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Abstract. Let T be a 1-tilting module whose tilting torsion pair (T ,F) has the property that the heart

Ht of the induced t-structure (in the derived category D(Mod-R)) is Grothendieck. It is proved that such

tilting torsion pairs are characterized in several ways: (1) the 1-tilting module T is pure projective; (2) T is

a definable subcategory of Mod-R with enough pure projectives, and (3) both classes T and F are finitely

axiomatizable.

This study addresses the question of Saoŕın that asks whether the heart is equivalent to a module category,

i.e., whether the pure projective 1-tilting module is tilting equivalent to a finitely presented module. The

answer is positive for a Krull-Schmidt ring and for a commutative ring, every pure projective 1-tilting module

is projective. A criterion is found that yields a negative answer to Saoŕın’s Question for a left and right

noetherian ring. A negative answer is also obtained for a Dubrovin-Puninski ring, whose theory is covered

in the Appendix. Dubrovin-Puninski rings also provide examples of (1) a pure projective 2-tilting module

that is not classical; (2) a finendo quasi-tilting module that is not silting; and (3) a noninjective module A

for which there exists a left almost split morphism m : A → B, but no almost split sequence beginning with

A.
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Introduction

Beilinson, Bernstein and Deligne [7] showed how a triangulated category D may be equipped with ad-

ditional structure - a t-structure - that gives rise to a subcategory Ht of D - the heart of the t-structure -

on which the triangulated structure of D induces the structure of an abelian category. If A is an abelian
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category Happel, Reiten and Smalø (HRS) found a general method [25, §I.2] that associates to a torsion

pair (T ,F) of A a t-structure on the derived category D(A). The torsion pair (T ,F) in A induces a torsion

pair (F [1], T [0]) in the heart Ht of this t-structure with the property that the torsion class F [1] ∼= F is

equivalent to the given torsion free class in A, while the torsion free class T [0] ∼= T is equivalent to the given

torsion class.

In the case when the ambient abelian category is a Grothendieck category A = G, and so has direct limits,

Parra and Saoŕın ([38] and [39, Thm. 1.2]) showed that the heart Ht of the t-structure induced by (T ,F)

on D(G) is itself a Grothendieck category if and only if the torsion free class F is closed under direct limits

in G. We consider the condition that Ht be equivalent to a Grothendieck category as interesting and we

pursue the closely related question of Saoŕın who asked whether the heart Ht is, in that case, equivalent to

a module category, that is, to a Grothendieck category with a finitely generated projective generator.

The HRS derived equivalence is best understood for a tilting torsion pair. If R is a ring and T a 1-tilting

right R-module, then the associated tilting class T = GenT = T⊥ ⊆ Mod-R constitutes a torsion class [19,

Lemma 14.2] in Mod-R. The associated tilting torsion pair (T ,F) induces, by means of the HRS theory, a

t-structure in the derived category D(Mod-R). Our article is motivated by the following question posed by

M. Saoŕın.

Question 0.1. [38, Question 5.5] Let R be a ring and T a 1-tilting right R-module. Suppose that the heart

Ht of the t-structure on D(Mod-R) induced by (GenT,F) is a Grothendieck category. Does it follow that

the heart Ht is equivalent to the module category Mod-S for some ring S?

The question of whether a torsion pair (T ,F) in Mod-R (resp., mod-R) induces a heart in D(Mod-R)

(resp., mod-R) equivalent to a module category has been explored by several authors (for example, [25, 10]).

One of the first tasks of this article is to formulate Saoŕın’s Question in terms of module theory. We show

(Corollary 2.5) that if T is a 1-tilting module, then the heart Ht ⊆ D(Mod-R) of the t-structure associated

to the tilting torsion pair (GenT,F) in Mod-R is a Grothendieck category if and only if T is pure projective.

In that case, Corollary 2.7 implies that the heart Ht is equivalent to a module category Mod-S if and only if

T is a classical 1-tilting module, that is, a 1-tilting module tilting equivalent to a finitely presented module.

This suggests the following version of Saoŕın’s Question.

Question 0.2. (Saoŕın, pure projective version) For which rings R is every pure projective 1-tilting module

classical?

Saoŕın’s Question comes about from considerations that arise in the derived Morita theory of rings, but

the notion of a pure projective 1-tilting module is a natural one to study in any case, because it represents

the situation dual to the result of the first author [5] (generalized by Št́ov́ıček [46] to all cotilting modules),

that every 1-cotilting module is pure injective. On the other hand, there are many examples of 1-tilting

modules that are not pure projective.

The pure projective version of Saoŕın’s Question is related to a more general question considered by the

second author and Ph. Rothmaler in their work on definable subcategories with enough pure projective

modules. It is well known that if C ⊆ Mod-R is a definable subcategory and M ∈ C, then there exists a

pure monomorphism m : M → U with U a pure injective module in C. The articles [28, 29] are devoted to

the investigation of those definable subcategories C ⊆ Mod-R with enough pure projective modules, in the
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sense that for every module M ∈ C, there exists a pure epimorphism e : V → M with V a pure projective

module in C. Such definable subcategories of Mod-R arise ”classically” (cf. [12, 33]) as the categories C
obtained by taking the closure under direct limits C = lim

→
(X ), where X ⊆ mod-R is a covariantly finite

subcategory of finitely presented modules. As part of our analysis of a pure projective 1-tilting module T, we

show (Theorem 2.4) that the definable subcategory T = GenT = T⊥ of Mod-R, has enough pure projective

modules, and (Theorem 2.6) that if T is a classical 1-tilting module, then T = lim
→

(X ), with X ⊆ mod-R

covariantly finite.

The pure projective version of Saoŕın’s Question has a positive answer for a large class of rings. By

Corollary 2.8, if R is a ring over which every pure projective module is a direct sum of finitely presented

modules, then every 1-tilting module T is classical. This includes the Krull-Schmidt rings, that is, the rings

over which every finitely presented module admits a direct sum decomposition into modules with a local

endomorphism. For the general case of a commutative ring, we use a henselization argument (Theorem 3.7)

to show that every pure projective 1-tilting module is projective. Considerably easier proofs are found for a

noetherian commutative ring or an arithmetic ring.

But the answer to Saoŕın’s Question is not affirmative in general. In Theorem 4.3, we identify a criterion

for an idempotent ideal I of R, finitely generated on the left, sufficient to yield a pure projective 1-tilting

module T that is not classical. The construction is an elaboration of J. Whitehead’s method of producing

a projective module whose trace is such an idempotent ideal. The tilting class that arises is given by

T = {M ∈ Mod-R | M = MI}. For example, if R = U(L) is the universal enveloping algebra of the Lie

algebra L = sl(2,C) and I is the annihilator of the trivial module CL, then the conditions of Theorem 4.3

are satisfied and one obtains a nonclassical pure projective 1-tilting module TU(L) over a ring that is both

left and right noetherian.

A preliminary section of the article is devoted to the role that definable subcategories of Mod-R play in

torsion theory. If (T ,F) is a torsion pair in Mod-R, then the torsion free class F always has direct limits,

given by the torsion free quotient module of a direct limit in Mod-R. By the work of Parra and Saoŕın, the

torsion pair induces a Grothendieck heart in D(Mod-R) if and only if the direct limits in F coincide with

those in the ambient category Mod-R, that is, if F is closed under direct limits in Mod-R. This is equivalent

to the condition that the torsion free class F be a definable subcategory of Mod-R. When T is a 1-tilting

module, the tilting torsion class T = GenT ⊆ Mod-R is also a definable subcategory [6]. We call a torsion

pair (T ,F) in Mod-R both of whose constituent categories T and F are definable elementary and show in

Theorem 1.4 that this is equivalent to the condition that the associated torsion radical is definable in the

language of right R-modules by a positive primitive formula. This implies that both T and F are finitely

axiomatizable.

The first example of a definable subcategory with enough pure projectives that is not the direct limit

closure of a covariantly finite subcategory of mod-R was obtained [28] over a Dubrovin-Puninski ring. If R is

a nearly simple uniserial domain, Puninski (cf. [42, Chapter 14]) proved that there exists, up to isomorphism,

a unique cyclically presented torsion module XR. A Dubrovin-Puninski ring [14] is a ring S that arises as the

endomorphism ring S = EndRXR of such a module. For this reason, we study left modules over S and devote

an appendix to a comprehensive treatment of the category S-Mod. The 12 definable subcategories of S-Mod

are classified: 10 have enough pure projective modules, and 6 of those do not arise from covariantly finite
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subcategories. Among the 12 definable subcategories, three are tilting classes. Beside the trivial tilting class

S-Mod one finds a 1-tilting class and a 2-tilting class, neither of which arise from classical tilting modules.

Dubrovin-Puninski rings may seem pathological from the point of view of the existing theory, but we

hope to convince the reader that they are actually quite well-behaved and provide a constant source of

counterexamples. For example, the fourth author has recently proved [48] that if a nonprojective module SC

is the codomain of a right almost split morphism in the category S-Mod, then there exists an almost split

sequence in S-Mod ending with C. Over a Dubrovin-Puninski ring, however, there exists (Proposition 5.33)

in S-Mod a noninjective module A and a left almost split morphism m : A→ B, but no almost split sequence

beginning with A.

A section of the article is devoted to the study of τ -rigid modules [49] and silting modules [3], and their

relationship to the finendo and quasi-tilting properties. We prove (Corollary 5.7) that every quasi-tilting

module is τ -rigid and conditions are given in Proposition 5.6 and Corollary 5.7 under which τ -rigidity

is equivalent to GenT ⊆ T⊥. Regarding the silting property, we give an example (Example 5.11) of a

quasi-tilting module over a commutative von Neumann regular ring that is not silting and an example

(Example 5.12) of a finendo quasi-tilting module over a Dubrovin-Puninski ring that is not silting.

In what follows, R will be an associative ring with unit; Mod-R (R-Mod) will denote the category of right

(left) R-modules; mod-R (R-mod) the subcategory of finitely presented right (left) R-modules. The category

of abelian groups is denoted by Ab. For a subcategory C of Mod-R, Add(C) (resp., add(C)) will denote the

class of modules isomorphic to a summand of a (resp., finite) direct sum of modules in C. If the class

C = {T} is singleton, we write AddT (resp., addT ). Similarly, Gen(C) (resp., GenT ) will denote the class

of epimorphic images of direct sums of modules in C (resp., of copies of T ) and PresT ⊆ GenT will denote

the class of those modules M that admit a T -presentation, that is, an exact sequence T1 → T0 → M → 0,

where T0, T1 ∈ AddT. The language for right R-modules is L(R) = (+,−, 0, r)r∈R; the standard axioms for

a right R-module are expressible in L(R) and the theory Th(Mod-R) of right R-modules consists of their

consequences.

Consider a subcategory C of Mod-R and a module M ∈ C. A homomorphism ϕ : M → CM is a C-
preenvelope of M, if for every homomorphism f : M → C with C ∈ C there exists a homomorphism

fM : CM → C such that the diagram

M
ϕ //

f !!C
CC

CC
CC

C CM

fM
��
C

commutes. A C-preenvelope ϕ : M → CM is a C-envelope if every endomorphism f : C → C such that

f ◦ ϕ = ϕ is an automorphism of C. We say that C is preenveloping in an additive category A ⊇ C if every

module A ∈ A has a C-preenvelope. If A = Mod-R, we just say that C is preenveloping; if A = mod-R, we

call C a covariantly finite subcategory of mod-R.

The superscript ⊥i is used to denote orthogonality with respect to the bifunctor ExtiR(−,−), so if

C ∈ Mod-R, then C⊥i = KerExti(C,−) and similarly for ⊥iC; if C ⊆ Mod-R is a class, then C⊥i =
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∩{C⊥i | C ∈ C}. The unadorned superscript ⊥ refers to ⊥1 and ⊥∞ will be used to denote the class orthog-

onal (on the appropriate side) with respect to all the bifunctors Exti, i ≥ 1. A C-preenvelope ϕ : M → MC

is special if it is a monomorphism with Cokerϕ ∈ ⊥C.
The notions of C-precover, precovering, C-cover and special C-precover are defined dually.

1. Elementary torsion pairs

Definable subcategories of Mod-R were introduced by Crawley-Boevey [13] to characterize in non-logical

terms the elementary additive classes of right R-modules, which arise in the model theory of modules and

are in bijective correspondence with the closed subsets of the Ziegler spectrum [51].

Definition 1.1. A full subcategory C ⊆ Mod-R is definable if it is closed under direct products, pure

submodules and direct limits.

Definable subcategories are also closed under direct sums, which may be regarded as direct limits of finite

direct products, or pure submodules of direct products. There are several characterizations of definable

categories that are useful. Recall that an additive functor F : Mod-R→ Ab is coherent if it commutes with

direct limits and direct products. A subcategory C ⊆ Mod-R is elementary if it is the class of models of

some collection Σ of sentences L(R), C = Mod(Σ). Equivalently, the class C ⊆ Mod-R is axiomatized by Σ.

Proposition 1.2. Let C be a full subcategory of Mod-R. The following are equivalent:

(1) C is definable;

(2) C is defined by the vanishing of some set of coherent functors;

(3) C is closed under direct products, pure submodules and pure epimorphic images; and

(4) C is an elementary class, closed under direct sums and direct summands.

Proof. The equivalences (1) ⇔ (2) and (1) ⇔ (4) are from [13, §2.1, 2.3], where they are stated for an algebra

over an infinite field; for the general case, one must include in Condition (4) that the elementary class is

closed under direct sums.

(2) ⇒ (3). This is a consequence of the fact that coherent functors are exact on pure short exact sequences

(see [13, §2.1, Lemma 1]).

(3) ⇒ (1). This holds because every direct limit is a pure epimorphic image of the direct sum of the modules

in the directed system. �

An important consequence of Proposition 1.2(4) is that definable subcategories of Mod-R is also closed

under pure injective envelopes. This is because the pure injective envelope M → PE(M) of a module M is

an elementary embedding [41, Theorem 4.3.21].

A torsion pair (T ,F) in Mod-R is called elementary if both classes T and F are definable. All torsion

and torsion free classes are additive, so this is equivalent to both of the classes T and F being elementary.

The torsion free class F is already closed under products and submodules, so that it is definable if and only

if it is closed under direct limits. On the other hand, the torsion class T is closed under coproducts and

quotients, so that it is already closed under direct limits. It is therefore definable if and only if it is closed

under pure submodules and products.
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Proposition 1.3. Let (T ,F) be a torsion pair in Mod-R, with associated radical t : Mod-R→ Mod-R. The

torsion free class F is definable if and only if t respects direct limits. If T is closed under direct products,

then t respects direct products.

Proof. If t respects direct limits, then it is clear that a direct limit of torsion free modules is torsion free.

To prove the converse, suppose that a directed system Mi, i ∈ I, in Mod-R is given, with direct limit

M = lim
→
Mi. Each Mi is an extension of its torsion free quotient by its torsion submodule. These extensions

themselves form a directed system of short exact sequences, with limit as shown in

0 // t(Mi) //

��

Mi
//

��

Mi/t(Mi) //

��

0

0 // lim
→
t(Mi) // M // lim

→
Mi/t(Mi) // 0.

A torsion class is closed under direct limits so that lim
→
t(Mi) is torsion. By assumption, the direct limit

lim
→
Mi/t(Mi) of torsion free modules is torsion free. The short exact sequence in the bottom row thus

represents M as the extension of its torsion free quotient by it torsion submodule. This implies that the

canonical morphism lim
→
t(Mi) → t(lim

→
Mi) is an isomorphism.

To prove the second statement, let Nj , j ∈ J, be a family of modules with product N =
∏

j Nj , and use

a similar argument, but taking a product instead of a direct limit, to obtain the short exact sequence

0 // ∏
j t(Nj) // N // ∏

j N/t(Nj) // 0.

A torsion free class is closed under products, so the right term
∏

j Nj/t(Nj) is torsion free. By assumption, the

product
∏

j t(Nj) is torsion. Arguing as above shows that the canonical morphism

t(
∏

j Nj) →
∏

j t(Nj) is an isomorphism. �

Recall that an elementary class E ⊆ Mod-R is finitely axiomatizable (relative to the theory Th(Mod-R)

of right R-modules) if there exists a sentence σ in L(R) such that E = Mod(Th(Mod-R) ∪ {σ}) is the

subcategory of Mod-R of modules M that satisfy σ, M |= σ.

