding extends to a fator Uy : SW -GG !
O-GG which is right adjoint of the inclusion| o : O-GG ! SW-GG, and thus
establishes a core ection between the two categories.

It is also shown that the restriction to semi-weighted graplgrammars is essential
for the above categorical construction. However, suitablestricting graph grammars
morphisms to still interesting subclasses (comprising, ifanstance, the morphisms
of [RiIb9€,[HCEL96)) it is possible to regain the categoricademantics for general,
possibly non semi-weighted, grammars.

Finally, from the unfolding we can easily extract an event sticture and a do-
main semantics. As suggested by the correspondence betweenurrence inhibitor
nets and graph grammarsjnhibitor event structures the extension of prime event
structures introduced in Chapter 4[], are expressive enough to represent the struc-
ture of graph grammar computations. Thus anes can be naturally associated to
each occurrence grammar via a functorial construction. Tine the results of Chap-
ter 400relating IES and Dom allow us to obtain a domain and prime event structure
semantics.

lo | P L
SW-GG ? _0O-GG ——=IES Dom PES
Ug B L P

The notions of nondeterministic occurrence grammar and ofgmmar morphism
suggest a notion ohondeterministic graph processhe prototypical example of non-
deterministic process being the unfolding. Analogously twhat happens in Petri net
theory, a nondeterministic process of a grammds consists of a (suitable) grammar
morphism from an occurrence grammar to the grammaa. Nicely, as we will see in
the next chapter, our nondeterministic graph processes ageconsistent generaliza-
tions of the graph processes df [CMRBE, BCM98a], namely inetldeterministic case
they reduce to the same notion.

To conclude, it is worth stressing that an unfolding constration for a di erent
approach to graph transformation, calledsingle-pushout(spo) approach, has been
proposed by Ribeiro in her doctoral thesis [Rib96]. Althoug conceptually such
construction is close to ours, we will see that, concretelthe di erences between the
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two settings, like the absence of the application conditiom the spo approach, a
di erent notion of \enabling" allowing for the concurrent application of productions
related by asymmetric con ict and a di erent choice of gramnar morphisms, makes
di cult a direct comparison.

The rest of the chapter is organized as follows. SectignI6ritroduces the no-
tion of nondeterministic occurrence grammar and gives sommeore insights on the
relation between graph grammars and inhibitor nets. Relymon the notion of occur-
rence grammar, Sectiof6l2 introduces nondeterministicaph processes. Sectidn®.3
describes the unfolding construction for graph grammars,hese categorical proper-
ties are then investigated in Sectiof6l4. Then Sectidn 6.5@vs how anies can be
extracted from an occurrence grammar, thus providing, thregh the unfolding con-
struction, an event structure semantics for graph grammardg-inally, in Section[6.6
we compare the unfolding construction in this chapter withhat proposed in [RIb96]
for the spo approach.

6.1 Nondeterministic occurrence grammars

A rst step towards the de nition of nondeterministic occurrence grammars is a
suitable notion of safeness for grammars_ [CMR96], generatg that for P/T nets,
which requires that each place contains at most one token im@reachable marking.

Definition 6.1 ((strongly) safe grammar)
A grammar G = hT G; Gg; P; i is (strongly) safeif, for all H such thatGs) H,
H has an injective typing morphism.

The de nition can be understood by thinking of nodes and edgeof the type graph
as a generalization of places in Petri nets. In this view theumber of di erent items
of a graph which are typed on a given item of the type graph casponds to the
number of tokens contained in a place, and thus the conditioof safeness for a
marking is generalized to typed graphs by the injectivity othe typing morphism.

Strongly safe graph grammars (hereinafter called justafe grammar3 admit a
natural net-like pictorial representation, where items otthe type graph and pro-
ductions play, respectively, the role of places and transiins of Petri nets. The
basic observation is that typed graphs having an injectiveyping morphism can be
safely identi ed with the corresponding subgraphs of the fge graph (just thinking
of injective morphisms as inclusions). Therefore, in padular, each graphhjGj; tgi
reachable in a safe grammar can be identi ed with the subgraéps(jGj) of the type
graph TG, and thus it can be represented by suitably decorating the mies and
edges ofT G. Concretely, a node is drawn as a lled circle if it belongs tag(jGj)
and as an empty circle otherwise, while an edge is drawn as atouous line if it is
in t(jGj) and as a dashed line otherwise (see Figurel6.1). This is amgdus to the
usual technique of representing the marking of a safe net byfting a token in each
place which belongs to the marking.
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With the above identi cation, in each derivation of a safe gammar starting from
the start graph a production can be applied only to the subggh of the type graph
which is the image via the typing morphism of its left-hand sle. Therefore according
to its typing, we can think that a production produces preservesand consumestems
of the type graph. This is expressed by drawing productionsarrow-shaped boxes,
connected to the consumed and produced resources by incogniind outcoming
arrows, respectively, and to the preserved resources by uretted lines. Figure[Gll
presents two examples of safe grammars, with their pictotieepresentation. Notice
that the typing morphisms for the start graph and the productons are represented
by suitably labelling the involved graphs with items of the ype graph.

Using a net-like language, we speak @ire-set @, context q and post-setq of
a production g. The notions of pre-set, post-set and context of a productiohave
a clear interpretation only for safe grammars. However forethnical reasons it is
preferable to de ne them for general graph grammars.

Definition 6.2 (pre-set, post-set, context)
Let G be a graph grammar. For anyg2 P we de ne

q=t,(jLa lq(iKdi)) d = tra(JRd  rq(iKgi))
q= th(quj)

seen as sets of nodes and edges, and we say ¢hatnsumes createsand preserves
items in @, g and q, respectively. Similarly for a node or an edge in TG we write
X, x and x to denote the sets of productions which produce, preservelaonsume
X, respectively.

For instance, for grammarG, in Figure B, the pre-set, context and post-set of
production g are ¢ = fCg, @ = fBgandq = fA;Lg, while for the nodeB,
B=;,B="faq;pgandB = fag.

Observe now that because of the dangling condition, a prodi@n g which con-
sumes a node can be applied only if there are no edges with source or targatn
which remain dangling after the application ofg. In other words, ifn2 g, e62 q
and n 2 f s(e); t(e)g then the application of g is inhibited by the presence ok. By
analogy with inhibitor nets we introduce theinhibitor set of a production.

Definition 6.3 (inhibitor set)
Let G be a graph grammar. Thanhibitor set of a productionq2 P is de ned by

g=fe2Etgj9n2 qg:n2fs(e);t(e)g » €62 qg

Similarly, for an edgee 2 E+g we de ne the inhibitor set ofe as the set of produc-
tions inhibited bye, namely e= fq2Pje2 qg.

For instance, in the grammarG, of Figure[G1 the inhibitor set ofg, is o = fLg,
while for the edgeL we have L = fg,gQ.
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Figure 6.1: Two safe grammars and their net-like represeiian.

Note that with the above de nition, a production g of a safe grammaiG satis es
the dangling condition (when using its typing as match) in agbgraph G of the type
graphTGifand only if g\ G=;.

The correspondence between safe grammars and inhibitor #ean be made more
explicit by observing that we can associate to any safe granamG = hGs; TG; P; i
an inhibitor net Ng having the items of TG as placesGs as initial marking, P as
set of transitions with pre-set, post-set, context and infuitor set of each transition
de ned exactly as in the grammar. Figurd6J2 shows the inhitwr nets corresponding
to the safe grammargs, and G, in Figure B1. It is possible to show that the gram-
mar G and the net Ng have essentially the same behaviour in the sense that each
derivation in G corresponds to a step sequencey using the same productions and
leading to the same state, and vice versa. Although this fatd not used in a formal
way, the proposed translation can help in understanding hotine work on contextual
and inhibitor nets in uences the treatment of graph grammas in this chapter. It
is important to observe that the inhibitor net associated toa safe graph grammar
by the described translation has a very particular shape, axpressed below.
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Figure 6.2: The inhibitor nets corresponding to the grammarG, and G, in Fig-
ure@].

Remark 6.4

Let G be a safe grammar and let);d 2 P be two productions ofG. Observe that
wheneverq \  o°6 ; then necessarilyq% o° In factlet e2 g \ ¢’ By de nition

of ¢°the production ¢ consumes a noda which is the source or the target of.
Since, by de nition of q , the production g produces the edge, it must produce or
preserve the noden. Consequentlyn 2 (q [ ¢)\ ¢’ and thus g % o For similar
reasons, if ¢°\ g6 ; then ®% of -

Hence, di erently from what happens in general inhibitor ngs, if a production q
can inhibit a production ¢° then q cannot be applied after®. For instance, consider
the net Ng, in the right part of Figure BE22. The production g, can inhibit g, since it
produces a token inL and indeed it must precedey, sinceB 2 g\ ;. Similarly
o re-enablesq, and g; % .. This means that, in a sense, (safe) graph grammars
computations are simpler than (safe) inhibitor nets compuations.

Following the approach adopted for inhibitor nets, the cawd and asymmetric
con ict relations for a graph grammar are de ned without taking into account the
inhibitor sets, namely disregarding the dangling conditio.

Definition 6.5 (causal relation)

The causal relationof a grammarG is the binary relation < over Elem(G) de ned
as the least transitive relation satisfying: for any node oedgex in the type graph
TG and for productionsg; & 2 P

1. ifx2 q thenx<dqy;
2. ifx2q thenqg <x;
3. ifop \ 6 ; thenaq <qs.

As usual denotes the re exive closure ok. Moreover, for x 2 Elem(G) we write
bxc for the set of causes ok in P, namelyfg2 P jq xg.
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Definition 6.6 (asymmetric conflict)
The asymmetric con ict relation of a grammarG is the binary relation % over the
setP of productions, de ned by:

1.ifw\ @6 ; theng % o
2.if q\ ®6;andq 6 ¢ thenogp % Q;

3. if g <q,thenqg % .

A nondeterministic occurrence grammars an acyclic grammar which represents,
in a branching structure, several possible computationsasting from its start graph
and using each production at most once. Again the dangling mdition is not con-
sidered in the de nition.

Definition 6.7 ((nondeterministic) occurrence grammar)
A (nondeterministic) occurrence grammais a graph grammarO = hT G; Gg; P; i
such that

1. the causal relation is a partial order, and for anyg 2 P the setbqgc is nite
and the asymmetric con ict % is acyclic onbqc;

2. the start graphGs coincides with the seMin (O) of the items of the type graph
T G which are minimal with respect to causality (with the graphical structure
inherited from T G and typed by the inclusion);

3. each edge or node in TG is created by at most one production i, namely
x5

4. for each productionq : Lq . Kq [" Rg the typing t , is injective on the
\consumed part" jLqj I4(jKj), and similarly tg, is injective on the \produced
part” jRqj  rq(jKgj).

We denote byO-GG the full subcategory ofGG having occurrence grammars as
objects.

Since the start graph of an occurrence grammdd is determined by Min (O), we
often do not mention it explicitly.

Intuitively, conditions (1){(3) recast in the framework of graph grammars the
analogous conditions of occurrence contextual nets. Cotidn (4), is closely related
to safeness and requires that each production consumes anmdduces items with
\multiplicity" one. Observe that, together with acyclicity of %, it disallows the
presence of some productions which surely could never be kb because they fall
to satisfy the identi cation condition with respect to the typing morphism.
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The next proposition shows that, by the de ning conditions,each occurrence
grammar issafe

Proposition 6.8 (occurrence and safe grammars)
Each occurrence grammap is safe.

Proof. Let O = hTG;P; i be anoccurrence grammarandlet : Gs) Gy be a derivation in O.
Since the grammar is consuming, namely each production has @on empty pre-set, and causality

is a partial order (there are no \cycles"), every derivation in the grammar starting from the
start graph can apply each production at most once. Without any loss of generality we can assume
that each direct derivation of applies a single production.

We show by induction on the ordern of the derivation that the graph Gy, is injective. Forn =0
just recall that Gs is a subgraph of T G, typed by the inclusion. If n > 0, by inductive hypothesis,
Gn 1 is injective. Moreover the typing of g, is injective on jRq,j rq, (jKg,j). This observation,
together with the fact that the items of the start graph have empty pre-set (they are minimal
with respect to causality) and each item of the type graph is poduced by at most one production
implies that the graph G, which is obtained from G, 1 by rst\removing" Lg, g, (Kg,) and
then \adding" Rgq, rq,(Kg,), is injective. 2

Disregarding the dangling condition in the de nition of ocarrence grammar has
as a consequence the fact that, analogously to what happeis mhibitor nets, we
are not guaranteed that every production of an occurrence @nmar is applicable
at least in one derivation starting from the start graph. Therestrictions to the
behaviour imposed by the dangling condition are taken intoaount when de ning
the con gurations of an occurrence grammar, which represeexactly, in a sense
formalized later, all the possible deterministic runs of ta grammar.

Definition 6.9 (configuration)
A con guration of an occurrence grammalO = hT G;P; i is a subsetC P such
that

1. if % denotes the restriction of the asymmetric conict relationto C, then
(%c) is a nitary partial order on C;

2. C is left-closed with respect to , i.e. forall g2 C, 2 P, ¢° qimplies

2 C;
3. foralle2 TG,if e\ C6; and e Cthene\ C6 ;.

If C satis es conditions (1) and (2), then it is called apre-con guration. The set of
all con gurations of the grammarO is denoted by ConfO).

Condition (1) ensures that in C there are no%-cycles and thus it excludes the
possibility of having in C a subset of productions in con ict. Furthermore it guar-
antees that each production has to be preceded only by nitglmany other pro-
ductions in the computation represented by the con guratia. Condition (2) re-
quires the presence of all the causes of each production. @ion (3) considers
the dangling condition: for any edgee in the type graph, if the con guration con-
tains a production g inhibited by e and a production ¢° producing such an edge
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then some productiong®consuminge must be present as well, otherwise, due to
the dangling condition, g could not be executed. This requirement is better un-
derstood recalling that, as observed in Remark™8.4, in thistsation, i.e., when
e2d®\ g6 ;, necessarily®% g, namely g° must be applied beforeg in the com-
putation. Similar considerations apply if the edgee is present in the start graph,
i.e., e = ;. For example the set of con gurations of the grammaiG, in Fig-
ure 61 isConf(G) = f; ;faug:fon; 0 fon; Y Fai; G w0 f s 3 k0 f kg The
setS = fq; g0, is instead only a pre-con guration, since for the edgé we have
%2 L, L=fqg S, butthe intersection of S with L = f; g is empty.

The notion is reminiscent of that of con guration of an inhilator event structure.
Indeed we will prove later that the con gurations of an occurence grammar are
exactly the con gurations of the ies associated to the grammar. The fact that an
occurrence grammar con guration does not include an expiicchoice relation can
be understood, for the moment, by recalling Remark™8.4 whicimplies that the
productions in a con guration implicitly determine their order of application.

The claim that con gurations represent all and only the deteministic runs of an
occurrence grammar is formalized by the following result. 8/rst need the notion of
reachable graplassociated to a con guration, which extends an analogous razept
introduced in [CMR9€], in the case of deterministic occurreee grammars.

Definition 6.10 (reachable graphs)

Let O = AT G; P; i be an occurrence grammar. For anyC P, nite con guration
of O, the reachable setassociated toC is the set of nodes and edges red€}h)
Items(T G) de ned as

. S S
reach(C) = (Min(O)[ ;) ec O

Proposition 6.11 (configurations and derivations)

Let C be any con guration of an occurrence gramma@. Then reach(C) is a well-
de ned subgraph of the type grapfi G and, moreover,Min (O) ) . reach(C) with
a derivation which applies exactly once every production @, in any order con-
sistent with (%c¢) . Vice versa for each derivationMin (O) ) 5 G in O, the set of
productions S it applies is a con guration and G = reach(S).

Proof. Let C 2 Conf(O) be any nite con guration of O. The fact that reach(C) is a well-de ned
subgraph of the type graphT G and Min (O) ) . reach(C) can be proved by induction onjCj. The
base case in whichCj = 0, namely C = ;, is trivial since, by de nition, Min (O) = reach(;). If
instead jCj > 0 consider any productiong 2 C, maximal with respectto (%) (such a production
exists since o) is a partial order and C is nite). It is easy to see that C f qgis a con guration
and therefore, by inductive hypothesis,

Min (0)) ¢ ¢ G
where G = reach(C f qg). By point (1) in the de nition of con guration, entailing t hat % is

acyclic, and by point (2) we immediately getthat q[ g G. Furthermore, by point (3), g\ G =
; and thus g satis es also the dangling condition. Recalling that q satis es the identi cation
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condition by de nition of occurrence grammar, we deduce tha q is applicable to G and thus
G) q(G d) [ g . Since in an occurrence grammar the post-sets of productianare all disjoint
we conclude that (G o) [ g = reach(C) and thus

Min (O) ) ( reach(C)

The second part of the proposition can be proved essentiallpy reversing the above steps. 2

As an immediate consequence of the previous result, a protioo which does
not satisfy the dangling condition in any graph reachable ém the start graph (and
thus which is never applicable) is not part of any con guratn. For example,s does
not appear in the set of con gurations ofG,, Conf(G,) = f; ;fqg;fg; f ;%90

6.2 Nondeterministic graph processes

In the theory of Petri nets the notion of occurrence net is sictly related to that
of process. A (non)deterministic net process is a (non)deteinistic occurrence net
with a suitable morphism to the original net. Similarly, nordeterministic occurrence
grammars can be used to de ne a notion afondeterministic graph processegener-
alizing the deterministic graph processes af [CMRO6, BCM8B Then, the unfolding
of a grammar, as introduced in the next section, can be seen ascomplete” non-
deterministic process of the grammar, expressing all the ggible computations of
the grammar.

A nondeterministic graph processs aimed at representing in a unique \branch-
ing" structure several possible computations of a grammaithe underlying occur-
rence grammar makes explicit the causal structure of suchroputations since each
production can be applied at most once and each item of the tgpgraph can be
\lled" at most once. Via the morphism to the original grammar, productions and
items of the type graph in the occurrence grammar can be thohgof, respectively,
as instances of applications of productions and instancekitems generated in the
original grammar by such applications. Actually, to allow ér such an interpretation,
some further restrictions have to be imposed on the proces®rphism. Recall that
process morphisms in Petri net theory must map places to ples (rather than to
multisets of places) and must be total on transitions. Simalrly, for graph process
morphisms the left component of the type-span is required toe an isomorphism in
such a way that the type-span can be thought of simply as a totgraph morphism.
Furthermore a process morphism cannot map a production to ébempty production,
a requirement corresponding to totality.

Definition 6.12 (strong morphism)
A grammar morphismf : G, ! G; is calledstrong if

1. ff : X, ! TGy is an isomorphism;

2. fp(qp) 6 ;, forany qu 2 Ps.
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Figure 6.3: Graph processes.

In the following, without any loss of generality, we will alvays choose as concrete
representative of the type-span of a strong grammar morphsf, a spanf+ such
that the left component f+ is the identity idtg, .

Definition 6.13 (graph process)

Let G be a graph grammar. A(marked) graph processof G is a strong grammar
morphism' : O ! G, whereO is an occurrence grammar. We will denote by
TG, Gs, P and - the components of the occurrence gramm&. underlying a
process' .

Alternatively, if GG indicates the subcategory o6G having the same objects and
strong grammar morphisms as arrows, then the category of messes of a grammar
G can be simply de ned as the comma categojO-GG # Gi in GG .

It is not di cult to verify that, if f : G ! G is a strong morphism then, by con-
dition (1) in the de nition of grammar morphism (De nition 9-33), 7 : jGs,j!] Gs,]
is an isomorphism. Similarly, by condition (2), for each prduction ¢, 2 P, () is
a triple of isomorphisms, namely each production @, is mapped to a production of
G, with associated isomorphic (untyped) span. Furthermore # pullback-retyping
construction induced byf; becomes extremely simple: when applied to grapB;
typed over T G; it produces (up to isomorphism) the graphjG,j; trc,; f Ri obtained
by composing the typing morphism ofG; with fR.

In this situation the conditions on a process requiring the preservation of
the start graph and of the productions spans, can be expredsby simply asking
the commutativity of the diagrams in Figure[6:B, the right ore for any production
a°2 P. . Moreover, since the left-component df ; is assumed to be the identity, to
lighten the notation we will sometimes omit the superscripR when denoting the
right component' R.

To understand when two graph processés; and ' , are isomorphic as objects
of LO-GG # Gi in GG , rst consider a generic morphismf : ' ;! ', in such a
category. According to the de nition of comma categoryf : O; ! O, is a grammar
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morphism such that' , f ="' 1, as shown below

f o,
G

Since' ; and' , are strong morphisms, it immediately follows that the left om-
ponent of the type spanft must be an isomorphism (although is not necessarily
strong sincef p may map some productions to the empty one). Moreover the corop
nent ; of the morphism must be a collection of isomorphisms, whichheacompletely
determined by the components of ; and ' ,. Exploiting these observations we
conclude the following characterization of the isomorphis between processes which
essentially states that the isomorphism is completely det@ined by the right com-
ponent of the type span and by the production component.

01

Proposition 6.14 (isomorphism of graph processes)
Let' ; and' , be two processes of the gramm&. Then' ; and' , are isomorphic
if and only if there exists a pairlf;fpi, where

1. fr:hTG ;" 17ith TG ;' o¢1 is an isomorphism (of T G-typed graphs);
2. fp:P. 1 P, is abijection such that 1, = ' 2p fp;

3. the left diagram in Figure[6.%# commutes;
4

. for eachq : (L, Ki! Ry)inP,, = "fp(q): (L2 K, ! Rp)in
P,,if g="1p(q) = "2p() : (L K I R)in P, the right diagram in
Figure [6.4 commutes.

To indicate that' ; and ' , are isomorphicwe write' ; = ' ,.

In the sequel when speaking of an isomorphism of processeswikalways refer to
the pair i 1;fpi rather than to the entire morphism.

In the next chapter we will restrict to deterministic proceses and de ne an
operation of sequential composition on them. As in the casd oets, to have a
meaningful notion of composition, one must consider \unm&ed" processes, starting
from any graph instead that from the start graph of the gramma

Definition 6.15 (unmarked graph process)
An unmarked strong grammar morphism is a grammar morphism tsfying all the
conditions of De nition but the preservation of the strt graph.

An unmarked graph processf a graph grammarG is an unmarked strong gram-
mar morphism' : O ! G, whereO. is an occurrence grammar.

All the de nitions and results introduced in this section can be easily adapted to
unmarked processes simply by forgetting the conditions ome start graph.
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Figure 6.4: Graph process isomorphism.

6.3 Unfolding construction

This section introduces the unfolding construction whichwhen applied to a consum-
ing grammar G, produces a nondeterministic occurrence grammélky(G) describing
the behaviour of G. The unfolding is equipped with a strong grammar morphism
' ¢ to the original grammar G, making it a process ofG.

The unfolding is constructed by starting from the start grajn of the grammatr,
then applying in all possible ways its productions, and recding in the unfolding
each occurrence of production and each new graph item gertethin the rewrit-
ing process, both enriched with the corresponding causalktory. According to the
discussion in the previous section, in the unfolding procack, productions are ap-
plied without considering the dangling condition. Moreovewe adopt a notion of
concurrency which is \approximated”, again in the sense ttiat does not take care
of the precedences between productions induced by the danglcondition. In the
analogy between graph grammars and inhibitor nets, this cagsponds to applying
the unfolding construction to the contextual net obtained ly forgetting the inhibitor
arcs. Recall that in the case of inhibitor nets, the net obtaied by unfolding the un-
derlying contextual net is nally \enriched" by inserting again the inhibitor arcs.
Since for a graph grammar the inhibitor set of a production igmplicitly given by
the typing of the production, the result of the unfolding costruction needs not to
be further modi ed.

Definition 6.16 (quasi-concurrent graph)
Let O = hT G; P; i be an occurrence grammar. A subgrap@ of T G is calledquasi-
concurrent if

S . ,
1. ,,gbxcis a pre-con guration;

2. . (x<y) forall x;y 2 G.
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Another basic ingredient for the unfolding is the gluing opation. It can be
interpreted as a \partial application” of a rule to a given mdch, in the sense that
it generates the new items as speci ed by the production (i.eitems of right-hand
side not in the interface), but items that should have been dieted are not a ected:
intuitively, this is because such items may still be used byrather production in the
nondeterministic unfolding.

Definition 6.17 (gluing)

Let q be aT G-typed production, G a T G-typed graph andm : L, ! G a graph
morphism. We de ne, for any symbol , the gluing of G and R, alongK 4, according
to m and marked by , denoted by glugq; m; G), as the graphhN; E; s;ti, where:

N = Ng[ m (Ng,) E=Ec[ m (Egr,)

with m de ned by: m (x) = m(x) if x 2 Kq andm (x) = hx; i otherwise. The
source and target functionss and t, and the typing are inherited fromG and Ry,

The gluing operation keeps unchanged the identity of the ites already inG, and
records in each newly added item frorR, the given symbol . Notice that the gluing,
as just de ned, is a concrete deterministic de nition of thepushout of the arrows
G™ Ly -KqandKg!® Ry

As described below, the unfolding of a graph grammar is obted as the limit
of a chain of occurrence grammars, which approximate the wihiing up to a certain
causal depth. The next de nition formally introduces the ndion of depth.

Definition 6.18 (depth)
Let O = hT G;P; i be an occurrence grammar. The function depthElem(O)! N
is de ned inductively as follows:

depth(x) =0 for x 2 jGgj = Min (O);
depth(q) = maxfdepth(x) jx 2 q[ gg+1 forq2 P;
depth(x) = depth(q) forx2q.

It is not di cult to prove that depthis a well-de ned total function, since in nite
descending chains of causality are disallowed in occurrengrammars. Moreover,
given an occurrence gramma@, the grammar containing only the items ofdepth
less or equal tan, denoted byO[" is a well-de ned occurrence grammar. As expected
the following result holds.

Proposition 6.19
An occurrence grammarO is the (componentwise) union of its subgrammar®™,
of depthn.

Moreover it is not di cult to see thatif g: O ! G isagrammar morphism, then for
any n 2 N, g restricts to a morphismg™ : 0"l I G. In particular, if TG denotes
the type graph of O[], then the type-span ofgi™! will be the equivalence class of
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TG" gt [ Xl RIn] TGe

T 9r

where X[ = fx 2 X4 j g-(x) 2 TG"lg. Vice versa each morphisng: O ! G is
uniquely determined by its truncations at nite depths.
We are now ready to present the unfolding construction.

Definition 6.20 (unfolding)
Let G = hI'G;Gs;P; i be a (consuming) graph grammar. We inductively de ne,
for eachn, an occurrence grammarUy(G)™" = KT GI"; P, )i and a morphism
vl = gl Sl iy (G)M 1 G. Then the unfolding U4(G) and the fold-
ing morphism' ¢ : Ug(G) ! G are the occurrence grammar and strong grammar
morphism de ned as the componentwise union (bjg(G)[”] and' [, respectively.
Since each morphisni " is strong, assuming that the left component of the
type-span' " is the identity on TG, we only need to de ne the right component
'R0 76y TG, which, by the way, makekT G™:* R a T G-typed graph.

(n = 0) The components of the grammat4(G)” are TG = jG¢j, PO = 1O = ;|
while morphism*' @ : Uy(G)? 1 G is de ned by ROL = o, "ol = ; and
S .
[O] = Idesj'
(n! n+ 1) Given Ug(G)[”], the occurrence grammarng(G)[”+1] is obtained by ex-
tending it with all the possible production applications tquasi-concurrent subgraphs
of the type graph oUg(G)[”]. More precisely, letM [" be the set of pairdg; mi such
that g2 P is a production in G and m : Ly ! h TG™;" R is a match satisfying
the identi cation condition, with m(jL4j) quasi-concurrentsubgraph ofTGI". Then
Ug(G)[””] is the occurrence grammar resulting after performing the flowing steps
for eachhg;mi 2 MM,

Add to P the pair hg; mi as a new production name and exterids [ so that
" pN(hg; mi) = g. Intuitively, hg; mi represents an occurrence of, where the
match m is needed to record the \history".

Extend the type graphlr GI"! by adding to it a copy of each item generated by
the applicationg, marked byhg; mi (in order to keep trace of the history). The

morphism’ -Fr*[”] is extended consequently. More formally, thEG-typed graph

AT G+ R s replaced by glug i (q; m;hT GI'; R,

The production [M(hg; mi) has the same untyped span of(q) and the mor-
phisms M (hg; mi) are identities, that is (hg; mi) = hid;;;idjk j; idjr,i. The
typing of the left-hand side and of the interface is determad bym, and each
item x of the right-hand side which is not in the interface is typedver the

corresponding new itemx; hg; mii  of the type graph.
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It is not di cult to verify that for each n, Ug(G)[”] is a ( nite depth) nondetermin-

istic occurrence grammar, anoUg(G)[”] Ug(G)[””], componentwise. Therefore
Uy4(G) is a well-de ned occurrence grammar. Similarly for eaclm 2 N we have
that * " is a well-de ned morphism fromU4(G)™ to G, which is the restriction to

Uy(G)™ of * I*11 | This induces a unique morphism ¢ : U4(G) ! G.

The deterministic gluing construction ensures that, at edc step, the order in
which productions are applied does not in uence the nal radt of the step. Moreover
if a production is applied twice at the same match (even if inicrent steps), the
generated items are always the same and thus they appear oahce in the unfolding.

It is possible to show that the unfolding construction appéd to an occurrence
grammar yields a grammar which is isomorphic to the originane. This is essentially
a consequence of the fact that for each productianof an occurrence grammar the
(image via the typing morphism of the) left-hand side of is always quasi-concurrent
and the typing morphismt, , satis es the identi cation condition, as it can easily
derived from De nition 6711

6.4 The unfolding as a universal construction

The unfolding construction has been de ned, up to now, onlytdobject level". This
section faces the problem of characterizing the unfoldingsa core ection between
suitable categories of graph grammars and of occurrence mraars. As in the case
of contextual and inhibitor nets, we rst restrict to a full subcategory SW -GG
of GG where objects satisfy conditions analogous to those de rgnsemi-weighted
P/T Petri nets. Then we show that the unfolding constructioncan be extended to
a functor Uy : SW-GG ! O-GG that is right adjoint to the inclusion functor

| 0:0-GG ! SW-GG.

The restriction to the semi-weighted case is essential fon¢ above categorical
construction when one uses general morphisms. However tably restricting graph
grammars morphisms to still interesting subclasses (comsging, for instance, the
morphisms of [R1b96| HCEL95]) it is possible to regain the tegorical semantics for
general, possibly non semi-weighted, grammars.

6.4.1 Unfolding of semi-weighted graph grammars

A graph grammar is semi-weighted if the start graph is injecte and the right-hand
side of each production is injective when restricted to praded items (namely, to
the items which are not in the interface). It is possible to sbw that, if we encode a
Petri net N as a grammarGy, according to the translation sketched in Section5.1.1,
then N is a semi-weighted net if and only Gy is a semi-weighted grammar.
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Definition 6.21 (semi-weighted grammars)

A T G-typed productionL K ! R is called semi-weightedif tg is injective on

the \produced part" of R, namely onjRj r(jKj). A grammar G is called semi-

weighted if the start graph Gs is injectively typed and for anyq 2 P the production
(g) is semi-weighted. We denote bW -GG the full subcategory oflGG having

semi-weighted grammars as objects.

The core ection result strongly relies on the technical prperty which is stated
in the next lemma. It is important to notice that this is a key point where the
restriction to semi-weighted grammars plays a role, sincas we will see, the lemma
fails to hold for arbitrary grammars.

Lemma 6.22

Let G = hTG; Gg; P; i be a semi-weighted grammar, 16 = HTG% G2, P% G be an
occurrence grammar and lef : O ! G be a grammar morphism. Then the type
span|[f t] of the morphism is relational.

Proof.  Recall from Section[2B (De nition B:32) that the span ft : TG®$ TG is relational if
HLEfRi:X¢, ! TG TGC%is mono. In turn, in the categories Set and Graph this amounts to
say

8y 2 X, : fR(x) 8 fF(y) _ f7(x) 6 fr(y)

We proceed by contraposition. Consideix;y 2 Xy, suchthatf+(x) = f+(y)= z%andfR(x) =
fR(y) = z. SinceO is an occurrence grammar, necessarilg’is in the start graph or in the post-set
of some production. Let us assume thatz2 Min (O). By de nition of grammar morphism, there
exists a morphismk : jGsj! Xy, such that the following diagram commutes and the square is a
pullback, where the unlabelled arrow is an inclusion:

Min (0) <—— jGsj
tes
k
Y

0 X
TG~ — X1 =76

The fact that fL(x) = fX(y) = z and z 2 Min (O) implies that there are x°y%2 jGj such that
k(x99 = x and k(y% = y. Recalling that the triangle on the right commutes we have

te. (X% = fr(k(x) = fr(x) = fr(y) = fr(k(y)) = te.(y")

Since the graphGs is injectively typed, we conclude that x®°= y% and thus x = k(x%9 = k(y%y =y
that is what we wanted to prove. A similar reasoning applies f the item z belong the post-set of
some production, since the grammar is semi-weighted and thaiproductions are injectively typed
on the produced part. 2

Observe that, as an immediate consequence of the above lemimé : O! Gis
a grammar morphism, wherés is a semi-weighted grammar an@® is an occurrence
grammar, then the morphismk, such that f+f ?; kg(Gs; Gso) (see De nition B33,
condition (1)) is uniquely determined. Similarly, for eachq 2 P, with ¢®= fp(g),
the morphismsk", k* and kR such that f+f ¥ (q);k* g(Xq; Xq) for X 2fL;K;R g
(see De nition B33, condition (2)) are uniquely determind.
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Figure 6.5: The construction mapping safe grammars into iets is not functorial.

Some considerations on morphisms between occurrence graarsnare now in
order. Letf : O; ! O, be a grammar morphism, wher&®,; and O, are occurrence
grammars. Since, by LemmBG&.22f {] is relational we will sometimes confuse it with
the corresponding relation between the items of G; and T G,, namely with

f(X1;%2) jOX 2 Xy, fr(X) = X1 A FR(X) = Xo0

and we will write f 1 (x1; X2) to mean that there existsx 2 X, such thatfk(x) = x;
and fR(x) = x,. By de nition of grammar morphism such relation preserveshe
start graph and pre-set, post-set and context of productiaof O;.

Incidentally, observe that, instead, condition (2.d) in the de nition of i-net mor-
phism (De nition £:33) in general does not hold for grammar mrphisms. Therefore
the construction, described in Sectiol6l1, which assodistto each safe grammar
an inhibitor net is not functorial. An example of occurrenceggrammar morphism not
meeting the mentioned condition is reported in Figur€®5. Aie morphism relates
items (production names or graph items) of the rst grammar ¢ items of the second
grammar with the same name, (possibly) without \primes". Itis not di cult to see
that this is a legal grammar morphism, but the inhibitor set ¢ ¢ is not re ected
sinceL 2 @, L°and L%are mapped toL, but ¢ contains only L% (while to
satisfy condition (2.d) it should have been @ = fL%L%). The fact that graph
grammar morphisms are more liberal than inhibitor net morplsms is intuitively
justi ed by the particular properties of the inhibitor set of productions in graph
grammars observed in Remark8.4.

An important property of morphisms between occurrence gramars, which will
play a central role in the proof of the core ection, is the facthat they \preserve"
guasi-concurrency. Furthermore quasi-concurrent itemsannot be identied by a
morphism. This lemma can be proved along the same lines of anatogous result
which hold for morphisms of contextual Petri nets. In fact, he notion of quasi-
concurrency disregards the dangling condition, taking it account only causality
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and asymmetric con ict, two kind of dependencies whose treaent is basically the
same for grammars and contextual nets.

Lemma 6.23 (presenvation of concurrency)

Let O, and O, be occurrence grammars, let : O; ! O, be a grammar morphism,
and consider, fori 2 f 1;2g, a T Gj-typed graphG;. If f1(G1;G,) andtg,(jGy)) is a
quasi-concurrent subgraph of G; then tg,(jG,j) is a quasi-concurrent subgraph of
T G,. Furthermore for all x;y 2 tg,(jG1j) and z 2 tg,(jGy)), if f+(x;z) andf1(y; 2)
thenx = vy.