Theorem 1.4. A torsion pair (T ,F) in Mod-R is elementary if and only if the associate torsion radical is a

coherent functor. Equivalently, the torsion radical t = τ(−) is definable by a positive primitive formula τ(u)

in L(R) and the torsion class T = Mod(∀u (τ(u))) and the torsion free class F = Mod[∀u (τ(u) → (u
.
= 0))]

are finitely axiomatizable in L(R).

Proof. If (T ,F) is elementary, then t is coherent by Proposition 1.3. The torsion radical t is coherent if and

only if it is definable by a positive primitive formula, by [13, Lemma 2, §2.1]. The given axiomatizations of

T and F follow from the respective definitions of a torsion and torsion free class of a torsion pair. Since

both T and F are finitely axiomatizable, the torsion pair is therefore elementary. �

Finitely axiomatizable definable subcategory correspond to basic Zariski open subsets of the Ziegler spec-

trum in the sense of [41, Chapter 14]. Examples of elementary torsion pairs will be found with the help of

pure projective modules.

Definition 1.5. An R-module is pure projective if it has the projective property with respect to pure exact

sequences. Other equivalent formulations are the following:
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(1) A module is pure projective if and only if it is a direct summand of a direct sum of finitely presented

modules. For this reason, the subcategory of pure projective modules is denoted by Add(mod-R).

(2) A module M is pure projective if and only if every pure short exact sequence 0 → A→ B →M → 0

splits.

Corollary 1.6. If (T ,F) is an elementary torsion pair in Mod-R, then T ∩ ⊥T ⊆ Add(mod-R).

Proof. Consider a pure short exact sequence 0 → A→ B
g→ P → 0, with P in T ∩⊥T , and apply the torsion

radical,

0 // t(A) // t(B)
t(g)

// P // 0.

The sequence is exact, because t is a coherent functor, and the third term is t(P ) = P. But t(A) ∈ T and

P ∈ ⊥T , so the sequence splits. If r : P → t(B) is a retraction of t(g), then, because t is a subfunctor of the

identity functor on Mod-R, the composition r : P → t(B) ⊆ B is a retraction of g : B → P, as required. �

A definable subcategory D ⊆ Mod-R has enough pure projectives [28] if for every module DR ∈ D, there
exists a pure epimorphism g : P → D, where P is a pure projective module in D. This is equivalent [28,

Theorem 8] to the condition that every finitely presented module A ∈ mod-R have a pure projective D-

preenvelope.

Lemma 1.7. If 0 → H →M → B → 0 is an exact sequence with H finitely generated andM pure projective,

then B is pure projective.

Theorem 1.8. The following are equivalent for a torsion pair (T ,F) in Mod-R with T definable:

(1) the module RR has a pure projective T -preenvelope;

(2) T has enough pure projectives;

(3) T = GenP for some pure projective module.

Moreover, if these conditions are satisfied, then (T ,F) is an elementary torsion pair.

Proof. (1) ⇒ (2). Let ε : R → TR be a pure projective T -preenvelope. We will use the lemma to

build a pure projective T -preenvelope of a finitely presented module A. There is a short exact sequence

0 → H → Rn π→ A→ 0 with H a finitely generated module. Take the pushout of π and the pure projective

T -preenvelope εn : Rn → Tn
R to obtain the commutative diagram

0 // H // Rn π //

ε

��

A

δ

��

// 0

0 // H // Tn
R

// TA // 0.

The morphism δ : A→ TA is then a T -preenvelope of A, with TA pure projective, by Lemma 1.7.

(2) ⇒ (3). In general, every definable subcategory D with enough pure projectives is of the form D = GenP

for some pure projective module [28, Lemma 3]. One may take P to be the coproduct of pure projective

D-preenvelopes of the finitely presented modules.

(3) ⇒ (1). Rada and Saorin [43] proved that every subcategory closed under direct products and pure

submodules is preenveloping. Every definable subcategory is therefore preenveloping. Let ε : R → TR be a

T -preenvelope of R. By hypothesis, there is an epimorphism ϕ : P (I) → TR from a coproduct of copies of P.
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The T -preenvelope ε then factors through ϕ, and yields the module P (I) is a pure projective T -preenvelope

of RR.

To prove the last statement, use Condition (3) to see that F = {M ∈ Mod-R | HomR(P,M) = 0}. As P

is pure projective, F is closed under pure epimorphic images. By Proposition 1.2(3), it is definable. �

Conjecture 1.9. If (T ,F) is an elementary torsion pair, then T has enough pure projective modules.

If R is right noetherian, the conjecture can be verified by expressing a torsion module T = lim
→
Mi as

the direct limit of its finitely generated submodules. Then T = lim
→
t(Mi) is the direct limit of its finitely

generated torsion submodules. These are all finitely presented and T is a pure epimorphic image of the pure

projective module obtained by taking the direct sum of the t(Mi).

2. Pure projective tilting modules

Definition 2.1. A right R-module T is a (large) n-tilting module if it satisfies the following conditions:

(T1) pd(T ) ≤ n;

(T2) ExtiR(T, T
(λ)) = 0, i > 0, for every cardinal λ;

(T3) there exists an exact sequence:

0 // R // T0 // · · · // T1 // 0

where Ti ∈ AddT for i = 0, . . . , n. The notion of an n-cotilting module is defined dually.

By [11] a right R-module T is 1-tilting if and only if T⊥ = GenT, which is called the tilting class of T.

By [19, Lemma 14.2], the tilting class T = T⊥ is a torsion class in Mod-R and gives rise to a torsion pair

(T ,F) where

F = {M ∈ Mod-R | HomR(T,M) = 0}.

Two 1-tilting modules T and U are said to be tilting equivalent if T⊥ = U⊥ or, equivalently, if AddT = AddU.

A 1-tilting module equivalent to a finitely presented 1-tilting module is called classical. For later reference,

we recall a useful criterion for a module U to be a 1-tilting module equivalent to a given one T.

Lemma 2.2. Let T be a 1-tilting module and suppose there is a short exact sequence

0 // R // U0
// U1

// 0,

where U0, U1 ∈ AddT. Then U = U0 ⊕ U1 is a 1-tilting module equivalent to T.

Proof. (cf. the proof of [19, Theorem 13.18]). Every module in AddT satisfies Conditions (T1) and (T2) for

a 1-tilting module. This is because the class of modules that satisfy Condition (T1) is closed under direct

sums and summands. Similarly, the class of modules that satisfy Condition (T2) is clearly closed under

direct summands, and it is readily verified that for every index set I, the direct sum T (I) of copies of T also

satisfies Condition (T2). Because U belongs to AddT it satisfies the Conditions (T1) and (T2). It satisfies

Condition (T3) by hypothesis, so that U is itself a 1-tilting module. Therefore GenU = U⊥. Now U ∈ AddT

implies that the tilting class of U, GenU ⊆ GenT is contained in that of T. On the other hand, U is a direct

summand of some direct sum T (I), so that U⊥ ⊇ (T (I))⊥ = T⊥, as required. �
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If I ⊆ R is a two sided ideal, then we may think of the module category Mod-R/I as a full subcategory of

Mod-R induced by restriction of scalars along the quotient map R→ R/I of rings. It consists of the modules

M ∈ Mod-R for which MI = 0. Given a torsion pair (T ,F) in Mod-R, with torsion ideal I = t(R) ⊆ R, we

have that for every F ∈ F , HomR(I, F ) = 0, hence HomR(R/I, F ) ∼= F, that is, FI = 0. We may therefore

think of F as a subcategory of Mod-R/I.

Parra and Saoŕın [38, 39] showed that the heart Ht of the t-structure in D(Mod-R) induced by a torsion

pair (T ,F) is Grothendieck if and only if F is closed under direct limits in Mod-R, or, equivalently, a

definable subcategory.

Proposition 2.3. Let (T ,F) be a torsion pair in Mod-R, with torsion radical t and torsion ideal I = t(R).

The torsion free class F is closed under direct limits in Mod-R if and only if there exists a 1-cotilting

R/I-module C, such that

F = {M ∈ Mod-R |MI = 0 and Ext1R/I(M,C) = 0}.

Proof. As a consequence of the result that every 1-cotilting module CR is pure injective [5], the cotilting

class ⊥C ⊆ Mod-R/I is a definable subcategory. It follows that F ⊆ Mod-R is definable.

For the converse, note that submodules, direct products and direct limits of modules in F are R/I-

modules. Thus, we may consider F as a definable subcategory of Mod-R/I, which is therefore closed under

pure epimorphic images in Mod-R/I. Moreover, F contains all the projective R/I-modules, thus by [15,

Proposition 5.2.2] or [30, Theorem 2.5], F is a covering class in Mod-R/I. Every cover is an epimorphism,

since F contains the projective R/I-modules. As F is closed under extensions, Wakamatsu’s Lemma implies

that F is a special precovering class in Mod-R/I. By [19, Theorem 15.22], there is a 1-cotilting R/I-module

C such that F = KerExt1R/I(−, C). �

If the torsion pair (T ,F) is generated by a 1-tilting module T, then the tilting class T = GenT is definable.

This was proved by the first author and Herbera [6], who showed that there exists a collection A ⊆ mod-R of

finitely presented modules of projective dimension at most 1, such that T = A⊥. If AR is a finitely presented

module of projective dimension at most 1, then the functor Ext1R(A,−) is coherent, so that T is definable

by Condition (2) of Proposition 1.2.

Theorem 2.4. The following are equivalent for a 1-tilting module T, with tilting class T = GenT :

(1) the module T is a pure projective 1-tilting module;

(2) the definable subcategory T has enough pure projective modules;

(3) the torsion pair (T ,F) is elementary;

(4) T ∩ ⊥T ⊆ Add(mod-R);

(5) the module RR admits a pure projective special T -preenvelope;

(6) every finitely presented module admits a special pure projective T -preenvelope;

(7) every finitely presented module in ⊥T admits a special pure projective T -preenvelope in AddT ; and

(8) T is tilting equivalent to a countably presented pure projective 1-tilting module.

If R is a right noetherian ring, these conditions are equivalent to the condition that X = T ∩ mod-R is a

covariantly finite subcategory of mod-R and T = lim−→(X ).

9



Proof. (1) ⇒ (2) ⇒ (3) ⇒ (4) ⇒ (1). The first two implications follow from Theorem 1.8; the third

from Theorem 1.4 and Corollary 1.6; and the fourth from the general fact about a 1-tilting module T that

T ∩ ⊥T = AddT.

(1) ⇒ (5). By Condition (T3) for a 1-tilting module, there is an exact sequence 0 → R → T0 → T1 → 0

where both T0 and T1 are in AddT = T ∩ ⊥T . Thus 0 → R → T0 is a special T -preenvelope of R with T0

pure projective.

(5) ⇒ (6). Let A be a finitely presented module. Consider a short exact sequence 0 → H → Rn π→ A → 0

with H a finitely generated module, and argue as in the proof of (1) ⇒ (2) of Theorem 1.8, by taking the

pushout of π and εn, where ε : R → T0 is a special pure projective T -preenvelope. By the properties of a

pushout, the morphisms εn : Rn → Tn
0 and δ : A→ TA are also special pure projective T -preenvelopes.

(6) ⇒ (7). If A is a finitely presented module in ⊥T , then the special T -preenvelope given by the hypothesis

lies in T ∩ ⊥T = AddT.

(7) ⇒ (2). Apply the hypothesis to the module RR and apply the implication (1) ⇒ (2) of Theorem 1.8.

(1) ⇔ (8). By assumption, every module T0 in AddT is pure projective, a direct summand of a direct

sum ⊕i∈IEi with Ei finitely presented modules, hence in particular countably generated. By Kaplansky’s

Theorem [32, Theorem 1], T0 is a direct sum of countably generated submodulesXα in AddT, T0 = ⊕α∈ΛXα.

By Condition (T3) for a 1-tilting module, there is a short exact sequence 0 → R
ε→ T0 → T1 → 0 with T0 as

described. The image of ε is contained in a summand U0 of T, U0 = ⊕β∈F0Xβ where F0 is a finite subset of

Λ. Hence, U0 is countably generated and T1 ∼= U0/ε(R)⊕⊕α∈Λ\F0
Xα. The quotient module U1 = U0/ε(R)

is a summand of T1 and so also belongs to AddT. It follows from Lemma 2.2 that U = U0⊕U1 is a countably

generated 1-tilting module in AddT that is tilting equivalent to T. It is well known that, for every cardinal

κ, a κ-generated 1-tilting module is κ-presented.

If the ring R is right noetherian, then condition in the last statement follows from the remark in the last

paragraph of Section 1, together with [20, Lemma 8.35]; the converse from [20, Lemma 8.36]. �

The best understood derived equivalence induced by a torsion pair (T ,F) is one where the torsion class

T = GenT is a tilting class, with tilting module T. In that case, (T ,F) is an elementary torsion pair.

The corresponding torsion pair (F [−1], T [0]) in the heart Ht of the associated t-structure has the property

that T = T [0] is a projective generator of Ht. The condition that X = T ∩mod-R be covariantly finite in

mod-R with T = lim−→(X ) is equivalent to the existence in Ht of a small generating class of finitely generated

projective objects.

Corollary 2.5. Let T be a 1-tilting module. The heart Ht of the t-structure in the derived category D(Mod-R)

induced by the torsion pair (GenT,F) is a Grothendieck category if and only if T is a pure projective module.

If (T ,F) is the torsion pair in mod-R with T a cogenerating class, then, by [38, Prop 5.3], the heart

Ht ⊆ D(R) of the associated t-structure is a module category if and only if T is a tilting class induced by

a self-small 1-tilting module T. By [11, Prop 1.3] a 1-tilting module is self-small if and only if it is finitely

presented. The following then is the ”classical” version of Theorem 2.4.

Theorem 2.6. Let T be 1-tilting module with tilting class T = GenT . The following are equivalent:

(1) T is classical;

(2) T ∩ ⊥T ⊆ Add(T ∩ ⊥T ∩mod-R);
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(3) the module RR admits a finitely presented special T -preenvelope;

(4) every finitely presented module admits a finitely presented special T -preenvelope; and

(5) every finitely presented module in ⊥T admits a finitely presented special T -preenvelope in AddT.

In case these conditions hold, the subcategory X = T ∩mod-R is covariantly finite in mod-R and T = lim
→

(X ).

Proof. (1) ⇒ (2). If T is equivalent to a finitely presented module E, then

T ∩ ⊥T = AddT = AddE ⊆ Add(T ∩ ⊥T ∩mod-R).

(2) ⇒ (3). Condition (T3) implies that there is a short exact sequence 0 → R → T0 → T1 → 0 with T0

and T1 in AddT. By hypothesis, T0 is a direct summand of a direct sum T0 ⊕ T ′
0 = ⊕i∈IEi with Ei finitely

presented modules in AddT. Adding to both of the modules T0 and T1 the direct summand T ′
0, we may

assume that there exists a sequence 0 → R→ V0 → V1 → 0 with V0 and V1 in AddT and V0 is a direct sum

⊕i∈IEi of finitely presented modules Ei. Arguing as in the proof of (1) ⇒ (8) of Theorem 2.4 yields a short

exact sequence 0 → R→ U0 → U1 → 0 where U0 and U1 are finitely presented modules in AddT = T ∩⊥T .
Thus 0 → R→ U0 is a special T -preenvelope of R with U0 finitely presented.

(3) ⇒ (4). Let A be a finitely presented module and argue as in the proof of (1) ⇒ (2) of Theorem 2.4, with

ε : R → T0 a special finitely presented T -preenvelope. Then εn is also such and δ : A → TA is the required

special finitely presented T -preenvelope of A.

(4) ⇒ (5). Clear, since a special T -preenvelope of a module in ⊥T belongs to AddT.

(5) ⇒ (1). Let 0 → R → U0 → U1 → 0 be a special T -preenvelope of R with U0 finitely presented. Then

both U0 and U1 belong to T ∩ ⊥T = AddT, so that U = U0 ⊕ U1 is, by Lemma 2.2, a 1-tilting module

equivalent to T.

For the last statement, note that Condition (4) implies that T ∩ mod-R is covariantly finite and use

Lenzing’s special case [34] of [28, Theorem 8]. �

Corollary 2.7. Let T be a 1-tilting module. The heart Ht of the t-structure in the derived category D(Mod-R)

induced by the torsion pair (GenT,F) is equivalent to a module category if and only if T is classical.