Occurrence grammars are particular semi-weighted gramnsarthus we can con-
sider the inclusion functorl o : O-GG ! SW-GG. The next theorem shows that
the unfolding of a grammarUy(G) and the folding morphism' ¢ are cofree ovelG.
Therefore Uy extends to a functor that is right adjoint of | o and thus establishes
a core ection betweenSW -GG and O-GG .

Theorem 6.24 (coreflection between SW-GG and O-GG)

Let G be a semi-weighted grammar, |&l14(G) be its unfolding and let : U4(G)! G
be the folding morphism as in De nition&2D. Then for any oaarence grammarO
and for any morphismg : O ! G there exists a unique morphisnh : O ! U4(G)
such that the following diagram commutes:

Ug(G) —G
A
h g
@)
Thereforel o a Uy.
Proof (Sketch). To avoid a cumbersome notation, let us x the names of the comp-

nents of the various grammars. LetG = HTG;Gs;P; i, Ug(G) = HTG%GY;P% 9, and let
O = T Go; Gs, ; Po; ol

According to De nition £33] a morphism h : O ! Ug(G) is determined by a semi-abstract
span ht]1: TG, ! TG a function hp : P, ! P9 and a family of morphisms 1, = f (%) j G 2
Pog[f §g satisfying suitable requirements.

As a rst step, we show that both the left component of [ht] and the family |, are uniquely
determined by the condition' h = g and by the properties of the folding morphism' . In fact,
let in the following diagram hgt; X4, ;gRi : TG, ! TG be an arbitrary but xed representative of
[or], and let id; TG%' Ri : TGPl TG be a representative of | 1] (where, being' strong, we can
choose the identity of TG as left component).

Then it is easily shown that for any semi-abstract span ht]: TG, ! TG%suchthat[ 1] [ht]=
[gr] we can choose a representative of the forrgt ; X ¢, ; h®i for somehR, because the inner square
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becomes a pullback. This shows that, without any loss of gemality, we can assume that the left
components of pr] and [gr] coincide.

As far as the family of morphisms n is concerned, recall that morphism $ : jGsj ! j GYj
is the identity by De nition 6[ZIthus, since ' h = g implies 3 * = §, we deduce that
h = §- The same holds for the components ofy(q,) for any production ¢, 2 P,, by observing
that n(%) - (hp (%)) = ¢(%) Must hold, and that - () is a triple of identities for each ¢° 2 P°.

Existence
We will show inductively that for each n 2 N we can nd a morphism h["l such that the diagram

Ug(G) —=G
A
hir! gnl
olnl

commutes, and such thath("*1 extendsh[™l. Then the morphism h we are looking for will be the
componentwise union of the chain of morphismg h("lg, 5 y.

(k = 0 ) By de nition, the occurrence grammar O consists of the start graph ofO only, typed
identically on the type graph, with no productions, i.e., O% = hjGs,j;;;;i . By the considerations
above, to determine morphismhl® : O I U4(G) we only have to provide the right component

hRO x o O 1 TGO of [hr™®]. Moreover, to be a well de ned grammar morphism, h!® must
preserve the start graph. By condition (1) of De nition 5331 applied to g% : O | G, there
is a morphismk : jGsj ! Xg; 1 such that the diagram below commutes, and the square is a
pullback. Furthermore, by the pullback properties k is an isomorphism, and, beingG a semi-
weighted grammar, by LemmalG&2P k is uniquely determined.

IGs,] é]st

tes
id k
\

Gy =<— X, @ ——=TG

0] 0]
gt g

Now we de ne h$[O] = tg, k !, completing the de nition of h®. The next diagram shows that
hi° satis es the requirement of preservation of the start graph The fact that g® = ' hl% easily
follows by construction.

Gs, ] é]st

tG(s)
id k
Y

Goj~—Xg @ — = 7@0

0] 0]
g#[] h$[]:tegk 1

(n! n+l1) We have to de ne morphism h"*1 : Ol"*1 I Uy(G) by extending h{"! to the items
of TGy [ P, of depth equal to n + 1. Without any loss of generality we assume that there is jug
one production g, in O"*1 with depth(q,) = n + 1 (the general case can be carried out in a
completely analogous way). To ensuré p  hp (n+1] = ge ("1 | the production g, must be mapped
to a production ¢® in Ug(G), which is an occurrence of the productionq = gr (¢) of G. In other
words, ¢’ will be hg;mi, with m: Lq!h TG%' Ri a match satisfying suitable conditions.
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The de ning conditions of grammar morphisms, applied togi"! : OI"l I G, ensure the existence
of a morphismk", such that the diagram below commutes, where the square is aytback.

. . L(qO) . .
jLgj =——iLg

te
tL%\L Kkt ‘
Y

TGO[n] gt " XQT[n] RN TG
T 97

Moreover, beingG a semi-weighted grammar, by Lemmd &2y is relational and thus the arrow
k- is uniquely determined. By De nition &1I8] depth(x) n for all x 2 tL, (lgl) = @[ G,
and thus h["l is de ned on the pre-set and on the context ofg,. Therefore we can construct the
following diagram.

. . L(QO) . .
jLgj =——iLg
—pRINT L
tqul « m=hRT
Y
TGOWFXQTI”]HTGO

h$[n]

Notice that m = h$["] kb can be seen as & G-typed graph morphism from Lq to HT G%" Ri.
In fact, it satises 'R m = 'R pRIV L= ROV o t.,. Moreover, recalling that
he (M = rg%[n]; hR [n]i, by the diagram above we have thatht [“](qu;hquj; mi). Since by de nition

of occurrence grammart,_(jLq,j) is a quasi-concurrent subgraph ofT Go, by using Lemmal6.Z8,

we can conclude thatm(jL qj) is a quasi-concurrent subgraph ofT G° Let us prove that, in addition,
the mapping m satis es the identi cation condition. First observe that f or x;y 2 jLgj

mx)=my) )  k-(x)= k-(y). v)

In fact, assume that m(x) = m(y), let x® = k“(x) and y° = k' (y) and supposex® & y°. From
the fact that m(x) = m(y) we deduceh-Ff[n](xO) = h$[n](y°), and therefore, sincehl is rela-
Ln

tional, g%[n](xo) 6 of ](yo). Now observe that, by commutativity of the square in the diagram

above,g%[n](xo), g%[n](yo) 2t (jLgj) and moreoverhT[”](g%[n](xO); z), hr[M(gk ™1(y9): 2), where

z = m(x) = m(y). But according to Lemma EZ3 this would imply that t, . (jL,]J) is not quasi-
concurrent, contradicting the de nition of occurrence grammar. Hence, as desired, it must be
k- (x) = k- (y). We can now conclude thatm satis es the identi cation condition, namely that for
Xy 2jLg]

mx) = m@y) ) Xy 2jKgj.

In fact, suppose that m(x) = m(y). By (y) above we have thatk- (x) = k‘ (y), hence, by general
pullback properties, L (op)(x) 6 Ié(Op)(y) and, by commutativity of the square in the diagram
above, t , ( Ié((.b)(X)) =t ( Ié((h)(y)). Recalling that t, . satis es the identi cation condition
we get that g (0p)(x) and §(cp)(y) must be in jKg,j, and thus x;y 2 jKj.

Sincem : Lq ! h TG%' Ri is a match satisfying the identi cation condition and m(jL qj)
is quasi-concurrent, by de nition of unfolding o® = hg;mi is a production name in P% Then
the production component he "*1 of the morphism hi"l can be de ned by extending he (" with
hp (1+1] () = o The diagram above shows that, with this extension, the lefthand side of the
production is preserved. Now, it can be seen that there is a uque way of extending the type-span
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ht " to take into account also the right-hand side of production ¢®. In fact, consider the diagram
below expressing, for morphismgl"* | the preservation of the right-hand side ofq.

jRap] <————— jRqj

tr
tRcIo l/ kR !
\

n+1] — [n+1] o
TGO gL [n+1] XgT QR[n +1] TG
T T

To complete the de nition of h["l we must de ne the right component h$[n+1] X M TG,

extending h?"! on the items which are in X = X4 ™9 X, " Now one can verify that kR
establishes an isomorphism betweerX and jRyj rq(jKgj). Then the condition requiring that

ht ("1 preserves the right-hand side ofg, forces us to de ne, for eachx 2 X, hR"* (x) =
tLo(kR (X))

The fact that g™l = ' hl"l easily follows by construction.
Uniqueness
Uniqueness essentially follows from the fact that at each ®p we are forced to de ne the morphism
h as we have done to ensure commutativity. 2

6.4.2 Unfolding of general grammars

A natural question regards the possibility of extending theuniversal characteriza-
tion of the unfolding construction to the whole categoryGG of graph grammars.
It should be noticed that the proof of the uniqueness of the mphism h in Theo-
rem[6.24 strongly relies on Lemma&. P2 which in turn requirése grammarG to be
semi-weighted. Unfortunately the problem does not reside iour proof technique:
the cofreeness of the unfolding dfl4(G) and of the folding morphism' ¢ over G
may really fail to hold if the grammar G is not semi-weighted.

For instance, consider grammar$ and G, in Figure [6.8, where typed graphs
are represented by decorating their items with pairs \conete identity:type". The
grammar G, is not semi-weighted since the start graph is not injectivgl typed,
while G, is clearly an occurrence grammar. The unfolding4(G;) of the grammar
G, according to De nition 620, is de ned as follows. The stargraph and type
graph of Uy4(G;) coincide with jGg,j. Furthermore, U4(G;) contains two productions
o = hp;mY and %= hop; m®, which are two occurrences ofp, corresponding to
the two possible di erent matchesm%m®: Ly, ! G, (the identity and the swap).

Observe that there exists a morphisng : G, ! G, which is not relational, i.e., the
property in LemmalG.22 fails to hold. The componerdgr on productions is de ned by
Op (k) = o, while the type spangy is de ned as followsX g, is a discrete graph with
two nodesx andy, g-(x) = g-(y) = A and g-(x) = g-(y) = B (see the bottom row
of the diagram in Figure[&.6). Consider the pullback-retypig diagram in Figure[6.6,
expressing the preservation of the start graph for morphisng (condition (1) of
De nition ©.33). Notice that there are two possible di erert morphisms k and k°
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Grammar G; Grammar G2
1:A 1:B 2:B
o [ = )= Je¥-L - ]
jGinlj jGinzj

o
{ 10#2[;1,§
@)
{ A y)(/yo%tFoB }
o]
Xgr TG,

TG

Figure 6.6: The grammarsG, and G,, and the pullback-retyping diagram for their
start graphs.

from jGs,j to X4, (represented via plain and dotted arrows, respectively) nking
the diagram commutes and the square a pullback. Now, it is nati cult to see
that, correspondingly, we can construct two di erent morplsmsh; : G, ! Uy(G)

(i 2f 1;2g), such that' g, h; = g, the rst one mapping production ¢ into ¢ and
the second one mappingy into g@° An immediate consequence of this fact is the
impossibility of extending Uy on morphisms, in order to obtain a functor which is
right adjoint to the inclusion I : O-GG ! GG.

The above considerations, besides giving a negative reswdtso suggest a way
to overcome the problem. An inspection of the proof of Theome[624 reveals that
the only di culty which prevents us to extend the result is the non uniqueness of
the morphismsk, k-, kX and kR in the pullback-retyping constructions. In other
words, if we consider any morphisng : O ! G such that [gr] is relational then we
can prove, as in Theoreni 6.24, the existence of a uniqgue moigghh: O ! Uy(G)
making the following diagram commute:

Hence the core ection result can be regained by limiting ouattention to a (non
full) subcategory dG of GG, where objects are general graph grammars, but all
morphisms have a relational span as type component. Then,glonly thing to prove
is that the unique morphismh constructed in the proof of Theoreni 624 is indeed
an arrow in GG .
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The nasve solution of taking all relational morphisms as arrows 0o8G does not
work because they are not closed under composition. A podsilappropriate choice
is instead given by the categonGG R, where the arrows are grammar morphismis
such that the left componentf | of the type span is mono.

Definition 6.25 (Category GGR)

We denote byGGR the Iluf subcategory ofGG, where for any arrowf the left
componentf + of the type span is mono. Furthermore we denote -GG R the full
subcategory ofG R having occurrence grammars as objects.

By the properties of pullbacks, the arrows inGGR are closed under composition
and thus GG R is a well-de ned subcategory of5G .

Theorem 6.26 (unfolding as coreflection - reprise)

The unfolding construction can be turned into a functorugR :GGR1 0O-GGF,
having the inclusionl § : O-GGR! GGRF as left adjoint, establishing a core ec-
tion between the two categories.

Proof. By the considerations above, the only thing to prove is that the morphismh constructed
as in the proof of TheoremB.2H is an arrow inO-GG R. But this is obvious since, by construction
ht = gt and thus ht is mono. 2

Alternatively, the result can be proved for the subcategorn'zG - of GG where
arrows are grammar morphisms having theaght component of the type span which
is mono. Clearly this is a well de ned subcategory, while pring that the morphism
constructed in the proof of Theoreni6.24 is an arrow i©-GG" requires some
additional e ort.

Observe that although not completely general, the above na$és regard a re-
markable class of grammar morphisms. In particular they copnise the morphisms
adopted in [HCEL96,/Rib96] where the type component of an aw from G, to G,
is a partial graph morphism fromT G; to TG,, and from T G, to T G4, respectively.

Finally, it is worth remarking that strong grammar morphisms are arrows in
GGR, a fact that, in the next chapter, will allow us to fruitfully use Theoreni5.26
to establish a relation between the unfolding and the detenmistic process semantics
of a grammar (see Section—4.4).

6.5 Hom occurrence grammars to event struc-
tures

Starting from the semantics of graph grammars given in termsf occurrence gram-
mars, the aim of this section is to provide a more abstract semtics based on
(suitable kind of) event structures and domains, followinghe guidelines traced in
the First Part ~ for contextual and inhibitor nets. Due to the similarity between
grammars and inhibitor nets, it comes as no surprise that inbitor event structures,
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the generalization of Winskel's event structures introdued in Chapter 4[], are ex-
pressive enough to encode the causal structure of grammanguutations. The ies

associated to an occurrence grammar is obtained by forgeityi the state, and remem-
bering the productions of the grammar and the relationshipraong them. Recalling
the encoding of safe grammars into i-nets, the formal de ritin is a straightforward

generalization of the construction taking an occurrenceniet into the corresponding
ies. By using the results inChapter 4[Jthe ies semantics can be nally \translated"

into a domain and pes semantics.

The con gurations of the ies associated to an occurrence grammda can be
shown to coincide with the con gurations of the grammarO, as de ned in Sec-
tion BE71. Furthermore the extension ordering on the con guations of suchies can
be characterized by using only the relations of causality dnasymmetric con ict
de ned directly on the grammar, thus providing a simpler cheacterization of the
domain semantics.

6.5.1 An IES semantics for graph grammars

We next introduce the DE-relation naturally associated to a occurrence grammar
O, which is is used to de ne rst a preies and then anies for the grammar O.

Definition 6.27 (pre-ies for an occurrence grammar)
Let O = T G; P; i be an occurrence grammar. The prees associated tdO is de ned
aslf = hP; =Bi, with o 27 P 2P, given by: forq;f2 P andx 2 Items(T G)

if g\ ([ &) 6 ; then ~§(;;fag)
if (q[ 9\ d’6; then ~{(fdy;q;;);
if x 2 ¢ (and thusx is an edge in the type grapf G) then ~J( s;q;s).

As for inhibitor nets, 1§ is a preies satisfying also condition (1) of the de nition
of ies. Therefore, as discussed in Propositidn-4.5, it can be \safted" in order to
obtain an ies.

Definition 6.28 (ies for an occurrence grammar)
The ies associated to an occurrence grammdad, denoted byl o = hP; ~qi, is de ned

i
aslg.

Recall that the causality, asymmetric conict and con ict relations of I and 1§
coincide. They will be denoted by<i,, %, and #1,, respectively. The superscript
\i" is used to distinguish these relations from the relations o and %o, associated
directly to the occurrence grammar in Sectioi 6l1.

We now prove that the construction which maps an occurrencergmmar into
the correspondingies | o can be turn into a functor. This is not completely obvious,
since, as observed in Sectidn $.4, grammar morphisms are entiberal than i-net
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morphisms because, in general, they do not re ect the inhitar set of productions.
In the proof we will exploit the fact that, as explained in Setion B4, the type
component of a morphism between occurrence grammars can beught of as a
relation, preserving the start graph as well as the pre-sepost-set and context of
productions.

Proposition 6.29
Let Oy and O; be occurrence grammars and ldt: Oy ! O; be a grammar morphism.
Thenhp : 1o, ! o, is anies morphism.

Proof (Sketch). For k 2 f 0;1g, let <y, %« and # be the relations of causality, asymmetric
con ict and conict in the pre- ies I = hPy; i associated to the grammarOy. As in the case of
i-nets, we show thathp : 15! 1} satis es conditions (1)-(4) in the hypotheses of LemmdaZP ad
thus that hp is anies morphism between the corresponding \saturated"ies's.

Relying on the analogy between occurrence grammar and i-netmorphisms, most of the prop-
erties can be proved exactly as for i-nets. We will treat expiitly only only some cases which
involve the inhibitor set of productions, since, as observd before, grammar morphisms impose on
the inhibitor set of productions requirements which are we&er than those of i-nets morphisms.

1 hp()=he(xh) » 6@ )  q#od.
Treated as for i-nets.

2. 56 e ()AL ) 9 Ao hpl(Ar): Ag<o .
Let us assumer<}(; ; hp (%p); A1). By de nition of 7 one of the following holds:

(@ Ar=fagandag \ h(p)6 ;
(b) Ax=faganda \ h(d) 6 ;
(€ %12 h(mp): x1=;" X1 = Ag,

The rst two cases are treated as for i-nets. In case (c), obswe that x; is necessarily an
edge in the start graph of Oy, with source or target in a node n; which must be in the

start graph of O; as well. By the properties of occurrence grammar morphismshere are a
unigue nodeng and a unique edgexp such that ht (ng; ny) and hrt (Xg;X1). Then ng 2 o,

Xo <o tg and xq hpl(Al).

3. =8(hp();hp(m);s) ) G %o p.
Treated as for i-nets.

4, R (Fhp () hp (); A1) A16; ) 9 ap f qdg:9A0 hpl(A1): o(ao; G; Ao).
Assume % (fhp (68)g; hp (3); A1) and A; 6 ;. Thus, by de nition of ! there must be
an edgex; 2 hp(gp)\ hp(gf) such that A; = x;. The gure below gives a graphical
representation of the situation, in which the set of productions A; is depicted as a single
box.
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By properties of occurrence grammar morphisms, we can nd inthe post-set of ¢ an edge
Xo Wwith source or target in the node no, and in the pre-set of gy a nodend such that the
type componenthr relatesng and n8 to nq, while xq is related to x;.

X3

R3S
Y

A

O So

ks

Now, two possibilities arise: ifng = n$ then we immediately conclude that - (f o9g; to; Xo )
and clearlyxo  hp'(Ay).

If instead no & ng, rst observe that ng and n$ are not in the start graph. In fact, suppose
that ng is in the start graph. Then, by de nition of grammar morphism , alson; is in the
start graph and therefore one can easily conclude that alsm is in the start graph. Hence
fno;ndg is quasi concurrent, but ht (ng;n1) and ht(nd;ny), which is a contradiction by
LemmalGZ3.

Now, consideringgd®2 ng and ¢§°%2 nJ, we have g% (g% Since ¢ produces the edge
Xo, Necessarilyng 2 ¢ [ of and thereforeg)® o of. Furthermore, ¢§®° o g and therefore
Qo# 0Q), which implies gy %, ¢J. Recalling how a preies is saturated to give rise to anies
(see Proposition[ZF) we nally conclude +o(f a3g; o; ; ). 2

By the above proposition the functor which maps each occumee grammar to
the correspondingies de ned as in De nition and each grammar morphism to
its production component is well-de ned.
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Definition 6.30 (from occurrence grammars to ies's)
Let Ej: O-GG ! IES be the functor de ned as:

E4(O) = Io, for each occurrence grammanO;
Eg(h:Op! 0O1) = hp, for each morphismh: Oy ! O;.

Now, by using the functorL ; : IES ! Dom de ned in Chapter 4[], mapping
eachies into its domain of con gurations we can obtain a domain and ten apes
semantics for grammars.

6.5.2 A simpler characterization of the domain semantics

In Section[G] we have introduced the con gurations of nongierministic occurrence
grammars as a mean to capture the possible deterministic cpatations of such
grammars. We next show that they coincide with the con guraibns of the associ-
ated inhibitor event structure, thus allowing for a simplercharacterization of the
corresponding domain.

We rst observe a property of theies associated to an occurrence grammar, which
generalizes the observation in Remark™8.4. Recall that in geral ies's when, for
instance, —(f q%; g;f o°Y), if the three eventsq; & ¢*®appear in the same computation
then there are two possible orders of execution, namedyo® o*°and ¢ g g. Instead,
in the case of occurrence grammag, if ~o(f o%; q;f °Y) then by de nition of g,
® \ g6 ;. Therefore, as observed in Remalk 8.4, necessarnifymust precedeq,
i.e., °% q, sinced® produces or preserves a node which is consumeddyHence,
in this case, the only possible order of execution &, q°?g. As a consequence, for
each con guration C the associated choice relatio ¢ is uniquely determined by
the events of the con guration and coincides with the asymntec con ict.

Proposition 6.31
Let O = KT G;P; i be an occurrence grammar and leg(O) = hP;~gi be the
correspondingies. Then

~o(fdg ;A ) %' g~ 892 A g®%%' g
hC;li2 Conf(l) ) ! =%,

It is easy to realize that the relations< o and %o, which do not take into account
the dependencies induced by the dangling condition, are lnded in the correspond-
ing relations<!, and %4. The above proposition entails that the transitive closure
of the two asymmetric con ict relations coincide, namely

(%0) = (%)

and thus, when restricted to a con guration, they express sgntially the same prece-
dences. This observation allows one to prove that the con gations of an occur-
rence grammar are exactly the con gurations of the assoced ies. Furthermore
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the extension order on thees's con gurations can be characterized by using only
the asymmetric con ict relation %o associated to the grammar. Besides providing
a simpler characterization of the domain semantics of a gramar, this result en-
forces our con dence in the appropriateness of thes associated to an occurrence
grammar, since, as we already observed, the con guration$ @an occurrence gram-
mar correctly represents all the di erent possible determiistic computations of the
grammar.

Proposition 6.32 (domain for an occurrence grammar)

Let O be an occurrence grammar and leE;(O) be the correspondinges. Then
C 2 Conf(O) i C 2 E4(O). Moreover the order relation over the prime algebraic
domain L ;(Ey(O)) can be characterized as

Cv CO i C C%and8q2 C:8¢°2C%*"%oq) o2C.

Notice that, formally, the order on con guration is the sameas for contextual nets: a
con guration C cannot be extended with a production inhibited by some of thpro-

ductions already present inC. However recall from De nition[&9, that the asymmet-
ric con ict by itself, without any additional information o n the dangling condition,

is not su cient to de ne which subsets of events are con guraions.

Hereafter we will always use the above characterization di¢ domain semantics
of a grammar. Consequently we will never refer to the asymmet con ict, con ict
and causality relations of theies |, using instead the relations de ned directly on
the grammar O.

Recall that the pes associated to the domairk. ;(Ey(O)), namely P (L ;(Ey(0O)))),
consists of the set of prime elements of the domain (with th@duced partial order
as causality and the inconsistency relation as conict), €., the unique (up to iso-
morphisms) pes having L j(E4(O)) as domain of con gurations.

As already seen for contextual and inhibitor nets, there isat a one to one corre-
spondence between events Bf (L {(Eg(O))) and productions in O: a di erent event
is generated for any possible \history" of each productiomiO. This phenomenon
of \duplication of events" is related to the fact that the pes represents the depen-
dencies arising between productions in graph grammar contptions by means of
causality and symmetric con ict. A situation of asymmetricconict like ¢ % @ in
grammar G, of Figure[61, is encoded in thges by the insertion of a single event
e; corresponding tog;, and two \copies" € ad €2%f cp, the rst one in con ict with
e; and the second one caused & (see Figurd®l/.(a)). For what concerns the dan-
gling condition, consider the grammarG, in Figure[&1. In this case three con icting
events are generated corresponding t): e, representing the execution ofy from
the start graph, which inhibits all other productions, ande€l, e°representing the
execution ofq, after g and g, respectively.
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€——# —— €
-+ -& / \
€ —# — €3
o | l
A e’

Figure 6.7: Encoding asymmetric conict and dangling condion in prime event
structures.

6.6 A related approach: unfolding semantics of
SPO graph grammars

An unfolding construction for graph grammars in thesingle-pushout(spo) approach
has been proposed by Ribeiro in her doctoral thesis [Rii9&he de nes an unfolding
functor from a category ofspo graph grammars to a category of (abstractpccur-
rence grammars showing that it is a right adjoint to a suitable folding functor.
In this section we discuss the relation between the constrian introduced in this
chapter and the one in[[RIb96]. Although the two constructios rely on similar basic
ideas, concretely, the di erences between the two settingsakes hard a formal direct
comparison. Therefore we will mainly try to point out some caceptual di erences
and analogies.

First of all in the spo approach there are no application conditions. Without
getting into technical details, if a production speci es bth the preservation and the
deletion of an item, then such an item is removed by the appétion of the produc-
tion. Furthermore, an edge which should remain dangling &t the application of a
production because its source (or target) node is deleted,automatically deleted as
well. For the presence of these \side-e ects" the pre-set afproduction, intended as
the set of items which are \consumed" by the production, depels also on the con-
sidered match, and the application of a production may remavitems which are not
mentioned explicitly in the production itself. Consequerly, the notion of causality
for spo graph grammars is less intuitive if compared with thedpo case, and the
correspondence between the theory gpo grammars and the theory of Petri nets
becomes looser. For instance, if a productialp produces and edge, and @, deletes
e as side e ect, we may wonder whetheg, should causally depend omy or not. If
we assume that causality is induced by the ow of data in the stem, the answer
should be thatq, @ since @ consumes something which is produces lgy. On
the other hand, the application ofg, is not necessary to makep applicable, since
¢ does not explicitly require the presence of resources geated by ¢. Thus, if
. & means that the application ofg, precedesy, in each computation wheregp
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is applied, then there should be no causal relationship betenag, and .

Although the above question is not completely trivial, the nore reasonable choice
seems the latter. In this case, the notions of causality and asymmetric con ict
(called weak conict in [RIb96]) can be de ned disregarding the mentioned side-
e ects. This is basically due to the fact that when a producthn uses (consumes
or preserves) an edge, it must use necessarily the corresgiag source and target
nodes, and therefore dependencies related to side-e ectside detected by looking
only at explicitly used items.

A relevant di erence with our work resides in the notion ofoccurrence grammars
The thesis [Rib96] introduces the so-calledoubly typed occurrence grammaysvhere
the type graph is itself typed over another graph of types. mitively, a doubly typed
occurrence grammar is a sort of process where only the \typemponent" of the
process morphism is speci ed. This essentially means thaah production of such a
grammar can be thought of as an instance of a production of ather grammar, for
which the match is already speci ed. Because of the doublefing, the category of
occurrence grammars considered in_[RI096] is not a subcaieg of the category of
graph grammars, and the left adjoint of the unfolding functois not the inclusion,
but a folding functor which basically forgets the intermedite typing.

The grammar which is obtained from a doubly-typed occurremcgrammar by
forgetting the intermediate typing satis es conditions whch are similar to those
imposed on our occurrence grammars. However, again the thenecessarily diverges
because of the absence of the application condition in tlepo approach. When a
single rule requires both the preservation and the deletioaf an item, according
to our de nition it should be in asymmetric con ict with itse If, and thus never
applicable. As mentioned above, instead in thepo approach such kind of rule can
be applied and the \con ictual requirement” is resolved in &vor of deletion.

The nal di erence which must be taken into account regards he kind of mor-
phisms on graph grammars. In_[Rib96] the type component of aarphism from a
grammar G, to G, is a partial function from T G, to T G;. Since such partial function
can be seen as a span where the right component is injective,this respect the
morphisms of [RIb96] are less general than ours. On the othieand, to character-
ize the parallel composition of graph grammars as a categmal limit, the image
under a morphism of a production inG, is required only to be a sub-production
of the corresponding production inG,. When moving to occurrence grammars, also
the morphisms of [[RIb96] must preserve the components of aopluction. However
preservation is required only up to isomorphism and this sees the reason why, at
a rst glance, the unfolding cannot be turned into a functor.The problem is solved
by considering a category of abstract occurrence grammasghere objects are iso-
morphisms classes of grammars. Then the unfolding can be egsed as a functor
which establishes an adjunction between the category of gia grammars and such
category of abstract occurrence grammars.

Summing up, many analogies exist between the two construetis, but the subtle
di erences deeply connected with the diversity of thespo and dpo approaches,



208 Chapter 6. Unfolding and Event Structure Semantics

makes us skeptical about the possibility of establishing armal link between the
two results. A possibility still not explored could be to reert to the formulation
of the dpo approach in term ofspo approach (with application conditions) to see
if a common theory can be developed, although in the past suem approach has
revealed some limits.



Chapter 7

Concatenable Graph Processes

This chapter introduces a semantics fodpo graph grammars based omoncaten-
able graph processe£onceptually, concatenable graph processes are very elds
derivation traces in that they are aimed at representing thedeterministic (truly
concurrent) computations of a grammar. However, di erentt from traces they pro-
vide an explicit characterization of the events occurringnicomputations and of the
dependency relationships among them.

Relying on the theory developed in the previous chapter, tsa deterministic
graph processs naturally de ned as a special graph process such that thehwle set
of productions of the underlying occurrence grammar is a cguration, and thus
all the productions of the process can be applied in a singleraputation. Given a
deterministic process : O ! G, the morphism' can be used to map derivations
in the underlying occurrence grammaiO to corresponding derivations inG. The
basic property of a graph process is that the derivations i@ which are in the range
of such mapping constitute a full class ashift-equivalent derivations. Therefore the
process can be regarded as an abstract representation oftsaclass and plays a rble
similar to a canonical derivation[Kre77]. Although obtained by following a di erent
path, the above notion of deterministic process can be seeas#y to coincide with
the previous proposals inL]CMR26, BCM98a].

Graph processes are not naturally endowed with a notion ofgeential compo-
sition, essentially because of the same problem described dbstract derivations: if
the target graph of a process is isomorphic to the source gtapf a second process,
the nawve idea of composing the two processes by gluing thea graphs according
to an isomorphism does not work. In fact, in general we can ndeveral distinct
isomorphisms relating two graphs, which may induce sequégitcompositions of the
two processes which substantially di er from the point of vew of causality. Using the
same technique adopted for derivationgoncatenable graph processese de ned as
graph processes enriched with the additional informatiora(decoration of the source
and target graphs) needed to concatenate them.

Then the claim that deterministic processes and derivatiotraces give conceptu-
ally equivalent descriptions of the system is formalized kghowing that the category
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Tr [G] of concatenable (parallel) derivation traces (De nitiona.Z1) is isomorphic to
the category of concatenable (abstract) process€® [G].

Finally, we show that the unfolding and the deterministic ppcess semantics can
be reconciled by following the approach described in thetroduction . As already
done for generalized nets, we prove that the domain asso@edtto a grammar via
the unfolding construction can be characterized as the cetition of deterministic
processes starting from the initial graph, endowed with a kd of pre x order.

The rest of the chapter is structured as follows. Sectidn_Tittroduces determin-
istic graph processes as special nondeterministic proasssgiving evidence of their
relation with the previous notions in the literature. Secton [Z2 presents the cate-
gory CP [G] of concatenable processes for a gramm@r The equivalence between
the concatenable trace semantics (introduced in SectianZp.and the concatenable
process semantics is proved in Sectipnl7.3. Finally, Sectlé.4 provides a connection
between the unfolding and the deterministic process semag of a grammar.

7.1 Deterministic graph processes

A nondeterministic graph process (De nition[6.1B) represgs a class of derivations
of a grammarG by means of a nondeterministic occurrence grammar. A (special
kind of) grammar morphism fromO to the given grammarG allows one to map
computations in O to computations in G.

To obtain a deterministic graph process, namely an appropriate representative
of a single concurrent computation in G we must restrict our attention to occur-
rence grammars where all productions can be applied in a siagomputation. By
Proposition[&11 we know that this is the case when the wholetsof productions of
O is a con guration of O itself.

Definition 7.1 (deterministic occurrence grammar)

An occurrence grammarO = hT' G;P; i is called deterministic if the set P of its
productions is a con guration of O. For a deterministic occurrence grammarO we
denote byMax (O) the set of items of the type grapi G which are maximal with
respect to causality.

Recalling the notion of con guration of an occurrence gramar (De nition 9],
we see that an occurrence grammar is deterministic if the tngitive closure of the
asymmetric conict relation is a nitary partial order. Fur thermore whenever a
production consumes a node in the type graph, then productis removing the
edges with source or target in that node must be present as WeDbserve that the
rst condition implies the absence of forward con icts, nanely each item of the type
graph can be consumed by at most one production, i.gx j 1 for each itemx
of the type graph (while in general general occurrence gramans only backward
con icts are forbidden).
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In the case of nite grammars the above conditions can be exgssed in a simpler
way. Since there are only nitely many productions, the rst condition amounts
to the acyclicity of asymmetric conict. Assuming the rst condition, and thus
the absence of forward con icts, the second condition can lexpressed by simply
requiring Max (O) to be a well-de ned graph.

Proposition 7.2 (finite deterministic occurrence grammar)
A nite occurrence grammar O is deterministic i

1. %, is acyclic;

2. Max(0) is a well-de ned subgraph of the type graph.

Proof. Let O be an occurrence grammar satisfying (1) and (2) above. We mashow that its set
of productions P is a con guration of O. The fact that (%) is a nitary partial order immediately
follows from the acyclicity of %o and the fact that P is nite. Trivially P is closed with respect
to causality. It remains to prove the last condition in the de nition of con guration, namely that
given any edgee2 TG, if e\ P6; and e P thene \ P 6 ;. Suppose thatq2 e\ P for
some edgee (clearly e P sinceP contains all productions of O). Hence there is a noden 2 q
which is the source or target ofe. Thereforen g and thus n 62Max (O). Since Max (O) is a
well-de ned graph, necessarilye 62M ax (O) and thus there must exist 2 P such thate2 ¢° or
equivalently o°2 e .

The converse implication is proved in an analogous way. 2

The above proposition, besides giving an alternative singal characterization of
deterministic occurrence grammars, shows that they coirg# with the occurrence
grammars of [CMR96, BCM98a, BCE 99]. It is worth remarking that in such papers,
which are concerned only with deterministic computationsthe causality relation is
used to represent the order of execution within the speci cancurrent computation,
and as such it plays the role which is played here by the trartsie closure of the
asymmetric con ict relation. We apologize if the reader mayet a bit confused by
this change in terminology, but we hope she will agree that ithis general context
the terminology we adopted is more appropriate.

Let O be a deterministic occurrence grammar. Recall that, by Pragsition [611,
for any nite con guration C of O, there is a derivation Min (O) ) . reach(C)
applying all the productions of C in any order compatible with the asymmetric
conict. In particular, if the grammar is nite, we can take as C the full set P of
productions of O. It is easy to verify that reach(P) = Max(O) and therefore

Min (0)) » Max(O)

using all productions inP exactly once, in any order consistent witto.

This helps in understanding why a deterministic graph pro@s of a grammar
G, that we are going to de ne simply as a graph process having atgrministic
underlying occurrence grammar, can be seen as represemainf a set of derivations
of G where independent steps may be switched.

Observe that a deterministic occurrence grammar is a fullyedged graph gram-
mar and thus one may \execute" it by considering any possibléerivation beginning
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Figure 7.1: A graph process of the grammat-S .

from the start graph Min (O). However, the discussion above stresses that, if we are
interested in using a deterministic occurrence grammar tepresent a deterministic
computation, it is natural to consider only those derivatioms which are consistent
with the asymmetric conict.

Definition 7.3 (deterministic graph process)
Let G be a graph grammar. A graph process : O ! G of G is called ( nite)
deterministic if the the occurrence grammalO. is ( nite) deterministic.