Corollary 2.8. If R is a ring over which every right pure projective module is a direct sum of finitely

presented modules, then every pure projective 1-tilting module is classical.

Proof. If T is a pure projective 1-tilting module over such a ring, with tilting class T , then T ∩⊥T = AddT

consists of pure projective modules, so that the hypothesis implies Condition (2) of Theorem 2.6. �

If A ∈ mod-R is a finitely presented module of projective dimension at most 1, then the functor

Ext1R(A,−) : mod-R → Ab is coherent so that the condition for a module MR to satisfy Ext1(A,M) = 0 is

elementary [41, ]: there is a sentence σA in L(R) such that Ext1R(A,M) = 0 if and only if M |= σA.

Proposition 2.9. Let T be a 1-tilting module. The tilting class T = GenT = T⊥ is finitely axiomatizable if

and only if there exists a finitely presented module AR of projective dimension at most 1 such that T = A⊥.

Proof. If T = A⊥, then T is axiomatized by the sentence σA. For the converse, suppose that T is finitely

axiomatized by the sentence σ, and let A ⊆ mod-R be an additive subcategory of modules of projective

dimension at most 1 for which T = A⊥. The collection Th(Mod-R) ∪ {¬σ} ∪ {σA | A ∈ A} of sentences in

L(R) is inconsistent. By the Compactness Theorem, some finite subcollection is already inconsistent, which
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implies that there are finitely many A1, A2, . . . , An ∈ A such that Th(Mod-R) ⊢
∧n

i=1 σAi → σ. In words, if

A = ⊕n
i=1Ai, then Ext1R(A,M) = 0 implies M ∈ T . �

According to Theorem 2.4(8), a pure projective 1-tilting module is equivalent to a countably presented

pure projective 1-tilting module T. For many purposes, we may thus replace the given 1-tilting module by

T and extract some further information when T is pure projective. Arguing as in [47, Lemma 4.4], every

countably presented 1-tilting module T, with tilting class T may be represented as the limit of a linear

system T = lim
n→∞

An, where for each n :

(1) An ∈ mod-R;

(2) pd(An) ≤ 1; and

(3) An ∈ ⊥T .

Such a linear system (An, fn : An → An+1)n∈N is called a system associated to T ; it yields a pure exact

sequence

0 // ⊕n∈NAn

ϕ // ⊕n∈NAn
// T // 0

in the usual way, where ϕ(a1, a2, · · · , an, · · · ) = (a1, a2 − f1(a1), · · · , an − fn−1(an−1), · · · ).

Proposition 2.10. If T is a countably presented pure projective 1-tilting module with associated system

(An|n ∈ N), then

(1) T ⊕ (⊕n∈NAn) ∼= ⊕n∈NAn;

(2) there exists a k ∈ N such that Bk = ⊕n≤kAn satisfies B⊥
k = T ; and

(3) lim
n→∞

An/t(An) = 0.

Proof. Because T is pure projective, the pure exact sequence above splits and yields (1). This implies

that
∩

nA
⊥
n ⊆ T⊥ ⊆ A⊥

k for every k ∈ N, since Ak ∈ ⊥T . The first inclusion is thus an equality. As

T is pure projective, T = T⊥ is finitely axiomatizable, so that we can argue as in the proof of Propo-

sition 2.9 to get (2). Finally, the pure projective assumption on T also entails, by Theorem 1.4, that

the torsion radical t : mod-R → mod-R is coherent, and so respects direct limits. This implies that

lim
n→∞

t(An) = t( lim
n→∞

An) = t(T ) = T. Consider the linear system of short exact sequences

0 // t(An) // An
// An/t(An) // 0

associated to the system (An|n ∈ N) and take the limit to obtain the short exact sequence

0 // T
1T // T // lim

n→∞
An/t(An) // 0,

which establishes (3). �

3. The Commutative case

In this section we prove that a pure projective 1-tilting module over a commutative ring is projective.

The result involves the notion of the henselization of local rings, but for some classes of commutative rings,

like noetherian or arithmetic rings the arguments are simpler. First, recall that a 1-tilting module T over

a commutative ring is equivalent to a classical tilting module if and only if T is projective (see for instance

[40, Lemma 1.2]).
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Lemma 3.1. Let T be a 1-tilting module over a commutative ring R and let S be a multiplicative subset of

R. Then TS is a 1-tilting RS-module and if T is pure projective, so is TS.

Proof. By [19, Proposition 13.50], TS is a 1-tilting RS-module. (Note that the proof given there becomes

simpler in the case of 1-tilting modules, since the first syzygy of T is projective). If T is pure projective, it

follows immediately that TS is pure projective, since RS is a flat R-module. �

The next proposition allows to reduce the investigation to the case of local commutative rings.

Proposition 3.2. Let T be a 1-tilting module over a commutative ring R. Then T is projective if and only

if Tm is a projective 1-tilting Rm-module, for every m ∈ MaxR.

Proof. By Lemma 3.1, Tm is a 1-tilting Rm-module, for every m ∈ MaxR. If T is projective, then clearly Tm

is a projective Rm-module.

For the converse, let us apply again the result [6] that every 1-tilting module T is of finite type, that is,

there exists a set {Ai; i ∈ I} of finitely presented modules with pd(Ai) ≤ 1 such that M ∈ T⊥ if and only

if Ext1R(Ai,M) = 0, for every i ∈ I. For every maximal ideal m of R we have Ext1Rm
((Ai)m, Tm) = 0. This

implies that (Ai)m ∈ ⊥(T⊥
m ). By assumption, Tm is a projective Rm-module. Thus (Ai)m is projective, too.

We conclude that Ai is a projective R-module, for every i ∈ I. Hence T is projective. �

A module M over a ring R is FP2 if M is finitely presented and a first syzygy of M is finitely presented.

Lemma 3.3. Let (R,m) be a commutative local ring and let A be an FP2-module R-module. The following

are equivalent:

(1) A is projective;

(2) TorR1 (A,R/m) = 0;

(3) Ext1R(A,R/m) = 0.

Proof. (1) ⇔ (2). This is well known (see for instance [18, Lemma 2.5.8]).

(2) ⇔ (3). For every R-module M let M∗ = HomR(M,E) where E is an injective envelope of R/m. Then

(R/m)∗ ∼= R/m and by well known homological formulas, Ext1R(A,R/m) = 0 if an only if TorR1 (A,R/m) =

0. �

Proposition 3.4. Let (R,m) be a local commutative ring. A 1-tilting module T is projective if and only if

R/m ∈ T⊥. So if T is not projective, then no nonzero finitely generated module is torsion.

Proof. Necessity is clear. As in the proof of Proposition 3.2, let {Ai, i ∈ I} be a set of finitely presented

modules of projective dimension at most one such that T⊥ = (
⊕
i∈I

Ai)
⊥. By assumption Ext1R(Ai, R/m) = 0

for every i ∈ I. By Lemma 3.3 we conclude that every Ai is projective, hence T⊥ = Mod-R and T is

projective.

If T is not projective and M is a nonzero finitely generated torsion module M ∈ T , Nakayama’s Lemma

implies that the nonzero quotient M/mM and therefore R/m belongs to T . �

We can use Proposition 3.4 to see that every pure projective 1-tilting module T over a commutative

noetherian ring is projective. By Proposition 3.2 and Theorem 2.4, it suffices to verify the case when R

is a local and T countably presented. If (An|n ∈ N) is a system associated to T, then Proposition 2.10(1)
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implies that T ⊕ (⊕n∈NAn) = ⊕n∈NAn. Because t(T ) = T, t(An) ⊆ An must be nonzero for some n. As R

is noetherian, this implies that t(An) is a finitely generated torsion module. By Proposition 3.4, T must be

projective.

Proposition 3.5. If R is a commutative local Krull-Schmidt ring, then every pure projective 1-tilting module

over R is projective.

Proof. Over a Krull-Schmidt ring, every finitely presented module is a direct sum of indecomposable modules

with a local endomorphism ring, so that every pure projective module is a direct sum of finitely presented

modules, and therefore cannot be torsion. �

Recall that a commutative ring R is a chain ring if the lattice of its ideals is linearly ordered and R is

arithmetic if the lattice of its ideals is distributive. By results of Jensen, a ring R is arithmetic if and only

every localization of R at a maximal ideal is a chain ring. It is well known that if R is a chain ring, then

every finitely presented module is a direct sum of cyclically presented modules (see e.g. [31, Theorem 9.1]),

that is, modules of the form R/rR, for some r ∈ R. The endomorphism rings of such modules are clearly

local, so that every chain ring is Krull-Schmidt. Propositions 3.2 and 3.5 imply that every pure projective

1-tilting module over an arithmetic ring is projective.

Recall that a local commutative ring (R,m) with residue field k is henselian if for every monic polynomial

f ∈ R[X] and every factorization f = g0h0 in k[X] with g0 and h0 comaximal, there is a factorisation f = gh

in R[X] such that g = g0 and h = h0. Examples of henselian rings include 0-dimensional local rings and

local rings (R,m) which are complete in the m-adic topology. An important result about henselian rings is

that they are Krull-Schmidt (see [45] or [16, V Section7]).

In order to prove the main result of this section, we need to recall that every commutative local ring

admits a henselization (see [36, Chap. VII] or [22, 18.6]).

Proposition 3.6. Let (R,m) be a local commutative ring. There is a local ring RH and a local ring

homomorphism h : R→ RH , such that:

(1) RH is henselian;

(2) R→ RH is faithfully flat;

(3) mRH is the maximal ideal of RH ;

(4) for every ring homomorphism f : R → R′ with R′ henselian, there is a unique ring homomorphism

g : RH → R′ such that f = g ◦ h.

Theorem 3.7. Let R be a commutative ring. Then every pure projective 1-tilting module is projective, and

therefore classical.

Proof. By Proposition 3.2 we can assume that R is local. Let T be a 1-tilting R-module and consider a

henselization RH of R. Since RH is flat, we can argue as in the proof of [19, Proposition 13.50], to conclude

that the RH -module TH = T ⊗R RH is 1-tilting. Moreover, again by flatness, if T is pure projective so is

TH . By Proposition 3.6, TH is a projective RH -module and since projectivity descends along faithfully flat

ring homomorphisms (see [44, Part II], corrected in [23], or by [10.92.1] in the Stacks project), we conclude

that T is a projective R-module. �
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4. The Noetherian case

In this section we show how to construct examples of nonclassical pure projective 1-tilting modules over

noetherian rings. The construction is based on the following result of J. Whitehead [50].

Theorem 4.1. Let I be an idempotent ideal of R finitely generated on the left. Then there exists a countably

generated projective module P ∈ Mod-R with trace ideal I.

Let us briefly explain how to construct P . Suppose that I = Ri1 + · · ·+Rik and let c = (i1, . . . , ik)
T be

a column containing the generators of I. For every n ∈ N let Fn = Rkn−1

and let fn : Fn → Fn+1 be the

homomorphism given by the block-diagonal matrix having every diagonal block equal to c. For example, if

k = 2 we have

f1 =

(
i1

i2

)
×−, f2 =


i1 0

i2 0

0 i1

0 i2

×−

Then it is possible to show the existence of homomorphisms gn : Fn+1 → Fn such that fn = gn+1fn+1fn for

every n ∈ N. Let P = lim−→Fi, then the canonical presentation of the direct limit in the short exact sequence

0 // ⊕i∈NFi
// ⊕i∈NFi

// P // 0

splits, so P is projective.

Our aim is to modify the construction a bit to obtain a pure projective 1-tilting module. From now on

assume that I = Ri1 + · · ·+Rik is an idempotent ideal satisfying the following property: If Ir = 0 for some

r ∈ R then r = 0. Observe that this property holds if and only if εl+1 = fl · · · f2f1 is a monomorphism for

every l ∈ N. Further let πl : Fl → Ml be the cokernel of εl. Consider the following diagram whose columns

are short exact sequences

F1 F1

ε2

��

F1

ε3

��

F1

ε4

��

· · ·

F1

��

f1 // F2

π2

��

f2 // F3

π3

��

f3 // F4

f4 //

π4

��

· · ·

0 // M2

f2 // M3

f3 // M4

f4 // · · ·
Considering the direct limits of the rows in this diagram we obtain an exact sequence

0 // R
ε // P

π // Q // 0,

where P is projective and Q is pure projective by Lemma 1.7. In fact, it is easy to see that every homo-

morphism gn : Fn+1 → Fn induces a homomorphism gn : Mn+1 →Mn such that gn+1fn+1 fn = fn holds for

every n ≥ 2. Then the canonical presentation of Q as lim−→Mn splits, in particular Q is a direct summand of

⊕2≤i∈NMi.

Proposition 4.2. The module T = P ⊕Q constructed above is tilting. In fact,

T⊥ = GenT = {M ∈ Mod-R |MI =M}.
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Proof. It is easy to see and well known that GenT = GenP = {M ∈ Mod-R |MI =M} since I is the trace

ideal of P . Further observe that T⊥ = Q⊥ and 0 → R
ε→ P

π→ Q → 0 is a projective presentation of Q.

Therefore if N ∈ Q⊥, then every homomorphism f : R → N is of the form f ′ε for some f ′ : P → N . Now

NI = N is an easy consequence of PI = P . So T⊥ ⊆ {M ∈ Mod-R |MI =M}.
Thus we are left to prove that if N ∈ {M ∈ Mod-R |MI =M} then N ∈ Q⊥ that is for every φ : R→ N

there exists φ′ : P → N such that φ = φ′ε. Recall that P is a direct limit of the sequence

F1

f1 // F2

f2 // F3

f3 // · · · .

For any i ∈ N let ιi : Fi → P be the colimit injection. Observe that F1 = R and ε = ι1. Further

f1 is a multiplication by the column consisting of generators of RI. Then it is easily verified that for a

given homomorphism φ : F1 → N there exists ψ : F2 → N such that ψf1 = φ. For every i ≥ 2 put

φi = ψg2g3 · · · gifi : Fi → N . The property gi+1gifi = fi shows that φi+1fi = φi for every i ≥ 2. The

universal property of direct limits gives the homomorphism φ′ : P → N such that φ′ιi = φi for every

i ≥ 2. In particular, φ′ι2f1 = φ2f1. On the LHS of this equality is just φ′ε and on the RHS there is

φ2f1 = ψg2f2f1 = ψf1 = φ. So φ′ε = φ and we are done. �

Theorem 4.3. Let R be a ring and let I ⊆ R be an idempotent ideal finitely generated on the left satisfying

Ir = 0 ⇒ r = 0. Further suppose that the following conditions hold:

(1) every finitely generated projective R-module is stably free;

(2) there exists a proper ideal K containing I such that every finite multiple of R/K is a directly finite

module, that is, it is not isomorphic to a proper direct summand of itself;

(3) there exists a flat homomorphism φ : R→ S of rings such that S is a nontrivial semisimple artinian

ring and φ(I) ̸= 0.

Then Mod-R contains a pure projective 1-tilting module which is not a direct sum of finitely presented

modules.

Proof. We claim that every finitely presented moduleM of projective dimension at most 1 satisfyingMI =M

satisfies M ⊗R S = 0: Let

(1) 0 // P1
// P2

// M // 0

be a projective presentation of such a module, where P1, P2 are finitely generated projectives. Because of

(i) we may assume P1 ≃ Rm and P2 ≃ Rn for some m,n ∈ N. Now apply the functor − ⊗R R/K to the

short exact sequence (1). Using MK =M we get an epimorphism (R/K)m onto (R/K)n. Since (R/K)m is

directly finite, m ≥ n follows. Finally apply −⊗R S to the presentation of M to obtain

0 // Sm // Sn // M ⊗R S // 0.

Since m ≥ n and S is an S-module of finite length then m = n and M ⊗R S = 0. This proves the claim.