As for general nondeterministic processes, we can assumat tine left component of
the type span’ 1 is the identity; furthermore to simplify the notation we will simply
write ' 1 to denote the right component' ® of the type span. We will denote by
Min (" ) and Max(' ) the subgraphsMin (O ) and Max(O. ) of TG . Moreover, by
analogy with the case of nets, the graph®lin (O ) and Max(O. ) typed over T Gg
by (the suitable restrictions of)' t will be denoted by ' and' respectively, and
called the source and target graphs of the process.

Example 7.4 (deterministic process)
Figure [Z shows a deterministic process for gramma&r-S of Example[29. The
typing morphisms from the productions of the process t@ G are inclusions, and
the start graph is the subgraph ofTf G containing the items 5:S, 0:joband 4 :C
(thus exactly the start graph G, of C-S ), because these are the only items which
are not generated by any production.

The morphism' 1 : TG ! TG is represented, as usual, by labelling the items
of TG with their image in TG, and the mapping' p from the productions of the
process to those o€-S is the obvious one. 2
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7.2 Concatenable graph processes

Since deterministic processes represent (concurrent) gomations and express ex-
plicitly the dependencies between single rewriting steps,is very natural to require
a notion of processes composition \consistent" with such dendencies. To de ne
such notion we have to face the same problem described fordes, namely given
two processes ; and' , such that' ; ' ' ,, the nawve idea of composing the two
processes by gluing the target df; with the source of' , does not work, since there
might be several di erent isomorphisms between the graphs; and ' ,, which may
lead to di erent results. The problem is solved as for tracedy decorating the source
and the target' of each process. A concatenable graph process de ned as a
graph process equipped with two isomorphisms relating it®srce and target graphs
to the corresponding canonical graphs. The two isomorphisnallow us to de ne a
deterministic operation of sequential composition of pr@sses consistent with causal
dependencies, which is then exploited to de ne a categofP [G] having abstract
graphs as objects and (abstract) concatenable processesaa®ws. Clearly the no-
tion of sequential composition is meaningful only for unmé&ed processes whose
source is a generic graph (see De nition G.115).

Definition 7.5 (concatenable graph process)
Let G = hT G; Gg; P; i be atyped graph grammar. &Aoncatenable graph procedsr
G is a triple

=hm; M i
where' is an unmarked deterministic process o6 andm : Can( ' )! ', M :
Can(" )! ' are isomorphisms (ofT G-typed graphs).

It should be noted that the two isomorphisms to the source andarget graphs
of a process play the same role of the ordering on minimal andasimal places
of concatenable processeim Petri net theory [DMM96]. From this point of view,
concatenablegraph processes are related to deterministic graph processin the
same way as the concatenable processes[of [DMM96] are relati® the classical
Goltz-Reisig processes for P/T netd [GR83].

The notion of isomorphism between concatenable processgghe natural gen-
eralization of that of graph process isomorphism (see Progiton 6134). In this case
the mapping between the type graphs of the two processes is@alrequired to be
\consistent" with the decorations.

Definition 7.6 (isomorphism of concatenable processes)
Let ; = hmy;' ;M4 and , = hmy;' »; Myl be two concatenable processes of a
grammar G. An isomorphism between ; and , is an isomorphism of processes
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Hr;fpi " 1! ', such that the following diagrams commute:
Can( ' 1) Can(' 1)
k fr fr k
Can( ' Can('
(2 o , N (2)
2 2
wheref; 1 ' 1| '>andfr "1 I ', denote the restrictions off; to the

corresponding graphs. If there exists an isomorphisin: ;! , we say that ; and
» are isomorphicand we write | = .

Definition 7.7 (abstract concatenable process)
An abstract concatenable proceds an isomorphism class of concatenable processes.
It is denoted by[ ], where is a member of that class.

As usual, a particular role is played by processes based omupmars with empty
set of productions.

Definition 7.8 (discrete process)
A discrete concatenable process a concatenable process = hm;;M i such
that the corresponding occurrence gramma® has an empty set of productions.

In this case ' = = HhTG ;' ri and the concatenable process is denoted by
Symg(m;G;M), whereG= ' ="

Notice that two discrete concatenable process&ymg(m;; G;;M;) (j 2 f 1;20)
of a grammarG are isomorphic if and only ifm,* Mj; = m,* M,. Therefore, an
abstract discrete concatenable procesSymg(m; G; M )] can be characterized as:

fSymg(m*G: M9 jG' G°* m°!t M°=m ! Mg

The isomorphismm ! M is called the automorphism onCan(G) induced by the
(abstract) discrete concatenable process

Given two concatenable processes and ; such that the target graph of the rst
one and the source graph of the second one, as well as the apomding decorations,
coincide, we can concatenate them by gluing the type graphkag the common part.

Definition 7.9 (sequential composition)

Let G = hTG;Gg; P; i be a typed graph grammar and let; = hmy;' ;M4 and
> = hmy;' ,; M, be two concatenable processes f@Gr, such that' ; = ', and
M, = m,. Suppose moreover that the type graphs of and , overlap only on
Max(' 1) = Min (' 2) and suppose alsd. , and P., disjoint. Then the concrete
sequential compositionof ; and ,, denoted by ;; », is de ned as

= hmg; M i,
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where' is the (componentwise) union of the processés and ' ,. More precisely
the type graphT G is

TG = MNtg [ Nte ,;Ere [ Eve i8] Saita] tai;

wheres; andt; are the source and target functions of the graphG , for i 2 f 1; 2g,
and analogously the typing morphistht = ' 17 [ ' 2¢. Similarly P = P.. [ P,
op and - = . [ -,. Finally, the start graph is

'1[ '2!IP=I1P[

Goz I;|_

S

It is not di cult to check that the sequential composition ;; »is a well-de ned
concatenable process. In particular observe thatG , and TG , overlap only on
Max (' 1) = Min (' ;) and therefore the asymmetric con ict relation%: on O can
be expressed as the union of the asymmetric con ict relatisnof the two processes
with a \connection relation" r, suitably relating productions of ; which use items
in ' 1 with productions of , using corresponding items in' ,. Formally, % =% ,
[% -, [ rc where relationr, P., P.,is dened by

re=fhop; i j9x2 Max( 1) = Min(" 2):x2 ( \ ( [ @) [ (m\ )9

The above characterization makes clear that the relatiodo. is acyclic. Now, a
routine checking allows us to conclude thaD. satis es conditions (1)-(4) of the
de nition of occurrence grammar (De nition 6.7). Furthermore the fact that O is
deterministic follows immediately from Proposition 7.2,igce O is nite, asymmet-
ric con ict is acyclic and Max(O. ) = Max (O ,) is a well-de ned graph.

The reader could be surprised and somehow displeased by tlestrictiveness
of the conditions which have to be satis ed in order to be abléo compose two
concrete processes. To understand our restrictions one slibkeep in mind that, as
in the case of nets, the notion of sequential composition oprcrete processes is not
interesting in itself, but it is just introduced to be lifted to a meaningful notion of
sequential composition on abstract processes. The givenrdton ful lls this aim
since, as in the case of derivations, processes can be camsi up to renaming
of the items in their components. Thus, if ; * ' ,, we can always rename the
items of , to make the sequential composition de ned. Hence we found ltetter
to avoid a technically more involved (although more genergbe nition, leading to
a nondeterministic result.

Proposition 7.10

Let G = HTG;Gs; P; i be a typed graph grammar and let; = 2and ,= 29 be
concatenable processes f@. Then (if dened) .; >= 2; §.

Proof.  Just notice that if f; = Hj;f;,i: ;! 0(j =1;2) are concatenable process isomor-

phisms, then the isomorphism between ;; ,and ?; §canbe obtained adf ;[ for;fip[ f2pi.
2
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The previous proposition entails that we can lift the concrte operation of se-
guential composition of concatenable processes to abstracocesses, by de ning

[:[2=[ 25 2]
for 92 [ 1] and 92 [ 5] such that the concrete composition is de ned.

Definition 7.11 (category of concatenable processes)

Let G = hTG;Gs; P; i be a typed graph grammar. We denote 6P [G] the cate-
gory of (abstract) concatenable processdsaving abstract graphs typed over G as
objects and abstract concatenable processes as arrows. Bst@ct concatenable pro-
cess[m;";M i]is an arrow from[ "' Jto [' ]. The identity on an abstract grapHG]
is the discrete concatenable proce$Symg(i; G;i)] (wherei : Can(G) ! G is any
isomorphism), whose induced automorphism is the identity.

A routine checking proves that the operation of sequentialoenposition on con-
catenable processes is associative and th&yjmg(i; G; )] satis es the identity ax-
ioms.

7.3 Relating derivation traces and processes

Although based on the same fundamental ideas, namely abstteon from represen-

tation details and true concurrency, processes and derivah traces have concretely
a rather di erent nature. Derivation traces provide a sematics for grammars where

the independence of events is represented implicitly by &&dting in the same trace

derivations in which the events appear in di erent orders. Rocesses, instead, pro-
vide a partial order semantics which represents explicitithe events and their re-

lationships. In this section we show that there exists a clesrelationship between

the trace and the process semantics introduced in the last dasections. More pre-
cisely we prove that the categorylr [G] of concatenable (parallel) derivation traces
(De nition 5.27) is isomorphic to the category of concatenale (abstract) processes
CP[G].

7.3.1 Characterization of the ctc-equivalence

The isomorphism result uses a characterization of the ctcygivalence on decorated
derivations which essentially expresses the invariant of gerivation trace. Roughly
speaking, such characterization formalizes the intuitiorthat two derivations are
(c)tc-equivalent whenever it is possible to establish a a@spondence between the
productions that they apply and between the graph items in ta two derivations, in
such a way that \corresponding" productions consume and pduce \corresponding"”
graph items. The correspondence between the graph items bade compatible with
the decorations on the source (and target) graphs.
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The characterization is adapted from [CEL96b], where it has been used for
the de nition of an event structure semantics for graph grammars. The only slight
di erence is that in the paper [CEL" 96b] a di erent approach, based on standard
isomorphisms (instead of canonical graphs), is followed weal with the issue of
trace concatenation.

The basic notions used in the characterization result presieed below are those
of consistent four-tuple and ve-tuple.

Definition 7.12 (consistent four-tuples and five-tuples)
Let :Gg) G, be th%derivation depicted in Figure 5.6 and let be the smallest

equivalence relation on [, Items(G;) such that

X y if 9r2n:x2Items(G, ;) * y2 Items(G;) "
N9z 2 Items(D,):h(z)= x ™ d(2) = y:

Denote by Itemg ) the set of equivalence classes of , and by[x] the class con-
taining item x.! For a decorated derivation , we will often write Iltemg ) to denote
ltems( ).
A four-tuple h;h ;f; 9 is called consistentif and ° are derivations, h
()! (9 is a graph isomorphism between their source graptis: # ! # ©°
is an injective function such that prod ) = prod( 9 f, and there exists a total
function :Items( )! Items( 9 satisfying the following conditions:

8x 2 Items( ()): ([x])=[h (X)] o, i.e., must be consistent with isomor-
phismh ;

P
for eachj 2 # , leti and s be determined by = . ke + s (i.e, the
j -th production of is the s-th production of its i-th parallel direct derivation),
and similarly let s®and i® satisfy f (j) = 'rozl kO + s Then for each itemx

\consumed" by production prod )(j): L 'K 1" R e, x2L I(K),it

must hold ([gi(in$ (x))] ) = [g%(in fo(x))] o. In words, must relate the items
consumed by corresponding production applications (acdarg to f );

a similar condition must hold for the items \created" by coresponding pro-
duction applications. Using the above notations, for each 2 R r(K),

([hi(ing ()] ) = [hA(InZ(X))] o.

Similarly, say that the ve-tuple h;h ;f;h ; 9 is consistent if the \underlying"
four-tuple h;h ;f; 9 is consistent,f is a bijection,h : ()! (9 is an iso-
morphism relating the target graphs, and the function is an isomorphism that is
consistent withh as well (i.e., for each itemx 2 (), ([x])=[h (X)] o).

lwithout loss of generality we assume here that the sets of itms of the involved graphs are
pairwise disjoint.
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The next theorem provides a characterization of (c)tc-equalence in terms of
consistent four- ( ve-)tuples. We rst recall some easy butuseful composition prop-
erties of consistent ve-tuples.

Proposition 7.13
1. If hy;hfih; % and h o h;£%h9; Li are consistent ve-tuples, such that
1; 2and 9; 9 are dened, thenh ; ,;h ;fjf%h0% 9; 9 is consistent
as well.

2. Ifh;h ;f;h ; 9andh %ho;f%ho 99 are consistent ve-tuples then the ve-
tupleh;h® h;f% f;h® h; % is consistent as well. 2

Theorem 7.14 (characterization of ctc- and tc-equivalence)
Let G be any graph grammar (also non-consuming) and let °be decorated deriva-
tions of G. Then

1. and Care ctc-equivalent if and only if there is a permutation such that

the ve-tupleh ;mo m?' :Mo M 1 o is consistent;

2. similarly, and ©°are tc-equivalent if and only if there is a permutation

such that the four-tupleh ;m o m % : o is consistent.

Proof.  Only if part of (1)

We show by induction that if two derivations are ctc-equivalent, i.e., ¢ Ofor some permutation
,thenthe ve-tuple h ;mo m ! :M o M ! i isconsistent. By De nition 5.26, we have
to consider the following cases:

(CTC abg If abs Othen consistencyofh ;m o m % % M o M I i follows directly
by the conditions of De nition 5.16.

(CTC sh) Since " %we havem =m o M =M oand sh . Therefore this case
reduces to the proof that " Cimplies the consistency oth;id (; ;id (); %. Accord-
ing to the rules of De nition 5.23, introducing shift equiva lence on parallel derivations, we
distinguish various cases:

(SH id) The ve-tuple h;id (; % ;id (; i is trivially consistent.

(SH ; ) The ve-tuple hG;idg;;;idg; : G ) . Gi is consistent, since the isomorphism
induced by isidg.

(SH an) If an 0 then the consistency ofh;id (ys id (y; 9 can be grasped from
the drawing of °in Figure 5.9. Consider for example productiong ; in ¢°© any item x it
consumes in graphX must be in the same o-equivalence class of an item o6 (by the
existence of morphisms), which is exactly the item consumed by thej 1-th production
of . To prove this formally one would need an explicit analysis onstruction.

(SH syn If " 0 the consistency ofh;id (,; ;id (); 9 follows as in the previous
case.
(SH sym) The consistency ofh %id ( o;  Y;id ( o; i follows immediately from the con-

sistency ofh;id (y; ;id (y; 9, since all mappings relating and ©are invertible.
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(SH comp By the induction hypothesis hid () 15id () % and

hoiid (,); 2;id (,); 9i are consistent. Therefore, since (1) = ( 2), the
consistency of h1; oid (,); 1 |  2;id (,); §; 9i follows from Proposi-
tion 7.13.(1).

(SH trans) The consistency ofh;id (,; © ;id (); °f follows by Proposition 7.13.(2),
from the consistency ofh;id (y; ;id (; % and ofh %id (o; %id ( o; °F, which
hold by inductive hypothesis.

(CTC trans) By induction hypothesis the tuples h ;m o m ' ;Mo M % i and

h omo méd %M o M ¢&; o are consistent. Thus, by Proposition 7.13.(2),

h mwm?h % Mo M ! « isconsistent as well.

Only if part of (2)

This implication follows from the statement just proved and from the rules (TC ctc) and
(TC iso) de ning equivalence , since they do not a ect the consistency of the underlying fair-
tuple.

If part of (1)

Suppose thatthe ve-tupleh ;m o m % :M o M 1; oiisconsistentandthat :# | # ©
is a bijection (thus and © have the same order). By repeated applications of the analys con-
struction, and Ccan be transformed into equivalent,sequentialderivations (i.e., such that at each

direct derivation only one production is applied) ; and ¢, such that sh - yand 0 s 9

for suitable permutations 31 and . By the only if part, ve-tuples h ;id ( y; 11;id (s
andh oid ( o; 2;id ( o; oi areconsistent, thush ,;m ¢ m 1 1Mo M
is consistent as well. Now there are two cases.

ol
1 1

1. Suppose that » 1 ! is the identity permutation. In this case it is possible to build
a family of isomorphisms between the graphs of derivations , and o, starting from
mo m 11 and then continuing inductively by exploiting the function : Items( ) !

Items( o) of De nition 7.12. This family of isomorphisms satis es all the conditions of
De nition 5.16: thus it provides a proof that 1 235 9 and therefore we have "
1 s 9 sh O showing that ¢ O

2. M, 1! is not the identity permutation, let A{ = minfi 2 # 1j i) 6 ig.
Then it can be shown that the {*{)-th direct derivation in ¢ is sequential independent from
the preceding one, essentially because it can not consume yaitem produced or explicitly
preserved after thefrth step. By applying the synthesis and the analysis constrgtions the
two direct derivations can be exchanged, and this procedurecan be iterated producing
eventually a derivation , such that ¢ 5“3 2 for some permutation 3, and such that

s is the identity permutation. Thus we are reduced to the prev ious case.

If part of (2)

Leth ;mo m ! ; oi bea consistent four-tuple, where is a permutation. By exploiting

isomorphismsm o m !, and cltems( ) ! Items( o), it can be proved that the target

graphs of and o are isomorphic, and that there exists a unique isomorphismh : ( ) !

( OYsuchthath :mo m Y :h; o is a consistent ve-tuple. Now, let be the discrete
decorated derivationtM o; ( 9;h M i.Then % =htm o; o;h M i.Clearly, the ve-tuple
h ;mom? ;h M M ! iisconsistent, and byif part of (1) we get ¢ 0 Then

O follows by rule (CTC iso0). 2
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7.3.2 From processes to traces and backwards

We are now ready to prove that for any grammag the categoriesIr [G] and CP [G]

are isomorphic. We introduce two functions, the rst one maping each trace into a
process and the second one performing the converse trangfation. Then we show
that such functions extend to functors fromTr [G] to CP [G] and backward, which
are inverse to each other.

Given an abstract concatenable process][ we construct a concatenable deriva-
tion trace by rst taking the derivation which applies all the productions of in any
order compatible with asymmetric con ict and then consideing the corresponding
ctc-equivalence class.

Definition 7.15 (linearization)

Let = m;";M i be a concatenable process. lhearization of the setP. of produc-

tions of the process is any bijectioe : jP.- j! P., such that the corresponding linear
order, dened by v cp i e () e (), is compatible with the asymmetric
conict relation in ' ,i.e., @ % o impliesgp Vv G.

Definition 7.16 (from processes to traces)

Let G = hTG;Gg; P; i be a typed graph grammar and Idt ] be an abstract con-
catenable process db, where = hm;p;Mi. Consider any linearizatione of P. and
de ne the decorated derivation ( ;e) as follows:

(;e): hm; M i, where = ij 1) g9 ngijP_-j

such thatGo= ', Gjp.; ="' , and for eachj 2jP_-j

q ="r(e());

each derivation stepG; 1) ¢.q Gj is as in Figure 7.2.(a), where unlabelled
arrows represent inclusions, and the typing morphisms arenreported.

Finally, we associate to the abstract procegs] the concatenable derivation trace

Da(l D=1 (;e)le.

By using Theorem 6.11, it is not di cult to prove that ( ;e) is a legal decorated
derivation in G. The proof can be carried out by adapting the argument in [CMB6],
Theorem 29. The only di erences, here, are the fact that theosirce graph of the
derivation is not, in general, the start graph of the grammarand the presence of the
decorations. Incidentally, observe that the constructiombove can be seen also as an
instance of the pullback-retyping construction (see Secin 5.3), which transforms a
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. lj . A T )
G 1 jLjj~——jKjj —=]Rj] G L ' Ki

Ri
\
k(e ))l K (e(i)) l R(e)) gil kil J/hi
R O L Y h d

e(): iLfi K} iRy Gi 1 Di G

t|_j0l tKJ.Oi ltRJO &Cdi l -

iGj 1 ~—iDjj —=iGj] rG " i
(a) (0

Figure 7.2: From abstract concatenable processes to coreradble derivation traces
and backward.

derivation in O (depicted in the low row of Figure 7.2.(a)) to a derivation inG, by
using the process morphism : O ! G.

The following lemma shows that the mappind, can be lifted to a well-de ned
functor from the category of abstract concatenable process to the category of
derivation traces, which acts as identity on objects.

Lemma 7.17 (functoriality of Da)
Let G be a typed graph grammar, and let; and , be concatenable processes Gf
Then
1. (Da is a well-de ned mapping from abstract concatenable process to traces)
if 1= 2then ( ;&) © ( 2;&), for any choice of the linearizationse,
and e;
2. (DA preserves sequential composition)
ifdened, (1; 2,60 ¢ (1;€1); ( 2;&), for any choice of the lineariza-
tions e, & and €
3. (Da maps discrete processes to discrete derivation traces, amnd particular,
it preserves identities)
(Symg(m;G;M);e) °hm;G;Mi, for any choice of the linearizatione.

HenceD, : CP[G]! Tr [G], extended as the identity on objects, is a well-de ned
functor.

Proof. 1. Let ; = » be two isomorphic concatenable processes @&, with | = tm;;" i; Mji
fori 2f1;29. Letf = Wy;fpi: 1! » be anisomorphism, and lete; and e, be linearizations of
P, and P ,, respectively. We show that the two decorated derivations ;1 = ( 1;e1) and » =

( 2; &) are ctc-equivalent by exhibiting a consistent ve-tupleh ;;m , m % M , M Y i
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First, it is quite easy to recognize that Items( ;) (see De nition 7.12) is isomorphic to
Items(TG ), for i 2 f1;2g and thusfr : TG, ! TG, induces, in an obvious way, an iso-
morphism :ltems( 1) ! Items( »).

Since the restrictions off + to the source and target graphs of the processes are isomorigms,
we can take

o
v 1

hZij ' and h=f'|'jv1:'1!'2,
which are compatible withm , m 11 andM , M 11, by de nition of isomorphism of concatenable
processes (and obviously compatible with). Finally we can de ne the permutation :# 1! # »
as = e fp e

Now, it is not di cult to check that h ,;m , m 11; M, M
tuple. Thus, by Theorem 7.14.(1), we conclude that ; ¢ 5.

1.
1

,I is a consistent ve-

2. Let 1= hmg;' 1;Mqi and 2 = hmy;' 2;M2i be two concatenable processes such that their

sequential composition is de ned, i.e.,' 1 = ' 2, M1 = m; and all other items in ; and , are
distinct. Let = hmj;";M »i be their sequential composition. Let us x linearizations e;, e, and
eof P, P, and P, respectively, and let 1= ( 1;e1), 2= (2;e)and = (;e).

Observethat ( )= (1)= (1; 2)andsimilarly ( )= ( 2)= ( 1; 2). Further-
more, we have thatltems( ) and Items( i1; ») are (isomorphic to) Items(TG ) = Iltems(TG: ,)
[ Items(TG ,). Therefore one can verify that the ve-tuple h ;id (,; ;id (; ,; ,i, where
=( e[ &) ! eis consistent (the function being identity on classes). This fact, together with
the observation that m = m , = m andM =M , =M ,.,, allows us to conclude, by

1

Theorem 7.14.(1), that ¢ oo

1, 2

3. Obvious. 2

The backward step, from concatenable derivation traces tor@cesses, is per-
formed via a colimit construction that, applied to a decora¢d derivation , essen-
tially constructs the type graph as a copy of the source gragblus the items created
during the rewriting process. Productions are instances pfoduction applications.

Definition 7.18 (from traces to processes)

Let G = hI'G;Gs;P; | be a typed graph grammar and let = hm; ;M i be a
decorated derivation, with# = n. We associate to a concatenable processy( ) =
hm%" M G, de ned as follows:

hTG ;' 1i is a colimit object (in category T G-Graph ) of the diagram rep-
resenting derivation , as depicted (for a single derivation step) in Fig-
ure 7.2.(b);

P. = fthprod( )(j);jij J 2 ng. For all j 2 n, if prod( )(j) = gs (in

the notation of De nition 5.11, Figure 5.6), then . (hprod( )(j);ji) is es-

sentially production gs, but typed overTG (see Figure 7.2.(b)). Formally
- (hprod( )(j);ji) is the production

hiLg.j;CO 1 G inéilqi’nj Kgjscd ki ingsir!q”hj Rg.j;cg hi inki
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and ' p(hprod( )(j);ji) = prod( )(j). Finally the \ component” is given by
+(horod(' )(j):J1) = hdj, j;idjk,, )i idjrg, ji-
Note that forj; 6 j, we may have prod )(j1) = prod( )(j.); instead, the

productions in P. are all distinct, as they can be considered occurrences of
production of G;

notice that ' = cg(Gp) and’ = c¢,(G,) (and thecg's are injective, because
so are the horizontal arrows) so that we can de ne®= cgy m and M°=
cg, M.

Finally we de ne the image of the tracd ] asCa([ 1) =[cp( )]

As an example, the process of Figure 7.1 can be obtained (upismmorphism) by
applying the construction just described to either the dewation of Figure 5.6 or
that of Figure 5.11.

Notice that it is quite easy to have a concrete characterizein of the colimit graph
TG . Since all the squares in the diagram representing derivahi  : Gy ) G,
commute (they are pushouts),T G can be regarded equivalently as the colimit of

the bottom line of the derivation, Gg o Di i Gy 2 D, fin G,. ThusTG canbe
characterized explicitly as the graph having as itemdéems( ) (see De nition 7.12),
and where source and target functions are determined in thebwous way. The
injections cx; (x 2 f g;dg) simply map every item into its equivalence class.

Lemma 7.19 (C, is well-defined)
Let G = hTG; Gg; P; i be a typed graph grammar and let; ¢ , be two decorated
derivations of G. Then cp( 1) = cp( 2).

Proof. Let ; and ; be ctc-equivalent decorated derivations ofG. Then, by Theorem 7.14 there
existsa ve-tupleh ,;m , m 11; M, M 11; ,i with a function :ltems( 1)! Items( »2)
witnessing its consistence.

Letcp( 1) = 1=hmg;" 1;Mqi andcp( 2) = 2 = hmy;' 2; Mi. First notice that Items( )
is isomorphic to the set of items of the corresponding type gaph TG, (i 2 f 1;2g), and thus
induces readily a functionft : TG, ! TG ,, which, by de nition of consistent ve-tuple, is
consistent with the decorations of the processes. Moreovahe permutation induces a bijection
fp:P ! P, ,denedasfp(hprod( 1)(j);ji)= hprod( 2)(( j)); (j)i, forj 2jP j.

From the de nition of consistent ve-tuple it follows easil y that Hr;fpi : 1! 2 is an
isomorphism of concatenable processes. 2

The next lemma shows that the constructions performed b, and D, are, at
abstract level, \inverse" to each other.

Lemma 7.20 (relating Ca and Da)
Let G be a graph grammar. Then:

1. Ca(Da([ D) =1 1 for any concatenable process;

2. DA(CA([ 1) =[ e, for any decorated derivation .
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Proof. 1. Let = hm;p;Mi be a concatenable process o& and lete : jP.-j! P be a
linearization of P. . Consider the decorated derivation:
(;e)=mfGi 1) i) GiGigp jsMi

as in De nition 7.16.
Let us now construct the process 1 = cp( ) = hmy;' 1;M3i as in De nition 7.18, with the
type graph TG , obtained as colimit of the diagram:

G L Kj Ri
-L(E(i))l K (Le(i)) l R (e(i)
e(i): L? K RO
“il tkil ltri
G 1< Di d Gi
Cgix\\ C\c‘yji CGi
TG ;|

Observe that a possible concrete choice fof G | is TG, with all cg's de ned as inclusions.

If wedene fp :P ! P asfp(hprod( )(i);ii) = e(i), fori 2 # , then it is easy to prove
that f = hdtg. ;fpi: 1! is a concatenable process isomorphisﬁ
2. First of all, if is a discrete decorated derivation, the result is obvious. @herwise we can
suppose = M;fG; 1) ¢ Gigi2n;Mi to be a derivation using a single production at each step
(recall that, by Lemma 7.19, we can apply the concrete constuiction to any derivation in the trace
and that in [ ]c a derivation of this shape can always be found).

Let = cp( )= hm;p;Mi be the concatenable process built as in De nition 7.18. In paticular,
the type graph TG: is de ned as the colimit of the diagram:

li ri

G- L Ki Ri
Gi J{ ki l \Lhi
b di
Gi 1 Di Gi
Cmdi l CGi
TG
The set of productions isP- = f¢® = hg;ii j i 2 ng, with - (¢®) = hLij;cg 1 gi h
hiKij;cd ki T'hj Rij;cg rii. Moreoverm=cgp m andM = cg, M . Remember that all
cg's are injections andcgy : Go! ', cqh : G, ! ' areisomorphisms.

Now it is not di cult to verify that  prod( ) is a linearization of P- and °= (; prod( )) is
the derivation whosei'" step is depicted below.

qO: Li Ki Ri
CGi ‘1 Ji cdi‘ Ki cgi‘ hj

v y V
cg 1(Gi 1) =—cd(Dj) —cg(Gi)

The family of isomorphismf x, : X;! X2 X 2fG;Dg;i 2 ng[f ,9between corresponding
graphs in the two (linear) derivations de ned as:
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po=cd and g =cg

satis es the conditions of De nition 5.16 and thus we have that ° @  Therefore[ Jc=[ 9. =
Da(l D)= Da(Ca([ Io). 2

The previous lemma, together with functoriality ofD,, allows us to conclude
that C5 : Tr[G]! CP[G], de ned as identity on objects and asCa([ ]c) =[cp( )]

on morphisms, is a well-de ned functor. In fact, given two deorated derivations ;
and ,, we have

Cal alei [ 2o) = [by Lemma 7.20.(2)]
= Ca(Da(Ca(l 1le)); Da(Ca([ 210) = [by functoriality of Da]
= CA(DA(CaA([ 1]0): Ca(l 2Ie)) = [by Lemma 7.20.(1)]

Ca(l 1le); Ca([ 2l

Similarly one proves also that C, preserves identities. Moreover, again by
Lemma 7.20, functordD, and C, are inverse to each other, thus implying the main
result of this section.

Theorem 7.21 (relating processes and traces)
Let G be a graph grammar. TherD, : CP[G]! Tr[G]land C, : Tr [G]! CP[G]
are inverse to each other, establishing an isomorphism oftegories. 2

7.4 Relating unfolding and deterministic pro-
cesses

This section is aimed at reconciling the unfolding semanscof a graph grammatr,

which basically relies on the notion of nondeterministic gph process, with the

semantics de ned in terms of (concatenable) deterministigraph processes. The
general pattern is the same we already followed in the caseradts. We show that

the domain extracted from the unfolding of a grammar can be ehnacterized as the
set of deterministic processes with source in the start grhpof the grammar and

ordered by pre x, or, formally, that 1dI(HGs] # CP [G]i) is isomorphic to the domain

L i (Eg(Ug4(G))) (see Sections 6.3-6.5 in the previous chapter).

The result can be proved for general (consuming) graph granams, and not
only for the subclass of semi-weighted graph grammars. Inctaas usual, a central
role in the proof is played by the characterization of the umiding as a universal
construction. We know from the previous chapter (Section 8) that, when consid-
ering general morphisms, such a characterization only haldor the subcategory of
semi-weighted grammars. However, limiting our attentiond the (lluf) subcategories
GG R and O-GG R where the left component of the type span of any morphism is
mono (see De nition 6.25), the result generalizes to genér@onsuming) grammars.
Simply observing that strong grammars morphisms (see Detiwn 6.12), which are
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used to de ne graph processes, are particular morphisms @G R, it results clear
that the proof schema followed in theFirst Part ~ for nets can be easily adapted
here to reach the desired result for general grammars.

The rst observation regards the structure of the category{G¢] # CP [G]i, which,
by de nition of sequential composition between processesan be easily shown to
be a preorder.

Proposition 7.22
Let G be a consuming grammar. Then the categohGs] # CP [G]i is a preorder.

Let . be the preorder relation inHGg] # CP [G]i. As in the case of nets, given
two concatenable processes : [G¢] ! [G]and °: [Gg]! [GY,if . ©.
then can be obtained from ° simply by composing it with a discrete process.
Hence the partial order induced byNGs] # CP[G]i intuitively consists of classes
of processes which are \left-isomorphic", in the sense thdhey are related by a
process isomorphism which is required to be consistent omyth the decoration of
the source.

The above considerations provide some intuition on the traformation de ned
below, which associates to each concatenable process(non concatenable) marked
process "oy forgetting the decoration of the target and using the decation of the
source to construct the \" component for the start graph.

Definition 7.23 (from concatenable processes to marked proc esses)
Let G = hTG;Gs;P; i be a graph grammar and let : Gs! Can(Gs) be a xed
isomorphism. For any (abstract) concatenable process= m;" ;M i : [Gs] ! [G]
let » be the marked proces®% obtained from the unmarked process by adding as
component 3 the isomorphismm

One can show that, for a xed isomorphism , the above function establishes a
bijective correspondence between the elements of the pattorder induced by the
preorder HGs] # CP [G]i and ( nite) abstract marked processes.

Recall that the domain semantics of a graph gramma6, as de ned in the
previous chapter, is obtained by taking the domain of con grations of the event
structure associated to the unfoldindJ 4(G) of the grammar. In symbols the domain
is L i(Ea(Ug(G))). We next prove the announced result, characterizing thelomain
semantics in terms of the concatenable processes of a gramma

Theorem 7.24 (unfolding vs. concatenable processes)

Let G be a (consuming) graph grammar. Then the ideal completiontlpGs] # CP [G]i
is isomorphic to the domainL ;(Ey(U4(G))).

Proof (Sketch). Let G = HTG;P; ;G si be a graph grammar. As in the proof of the analogous
result for nets (see, e.g., Theorem 3.67), we exploit Lemma.86, which ensures that the thesis

follows form the existence of a surjective function : HGs] # CP [G]i! K(L i(Eg(Ug(G)))) such
that is monotone and monic, namely for all 1; » in HGs] # CP [G]i,

1. 2 [ (v (2)
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Recalling that the compact elements of the domainL ; (Eg(U4(G))), associated to G, are exactly
the nite con gurations of Eyg(U4(G)), we can de ne the function as follows. Let = tm; ;M i be
a concatenable process if{Gs] # CP [G]i and consider the marked process ‘as in De nition 7.23.
By de nition of graph process, » : O~ ! G is a (marked) strong morphism. Therefore, by
Theorem 6.26, there exists a unique arrow °: O~ ! U4(N), making the diagram below commute.

Ug(G) =G
A
+ 0
O/\
Then the con guration associated to  can be dened as ( ) = ' $(P+). The proof that is a
well-de ned surjective, monotone and monic function is rouine. 2

The above result can be informally interpreted by saying thathe elements of
the domain associated to a graph grammar corresponds to thearked processes of
the grammar, namely to the deterministic computations staimg form the initial
state. Performing a further step, we can consider thpes associated to the above
domain by Winskel's equivalence, namely (L i(Ey(U4(G)))). The events of such
pes are special con gurations which represent the possible hisies of events in the
ies Ey(U4(G)). Hence they correspond to processes where there is a proiian ¢
which is maximum with respect to% , namely computations where there is a \last
applied" production q which cannot be shifted backward.






Chapter 8

Relating Some Event Structure
Semantics for DPO Graph
Transformation

This chapter brie y reviews two other prime event structuresemantics which have
been proposed in the literature fodpo graph transformation systems. The rst one
[CEL™ 96b] is built on top of the \abstract truly concurrent model d computation”
of a grammar, i.e., the category of concatenable derivatiomaces. The other one
[Sch94] is based on a deterministic variation of thépo approach. By the results in
Chapters 6 and 7, these two alternative event structures can be shown to caitde
with the one obtained from the unfolding, which thus can be aimed to be \the"
event structure semantics ofipo graph transformation.

8.1 Event structure from concatenable traces

The construction of a prime event structure for a (consumirjggraph grammar
proposed by Corradini et al. in the paper [CEL96b], relies on the category
Tr [G] of (concatenable) derivation traces (see Section 5.2). koprecisely the au-
thors consider the category of objects ofr [G] under the start graph Gs, namely
HGs] # Tr [G]i, thought of as a synthetic representation of all the possielconcurrent
computations of the grammar beginning from the start graphf=or consuming gram-
mars, the partial orderDom [G] obtained as the ideal completion of the preorder cat-
egorynGg] # Tr [G]i is shown to have the desired algebraic structure, namely tela
prime algebraic, coherent and nitary partial order. Then,by Winskel's results pre-
sented in Section 2.4Dom [G] indirectly determines apes, ES[G] = P (Dom [G]),
which is assumed to give the concurrent semantics Gf

By the results in the previous chapter it is quite easy to regmize that ES[G]
coincides with the prime event structure extracted from theunfolding, namely
P (L i(Eg(Ug(G)))). In fact, by Theorem 7.21, for any grammarG, the category
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of concatenable processd&3P [G] and that of concatenable derivation tracedr [G]
are isomorphic, and thus also the corresponding comma cabegs HGs] # Tr [G]i
and HG¢] # CP[G]i are isomorphic. Therefore Theorem 7.24 immediately entsil
the desired result.