We can complete the proof easily. Let T be a pure projective 1-tilting module such that T⊥ = {M ∈
Mod-R | MI = M}. Assume that T = ⊕i∈IMi where every Mi is a finitely presented module. Since T is

1-tilting, every Mi is of projective dimension at most 1 and MiI =Mi. Then T ⊗R S = 0 by the claim. On

the other hand there is a projective module P of the trace ideal I, so PI = P ∈ GenT and P is a direct
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summand of T (κ). In particular, P ⊗R S = 0. But it is not possible if φ(I) ̸= 0. (In fact we proved that T

cannot be a direct summand of finitely presented modules from T⊥.) �

Observe that if R is noetherian and 0 ̸= I ̸= R then Condition (2) of Theorem 4.3 holds with I =

K. Moreover, if R is noetherian semiprime then Condition (3) is a consequence of Goldie’s theorem [35,

Theorem 2.3.6, Proposition 2.1.16(ii)]. So in the noetherian context we have to care only about the existence

of suitable idempotent ideal I and Condition (1).

Now we can give promised examples. First, let us consider the universal enveloping algebra of sl(2,C),
that is R = C⟨h, e, f⟩/(h = ef −fe, 2e = he− eh,−2f = hf − fh). This is a noetherian domain, let I be the

ideal generated by h, e, f . Obviously I2 = I and R/I ≃ C. So we can take K = I in order to check (2). The

condition (3) is satisfied as the inclusion of R into its (right) quotient division ring is flat. Finally, according

to [35, Corollary 12.3.3] every finitely generated projective R-module is stably free.

We give one more example, this noetherian domain is a bit artificial but on the other hand it is semilocal

and its projective modules are classified. For details see [26, Example 5.1]. Let R be a semilocal principal

ideal domain such that R/J(R) ≃M3(F )×M3(F ), where F is a field (existence of such a ring follows from

the work of Fuller and Shutters [17], see for example [26, Examples 3.3]). Let π : R → M3(F ) ×M3(F ) be

the canonical surjection and let ι : F ×F be given by ι(x, y) = diag(x, y, y)× diag(x, x, y) . Consider Λ to be

the pullback of the diagram

Λ //

��

R

π

��
F × F

ι // M3(F )
2

Then Λ is a noetherian domain, Λ/J(Λ) ≃ F × F , every finitely generated projective right Λ-module is

free but there exists a countably generated projective module P ∈ Mod-Λ such that 0 ̸= Tr(P ) ̸= R. So we

can apply Theorem 4.3 directly.

5. τ-rigidity and silting

In this section, we will consider various classes of large (that is, not necessarily finitely generated) modules

related to tilting: the silting, quasi-tilting and τ -rigid ones. The detailed analysis of the Dubrovin-Puninski

example in the Appendix will help us here in finding counter-examples. First, we recall the relevant definitions

and basic properties.

Definition 5.1. [49] Let R be a ring and T be a module. Then T is a (large) τ -rigid module provided there

exists a projective presentation

(2) P1

φ // P0
// T // 0

such that HomR(φ,M) is surjective for each module M ∈ GenT.

Note that τ -rigidity can be tested in a simpler form:

Lemma 5.2. (1) In Definition 5.1 above, GenT can be replaced with SumT , where SumT denotes the

class of all direct sums of copies of the module T . Moreover, we can assume that P1 and P0 are free

modules.
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(2) If M is τ -rigid, then GenT ⊆ T⊥.

Proof. (1) The first assertion follows from the projectivity of P1, and the second by Eilenberg’s trick (i.e.,

the fact that for each projective module P there is a free module F such that P ⊕ F ∼= F ).

(2) The projective presentation in Definition 5.1 has the property that each homomorphism h ∈ HomR(Im(φ),M)

with M ∈ GenT extends to P0. Since P0 is projective, this just says that GenT ⊆ T⊥. �

Definition 5.3. Let R be a ring and T be a module.

(1) T is finendo, provided T is finitely generated over its endomorphism ring.

(2) T is (large) quasi-tilting provided that PresT = GenT ⊆ T⊥.

(3) T is (large) silting provided that there exists a projective presentation (2) such that for each module

M, HomR(φ,M) is surjective iff M ∈ GenT .

The following Lemma recalls some relations among the notions defined above:

Lemma 5.4. Let R be a ring and T be a module.

(1) Each silting module is finendo, quasi-tilting, and τ -rigid.

(2) T is finendo and quasi-tilting, iff T is a 1-tilting R/ annT -module.

(3) T is 1-tilting, iff T is faithful silting, iff T is faithful finendo and quasi-tilting.

Proof. (1) follows by [3, Proposition 3.13(1)], and (2) by [3, Lemma 3.4]. (3) Clearly, each 1-tilting module

is faithful and silting; the rest follows by parts (1) and (2). �

Example 5.5. The general picture simplifies a lot in the particular setting of finitely generated modules over

artin algebras: The silting and quasi-tilting modules coincide (e.g., by [3, 3.16]), and the converse of Lemma

5.2(ii) holds, because the τ -rigidity of T can be expressed simply by the formula HomR(T, τT ) = 0, where τ

denotes the AR-translation [1] (hence the term ’τ -rigid’); the latter is further equivalent to the condition of

GenT ⊆ T⊥ by [4].

We will briefly stop at the relation of τ -rigidity to the condition of GenT ⊆ T⊥ (cf. Lemma 5.2(2)). They

are known to be equivalent for any ring R in the case when T has projective dimension ≤ 1 (so, in particular,

for all right hereditary rings R), cf. [49]. The following proposition extends this equivalence to further classes

of rings and modules:

Proposition 5.6. Let R be a ring and T be a module possessing a projective resolution σ such that the first

syzygy Ω1(T ) of T in σ has a projective cover. Then T is τ -rigid, if and only if GenT ⊆ T⊥.

Proof. We only have to prove the if-part.

Consider the exact sequences 0 → Ω1(T )
µ
↪→ P0 → T → 0 and 0 → K ↪→ P1

φ→ Ω1(T ) → 0 where φ is a

projective cover of Ω1(T ). Let X be a set and g ∈ HomR(P1, T
(X)). We will prove that g factors through

µφ provided that GenT ⊆ T⊥.

Consider the pushout of φ and g:

0 −−−−→ K
⊆−−−−→ P1

φ−−−−→ Ω1(T ) −−−−→ 0

g′
y g

y k

y
0 −−−−→ g(K)

⊆−−−−→ T (X) π−−−−→ G −−−−→ 0
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Here, g′ denotes the restriction of g to K. Clearly, G ∈ GenT .

If GenT ⊆ T⊥, then k extends to some k+ ∈ HomR(P0, G). As P0 is projective, there exists h ∈
HomR(P0, T

(X)) such that πh = k+.

Let δ = g − hµφ. Then πδ = πg − πhµφ = πg − k+µφ = πg − kφ = 0.

Let x ∈ P1. Then δ(x) = g(s) for some s ∈ K. Since hµφ(s) = 0, also δ(x) = δ(s), whence x−s ∈ Ker(δ).

This proves that P1 = Ker(δ) +K. Since φ is a projective cover of Ω1(T ), the module K is superfluous in

P1. This yields δ = 0, and g = hµφ is the desired factorization of g through µφ. So T is τ -rigid by Lemma

5.2(1). �

There are several cases that fit the setting of Proposition 5.6:

Corollary 5.7. Let R be a ring and T a module. Assume that either

(1) R is right pefect, or

(2) R is semiperfect and T is finitely presented, or

(3) T has projective dimension ≤ 1.

Then T is τ -rigid if and only if GenT ⊆ T⊥. In particular, if T is quasi-tilting, then T is τ -rigid.

Remark 5.8. Note that Corollary 5.7 is new even for artin algebras (which are covered by the first case

above), since the characterization of τ -rigidity in [1] mentioned in Example 5.5 is restricted to finitely

generated modules.

Let us now look at higher projective dimensions:

Lemma 5.9. Let T be a faithful module of projective dimension > 1. Then

(1) T is not τ -rigid.

(2) If R embeds into T k for some finite k, T has projective dimension 2, and Ext2R(T, T
(κ)) = 0 for each

κ, then GenT * T⊥.

Proof. (1) Let F1
φ→ F0 → T → 0 be a presentation of T such that F1 and F0 are free modules (see Lemma

5.2(1)). Since T has projective dimension > 1, φ is not monic. Let B = {bi | i ∈ I} be a free basis of F1

and consider 0 ̸= x =
∑

i∈I biri ∈ Ker(φ). W.l.o.g., r0 ̸= 0. Since T is faithful, there exists y ∈ T such that

yr0 ̸= 0.

Define g ∈ HomR(F1, T ) by g(b0) = y and g(bi) = 0 for 0 ̸= i ∈ I. Then g(x) ̸= 0, so g does not factorize

through φ. Thus HomR(φ, T ) is not surjective, and T is not τ -rigid.

(2) Assume that GenT ⊆ T⊥. SinceR ⊆ T k, alsoR(κ) ⊆ T (k.κ) for each cardinal κ. Both Ext1R(T, T
(k.κ)/R(κ)) =

0 and Ext2R(T, T
(k.κ)) = 0, whence Ext2R(T,R

(κ)) = 0, and Ext1R(Ω
1(T ), R(κ)) = 0 by dimension shifting.

Since Ω1(T ) has projective dimension 1, we infer that Ext1R(Ω
1(T ),M) = 0 for each module M . Then T has

projective dimension 1, a contradiction. �

Corollary 5.10. Let T be a tilting module of projective dimension 2. Then GenT * T⊥, and hence T is

not τ -rigid.

In general, GenT ⊆ T⊥ is a weaker condition than the τ -rigidity of T : in fact, in contrast with Example

5.5, quasi-tilting modules need not be silting, and faithful quasi-tilting modules need not be tilting:
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Example 5.11. Let R be a commutative von Neumann regular ring which is not artinian (e.g., let R be an

infinite direct product of fields). Then each finitely generated submodule of a projective module is a direct

summand [21, 1.11], and each projective module is isomorphic to a direct sum of cyclic modules of the form

eR where e is an idempotent in R.

We claim that each cyclic module C = R/I is silting. First, the ideal I is completely determined by the

set E of the idempotents it contains. Let P =
⊕

e∈E eR. Consider the presentation

(3) 0 // K // P 2
φ // R // C // 0

where φ(e, f) = e for each e, f ∈ E (whence Imφ = I), and K = Kerφ. If M ∈ GenC, then for each

e ∈ E, HomR(eR,M) = 0, because each element of M is annihilated by e. So φ witnesses the τ -rigidity

of C. Conversely, if HomR(eR,M) = 0 for each e ∈ E, then M.I = 0, whence M is an R/I-module, i.e.,

M ∈ GenC.

Let M be a module such that HomR(eR,M) ̸= 0 for some e ∈ E. Since K contains a copy of P , there

exists g ∈ HomR(P
2,M) such that g � K ̸= 0, whence g does not factorize through φ. This shows that if M

is a module such that each homomorphism from P 2 into M factorizes through φ, then HomR(eR,M) = 0

for each Xe ∈ E, whence M ∈ GenC, and the claim is proved.

Notice that in the sequence (3) witnessing that C is silting, the map φ is not monic, even if I is non-zero

projective (which is the case. e.g., when I ̸= 0 is countably generated). Indeed, in the latter case each

projective resolution 0 → P1
φ→ P0 → C → 0 of C witnesses that C is τ -rigid, but not that C is silting,

because GenC ( C⊥.

Moreover, Mod–R/I = PresC = GenC ⊆ C⊥, because I is an idempotent ideal in R, so Ext1R(R/I,M) ∼=
Ext1R/I(R/I,M) = 0 for each R/I-moduleM . So C is a finitely generated finendo quasi-tilting module (which

follow also by Lemma 5.4(1)).

Notice that each ideal I of R defines the cyclic silting module C = R/I, and different ideals yield non-

equivalent silting modules. Such abundance of silting modules contrasts with the fact that there exists only

one tilting module up to equivalence, namely R, because all finitely presented modules are projective.

Let simp-R denote a representative set of all simple modules. By the above, each S ∈ simp-R is silting,

and it is
∑

-injective by [21, 3.2 and 6.18]. Moreover, for each finite subset F of simp-R, the direct sum

D =
⊕

S∈F S is silting (and
∑

-injective), because D ∼= R/I for I =
∩

S∈F AnnS.

However, infinite direct sums of simple modules need not be silting, even if they are quasi-tilting: to see

this, we consider the particular case when R = Kκ is an infinite product of copies of a field K. For each

r = (ri)i<κ ∈ R, we denote by supp(r) the support of r, that is, the set of all i < κ such that ri ̸= 0. For

each X ⊆ κ, we denote by eX the characteristic function of X, that is, the unique idempotent in R satisfying

X = supp(eX). Simple projective modules coincide up to isomorphism with the simple submodules of R,

and these are exactly the right ideals Sα generated by the idempotents eXα ∈ R (α < κ) where Xα = {α}.
In particular, Soc(R) =

⊕
j<κ Sj is projective.

Let F be a filter on κ. Then IF = {r ∈ R | (κ \ supp(r)) ∈ F} is an ideal of R. Conversely, each ideal I

in R is determined by the idempotents it contains, and the complements of supports of those idempotents

form a filter F such that I = IF . For example, if F0 denotes the Fréchet filter of all cofinite subsets of κ,

then IF0 = Soc(R).
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Let G be a non-principal ultrafilter on κ. Then for each X ⊆ κ, either X ∈ G, or else κ \ X ∈ G. Also

IF0 ⊆ IG , and IG is a maximal ideal in R.

Let S be a simple non-projective module and T = Soc(R) ⊕ S. Then T has projective dimension > 1

(in fact, assuming the Continuum Hypothesis, R has global dimension 2 by [37, 2.51], whence the projective

dimension of T equals 2).

We claim that T is quasi-tilting. First, since T is semisimple, PresT = GenT consists of direct sums of

copies of S and the projective simple modules Sα (α < κ). So we only have to prove that Ext1R(S,D) = 0

where D =
⊕

α<κ S
(λα)
α for some cardinals λα (α < κ) such that λα ̸= 0 for infinitely many α < κ. Since

the module P =
∏

α<κ S
(λα)
α is injective, it suffices to show that HomR(S, P/D) = 0.

Assume this is not the case, take 0 ̸= φ ∈ HomR(S, P/D), and let x = (xj)j<κ ∈ P \ D be such that

φ(1+ IG) = x+D. Then xIG ⊆ D. Let A = {j < κ | xj ̸= 0}. Then A ∈ G (otherwise κ \A ∈ G, so eA ∈ IG ,

but x.eA = x /∈ D). If we express A as a disjoint union of two infinite subsets, A = B ∪C, then either B /∈ G
or C /∈ G, whence either eB ∈ IG or eC ∈ IG . However, both x.eB /∈ D and x.eC /∈ D, a contradiction. This

proves our claim.

Finally, since Soc(R) is a faithful module, so is T , whence T is not τ -rigid by Lemma 5.9(1).

In fact, there even exist finendo quasi-tilting modules that are not silting. For an example, we use an

instance of the Dubrovin-Puninski ring from the Appendix.

Example 5.12. As in the Appendix, let S denote the Dubrovin-Puninski ring. Using the notation of the

Appendix, we let T = S/K where K = Sf . We know that T is a simple finitely presented injective left S-

module of projective dimension 2, in particular, PresT = GenT . By Corollary 5.30, T is a direct summand in

a 2-tilting module, so T is a quasi-tilting left S-module. Since K is a two-sided ideal in S, EndS(T ) = S/K,

whence T is finendo.

Assuming moreover that each ideal in S is countably generated, we prove that T is not τ -rigid: If

F1
φ→ F0 → T → 0 is a free presentation of T (see Lemma 5.2(1)) and L = Kerφ, then L is non-zero

projective. By assumption, I = Iω is a countably presented projective left S-module, and each projective

module is isomorphic to a direct sum of S and I (cf. [14, Theorem 7.3.]). Since S ⊆ Iω and T is injective, we

infer that HomS(L, T ) ̸= 0, hence there exist homomorphisms from F1 to T that do not factorize through

φ. Thus T is not τ -rigid.

Recently, Angeleri and Hrbek [2, Example 5.4] have shown that if R is a commutative local ring with

idempotent maximal ideal m ̸= 0, then the simple module T = R/m is finendo and quasi-tilting, but not

silting. However, neither that module is τ -rigid, so the following question remains open:

Open problem: Does the converse of Lemma 5.4(1) hold in general, that is, are finendo, quasi-tilting,

and τ -rigid modules necessarily silting?