In [CEL* 96b] the algebraic properties of the domaiom [G] are proved by
presenting an explicit construction of the prime event strature ES[G] associated to
a graph grammar and then by showing that the nite con gurations of ES[G] are
one-to-one with the nite elements of the domainDom [G]. We brie y outline the
construction of ES[G], since we think that it is an interesting complement to the
construction in Chapter 6 . In fact, it provides an equivalent trace-based descriptio
of the prime event structure associated to a grammar, whiclm our opinion, can be
helpful to get a clearer understanding of the meaning of thevents in suchpes.

Definition 8.1 (pes from traces)

Let G = hI'G;Gs;P; i be a graph grammar. Apre-eventfor G is a pair h; i,
where is a decorated derivation starting from a graph isomorphiotGg, and is
a direct derivation which applies a single production i? (namely # = 1) such
that

1. ; isdened(.e, ()= (),andM =m )and
2. ¢ Oimplies # +1)=# +1.

If h; i is a pre-event, we denote by the corresponding derivation trace, namely
=01

An event" for G is then de ned as a derivation trace" = " for some pre-event
h; 1. For each event" let Der(") denote the set of derivations containing such
event, formally de ned as:

[
Der(h'= f jo. "m9% . %= g

Notice that, in particular, " Der("), since each concatenable derivation trace

" can be concatenated with (the concatenable trace correspimy to) a discrete
derivation. Then the prime event structure of grammarG, denoted byES[G], is
the triple ES[G] = hE; ;#1, whereE is the set of all events forG, " "0 if
Der("9 Der("), and"#"%if Der (") \ Der("9= ;.

Conceptually, an event" of a grammarG is determined by the application of
a production to a graph reachable from the start graph oG (i.e., by the direct
derivation ), together with the history that generated the graph items eeded by
that production application (i.e., the derivation ). The fact that in the pre-event

h; i the last step cannot be shifted backward (requirement (2) for pre-everjts
guarantees that is not independent from all the previous steps in . It is worth
stressing that the same requirement implies that if ; ¢ Othen %= 00 Owith

¢ %and abs 0 Clearly, isomorphic production applications or di erent
j#
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linearizations of the same history should determine the samevent. Therefore an
event is de ned as aset of equivalent derivations inG, more precisely as a trace
including all the derivations having (a copy of) as last step and containing the
corresponding history.

Given this notion of event, the causality and conict relatons are easily de-
ned. In fact, considering for each event' the setDer (") of all the derivations that
performed"” at some point, we have that two events are in conict if theres no
derivation that can perform both of them, and they are causél related if each
derivation that performs one also performs the other.

Example 8.2 (event structure of grammar C-S)

Figure 8.1 depicts part of the event structure of the graph ggmmarC-S of Example

5.9. Continuous arrows form the Hasse diagram of the causgalielation, while dotted

lines connect events in direct con ict (inherited con ictsare not drawn explicitly).
Recalling that, intuitively, an event of a grammar correspnds to a speci ¢ ap-

plication of a production together with its \history”, a careful analysis of grammar

C-S allows us to conclude that its event structure contains theollowing events:

E = freq(n)jn2 Ng [ f ser(w);rel(w)jw2 N g,

whereN denotes the set of non-empty sequencesdstinct natural numbers.

In fact, an application of production REQ only depends on previous applications
of the same production (because it consumesjab edge, and onlyREQ can pro-
duce such edges). Therefore a natural number is su cient toepresent its history:
conceptually,req(n) is the event corresponding to then-th application of REQ. An
application of production SER, instead, depends both on a speci ¢ application of
REQ (because it consumes &eq edge), and, because of th& node it consumes
and produces, either on the start graph or on a previous appétion of SER itself
followed by REL (SER cannot be applied in presence of busyedge connected to
node S because of the dangling condition). It is not di cult to chedk that such an
event is uniquely determined by a non empty sequence of distt natural numbers:
ser(nin,  ny) is the event corresponding to the application o6ER which serves
the ng-th REQuest, after requestsny, ..., ng 1 have been served in this order. In
turn, an application of production REL only depends on a previous application of
SER (because of thebusyedge), and we denote byel(w) the event caused directly
by ser(w).

This informal description should be su cient to understandthe part of the pes
ES[C-S ] shown in Figure 8.1, including only the events which are caad by the
rst three requests and the relationships among them. The csality and con ict
relations of ES[C-S ] are de ned as follows:

regqin) reg(m)i n m;

req(in) ser(w)i n 2 w, thatis, an application of SER only depends on the
request it serves and on those served in its history;
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req(l) ——req(2) " req(3)
| | |
ser(1) \i\ / ser(3)
| \»0“/ |
/rel¢(1) A‘ «'\\l r ¢
ser(12) --# - ser(13) r(2 5er(23 ser(31) -# - ser(32)
| | | | | |
rel(12) el (1 rel(21) rel(23) rel (31 rel(32)
| | | | | |
ser(123) ser(132) ser(213) ser(231) ser(312) ser(321)
| | | | | |

rel(123) rel(132) rel(213) rel(231) rel(312) rel(321)

Figure 8.1: Event structure of the grammarC-S .

ser(w) serw9i wv w’ wherev is the pre x ordering (the application
of SER depends only on applications o8ER in its history);

ser(w) relw9i wv we
rel(w) serw9i w@w®

for x;y 2 f rel;serg, x(W)# y(w9 i w and wP are incomparable with respect
to the pre x ordering. 2

8.2 Event structure semantics from deterministic

derivations

Schied in [Sch94] proposes a construction for de ning an eXestructure semantics
for distributed rewriting systems an abstract uni ed model where several kinds of
rewriting systems, such as graph grammars and term rewrignsystems, naturally t.
He shows that, given a distributed rewriting systenR , a domainDr can be obtained
as the quotient, with respect to shift equivalence, of the dlection of derivations
starting from the initial state, ordered by the pre x relation. To prove the algebraic
properties of Dg he constructs, as an intermediate step, aiace languagebased on
the shift equivalence, and applies general results from [@%8] to extract a prime
event structure Ezx from the trace language. Finally he shows thaDg is isomorphic
to the domain of con gurations of Er.
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The main interest in Schied's paper is for the application tgraph grammars. Let
us sketch how, according to Schied, the above constructiamstantiates to the case
of graph grammars. Graph grammars are modelled as distrited rewriting systems
by considering adeterministic variation of the dpo approach, where at each direct
derivation the derived graph is uniquely determined by the ewritten graph, the
applied production and the match. The idea consists of wonkg on concrete graphs,
where each item records his causal history. Formally the deition of deterministic
direct derivation is as follows.

Definition 8.3 (deterministic derivation)

letg: Ly Kgq! Ry be a production and letm : Ly ! G be a match. Then a
deterministic direct derivation G ; 4, H exists if m satis es the gluing conditions
and

H = gluggm (;m;G) m(Lg  1(Kq)).

Let G = T G; Gs; P; i be a typed graph grammar. Aleterministic derivationin G is
a sequence of deterministic direct derivationSs ; ¢:m; G1; @m, :::5 g:ms Gn,
starting from the start graph and applying productions d&.

Actually the above de nition instantiates the ideas of Sched to our setting which
is slightly di erent, in that we work with typed graph grammars. Moreover in the
original de nition of Schied, since productions are namets, the new items inH
are marked only with the morphismm. Here we have to add also to name of the
production.

Let Gy ; qm: G2; o:m, Gs be sequentially independent deterministic deriva-
tions. A basic observation is that we can shift the applicatins of the two produc-
tions without changing the matches, thus obtaining a new detministic derivation
G1; gm, G3; q:m. Ga. The construction of the domain of a grammar is then based
on the partial order of deterministic derivations endowed ith the pre x relation,
and on shift equivalence.

Definition 8.4 (Schied's domain)

The Schied's domain for a consuming grammag, denoted byDg, is de ned as
the quotient, with respect to shift equivalence, of the paatt order of deterministic
derivations of a grammarG endowed with the pre x relation.

Now it is not dicult to prove that the (ideal completion of) S chied's do-
main coincides with the domain semantics for a grammaa, as de ned in Chap-
ter 6 . More precisely, the domain of con gurations of the unfolaig of a grammar
Conf(U4(G)) (or equivalently the domain of con gurations of theies associated to
G, i.e., L (Eg(Ug4(G)))) is isomorphic to IdI(Dg).

Theorem 8.5
For any (consuming) graph grammaiG, the ideal completion ofDg and the domain
Conf(U4(G)) are isomorphic.
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Proof.  Consider the function :Dg ! Conf(Uq(G)), de ned as
([dlsn) = fhg;miij i 2 ng ifd:Gs; qm, G1i gm, i goma Gn.

Notice that the de nition is independent from the particula r choice of the representatived, since
the shift construction does not change the pairshg ; m;i in the derivation.
Vice versa given a con gurationC 2 Conf (U4(G)), consider any linearization of C, compatible

supposeq® = hg;m;i for i 2 n. Then (by correspondence between unfolding and determinti
processes, and by properties of deterministic processeskgvean construct a derivation

dc :Gs; qim: G1 gmz i05 goimn Gn.

and dierent linearizations lead to shift equivalent derivations. Thus we can de ne a function
:Conf(Ug(G)) ! D¢ as (C)=[dc]sh, for any con guration C.

Finally, it is not di cult to verify that the two functions ar e monotonic and that they are

inverse each other, establishing an isomorphism between étwo domains. 2



Final Remarks on Part 11

The notions and results developed in th&irst Part  for contextual and inhibitor

nets have been fruitfully exploited to providedpo graph transformation systems
with a systematic theory of concurrency which reduces the geexisting between
Petri nets and graph grammars.

The intuitive relationship between graph grammars and infuitor nets, and the
observation that safe graph grammars can be encoded by mearisnhibitor nets
have guided us in the de nition of a Winskel's semantics forrgph grammars. The
notion of occurrence grammarand the unfolding construction which can be ex-
pressed as a categorical core ection between suitable ogdeies of graph grammars
and occurrence grammars, are introduced by following cldgehe approach used for
inhibitor nets. Then, not surprisingly, inhibitor event structures turn out to be suf-
ciently expressive to represent the dependencies betweewents in graph grammar
computations, and thus the unfolding can be naturally absacted to an inhibitor
event structure and nally, by using the results inChapter 4 , to a prime algebraic
domain.

(o) P L

SW-GG ? _0O-GG —IES Dom PES
Ug B L P

As in the case of inhibitor nets, Winskel's construction hasot been fully extended
to graph grammars since the passage from occurrence gramstr inhibitor event
structures is not expressed as a core ection.

The notion of nondeterministic graph processvhich arises from our theory (the
prototypical example of process being the unfolding), tusiout to be a generalization
of the deterministic processes of [CMR96].

Furthermore concatenable graph processhave been de ned as a variation of the
(deterministic nite) graph processes endowed with an opation of sequential com-
position, and have been shown to provide a semantics for glagrammars which is
equivalent to the classical truly concurrent semantics basl on theshift-equivalence
More precisely, we proved that the categonCP [G] of concatenable processes of
a grammar G is isomorphic to the abstract truly concurrent model of comptation
based on tracedr [G] [CMR* 97, CEL" 96b, BCE" 99]. As already done for the other
formalisms in the First Part , we have also proved that the process semantics is
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strictly related to the unfolding semantics, in the sense #it concatenable processes
allow to recover the same domain extracted from the unfoldgn

As a last result, we showed that the prime event structure erdcted from the
unfolding coincides both with the one in [CEL 96b], obtained via a comma category
construction on the category of concatenable derivation @ces, and with the one
in [Sch94], based on a deterministic variant of thdpo approach. Nicely, this result
gives a uni ed view of the various event structure semantickr the dpo approach
to graph transformation in the literature.



Chapter 9

Conclusions

In this thesis we singled out a general approach, inspired bige theory of ordinary
Petri nets, for the development of a truly concurrent semaitts of a class of systems.
The semantics describes the concurrent behaviour of the sy®s through several
mathematical structures at various levels of abstractionThe approach has been
applied to contextual and inhibitor nets, two generalizatbn of Petri nets in the
literature, and nally to graph transformation systems.

The core of the approach is amnfolding construction which, when applied to a
system, produces a single structure describing all the pdds computations of the
given system starting from its initial state. A more abstrat representation of the
behaviour of the system is obtained from the unfolding by absicting from the na-
ture of the states and recording only the events and the dep@encies among events.
This leads to a semantics based on suitabé&ent structure modelg§asymmetric and
inhibitor event structures), extending Winskel's prime event structure in order to
allow for a faithful representation of the dependencies heeen events, without re-
ducing them simply to causality and symmetric con ict. We deeloped a general
theory of the mentioned event structure models, which allosvone to recover, nally,
a semantics in terms of more classical structures for concemncy like prime alge-
braic domains or equivalently prime event structures The approach also includes
a notion of deterministic process which captures the deteimstic computations of
the system. Deterministic processes, endowed with a suitata notion of sequential
composition, form a category which can be seen asvadel of computationfor the
system at hand. The two approaches to the semantics based dretunfolding and
on deterministic processes can be nally reconciled by shimg that both allow to
recover the same event structure for the system.

Besides the concrete results and constructions proposed &ach single model,
we think that an \informal" achievement of the thesis is the pesentation and the
treatment of (generalized) Petri nets and graph grammars ia uni ed framework,
where also graph grammars are seen as a kind of enriched né&tsis allowed us to
use net-theoretical concepts to reason on graph transfortian systems, a possibility
which has been useful in extending constructions and ressilfrom nets to graph
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grammars. We believe that the mentioned uniform presentain of nets and graph
grammars can help net-theorists to get closer to graph granars and thus can
contribute, in the next future, to transfer to graph grammas some of the veri cation
and modelling techniques existing for Petri nets.

A technical problem which remains open regards the possibjl of fully extend-
ing Winskel's construction also to inhibitor nets and grapfgrammars, by expressing
as a core ection the whole semantical transformation leadg from the category of
systems to the category of domains. In fact, while the resslton contextual nets
can be considered completely satisfactory, in the case ohibitor nets and graph
grammars the absence of a core ection with the category ofhibitor event struc-
tures suggests that the construction should still be impred. We observed that this
problem cannot be overcome easily. A possible solution cdlle to look for a quite
di erent unfolding construction, producing, for instance in the case of nets, a ow
net [Bou90] rather than an occurrence net.

An aspect which has not been considered in the thesis is thbestract algebraic
characterization of the model of computation of a system. Well established nass
exist for ordinary Petri nets, whose computations have beerharacterized in terms
of monoidal categories [MM90, Sas96]. In the case of context nets a partial an-
swer to the question is given in [GM98], where it is shown thahe categoryCP [N]
of concatenable processes of a contextual ndt can characterized as a (non full)
subcategory of a free dgs-monoidal category (a variation wfonoidal categories with
non-natural duplicator and co-duplicator) constructed oer the net. For graph trans-
formation systems the PhD thesis [Hec98] provides a charagdtzation of the model
of computation of a grammar based on a@seudo-freeconstruction in the setting of
double categories with nite horizontal colimits. The resit relies on the interesting
assumption that, while the state of a Petri net is naturally baracterized as a free
commutative monoid, colimits are the right constructions ér generating and com-
posing graphs. A di erent solution has been proposed in [GHI9], where theconcrete
model of computation of adpo grammar is axiomatized via the construction of a
free dgs-monoidal bicategory. However the problem of gigran axiomatization of
the abstract model of computation of a grammar as a true free constructios still
unsolved and represents an interesting topic of future remeh.

We mentioned in thelntroduction that a (concrete) truly concurrent seman-
tics for a system represents the basis for de ning more abatt observational seman-
tics. For instance, history preserving bisimulation(HP-bisimulation) on P/T Petri
nets [vGG89] is based on the notion of process and of deteristit event structure
Ev (' ) associated to a process. Roughly speaking, two netsNg and N; are HP-
bisimilar if, for any process' o of No we can nd a process ; of N; such that the
underlying deterministic pes's are isomorphic. Moreover whenevéer, can perform
an action becoming a process), then also' ; must be able to perform the same
action becoming' 7 and vice versa; the isomorphism betweédav (' o) and Ev (' ;) is
required to be extensible to an isomorphism betwedtv (* §) and Ev (' 9). Informally
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this means that each event of a net can be simulated by an eveoi the other net
with the same causal history. Relying on the process semarttiand on the proposed
event structure models we can easily de ne notions of histppreserving bisimulation
for generalized nets and for graph transformation systeméccording to the chosen
class of event structure models one obtains various notioasHP-bisimulation which
\observe" a system at di erent levels of abstraction. Some neliminary results for
contextual nets are illustrated in [BCMOO], where it is show that the decidability
result for HP-bisimulation of ordinary nets extends also ta@ontextual nets.

Furthermore, once an unfolding construction has been de dea natural question
suggested by the work initiated in [McM93] regards the pogsiity of extracting from
the (possibly in nite) unfolding of a system a nite fragmert which is still useful to
study some relevant properties of the system. For a subclasfscontextual nets, called
read persistentnets, a generalization of McMillan's algorithm has been ppmsed
in [VSY98]. We are con dent on the possibility of further exending such result to
the whole class of semi-weighted contextual nets by relyirogn the notion of \possible
history" of a transition introduced in Chapter 3 . However this extension could not
be relevant for concrete applications since the need of calesing di erent histories
for the same event could signi cantly increase the compleyi of the algorithm.

Finally, as already mentioned, although in this thesis we W& concentrated only
on basic graph rewriting acting on directed (typed) graphst would be interesting to
understand if the presented constructions and results caxtended to more general
structures. While the generalization to hypergraphs is tvial, developing a similar
theory for more general structures and for abstract categes (e.g., high level re-
placement systems [EHKPP91]) is not immediate and repredsran interesting topic
of further investigation.






Appendix A
Basic Category Theory

This appendix collects some basic notions of category thgowhich are used in
the thesis. For a comprehensive introduction to the subjecive refer the reader
to [ML71, BW90]. The notion of category represents a formaation of the intuitive
idea of a collection of objects with common structure, relatl by mappings which
preserve such structure.

Definition A.1 (category)
A category C consists of a collectionOc of objects (ranged over bya, b,...) and a
collection Ac of arrows (ranged over byf, g,...) with the following structure:

Each arrow has adomain dom(f ) and a codomaincod(f ) (also calledsource
and target, respectively) that are objects. We write

f :a! b oralso a!f b
if ais the domain off and bis the codomain off .

Given two arrowsf and g such that codf ) = dom(g), the composition of f
and g, written f ; g, is an arrow with domain don{f ) and codomain codg):

al" b9 c=al'c:
The composition operator is associative, i.e.,
fi(gh)y=(f:;g);h
wheneverf , g and h can be composed.

For every objecta there is anidentity arrow id, : a! a, such that for any
arrowf :al! b

ida;f =1 =f;idp:
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The collection of arrows from an object to an objectb in C, called homset is
denoted byCla; Q.

As usual, we write eitherf 2 Ac orjustf 2 C to say that f is an arrow inC, and
similarly for objects.

Example A.2 (category Set)

We denote bySet the category whose objects are sets and whose arrows are fota
functions, with the ordinary composition of functions as alow composition and the
identity function idx as identity for each setX.

Example A.3 (categories and preorders)
Recall that a preorderis a setX together with a binary relation  which is re exive
and transitive. A preorder (X; ) can be seen as a categoly where the objects are
the elements ofX, and for any x;y 2 X the homsetX[x;y] is a singleton ifx vy
and the empty set otherwise.

Conversely, a categoryA where there is at most one arrow between any two
objects is called a preorder category or simply a preordet.Wwill be often identi ed
with the underlying preordered set Ao; ), with a bi jA[a;Qj = 1.

Other examples are theempty categoryO, the categoryl with one object and
one arrowid , and the category of sets andelations. A category is calleddiscrete
if every arrow is the identity of some object. For examplel is a discrete category.

Definition A.4 (subcategory)
Given two categoriesA and B, we say thatA is a subcategoryof B, if

On  Oe,
for all a;b2 O, Ala;d Bla;Q,
composition and identities inA coincide with those inB.

The subcategorA is calledfull if A[a;d = B[a;H, forall a;b2 O, . The subcategory
A is called lluf if it has the same objects oA, namely if Op = Og.

In category theory, it is common practice to express propees or requirements
by means of commutativediagrams A diagram is made up of objects and arrows,
and we say that it commutesif picking any two objects in the diagram and tracing
any path of arrows from one object to the other, the composidn of the arrows
yields always the same result. For example, the associatwiof composition can
be equivalently expressed by saying that the diagrarf)) in Figure A.1 commutes.
Similarly, the identities are characterized by the commutgvity of the diagram (ii)
in Figure A.1.
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Figure A.1: Associativity and identity diagrams for arrow @mposition.

Definition A.5 (inverse)

An arrow f :a! bin a categoryC is called anisomorphismif there is an arrow
g:b! asuchthatf;g=id, andg;f = idy. In this case,qg is called theinverseof f
(and vice versa) and it is denoted bf ! (it is immediate to prove that the inverse,
if it exists, is unique).

The set-theoretic notions of injective and surjective furton are captured by the
categorical concepts omono and epi morphism.

Definition A.6 (mono and epi morphisms)

An arrow m : b! cin a categoryC is called amonomorphism or simply mono, if

for any pair of morphismsf;g :a! b, f;m = g;m impliesf = g.
Conversely,e:a! bis called anepimorphism or simply epi, if for any pair of

morphismsf;g : b! ¢, ef = g gimpliesf = g.

A.1 Functors

Functors are essentially morphisms between categories, thie sense that they are
mappings which \preserve" the relevant structure of categees.

Definition A.7 (functor)
Given two categorieA and B, a functor F : A'! B consists of a pair of mappings
(Fo; Fa) such that:

Fo:OA! OB,
Fa:Aa! Ag,

iff:a! b2 A thenFa(f): Fo(a)! Fo(b) (but usually we omit subscripts
and write F(f): F(a)! F(b),

F(f;g)= F(f);F(g) for eachf :a! bandg:b! c2A,
F(ida) = idg (s for each objecta2 A.
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A notion of composition for functors is naturally de ned viathe composition
of their object and arrow components, seen as functions. & easy to see that this
operation is associative and admits identities, namely th@ndo)functorsid, : A !
A whose components are the identities on the sets of objectsdaarrows ofA . This
yields the categoryCat of all categories, whose objects are categories and whose
arrows are functors. Consequently a notion aéomorphism of categories (as objects
of Cat) naturally arises:

Definition A.8 (isomorphism of categories)
Two categoriesA and B are isomorphicif there are two functorsF : A'! B and
G:B! A suchthatG F =1Idy andF G = Ildg.

Any functor F : A'! B induces a set mappindd[a;d! B[F(a);F (b)]. Accord-
ing to the properties of such mapping, the next de nition idati es special classes
of functors.

Definition A.9 (faithful, full and embedding functors)
A functor F : A'! B is called

faithful if the induced mappingF : A[a;g ! BJ[F(a);F(b)] is injective for
every pair of objectsa;bin A;

full if the induced mappingF : A[a;d! B[F(a);F(b)] is surjective for every
pair of objectsa;bin A;

an embeddingif F5 : Aa ! Ag is injective.

Observe that an embedding is always injective on objects arfdithful. Moreover,
if it is also full it establishes an isomorphisms betweeA and the full subcategory
F(A) of B.

A.2 Natural transformations

Natural transformations can be thought of as morphisms between functors. A natural
transformation from a functor F to a functor G respects the structure of the functors
in the sense that it provides auniform way to translate images of objects and arrows
through F to images throughG.

Definition A.10 (natural transformation)
Let F;G: A ! B be two functors. Anatural transformation :F! G:A! B
consists of a family of arrows inB indexed by the objects &,

=f a:F(@! G(a) 2 AgGaz0,

such that the diagram in Figure A.2 commutes for every arrolv : a! b2 A,
expressing thenaturality of the transformation . The arrow , is called thecom-
ponent at a of the natural transformation .
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a F(a) —= G(a)

ft F(f)l lG(f)

b F()—=G(b

Figure A.2: Naturality square of the transformation :F ! G :A ! B for the
arrowf 2 A.

Two natural transformations :F ! Gand :G ! H can be composed

elementwise, obtaining a natural transformation F ! H, with ( )a =
a, a- Moreover, for each functorF : A ! B there exists the obvious identity

transformation 1= : F ! F given by Ir = fidg(a0a20, - This allows us to view the
collection of functors between two categorie& and B as the objects of a category,
where arrows are natural transformations, usually denoteB” and called functor
category

The notion of equivalence of categories allows one to exmdbe fact that two
categories are \essentially the same". Informally, two cagories are equivalent if
they only di er for the fact that isomorphic objects are \counted more than once".
Say that category C is skeletal two objects in C are isomorphic only if they are
identical, and call askeletonof C a maximal skeletal full subcategory ofC. It is
possible to prove that each categor has a skeleton and that any two skeletons of
C are isomorphic. Then two categories are callezfjuivalentif they have isomorphic
skeletons.

An alternative, more handy de nition of equivalence can beigen by using nat-
ural transformations.

Definition A.11 (equivalence)

Two categoriesA and B are equivalent if there are functorsF : A ! B and
G:B! A, and two natural isomorphisms Id ' F;G and G;F ' Idg (where'
denotes the natural isomorphism between functors).

A.3 Universal properties, limits and colimits

In category theory, several notions are often stated by mearfuniversal properties
namely by requiring theexistenceof a unique arrow that veri es certain properties.

A very commonly used construction is that of product, genehaing the set-
theoretical cartesian product.

Definition A.12 (product)
We say thatC has binary products if for any pair of objectsa;b2 C there exists
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/CK a—"2a+ptt_p
hf;gi
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a~—a b -b ¢
(i) (i)
Figure A.3: The diagrams for(i) products and (ii) coproducts.

an objecta b together with twoprojections ,:a b! aand p:a b! b
satisfying the following condition:

for each objectc and arrowsf :c! aandg:c! bin C there exists
a unique arrowhf;gi : ¢! a bsuch thatf = H;gi; , andg =

H;gi; 1 i.e., there exists a unique arrowtf;gi : ¢! a bsuch that
the diagram (i) in Figure A.3 commutes (the fact thattf; gi is depicted
as a dotted arrow expresses its universal property, i.e.ahit exists and
IS unique).

The dual notion of product is called coproduct and it generalizes the set-
theoretical construction of disjoint sum.

Definition A.13 (coproduct)

We say thatC has binary coproductsif for any pair of objectsa; b2 C there exists
an objecta + b together with twoinjectionsin, : a! a+ bandin,:b! a+b
satisfying the following condition:

for each objectc and arrowsf :a! candg:b! cin C there exists a
unique arrow[f;g]:a+ b! csuchthatin;[f;g] = f andiny[f;g]= g,
i.e., there exists a unique arrowf;g]:a+ b! c such that the diagram
(i) in Figure A.3 commutes.

The product (resp. coproduct) of two objectsa and bis often denoted simply by
a b (resp.a+ b), but notice that it is unique only up to isomorphism, and thd it
is uniquely determined only specifying also its projectian(resp. injections).

Products and coproducts, as well as other useful notionsdilpullbacks, pushouts,
equalizers, coequalizers, are all instances of the more geh concept oflimit and
of its dual notion of colimit.

Given a categoryC, a diagramD in C can be thought of as a graplG where
each nodea is labelled by an objectD (a) of C, and each edge with source a and
target bis labelled by an arrowD (e) : D(a) ! D (b). More precisely the diagram can
be seen as a graph morphisid : G ! C, whereC stands for the graph underlying
the categoryC. In this case we say that the diagranD hasshapeG.
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Figure A.4: Commutative cone.
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Figure A.5: An arrow h from the conep®to p.

Definition A.14 (cone)

Let C be a category and leD : G ! C be a diagram inC with shapeG. A cone
over the diagramD is an objectc of C together with a familyf p,ga.c of arrows of

C indexed by the nodes dB, such thatp, : ¢! D(a) for each nodea of G. The

arrow p, is called the componentof the cone at objeca. We indicate the cone by
writing p:c! D.

A cone is calledcommutative if for any arrow g : a! b 2 G, the diagram in
Figure A.4 commutest If p°: c®! D andp:c! D are cones, ararrow from the
rst to the second is an arrowh : ®! ¢ such that for each nodea 2 G, the diagram
in Figure A.5 commutes.

Definition A.15 (Limit)

A commutative cone over the diagranD is called universal if every commutative
cone over the same diagram has a unique arrow to it. A univelsaone, if such
exists, is called alimit of the diagramD.

Example A.16

A limit of the diagram (c,; &) (i.e., a pair of objects), which is associated to the
discrete graph with only two nodesa and b, is an objectu, together with two arrows
pr:u! caandpy:u! c, such that for any other cone (% p? : u®! c,;pd: uO!

) there exists a unique arrowh : u®!  u with p? = h;p; and pd = h; p,. Notice that

1We remark that the diagram D is not assumed to commute.
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d—2>~b f he \
2
h?
_—
h1 g hl\_}h
aﬁc ho dO

(i) (i)
Figure A.6: Diagrams for(i) pullback and (ii) pushout.

this is just the de nition of product of c, and ¢,. Dually, the colimit of the diagram
(cs; ©y) de nes the coproduct of ¢, and ¢, (if it exists).

A very commonly used kind of (co)limit is given bypullbacksand pushouts

Definition A.17 (pullback and pushout)
Let G be the graph —— <— . A diagram of this shape in a categorg is given
by three objectsa, b and ¢, and two morphismsf :a! candg:b! c. A cone for
such diagram is an object together with three arrowsh; : d! a, h, :d! band
hs:d! c, such thaths = hy;f and hs = h,;g. Hence,hy;f = h,; g and the cone is
equivalently expressed bi; hy; h,), becausehs is uniquely determined byh; and by
h,. The cone is universal if for any other cong¢d® h?; h9) of the same diagram there
exists a unique arrowh : d°! d making the diagram in Figure A.6.(i)) commute. A
limit for this diagram (if it exists) is called a pullback of f and g.

The dual notion is calledpushout It can be de ned as the colimit for the diagram
(a;b;c;f:c! ajg:c! Db, which is associated to the graph =— ——
Figure A.6.(ii) represents the corresponding diagram.

An interesting property of pullbacks is the preservation omonomorphisms: if
the arrow g in Figure A.6 is mono then alsch; is mono. Dually, pushouts preserve
epimorphisms.

A.4  Adjunctions

Adjunctions are extensively used in the thesis to characterize consttions by means
of universal properties. There are several equivalent detirons of adjunction. We
think that the more \intuitive" one relies on the scenario cansisting of two categories
A andB and a functorF : A'! B, where given an objecbin B we want to nd an
objectuin F(A), i.e. u = F(Gp) for some objectG, in A, that better approximates
b. The intuitive idea of approximation is formalized by the existence of an arrow
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Gy F(Gb)b;>b
. F(f)T ;
a F(a)

Figure A.7: The left adjoint F.

G F(Gy) 2P

hA F(h)T / Tf
b f

Gb F (Gb) T> b

Figure A.8: The de nition of the right adjoint to F.

from F (Gp) to b. The fact that this approximation is better than the othersmeans
that any other arrow f : F(a) ! bfor somea in A factorizes through the better
approximation of b via the image of a morphism inA, in a unique way.

Definition A.18 (adjunction)

Given two categoriesA and B and a functorF : A ! B, we say thatF is a
left adjoint if for each objectb in B there exists an objectG, in A and an arrow
b:F(Gp)! bin B such that for any objecta 2 A and for any arrowg:F(a)! b
there exists auniquearrow f :a! Gy 2 A such thatg= F(f); p (see Figure A.7).

An immediate consequence of the fact tha is left adjoint is the existence of
a functor from B to A that maps each objectb into its approximation Gy, i.e., the
mapping G extends to a functor. This point can be proved by noticing thg given
an arrowf :b! Bin B, the arrow p;f : F(Gp) ! P factorizes through » and the
image of a unique arrowh from Gy, to Gy. Therefore the functorG can be de ned
by taking G(f ) = h (see Figure A.8). The functorG is called theright adjoint to F,
and we writeF a G. The collection = f ,gyp is called thecounit of the adjunction
and de nes a natural transformation fromG; F to 1;.

Remark A.19
Adjoints are unique up to natural isomorphism. This is the reason why we are
allowed to speak othe right adjoint to F.

We could have employed an equivalemtual approach to the de nition of adjoints,
by starting with the functor G and de ning the \least upper" approximation F, for
each objecta. This construction yields theunit = f ,:a! G(Fz)ga2a Of the
adjunction (see Figure A.9).
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G(b) b
A
TG(Q) g
aﬁ) G(Fa) Fa

Figure A.9: The right adjoint G.

An important property of adjunctions is the preservation ofuniversal construc-
tions: left adjoints preserve colimits and right adjoints peserve limits.

Theorem A.20 (adjoints and (co)limits)

Let F : A'! B be aright adjoint functor, letD : G! A be a diagram inA and let
p:c! D bethe limitofD. ThenF(p): F(c)! F(D) is the limit of the diagram
F(D) (dened asF(D)(x) = F(D(x)) for any x in G) in B.

A dual result holds for colimits and left adjoints.

A typical example of adjunction consists of &orgetful functor U : S| C,
from a category S of certain structures and structure-preserving functions (e.g.,
the categoryMon of monoids and monoid homomorphisms) to a categoy with
less structure (e.g., Set). Forgetful functors have often a left adjoint that adds the
structure missing inC by means of afree construction

Re ections and core ections are two particularly important kinds of adjunction,
where respectively the counit and the unit are natural isomrphisms. For instance,
in the case of a core ection, referring to the introductory @scussion, we have that
B is equivalent to a full subcategory ofA. Thus we can think that G gives the
best approximation of an object ofA inside such a subcategory. Observe that an
equivalence is an adjunction which is both a re ection and aace ection.

A.5 Comma category constructions

Given two functorsF : A! CandG:B! C, with a common targetC we can
consider thecomma categoryhF # Gi. This is a standard categorical construction
which makes (a selected subset) of the arrows©fbe objects of a new category. More
precisely, the objects ofF # Gi are arrows of the kindx : F(a) ! G(b) in C, and an
arrowh:(x:F(@! GM)! (y:F@)! GP)isapair (f :a! a%g:b! B
of arrows inA and B, respectively, such that the diagram of Figure A.10 commusge

Clearly, by varying the choice ofF and G we obtain several di erent \comma
constructions”. Next we give an explicit de nition of two rdevant instances of comma
construction. Firstif A is 1, then F just selects an objectin C. If moreoverB = C
and G = Id¢ then hF # Gi, denoted in this case byhc # Ci, is the comma category
of objects ofC under c.
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F(a)ﬂF(a‘)

l ly

G(D) 5~ G

Figure A.10: Arrows in the comma categoryF # Gi.

T

o>
(i) (i)
Figure A.11: Category of objects under/over a given object.

Definition A.21 (category of objects under a given object)

Let C be a category and let be an object ofC. The category of objects (ofC) under
c, denotedhc # Ci, has arrows likex : ¢! c°as objects. Furthermoref : (x : c!
A! (y:c! isanarrowofhrc#Ciif f : c®! s an arrow ofC andx;f =y
(see Figure A.11.(i)).

Dually, when F = Id¢, B = 1 and G is the constantc, we obtain the category
of objects over a given object.

Definition A.22 (category of objects over a given object)

Let C be a category and let be an object ofC. The category of objects (ofC) over
c, denotedhC #ci, has arrows likex : c®! ¢ as objects. Furthermoref : (x : c°!
Q! (y:c% ¢)isanarrow ofhC #dci if f : c®! c®is an arrow of C andx = f;y
(see Figure A.11.(ii)).

Interestingly, to obtain limits and colimits in the category hC # ci one can consider
the corresponding diagram irC and compute the limit there. HencdC # ci inherits
from C the properties of being complete and cocomplete.
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