Appendix: Dubrovin-Puninski Rings

A uniserial domain R is nearly simple [42, Chapter 14] if there is only one nontrivial two-sided ideal of

R, the Jacobson radical J(R). Such rings do exist [8, 9] and enjoy the feature [42, Prop 14.7] that if a and

b are nonzero elements of J(R), then there exists an isomorphism R/aR ≃ R/bR between the associated
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cyclically presented torsion right R-modules. A Dubrovin-Puninski ring is any ring of the form S = EndRX,

where XR is the cyclically presented torsion module over a nearly simple uniserial domain R. We regard

SX as a left module over S. Note that the property of being a nearly simple uniserial domain is left-right

symmetric and that the cyclically presented torsion right R
op

-module is given by the Auslander-Bridger

transpose Tr(X) of X, whose endomorphism ring, acting on the left, is isomorphic to S
op

. The property of

being a Dubrovin-Puninski ring is therefore also left-right symmetric.

In this section, S will always refer to a Dubrovin-Puninski ring and all S-modules will be left S-modules.

a. The three ideals of S.

Because the module XR is uniserial, the ring S = EndRX contains two important (two-sided) ideals: the

ideal I of morphisms that are not monomorphisms and the ideal K of morphisms that are not epimorphisms.

Dubrovin and Puninski [14] have undertaken a deep study of the model theory of modules over the ring S.

We will recall the relevant results that they obtained in the form of Facts.

Fact 5.13. ([14, Lemmas 5.3, 6.1]) The following properties hold for the ideal K ⊆ S of non epimorphisms:

(1) the left ideal SK = Sf is principal and uniserial, generated by any monomorphism f ∈ K;

(2) the right ideal KS is not finitely generated;

(3) the quotient ring S/K is a division ring;

(4) the simple left S-module S/K is injective, but not flat.

The subcategory Add(S/K) ⊆ S-Mod consists of the semisimple modules that are isomorphic to a direct

sum of copies of S/K. Let us verify that this subcategory is a torsion-torsion free (TTF) class. It is clearly

closed under submodules, coproducts, and quotient modules. Because Add(S/K) is isomorphic to the

category S-Mod/K of left vector spaces over the division ring S/K, it is closed under direct products.

Finally, note that Fact 5.13(1) implies that K is idempotent K2 = K and therefore that Add(S/K) is closed

under extensions. From the present point of view, it is preferable to regard Add(S/K) as a torsion class.

The corresponding torsion free class is denoted by FK and it consists of those left S-modules that do not

admit S/K as a submodule. Because S/K is injective, it means that these modules do not admit S/K as a

direct summand.

Fact 5.14. ([14, Lemma 5.3, Corollary 5.6]) The following properties hold for the ideal I ⊆ S of non

monomorphisms:

(1) the right ideal IS = gS is principal and uniserial, generated by any epimorphism g ∈ I;

(2) the left ideal SI is not finitely generated;

(3) the quotient ring S/I is a division ring;

(4) the simple left S-module S/I is flat, but not injective.

Arguments analogous to those used above to prove that Add(S/K) is a TTF class show that the ideal I

is idempotent, I2 = I, and that the subcategory Add(S/I) ⊆ S-Mod also constitutes a TTF class. However,

it is preferable from the present point of view to regard Add(S/I) as a torsion free class. The corresponding

torsion class is denoted by TI and it consists of those left S-modules M that satisfy

M = IM = gSM = gM.
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Fact 5.15. ([42, Theorem 9.1]) The only nontrivial two-sided ideals of S are K, I and the Jacobson radical

J = I ∩K. Considered as a left or right ideal, J is uniserial.

The second statement of Fact 5.15 follows from Facts 5.13(1) and 5.14(1). The first statement of Fact 5.15

implies that the nonzero ideal J2 must equal J, and therefore that J is an idempotent ideal and therefore

that Add(S/J) = Add(S/K ⊕ S/I) is also a TTF class. Similarly, it shows that any product of two distinct

nontrivial ideals is equal to J.

b. Five indecomposable pure injective S-modules.

The (left) Ziegler spectrum Zg(S) of S is a topological space whose points are the indecomposable pure in-

jective left S-modules. The topology on Zg(S) may be introduced via the definable subcategoriesD ⊆ S-Mod.

The rule D 7→ Cl(D) := D ∩ Zg(S) is then a bijective correspondence between the definable subcate-

gories D ⊆ S-Mod and the closed subsets of the Ziegler spectrum Zg(S). Ziegler established that the rule

D 7→ D∩Zg(S) is a bijective correspondence between the collection of additive elementary classes of S-Mod,

relative to the language L(S) of left S-modules, and Crawley-Boevey proved that a subcategory is an additive

elementary class in S-Mod if and only if it is definable.

We have already encountered several indecomposable pure injective S-modules. Because every injective

representation is pure injective, we have that S/K and the injective envelope E(S/I) of the simple represen-

tation S/I are both examples of indecomposable pure injective representations. Because SJ is uniserial it is

uniform. It contains neither S/K nor S/I as a submodule, so its injective envelope E(J) is another point

of the Ziegler spectrum. As SJ is essential in SS, we can also represent this point as E(J) = E(I) = E(S).

The simple flat module S/I is endosimple and therefore pure injective, by [41, ]. Finally, the pure injective

envelope PE(J) of the left S-module SJ is indecomposable, because J is both left and right uniserial. This

provides us with a core subset of the Ziegler spectrum

Zg0(S) = {S/K,PE(J), S/I, E(S/I), E(I)} ⊆ Zg(S)

that will appear later. Puninski has found an example (unpublished) of a Dubrovin-Puninski ring S for

which Zg0(S) = Zg(S).

We have already encountered several definable subcategories of S-Mod. Every TTF class of S-Mod is

a definable subcategory, so that we can list five such categories: S-Mod and the four semisimple cat-

egories: 0, Add(S/K), Add(S/I), and Add(S/J). The closed subsets of Zg(S) that correspond to the

four semisimple TTF classes are: Cl(0) = ∅, Cl(Add(S/K)) = {S/K}, Cl(Add(S/I)) = {S/I}, and

Cl(Add(S/J)) = {S/K, S/I}. Of course Cl(S-Mod) = Zg(S).

Theorem 5.16. The decomposition of Zg(S) into its connected components is given by

Zg(S) = {S/K}
·
∪ {PE(J)}−

·
∪ {S/I},

where {PE(J)}− denotes the closure of the point PE(J). The points S/K, S/I, and PE(J) are isolated and

the 3-point set {S/K,PE(J), S/I} is dense in Zg(S); the complement Zg′(S) = Zg(S) \ {S/K,PE(J), S/I}
consists of the flat indecomposable injective S-modules, including E(S/I) and E(I). The relative subspace

topology induced on Zg′(S) is the indiscrete topology.
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Theorem 5.16 asserts that the number of connected components of Zg(S) is finite, so that each connected

component is clopen. The decomposition of Zg(S) into its connected components also implies that the points

S/K and S/I are isolated. Thus we are left with the task of proving that the point PE(J) is also isolated

and that

{PE(J)}− = {PE(J)}
·
∪ Zg′(S),

where Zg′(S) is a closed subset whose points are topologically indistinguishable. This will all be proved

following the characterization in Theorem 5.36 of the simple objects in the functor category (mod-S,Ab).

Theorem 5.16 implies that Zg(S) has twelve closed subsets. Every closed subset is determined by its

intersection with the clopen connected components. The connected components {S/K} and {S/I} are

singleton and the three possibilities for the intersection with {PE(J)}− are: ∅, {PE(J)}− and Zg′(S).

Fact 5.17. ([14, Lemma 4.4]) Every Dubrovin-Puninski ring is left and right coherent.

If S is a left coherent ring, then the subcategory S-Abs ⊆ S-Mod of absolutely pure left S-modules

constitutes a definable subcategory. An absolutely pure module is pure injective if and only if it is injective, so

that the closed subset Cl(S-Abs) ⊆ Zg(S) consists of the indecomposable injective left S-modules. Dually, if S

is right coherent, then the subcategory S-Flat ⊆ S-Mod of flat left S-modules is definable. We shall prove that

S-Abs∩S-Flat is a minimal nonzero definable subcategory of S-Mod and that Zg′(S) = Cl(S-Abs∩S-Flat).

c. The free resolution of S/K.

In the next few sections, we will describe six flat resolutions of the finitely presented injective left S-module

S/K. Each of these resolutions has its own distinct features that reveal various aspects of the module category

S-Mod.

As S is a Dubrovin-Puninski ring, there exists a nearly simple uniserial domain R with a cyclically

presented torsion module XR such that S = EndRX. The uniserial module XR has the property that

whenever YR ⊆ XR is a finitely generated submodule, then both Y and X/Y are isomorphic to X. Let us

fix a short exact sequence

0 // X
f // X

g // X // 0

in the category Mod-R of right R-modules. The morphism f : XR → XR is a monomorphism that is

not an epimorphism, so that K = Sf ; and the morphism g : XR → XR is an epimorphism that is not

a monomorphism, so that I = gS. As Ker g = Im f, we obtain the following free resolution of the simple

injective left S-module S/K.

(4)

0 // S
−×g // S

&&LL
LLL

LLL
L

−×f // S
πK // S/K // 0

K

88rrrrrrrrr

&&MM
MMM

MMM
M

0

88qqqqqqqqq
0
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The first syzygy of S/K is given by K = Sf ; exactness at the second term follows from the choice of g as the

cokernel of f, which implies that the left annihilator of f in S is Sg; and exactness at the left term follows

from the fact that g is an epimorphism, and therefore that Sg ≃ S.

Resolution (4) of S/K allows us to calculate the higher derived functors of (S/K,−) := HomS(S/K,−).

Given a left S-module SM, apply the contravariant functor HomS(−,M) and delete the left term to obtain

the complex

M
f×− // M

g×− // M // 0

of abelian groups, whose homology is given by ExtS(S/K,M) =M [g]/fM, where M [g] := {m ∈M | gm =

0}, and

(5) Ext2S(S/K,M) = Ext1S(K,M) =M/gM =M/IM.

Example 5.18. Let X be the cyclically presented torsion R-module XR, considered as a left S-module. Then

g : X → X is an epimorphism, f : X → X a monomorphism, and X[g] = fX, so that (S/K,X) =

Ext1S(S/K,X) = Ext2S(S/K,X) = 0.

Example 5.19. The ring S, considered as a left module over itself, also satisfies S[g] = fS, because f is the

kernel of g : XR → XR. Thus Ext
1(S/K, S) = 0.

Resolution (4) of S/K consists of free modules of finite rank, so that both of the syzygies K = Ω(S/K)

and S = Ω2(S/K) are finitely presented.

Proposition 5.20. The following subcategories of S-Mod are definable:

• (S/K)⊥0 = KerHomS(S/K,−) := {M ∈ S-Mod | HomS(S/K,M) = 0};
• (S/K)⊥1 = KerExt1S(S/K,−) := {M ∈ S-Mod | Ext1S(S/K,M) = 0};
• (S/K)⊥2 = KerExt2S(S/K,−) := {M ∈ S-Mod | Ext2S(S/K,M) = 0}.

We have already encountered two of these definable subcategories. Because S/K is a simple injective, it

is evident that (S/K)⊥0 = FK . Dually, we have that TI = (S/K)⊥2 . For, a module SM belongs to TI if and

only ifM = gM = IM and Ext2(S/K,M) =M/IM. The importance of Resolution (4) of S/K derives from

the following.

Fact 5.21. ([14, Theorem 5.5]) Every finitely presented left S-module is isomorphic to a direct sum of copies

of the indecomposable modules S/K, Ω(S/K) = K, and Ω2(S/K) = S.

A left S-module M is absolutely pure if Ext1S(G,M) = 0, for every finitely presented left S-module G. By

Fact 5.21, a module SM is absolutely pure provided that Ext1S(S/K,M) = Ext1S(K,M) = Ext1S(S,M) = 0.

It follows that

S-Abs = (S/K)⊥1 ∩K⊥1 = (S/K)⊥1 ∩ (S/K)⊥2 .

The dual result is given by the following.

Proposition 5.22. S-Flat = (S/K)⊥0 ∩ (S/K)⊥1 .

Proof. To verify that S-Flat ⊆ (S/K)⊥0 ∩ (S/K)⊥1 notice that the regular representation SS belongs to

(S/K)⊥0 and (S/K)⊥1 (Example 5.19). As S-Flat is the smallest definable subcategory of S-Mod that

contains S, the inclusion follows.
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To prove the inclusion (S/K)⊥0 ∩ (S/K)⊥1 ⊆ S-Flat, let us apply Fact 5.21 together with the criterion

that a module SM is flat provided that every morphism n : G → M from a finitely presented module

factors through a projective module. It suffices to verify the condition for G = S/K and G = K. By the

hypothesis M ∈ (S/K)⊥0 , there are no nonzero morphisms n : S/K →M. By the hypothesis M ∈ (S/K)⊥1 ,

a morphism n : K →M extends to S as indicated by the diagram

0 // K //

n

��

S //

��

S/K // 0

M.

�

We note the following observation for future reference.

Proposition 5.23. S-Abs ∩ S-Flat = (S/K)⊥0 ∩ (S/K)⊥1 ∩ (S/K)⊥2 .

We will show that, while the definable subcategory S-Abs ∩ S-Flat is a minimal nonzero definable sub-

category of S-Mod, the three definable subcategories (S/K)⊥i are maximal proper definable subcategories

of S-Mod for i = 0, 1, and 2.

d. The twelve definable subcategories of S-Mod.

According to Fact 5.15, the structure of the two-sided ideals of S may be depicted by the pushout diagram

0

��

0

��
0 // J //

��

I //

��

S/K // 0

0 // K //

��

S //

��

S/K // 0

S/I

��

S/I

��
0 0.

Because the left S-module S/I is flat, the columns of the commutative diagram are pure exact. Now a

pure submodule of a Mittag-Leffler (ML) module is itself ML and every pure projective module is ML, so it

follows that the left modules I and J are ML. Let us develop another flat resolution of S/K beginning with
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the short exact sequence in the top row of the pushout diagram.

(6)

0 // S
−×g // I

%%LL
LLL

LLL
L

−×f // I
p // S/K // 0

J

88rrrrrrrrrr

&&MM
MMM

MMM
M

0

88qqqqqqqqq
0.

To see that the short sequence on the left is exact, first note that, because g ∈ I, the image Sg of the map

−× g : S → S is contained in I and it is the kernel of −× f : I → I, whose image is If = ISf = IK = J.

Resolution (6) of S/K is a subcomplex of Resolution (4).

Proposition 5.24. The left S-module SI is absolutely pure and flat.

Proof. We noted above that S-Abs ∩ S-Flat = (S/K)⊥0 ∩ (S/K)⊥1 ∩ (S/K)⊥2 = FK ∩ (S/K)⊥1 ∩ TI .
Evidently I has no summand isomorphic to S/K, so that I ∈ (S/K)⊥0 . On the other hand, I2 = I so that

I ∈ TI . Finally, to verify that Ext1S(S/K, I) = 0, consider the beginning of the long exact sequence

0 //(S/K, I) //(S/K, S) //(S/K, S/I) //Ext1(S/K, I) //Ext1(S/K, S) // · · · .

By Example 5.19, Ext1(S/K, S) = 0 and the three terms on the left are also 0. �

As SI is absolutely pure, its pure injective envelope coincides with its injective envelope, PE(I) = E(I),

which is indecomposable. Therefore, Resolution (6) of S/K also serves as an absolutely pure coresolution of

S.

Proposition 5.25. The torsion class TI = Gen(I), the class of modules that arise as quotients of coproducts

of copies of I. Dually, the torsion free class FK = Cogen(E(S/I)), the class of those modules that admit an

embedding into a product of copies of E(S/I).

Proof. Since I ∈ TI and TI is closed under coproducts and quotient objects, Gen(I) ⊆ TI . On the other

hand, ifM = IM = gM and m ∈M, then m = gm′ for some element m′ ∈M. If η : S →M is the morphism

from the regular representation that satisfies η(1) = m′, then η(g) = gη(1) = gm′ = m. Thus m ∈ Im(η|I)
and M ∈ Gen(I).

The torsion free class FK consists of the modulesM that contain no submodule (resp., summand) isomor-

phic to the injective module S/K. The injective envelope E(S/I) of the flat simple module S/I is clearly such

a module. As FK is closed under products and submodules, we have that Cogen(E(S/I)) ⊆ FK . Now every

module admits an embedding into a product of copies of the minimal injective cogenerator E(S/I)⊕S/K, so
if M belongs to FK then there is an embedding of M into a product (S/K)α ⊕ [E(S/I)]α for some cardinal

α. But the intersection ofM with the semisimple summand (S/K)α ≃ (S/K)(i) is trivial and the embedding

of M composed with the projection onto E(S/I)α is a monomorphism. �

Proposition 5.26. The definable subcategory S-Abs∩S-Flat is a minimal nonzero definable subcategory of

S-Mod.

Proof. Suppose that D ⊆ S-Abs ∩ S-Flat is a nonzero definable subcategory, and pick a nonzero S-module

N ∈ D. The module SN is not semisimple, so that the annihilator annS(N) = 0. For every n ∈ N, there is
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a morphism ηn : S → N satisfying ηn(1) = n. The product
∏

n ηn : S → NN is therefore an embedding and

yields an embedding I ⊆ NN . As I is absolutely pure and the definable subcategory is closed under pure

submodules, I ∈ D. Now if N ∈ S-Abs ∩ S-Flat, then it is absolutely pure so that Ext1(K,N) = 0 which

implies that N ∈ TI = Gen(I) : there is an epimorphism I(α) → N. As N is flat, the morphism is a pure

epimorphism and therefore N ∈ D. �

Proposition 5.26 implies that Cl(S-Abs∩S-Flat) is a minimal nonempty closed subset of the Ziegler spec-

trum. Because E(I) belongs to Cl(S-Abs ∩ S-Flat), every indecomposable injective flat module, considered

as a point of Zg(S), is topologically indistinguishable from E(I).

The preceding considerations allow us to exhibit twelve definable subcategories D. These twelve subcate-

gories are distinguished by their intersections with the subset {S/K,PE(J), S/I, E(S/I)} of the core Ziegler

spectrum Zg0(S). In the sequel, we will define the maximal Ziegler spectrum MaxZg(S) and verify that it is

given by this subset, endowed with the relative subspace topology.

Table 1: The Definable Subcategories of S-Mod

D D ∩MaxZg(S) D ∩ S-PProj
0 ∅ 0

Add(S/I) {S/I} 0

Add(S/K) {S/K} Add(S/K)

Add(S/J) = Add(S/K ⊕ S/I) {S/K, S/I} Add(S/K)

S-Abs ∩ S-Flat = (S/K)⊥0 ∩ (S/K)⊥1 ∩ (S/K)⊥2 {E(S/I)} Add(Iω)

S-Abs = (S/K)⊥1 ∩K⊥1 = (S/K)⊥1 ∩ (S/K)⊥2 {S/K,E(S/I)} Add(Iω ⊕ S/K)

S-Flat = (S/K)⊥0 ∩ (S/K)⊥1 {S/I,E(S/I)} Add(S) = S-Proj

S/K⊥0 ∩ (S/K)⊥2 {PE(J), E(S/I)} Add(Iω ⊕ Jω)

FK = Cogen(E(S/I)) = (S/K)⊥0 {PE(J), S/I, E(S/I)} Add(S ⊕K)

(S/K)⊥1 {S/K, S/I,E(S/I)} Add(S ⊕ S/K)

TI = Gen(I) = (S/K)⊥2 {S/K,PE(J), E(S/I)} Add(Iω ⊕ Jω ⊕ S/K)

S-Mod MaxZg(S) Add(S-mod)

The first four do not contain the minimal definable subcategory S-Abs∩S-Flat; the others do. We can verify

that the latter 8 definable subcategories are pairwise distinct by looking at the three modules S/K, J, and

S/I, and recalling that a definable subcategory D of S-Mod contains J if and only if it contains its pure

injective envelope PE(J). The module S/K belongs to S-Abs = (S/K)⊥1 ∩ (S/K)⊥2 , but not to (S/K)⊥0 ;

the module S/I belongs to S-Flat = (S/K)⊥0 ∩ (S/K)⊥1 , but not to (S/K)⊥2 . Let us note that J belongs

to (S/K)⊥0 and (S/K)⊥2 = TI , but not to (S/K)⊥1 . Well, J contains no submodule isomorphic to S/K

and IJ = J, so the first two hold. On the other hand, Resolution (6) tells us that Ext1(S/K, J) ̸= 0. Once

we have proved Theorem 5.16, which implies that there are exactly 12 closed subsets of Zg(S), we will know

that this list of definable subcategories of S-Mod is exhaustive.

e. Three tilting classes in S-Mod.
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In this section we identify three tilting classes in S-Mod by building a projective resolution of S/K that

is a countably generated subcomplex of Resolution (6).

(7)

0 // S
−×g // Iω

&&MM
MMM

MMM
M

−×f // Iω
pω // S/K // 0

Jω

88qqqqqqqqq

&&NN
NNN

NNN
NN

0

88pppppppppp
0

Here Iω ⊆ I is a countably generated left S-module that is absolutely pure and projective, and Jω ⊆ J is a

countably generated pure projective module. Because S/K is also pure projective, Resolution (7) is a special

absolutely pure coresolution of S; it will be used to study the tilting classes of S-Mod. We will verify that

the module T1 = Iω ⊕ Jω is a 1-tilting module and that T2 = Iω ⊕ S/K is a 2-tilting module.

Lemma 5.27. If I ′ ⊆ SI is a submodule with g ∈ I ′, then I ′ = Sg + (I ′ ∩ J). If I ′ is, moreover, a proper

submodule of I, then there is an element x ∈ J such that I ′ ⊆ Sg + Sx.

Proof. For the first statement, recall that I = Sg + J, so that I ′ = I ′ ∩ I = I ′ ∩ (Sg + J) = Sg + (I ′ ∩ J),
because Sg ⊆ I ′. It follows that if I ′ is a proper submodule of I, then I ′ ∩ J is a proper submodule of J. As

SJ is uniserial, there is an x ∈ J such that Sx ⊇ I ′ ∩ J, whence I ′ = Sg + (I ′ ∩ J) ⊆ Sg + Sx. �

Theorem 5.28. There exists a countably generated pure submodule Iω of SI such that:

(1) Sg ⊆ Iω;

(2) Iωf = Jω, where Jω = Iω ∩ J ; and
(3) Jωf = Jω.

Proof. If SJ is countably generated, then so is I = Sg + J, and we may let Iω = I, for then If = ISf =

IK = J = I ∩ J, and Jf = JSf = JK = J. So assume that J is not countably generated and define, by

recursion on n, two sequences ⟨jn | n < ω⟩ and ⟨j′n | n < ω⟩ of elements of J together with an ascending

chain

Sg ⊆ I0 ⊆ I1 ⊆ · · · ⊆ In ⊆ · · · ⊆ I

of countably generated pure submodules of I as follows:

(1) j0 = 0;

(2) if jn is defined, let j′n ∈ J be some element for which j′nf = jn;

(3) if jn and j′n are defined, let In ⊇ Sg + Sjn + Sj′n be a countably generated pure submodule of I;

(4) if In is defined, let jn+1 ∈ J be such that In + Inf ⊆ Sg + Sjn+1.

The existence of j′n ∈ J in (2) is ensured by the fact that Jf = J ; the existence of In in (3) is ensured by

the fact that SI is Mittag-Leffler and the property of a Mittag-Leffler module that every finitely generated

submodule is contained in a countably generated pure submodule; and the existence of the jn+1 in (4) is

ensured by the lemma: the submodule In + Inf is countably generated and therefore proper in I.

Let Iω :=
∑

n In. Then Iω is a countably generated pure submodule of I that contains Sg and it remains

to verify that Iωf = Jω. The inclusion Iωf ⊆ Jω is easy to show. By construction, we have that Inf ⊆ In+1,

so that Iωf ⊆ Iω and Iωf ⊆ If = ISf = IK = J. Thus Iωf ⊆ Iω ∩ J = Jω. In particular, Jωf ⊆ Jω. To
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prove the converse inclusion Jω ⊆ Iωf, it suffices to verify that Jω ⊆ Jωf, which will also yield the equality

Jωf = Jω.

Before proving that Jω ⊆ Jωf, let us make a few observations regarding the construction of Iω. First

note that the pure submodule I0 of I contains Sg properly. If it weren’t so, then Sg ⊆ I would be a pure

submodule. As SI is pure in SS, then the embedding Sg ⊆ S would be a pure, hence split, monomorphism,

contradicting the fact that SS is uniform.

The containment Sg+Sjn ⊇ Sg is therefore proper for every n > 0. This implies that Sjn ⊇ Sg∩J - these

are submodules of SJ, which is uniserial. As the jn ∈ J, we get that (Sg+Sjn)∩J = (Sg ∩J)+Sjn = Sjn.

Taking the limit, one obtains

Jω = Iω ∩ J =
∑
n

(Sg + Sjn) ∩ J =
∑
n

Sjn.

By (2) of the construction of Iω, we have that Sjn = Sj′nf and so Jω =
∑

n Sjn =
∑

n Sj
′
nf ⊆ Jωf. �

As Iω ⊆ I is a pure submodule, Proposition 5.24 implies that Iω is absolutely pure and flat. Using the

notation Jω = Iω ∩ J introduced in Theorem 5.28, we have the pushout diagram

0

��

0

��
0 // Jω //

��

Iω
pω //

��

S/K // 0

0 // J //

��

I //

��

S/K // 0

I/Iω

��

I/Iω

��
0 0.

with exact rows and columns. The middle column is a pure exact sequence, which implies that the quotient

module I/Iω is, like I, a flat left S-module. The left column is then also a pure exact sequence and we see

that the countably generated submodule Jω ⊆ J is also pure. Now every countably generated Mittag-Leffler

module is pure projective, so that both of the modules Iω and Jω are pure projective. The module Iω is

even a flat pure projective, and is therefore projective. Theorem 5.28 includes the equality Iωf = Jω, which

allows us to complete Resolution (7) with the projective resolution of Jω given by

0 // S
−×g // Iω

−×f // Jω // 0

Both of the modules Jω and S/K are pure projective and therefore belong to ⊥1S-Abs. Resolution (7) of

S/K is thus a special absolutely pure coresolution of S.
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Corollary 5.29. The torsion class TI is a 1-tilting class with a tilting module T1 = Iω ⊕ Jω that is pure

projective, but not classical.

Proof. Let us verify for T1 = Iω ⊕ Jω the three conditions for a 1-tilting module. (1) Resolution (7) of

S/K shows that Jω has projective dimension at most 1. As Iω is projective, we obtain that the projective

dimension of T1 is at most 1. (2) It follows from (1) that

T⊥
1 = T⊥1

1 = (Iω ⊕ Jω)
⊥1 = J⊥1

ω = (S/K)⊥2 = TI .

The equality J⊥1
ω = (S/K)⊥2 follows from the way that Jω is situated in Resolution (7). Neither Iω nor

Jω admit nonzero morphisms to the simple module S/I, so we have that T1 ∈ TI and hence T
(α)
1 ∈ TI . (3)

Resolution (7) contains a coresolution of S in Add(Iω ⊕ Jω).

To see that T1 is not Add-equivalent to a finitely presented module use Fact 5.21 to see that the only

finitely presented module that belongs to TI is S/K, and it is clear that T1 does not belong to Add(S/K). �

If Tn is an n-tilting module, then the associated tilting class is defined to be the subcategory

T⊥∞
n = {M ∈ S-Mod | Exti(Tn,M) = 0, for all i > 0}.

Two n-tilting modules Tn and T ′
n are tilting equivalent if Add(Tn) = Add(T ′

n).

Corollary 5.30. The definable subcategory S-Abs ⊆ S-Mod is a 2-tilting class with a pure projective 2-tilting

module T2 = Iω ⊕ S/K that is not tilting equivalent to any finitely presented module.

Proof. Let us verify for T2 = Iω ⊕S/K the three conditions for a 2-tilting module. (1) Resolution (7) shows

that S/K has projective dimension at most 2. As Iω is projective, the projective dimension of T2 is at most

2. (2) It follows from (1) that

T⊥∞
2 = (S/K)⊥∞ = (S/K)⊥1 ∩ (S/K)⊥2 = S-Abs.

As T2 is absolutely pure, it belongs to S-Abs. The coproduct T
(α)
2 is a pure submodule of the product

Tα
2 , and so too belongs to the definable subcategory S-Abs. (3) Resolution (7) is a coresolution of S in

Add(Iω ⊕ S/K).

To see that T2 is not Add-equivalent to a finitely presented module note, as above, that the only absolutely

pure finitely presented indecomposable module is S/K and that T2 does not belong to Add(S/K). �

The list of 12 definable subcategories compiled in Table 1 includes only 4 that are eligible to be a tilting

class, because a tilting class must contain all the injective modules and therefore the subcategory S-Abs.

The definable subcategories on the list that contain S-Abs are: S-Abs itself, which is a 2-tilting class;

TI = (S/K)⊥2 = K⊥1 , which is a 1-tilting class; S-Mod = S⊥1 , which is the 0-tilting class associated to the

0-tilting module given by the regular representation SS; and the definable subcategory (S/K)⊥1 .

f. A Coresolution of S/I.

In this and the following sections, the flat resolutions of S/K that are constructed are also absolutely pure

coresolutions of the flat simple representation S/I. The first two such coresolutions of S/I are obtained from
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Resolutions (6) and (7), respectively, by taking the pushout along the quotient map πI : S → S/I. Our first

such resolution of S/K is preliminary to the last construction of the minimal flat resolution in Theorem 5.34.

(8)

0 // S/I
p // I/Ig

''NN
NNN

NNN
N

−×f // I
p // S/K // 0

J

99rrrrrrrrr

&&MM
MMM

MMM
M

0

77ooooooooooo
0

To see how this is formed from Resolution (6), consider the pushout

0

��

0

��
I

��

I

−×g

��
0 // S

−×g //

πI

��

I
−×f //

��

J // 0

0 // S/I
s //

��

I/Ig //

��

J // 0

0 0

and replace the appearance of the middle row in Resolution (6) with the bottom row.

Proposition 5.31. The left S-module I/Ig is an absolutely pure uniserial module with simple socle S/I.

Proof. Look at the pushout diagram above. The middle column is pure exact, because SI is absolutely pure.

This implies that I/Ig is a pure epimorphic quotient of the module I ∈ S-Abs, which therefore also belongs

to S-Abs. The reason why I/Ig = (Ig + J)/Ig ≃ J/(J ∩ Ig) is uniserial is because it is a quotient of the

uniserial module SJ. �

We can see now that the definable subcategory (S/K)⊥1 cannot be a tilting class T⊥ for any module T.

This is because every tilting class is closed under cokernels of monomorphism and we have the short exact

sequence

0 //S/I
s //I/Ig //J //0.

The module S/I belongs to (S/K)⊥1 , because the semisimple category Add(S/J) is closed under extensions,

and the absolutely pure module I/Ig also belongs to S/K⊥1 , but J clearly does not.

g. Auslander-Reiten theory in S-Mod.
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In this section we consider the Auslander-Reiten theory of S-Mod by applying the method of the previous

section to Resolution (7). Namely, we take the pushout along πI : S → S/I to obtain the following.

(9)

0 // S/I
sω // Iω/Ig

''OO
OOO

OOO
O

−×f // Iω
pω // S/K // 0

Jω

88qqqqqqqqq

&&NN
NNN

NNN
NN

0

77nnnnnnnnnnn
0

Resolution (9) of S/K has the feature that it is also a special absolutely pure coresolution of S/I, because

the cosyzygies Jω and S/K are pure projective and therefore belong to ⊥1(S-Abs). We will note that the

epimorphism pω : Iω → S/K is a right almost split morphism in the category Add(S-mod) of pure projective

left S-modules, while the monomorphism iω : S/I → Iω/Ig is a left almost split morphism in the category

S-Mod of all left S-modules. Neither of these almost split morphisms is minimal.

A morphism r : U → V in some subcategory C ⊆ S-Mod is right almost split in C if it is not a split

epimorphism and every morphism q : W → V in C that is not a split epimorphism, factors through r as

indicated by the dotted arrow

W

q

��||
U

r // V

A right almost split morphism r : U → V is minimal if the only endomorphisms t : U → U that satisfy

r = rt are automorphisms of V. (Minimal) left almost split morphisms in C are defined dually.

Proposition 5.32. The epimorphism pω : Iω → S/K in the projective resolution (7) of S/K is a right

almost split morphism in the category Add(S-mod) of pure projective left S-modules. However, there does

not exist a minimal right almost split morphism in Add(S-mod) with codomain S/K.

Proof. To prove that the morphism pω : Iω → S/K is right almost split in Add(S-mod), it suffices to verify

the condition for morphisms with domain S, K, or S/K. As pω is an epimorphism, this follows trivially

for the projective module S; for the module K, it follows from the observation that K/J ≃ S/I so that

there exist no nonzero morphisms η : K → S/K; finally, S/K is simple, so the only nonzero morphism

η : S/K → S/K is an isomorphism, and therefore a split epimorphism.

If there existed a minimal right almost split morphism η : U → S/K in Add(S-mod), then the theory of

almost split sequences would imply that U is isomorphic to a direct summand of Iω. As Iω is indecomposable,

it would imply that pω : Iω → S/K is the minimal right almost split morphism in Add(S-mod) with codomain

S/K. The theory of almost split sequences would then imply that the short exact sequence

0 // Jω // Iω
pω // S/K // 0

is almost split. But then the endomorphism ring of Jω would have to be local, which it is not, because every

pure projective module with a local endomorphism ring is finitely generated, and Jω is not. �
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To build the rest of Resolution (9), let us take the pushout of the projective resolution of Jω found in

Resolution (7) along the quotient map πI : S → S/I. This leads to the commutative diagram

0

��

0

��
I

��

I

−×g

��
0 // S

−×g //

πI

��

Iω
−×f //

��

Jω // 0

0 // S/I
sω //

��

Iω/Ig //

��

Jω // 0

0 0.

Proposition 5.33. The module Iω/Ig is an absolutely pure flat uniserial module with simple socle S/I. The

morphism sω : S/I → Iω/Ig is a left almost split morphism in the category S-Mod of all left S-modules.

However, there exists no minimal left almost split morphism in S-Mod with domain S/I.

Proof. Because I is an absolutely pure module, the middle column of the diagram above is pure exact. As

Iω is an absolutely pure flat module, it follows that the pure quotient Iω/Ig is also absolutely pure and flat.

The module Iω/Ig is uniserial, because it is a submodule of the uniserial module I/Ig.

To prove that sω : S/I → Iω/Ig is a left almost split morphism in S-Mod, let s′ : S/I →M be a morphism

in S-Mod that is not a split monomorphism. By the pushout property of sω, it will be enough to verify that

the composition of the vertical arrows in the diagram

S
−×g //

πI

��

Iω

��

S/I

s′

��
M

factors through the horizontal arrow as indicated. If the image of s′ is not contained in IM, then the

composition S/I
s′→ M → M/IM with the quotient map is nonzero. The module M/IM is semisimple,

which implies the contradiction that this composition, and hence s, is a split monomorphism. The image

of s′ is therefore contained in IM = gM, so let a ∈ M be such that s′(1 + I) = ga. There is a morphism

ηa : S → M that sends 1 to a. It sends g to ga, so that the restriction ηa|Iω to Iω makes the diagram

commute, as required.
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To see that there exists no minimal left almost split morphism in S-Mod with domain S/I, let us argue

as above. If such a morphism q : S/I → U existed, the module U would be a direct summand of the

indecomposable module Iω/Ig. It would follow that sω : S/I → Iω/Ig is necessarily the minimal left almost

split morphism in S-Mod with domain S/I. But then the short exact sequence

0 //S/I
sω //Iω/Ig //Jω //0

is almost split, which implies the contradiction that the endomorphism ring of Jω is local. �

The fourth author [48] has proved that if a morphism r : U → V is a right almost split morphism in

the category S-Mod of all modules, then the codomain V is necessarily a finitely presented module with a

local endomorphism ring. A result of Auslander then implies that there exists a minimal right almost split

morphism in S-Mod with codomain V. Proposition 5.33 gives a counterexample to the dual statement.

h. The four simple objects of the functor category.

In this section, we finally determine the minimal flat resolution of S/K.

Theorem 5.34. The minimal flat resolution of S/K is given by the minimal injective resolution of S/I :

0 // S/I
i // E(S/I)

k ((QQQ
QQQQ

// E(I) // S/K
0 // 0

PE(J)
j
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Notice how the five indecomposable pure injective indecomposable modules of the core Ziegler spectrum

Zg0(S) figure in this resolution. The minimal flat resolution of S/K has features dual to Resolution (9) of

S/K, in that the epimorphism E(I) → S/K is a right almost split morphism in the category S-Mod, while

the monomorphism i : S/I → E(S/I) is a left almost split morphism in the category S-PInj of pure injective

left S-modules. In fact, the morphism i : S/I → E(S/I) is a minimal left almost split morphism in S-PInj

and we will show how the other labeled arrows in the diagram represent all the minimal left almost split

morphisms in S-PInj. These four morphisms correspond to the four simple objects in the functor category

(mod-S,Ab), and their domains correspond to the four points of the maximal Ziegler spectrum MaxZg(S)

of S.

The objects of the category (mod-S,Ab) are the additive functors F : mod-S → Ab and the mor-

phisms are given by the natural transformations between such functors. The functor category (mod-S,Ab)

is a Grothendieck category and there is a full and faithful canonical functor S-Mod → (mod-S,Ab),

SM → − ⊗S M. It is right exact and the higher (left) derived functors of SM 7→ − ⊗S M are given by

SM 7→ TorSi (−,M). For example, the free resolution of S/K yields the complex in (mod-S,Ab)

0 // −⊗ S
−⊗(−×g)

// −⊗ S
−⊗(−×f)

// −⊗ S // 0,

whose homology is given by − ⊗S S/K, Tor
S
1 (−, S/K), and TorS2 (−, S/K). A key feature of the functor

category is that the finitely presented objects, also known as coherent functors, form an abelian category
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fp(mod-S,Ab) and that the canonical functorM → −⊗SM respects the property of being finitely presented.

This means that if M ∈ S-mod then the functor − ⊗S M is coherent. It follows that the objects in the

complex above are coherent functors, and therefore, that the homology also belongs to fp(mod-S,Ab). In

this section, we will show how this homology yields three of the four simple objects of fp(mod-S,Ab).

The injective objects of (mod-S,Ab) are the functors isomorphic to those of the form − ⊗S N, where

N ∈ S-PInj. If m : M → PE(M) is the pure injective envelope of M ∈ S-Mod, then the induced morphism

−⊗m : −⊗SM → −⊗S PE(M) is the injective envelope in (mod-S,Ab) of −⊗SM. For every left S-module

SN, there exists a natural isomorphism

Hom(mod-S,Ab)[Tori(−, S/K),−⊗S N ] ≃ ExtiS(S/K,N),

for i = 0, 1 and 2, where Tor0(−, S/K) = −⊗S S/K is the 0-th right derived functor of itself, and similarly

Ext0(S/K,−) denotes HomS(S/K,−). The foregoing considerations allow us to rephrase Proposition 5.23

using functorial terminology.

Proposition 5.35. A left S-module M is absolutely pure and flat if and only

Hom(mod-S,Ab)[Tori(−, S/K),−⊗S M ] = 0,

for i = 0, 1, and 2.

The points U of the Ziegler spectrum Zg(S) thus correspond to the indecomposable injective objects−⊗SU

of the functor category (mod-S,Ab). Among the points of the Ziegler spectrum are those indecomposable

pure injective modules V distinguished by the property that the functor − ⊗S V = E(Z) is the injective

envelope of a simple object Z of (mod-S,Ab). These are the points of the maximal Ziegler spectrum of S,

which is denoted by MaxZg(S) and endowed with the relative subspace topology inherited from Zg(S). The

following theorem shows that MaxZg(S) = {S/K,PE(J), S/I, E(S/I)} consists of all of the points of the

core Ziegler spectrum, save E(I).

Theorem 5.36. There are 4 simple objects of the functor category (mod-S,Ab). They and their injective

envelopes are given as follows:

(1) E(−⊗S S/K) = −⊗S S/K;

(2) E(Tor1(−, S/K)) = −⊗S PE(J);

(3) E(Tor2(−, S/K)) = −⊗S S/I; and

(4) E[(−⊗S S/I)/Tor2(−, S/K)] = −⊗S E(S/I).

To prove the theorem, we will treat each case separately. There exists a bijective correspondence [13,

] between the simple objects Z of (mod-S,Ab) and minimal left almost split morphisms mZ : V → M in

the category S-PInj of pure injective left S-modules. If Z ∈ (mod-S,Ab) is a simple object, the minimal

injective copresentation of Z in (mod-S,Ab) has the form

0 //Z //−⊗S V
−⊗mZ //−⊗S M,

where mZ : V → M is a minimal left almost split morphism in the category S-PInj of pure injective left

S-modules. Thus, a point V in Zg(S) belongs to MaxZg(S) if and only if it is the domain of a minimal left

almost split morphism in S-PInj.
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(1) −⊗S/K. The easiest minimal left almost split morphism to spot is the zero morphism 0 : S/K → 0 with

domain S/K. It is obviously left almost split, because S/K is injective and simple; the kernel of the induced

zero morphism −⊗ 0 : −⊗ S/K → −⊗ 0 is the simple coherent functor −⊗ S/K.

To find another minimal left almost split morphism, we recall the result of Auslander that every finitely

presented nonprojective left S-module with a local endomorphism ring lies at the right end of an almost

split sequence in S-Mod. This applies to S/K and yields the almost split sequence

(10) 0 //τ−1(S/K)
j //Y

p′
//S/K //0

in S-Mod. Equivalently, p′ : Y → S/K is a minimal right almost split morphism and j : τ−1(S/K) → Y is

a minimal left almost split morphism. The sequence is not split exact and S/K is pure projective, so that

the short exact sequence is not pure exact. This implies [27] that the module τ−1(S/K) is a pure injective

indecomposable.

The middle term Y of the almost split sequence (10) belongs to the torsion free class FK . For, if S/K

were a submodule of Y, it would be a direct summand, so it cannot be contained in the kernel of p′. But

then the restriction p′|S/K would be nonzero and the epimorphism p′ : Y → S/K would split, contradicting

the assumption on the sequence (10).

The fact that S/K is injective implies that the right almost split map p′ : Y → S/K factors through the

injective envelope p′ : Y → E(Y )
p′′

→ S/K. The morphism p′′ : E(Y ) → S/K is not a split epimorphism, so

we can deduce from the minimality of p′ that Y is a direct summand of E(Y ), and therefore that Y = E(Y )

and p′′ = p′.

Now every injective module in FK = Cogen(E(S/I)) is a direct summand of a product of copies of E(S/I)

and is thus flat. This implies that the map p′ : Y → S/K is a special flat precover of S/K, because the

kernel τ−1(S/K) is pure injective and therefore cotorsion. The minimality property of p′ implies that it is

the flat cover of S/K. By [24, Corollary 23], the flat cover of a simple module is indecomposable, whenever

the ring, such as S, is semilocal. We conclude that the middle term Y of the almost split sequence is an

indecomposable flat injective module.

(2) Tor1(−, S/K). The morphism j : τ−1(S/K) → Y is a minimal left almost split morphism in S-Mod and,

because it is a morphism in S-PInj, it is a mininal left almost split morphism in S-PInj. The corresponding

simple object in the functor category is found by looking at the first few terms of the long exact sequence

· · · //0 //Tor1(−, S/K) //−⊗S τ
−1(S/K)

−⊗r //−⊗ Y
−⊗p′

//−⊗ S/K //0.

Because Y is a flat module, Tor1(−, Y ) = 0 and we see that the simple functor in question is given by

Tor1(−, S/K). Furthermore, the indecomposable injective functor −⊗ τ−1(S/K) is the injective envelope of

Tor1(−, S/K).
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By the definition of an almost split sequence, there is a morphism of short exact sequences

0 // J

j0

��

// I

i0

��

p // S/K // 0

0 // τ−1(S/K)
j // Y

p′
// S/K // 0,

where the top row comes from the beginning of Resolution (6) of S/K. A morphism

0 // Tor1(−, S/K) // −⊗S J

−⊗j0

��

// −⊗ I

−⊗i0

��

−⊗p // −⊗ S/K // 0

0 // Tor1(−, S/K) // −⊗S τ
−1(S/K)

−⊗j // −⊗ Y
−⊗p′

// −⊗ S/K // 0.

of long exact sequences is induced, where Tor1(−, I) = Tor1(−, Y ) = 0. We know that the pure injective

envelope of SJ is an indecomposable pure injective module PE(J). The injective envelope of − ⊗S J is

therefore also an indecomposable object of (mod-S,Ab). It follows that − ⊗S J is a uniform functor, and

that the morphism − ⊗ j0 : − ⊗ J → − ⊗S τ
−1(S/K) is its injective envelope, τ−1(S/K) = PE(J). This

implies that the morphism i0 : I → Y is a monomorphism and, as Y is an indecomposable injective object,

that this morphism is the injective envelope of I.We may relabel the objects of the almost split sequence (10)

as shown in the middle row of

0

��

0

��
0 // J

j0

��

// I

i0

��

p // S/K // 0

0 // PE(J)
j //

��

E(I)
p′

//

��

S/K // 0

Ω−1(I)

��

Ω−1(I)

��
0 0.

The middle column is pure exact, so that Ω−1(I) belongs to S-Abs∩S-Flat, just as E(I) does. The cokernel

of the pure injective envelope j0 : J → PE(J) is flat, which implies that it is a special cotorsion preenvelope

of J. By the minimality of j0, it is the cotorsion envelope of J.

Incidently, the pure epimorphism PE(J) → Ω−1(I) shows that the minimal definable subcategoryD(PE(J))

containing PE(J) also contains the flat absolutely pure module Ω−1(I), which implies that D(PE(J)) contains

the minimal definable subcategory S-Abs ∩ S-Flat.

(3) Tor2(−, S/K). The minimal left almost split morphism sω : S/I → Iω/Ig composed with the pure

injective envelope yields a minimal left almost split morphism in the category S-PInj. The module Iω/Ig
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is an absolutely pure uniserial module, with socle S/I, so that its pure injective envelope is given by its

injective envelope v : Iω/Ig → E(Iω/Ig) = E(S/I) as shown in

0 // S/I
sω // Iω/Ig

v

��
0 // S/I

s′ // E(S/I).

Any of the flat resolutions of S/K that have been constructed above may be used to calculate the higher

derived functors Tori(−, S/K). This is done by applying the canonical functor S-Mod → (mod-S,Ab) and

taking homology. Applied to Resolution (9) of S/K, this principle yields the morphism of exact sequences

0 // Tor2(−, S/K) // −⊗S S/I
−⊗sω // −⊗S Iω/Ig

−⊗v

��
0 // Tor2(−, S/K) // −⊗S S/I

−⊗s′ // −⊗S E(S/I),

which proves that Tor2(−, S/K) is a simple functor.

To complete the construction of the minimal flat resolution of S/K, consider a morphism from Coresolu-

tion (8) of S/I to the minimal injective coresolution of S/I. It induces a morphism of short exact sequences

as shown in

0

��

0

��
0 // S/I

s // I/Ig

v0

��

// J //

j′

��

0

0 // S/I
s′ // E(S/I) //

��

Ω−1(S/I) //

��

0

Ω−1(I/Ig)

��

Ω−1(I/Ig)

��
0 0.

The module I/Ig is uniserial, so that the morphism v0 : I/Ig → E(S/I) is an injective envelope. It is also an

absolutely pure module, so that this injective envelope is its pure injective envelope and the middle column

is pure exact. This implies that the cosyzygy Ω−1(I/Ig) is a pure epimorphic image of the flat module

E(S/I) and is therefore itself a flat module. Consequently, the injective envelope of I/Ig is also its cotorsion

envelope.

Because S/I and E(S/I) are both cotorsion modules, so is the quotient module Ω−1(S/I). The cokernel

of the morphism j′ : J → Ω−1(S/I) is flat, so that j′ is a special cotorsion preenvelope of J. It follows that

the monomorphism j′ : J → Ω−1(S/I) factors through the cotorsion envelope j0 : J → PE(J), which yields
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a factorization of pullbacks

0 // S/I
s // I/Ig

w0

��

// J //

j0

��

0

0 // S/I // W

w1

��

// PE(J) //

j1

��

0

0 // S/I
s′ // E(S/I) // Ω−1(S/I) // 0,

where j1 : PE(J) → Ω−1(S/I) is a monomorphism, because it possesses a retraction. The morphism

w1 : W → E(S/I) is therefore also a monomorphism. But the module W is an extension of cotorsion

modules and is therefore itself cotorsion and the only cotorsion module I/Ig ⊆ W ⊆ E(I/Ig) between

I/Ig and its cotorsion envelope is the envelope itself. The morphism w1 : W → E(S/I) is therefore an

isomorphism and j′ : J → Ω−1(S/I) is the cotorsion envelope j0 of J. We have the short exact sequence

0 //S/I //E(S/I) //PE(J) //0.

The epimorphism is the flat cover of PE(J), because E(S/I) is an indecomposable flat module and the kernel

S/I is cotorsion. Attaching this short exact sequence to the almost split sequence (10) yields the resolution

shown in Theorem 5.34, which is now seen to be the minimal injective coresolution of S/I and the minimal

flat resolution of S/K. This completes the proof of Theorem 5.34.

Let us summarize. If U ∈ Zg(S), then − ⊗R U is an indecomposable injective object of the functor

category (mod-S,Ab) and we have the following possibilities:

S/K: A point U ∈ Zg(S) does not belong to (S/K)⊥0 if and only if

Hom(S/K,U) ≃ Hom[−⊗R S/K,−⊗S U ] ̸= 0

if and only if − ⊗S U = E(− ⊗S S/K) = − ⊗ S/K if and only if U = S/K. The point S/K is

therefore isolated, because it is the only point not in the closed subset Cl[(S/K)⊥0 ]. On the other

hand, it is also closed, Cl(Add(S/K)) = {S/K}.
PE(J): A point U ∈ Zg(S) does not belong to (S/K)⊥1 if and only if

Ext1(S/K,U) ≃ Hom[Tor1(−, S/K),−⊗ U ] ̸= 0

if and only if −⊗S U = E(Tor1(−, S/K)) = −⊗S PE(J) if and only if U = PE(J). The point PE(J)

is therefore isolated, because it is the only point not in the closed subset Cl[(S/K)⊥1 ].

S/I: A point U ∈ Zg(S) does not belong to (S/K)⊥2 if and only if

Ext2(S/K,U) ≃ Hom[Tor2(−, S/K),−⊗ U ] ̸= 0

if and only if −⊗S U = E(Tor2(−, S/K))) = −⊗ S/I if and only if U = S/I. The point S/I is the

only point not in Cl[(S/K)⊥2 ], but it is also closed, because Cl(Add(S/I)) = {S/I}.

As a consequence, any point U ∈ Zg(S) that is not equal to S/K, PE(J), or S/I belongs to (S/K)⊥0 ∩
(S/K)⊥1 ∩ (S/K)⊥2 = S-Abs∩S-Flat and therefore belongs to minimal closed subset Zg′(S) = Cl(S-Abs∩
S-Flat). Because this closed set contains at least the two points E(S/I) and E(I), the points of Zg′(S) are
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not isolated. This proves Theorem 5.16 and implies that the list of definable subcategories of S-Mod is

complete. For example, we can deduce now that {PE(J)}− = Cl(TI ∩ FK), or the following.

Corollary 5.37. If S is a Dubrovin-Puninski ring, then there exist exactly three tilting classes in S-Mod,

given by

0: S-Mod = S⊥ = S-mod⊥3 ;

1: TI = (Iω ⊕ Jω)
⊥ = K⊥ = S-mod⊥2 ; and

2: S-Abs = (Iω ⊕ S/K)⊥ = S-mod⊥1 .

Moreover, every nonprojective tilting module is a pure projective module that is not tilting equivalent to a

finitely generated (classical) tilting module.

(4) (− ⊗S S/I)/Tor2(−, S/K). If U ∈ Zg(S) is not one of the three isolated points S/K, S/I, of PE(J),

then it must be injective. In such a situation, a minimal left almost split morphism with domain U exists

only if U is the injective envelope of a simple module. The only possibility is that E(S/I), in which case the

minimal left almost morphism is given by the quotient map k : E(S/I) → PE(J) and the beginning of the

associated long exact sequence is seen to be

· · · //0 //Tor2(−, S/K) //−⊗S S/I
−⊗i //−⊗ E(S/I)

−⊗k //−⊗ PE(J) //0.

The kernel of the induced morphism −⊗k is therefore given by the simple object (−⊗S S/I)/Tor2(−, S/K)

in (mod-S,Ab). Because the coherent object Tor2(−, S/K) is simple, the functor −⊗S S/I has length 2 in

(mod-S,Ab).

This concludes the proof of Theorem 5.36 which gives the classification of the simple objects of (mod-S,Ab)

and yields the following decomposition theorem for for a pure injective S-module. In the following, note that

both of the simple left S-modules S/K and S/I are endosimple and therefore Σ-pure injective.

Theorem 5.38. Given a pure injective S-module N, there exist cardinals α, β, γ, and δ and an injective

flat module N0 such that

N ≃ (S/K)(α) ⊕ PE[PE(J)(β)]⊕ (S/I)(γ) ⊕ E[(S/I)(δ)]⊕N0.

This decomposition is unique up to isomorphism.

Proof. The decomposition is obtained by considering the socle of the injective object −⊗SN in the category

(mod-S,Ab). It will be of the form

soc(−⊗S N) = (−⊗S S/K)(α) ⨿ Tor1(S/K,−)(β) ⨿ Tor2(S/K,−)(γ) ⨿ [(−⊗S S/I)/Tor2(−, S/K)](δ),

where α, β, γ, and δ are cardinals. The injective object −⊗N is then decomposed as

−⊗S N = E[soc(−⊗N)] ⨿ −⊗N0,

where the injective complement − ⊗ N0 has no simple subobject. By Proposition 5.35, the module N0 is

absolutely pure and flat. Because N0 is pure injective and absolutely pure, it must be injective. �

The classification of definable subcategories of S-Mod and the decomposition of Theorem 5.38 yields the

following observation.
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Corollary 5.39. For every definable subcategory D ⊆ S-Mod, D ∩ S-PInj = Prod(D ∩MaxZg(S)).

Proof. Suppose that N ∈ D is pure injective. If the module N0 = 0 in Theorem 5.38, then all the inde-

composable summands of N belong to D ∩MaxZg(S) and N is a direct summand of their product. If the

injective flat module N0 is nonzero, then D contains S-Abs ∩ S-Flat and E(S/I) ∈ D ∩MaxZg(S). But N0

belongs to Cogen(E(S/I)) and the result is clear. �

i. The three cotilting classes.

In this section, we prove a result dual to that of Corollary 5.37. Namely, we show that there exist exactly

three cotilting classes in S-Mod, given by the classes of modules of flat dimension 0, 1, and 2, respectively.

In order to accomplish this, we use the foregoing analysis to characterize the modules of S-Mod according

to their flat dimensions. The first step is to prove that every Dubrovin-Puninski ring is a Xu ring. A ring S

is called left Xu if every left cotorsion S-module is pure injective. An equivalent condition on the ring S is

that for every module SM the pure cosyzygy Ω−1
p (M), which is the cokernel of the pure injective envelope

of M,

0 //M
m //PE(M)

n //Ω−1
p (M) //0

is flat. For then the pure injective envelope PE(M) is the cotorsion envelope of M.

Proposition 5.40. If S is a Dubrovin-Puninski ring and SM is a left S-module, then the pure cosyzygy

Ω−1
p (M) is flat and absolutely pure.

Proof. We will use the fact that for every module SM, the object −⊗SM in the functor category (mod-S,Ab)

is fp-injective. Let m :M → PE(M) be the pure injective envelope ofM in S-Mod. The short exact sequence

above is pure exact and so induces a short exact sequence

0 //−⊗S M
−⊗m //−⊗S PE(M)

−⊗n //−⊗S Ω−1
p (M) //0

in the functor category. The morphism −⊗m : −⊗SM → −⊗SPE(M) is the injective envelope of −⊗SM in

the functor category (mod-S,Ab). It is an essential extension of −⊗SM ; if any of the simple coherent objects

−⊗S S/K, Tor1(−, S/K), or Tor2(−, S/K) admitted a nonzero morphism into −⊗Ω−1
p (M), we could take

the pullback of the short exact sequence of functors along that monomorphism to obtain a nonsplit extension

of the simple coherent functor and the fp-injective object −⊗SM, a contradiction. By Proposition 5.35, the

module Ω−1
p (M) must be flat and absolutely pure. �

Proposition 5.40 implies that the complete cotorsion pair generated by the class S-Flat of flat S-modules

is given by (S-Flat, S-PInj). It also implies that the flat syzygy Ω♭(M), which is the kernel of the flat cover

of M,

0 //Ω♭(M)
r //FC(M)

s //M //0

is a pure injective module. By the minimality property, the pure injective module Ω♭(M) cannot have

injective direct summands, for they would give rise to direct summands of FC(M), contained in the kernel.

The decomposition of the flat syzygy of M, according to Theorem 5.38, must be of the form

Ω♭(M) = PE[PE(J)(β)]⊕ (S/I)(γ),

where the summand (S/I)(γ) is a flat module.
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In the following, we will use the notation tK to denote the torsion radical of the torsion pair (Add(S/K),FK).

For any S-module M, tK(M) is the S/K-socle of M and, because the module S/K is Σ-injective, tK(M) is

a direct summand of M.

Lemma 5.41. A left S-module M has flat dimension at most 1 if and only if tK(M) = 0.

Proof. If tK(M) ̸= 0, then M has a direct summand isomorphic to S/K, whose minimal flat resolution S/K

has length 2. The flat dimension of M cannot therefore be at most 1.

If tK(M) = 0, consider the flat cover of M and let us prove that the cardinal β = 0. This will imply that

Ω♭(M) ∈ Add(S/I) and yield a minimal flat resolution of length at most 1. If β > 0, then there is a summand

of Ω♭(M) isomorphic to PE(J), which, considered as a submodule of FC(M) is not a direct summand. The

canonical morphism ι : PE(J) → Ω♭(M) induces a morphism

0 //PE(J)
j //

ι

��

E(I)
p′

//

��

S/K //

t

��

0

0 //Ω♭(M) //FC(M) //M //0

from the almost split sequence with left term PE(J). By hypothesis, t : S/K → M is zero, so that this

morphism of short exact sequences is null homotopic. This implies that the morphism ι factors through the

injective envelope E(I). Composing ι with the canonical projection π : Ω♭(M) → PE(J) would then yield a

splitting of the almost split sequence, a contradiction. �

Lemma 5.41 indicates that the torsion free class FK , which was earlier identified as Cogen(E(S/I)),

consists of the S-modules of flat dimension at most 1. Because S/K has flat dimension 2, it also implies that

every S-module has flat dimension at most 2. The almost split sequence used in the previous proof may be

employed to obtain another characterization of FK , for the modules in FK are precisely those modules M

for which there exists no split epimorphism q : M → S/K. This implies that every such morphism factors

as indicated by the dotted arrow in

M

u

��zz
0 // PE(J)

j // E(I)
p′

// S/K // 0.

This almost split sequence in the bottom row is also the minimal injective coresolution of PE(J), so that

M ∈ FK if and only if Ext1(M,PE(J)) = 0. Because of the way it is situated as part of the minimal injective

coresolution of S/I, we get that

(11) FK = ⊥1PE(J) = ⊥2S/I.

A left S-module Cn is an n-cotilting module if

(1) the injective dimension id(Cn) ≤ n;

(2) ExtiS(C
ℵ
n , Cn) = 0, for all natural numbers i > 0 and cardinals ℵ; and

(3) there exists a finite coresolution of the minimal injective cogenerator SE0 of S-Mod in Prod(Cn),

the subcategory of summands of products of copies of C.
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If Cn is an n-cotilting module, then the associated cotilting class is defined to be the subcategory

⊥Cn = {M ∈ S-Mod | Exti(M,Cn) = 0, for all i > 0}.

Two n-cotilting modules Cn and C ′
n are equivalent if Prod(Cn) = Prod(C ′

n).

By [5] and [46], every cotilting class C is a definable subcategory of S-Mod that contains the definable

subcategory S-Flat. According to our classification of the definable subcategories of S-Mod, there are only

four such: S-Mod, FK , S/K
⊥1 , and S-Flat itself. The category S-Mod is the unique 0-cotilting class

associated to the 0-cotilting module given by the minimal injective cogenerator E0 = S/K ⊕ E(S/I).

Proposition 5.42. The torsion free class FK = ⊥2S/I is a 1-cotilting class with cotilting module C1 =

E(S/I)⊕ PE(J).

Proof. Let us verify that C1 is a 1-cotilting module. (1) The almost split sequence whose left term is PE(J)

is an injective coresolution of PE(J) of length 1 so that the injective dimension of PE(J), and therefore that

of C1, is at most 1. (2) By Equation (11), FK = ⊥1PE(J) = ⊥PE(J) = ⊥1C1, and it is easy to see that

no product Cℵ
1 of copies of C1 has a submodule isomorphic to S/K. (3) The injective indecomposable E(I)

belongs to Prod(E(S/I)) ⊆ Prod(C1) so that the minimal flat resolution of S/K given in Theorem 5.34 is

in Prod(C1). �

Proposition 5.43. The definable subcategory S-Flat ⊆ S-Mod is a 2-cotilting class with cotilting module

C2 = E(S/I)⊕ S/I.

Proof. (1) The minimal injective coresolution of S/I given in Theorem 5.34 shows that the injective dimension

of S/I, and therefore that of C2, is at most 2. (2) The module C2 is pure injective, and therefore cotorsion. It

is also flat, so that for any cardinal ℵ, the product Cℵ
2 ⊆ S-Flat ⊆ ⊥C2. (3) Because E(I) ∈ Prod(E(S/I)),

the minimal injective coresolution (5.34) of S/I is a resolution of S/K in Prod(C2).

Let us argue that ⊥C2 = ⊥S/I = ⊥1S/I ∩ ⊥2S/I = S-Flat. Equation (11) implies that ⊥2S/I = FK is

the class of modules of flat dimension at most 1. If the flat dimension of a module M ∈ ⊥C2 were to equal

1, we have seen how the kernel of its flat cover would have to be in Add(S/I), which would imply that M

does not belong to ⊥1S/I. �

The definable subcategory S/K⊥1 contains the category S-Flat, but is not a cotilting class ⊥C for any

module C. This is because cotilting classes are closed under kernels of epimorphisms and the module PE(J),

which does not belong to S/K⊥1 has injective dimension 1 and every injective module belongs to S/K⊥1 .

j. The ten preenveloping subcategories of S-PProj.

Suppose that M is an S-module of flat dimension at most 1. We have shown above that this is equivalent

to the condition that the torsion submodule tK(M) = 0 and that it implies that the flat syzygy Ω♭(M) =

(S/I)(γ) is a direct sum of copies of S/I. By the left almost split property of the morphism sω : S/I → Iω/Ig,
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this yields a morphism of short exact sequences as depicted by

0

��

0

��
0 //(S/I)(γ)

s(γ)
ω //(Iω/Ig)(γ) //

h

��

J
(γ)
ω

//

��

0

0 //Ω♭(M) //FC(M) //

��

M //

��

0

F

��

F

��
0 0.

Because Iω/Ig is essential over S/I, the morphism h : (Iω/Ig)
(γ) → FC(M) is a monomorphism and, because

Iω/Ig is absolutely pure, the middle column is a pure exact sequence. The cokernel F is a pure epimorphic

image of the flat module FC(M) so that it too is a flat module. This implies that the short exact sequence

given by the column on the right is also pure exact. This leads to the following important point.

Theorem 5.44. Every left S-module M possesses a filtration of pure submodules

0 ⊆ tK(M) ⊆M2 ⊆ IM ⊆M,

where tK(M) ∈ Add(S/K), M2 ≃ J
(γ)
ω , the factor IM/M2 is absolutely pure and flat, and M/IM ∈

Add(S/I).

Proof. Consider the module M ′ = IM/tK(M), which has flat dimension at most 1, because it belongs to

FK , to obtain a short exact sequence

0 //J (γ)
ω

//IM //F //0,

where F is a flat module that satisfies IF = F and is therefore absolutely pure. Let M2 be the preimage of

J
(γ)
ω in M. Both of the factors IM/M2 and M/IM are flat, so that M2 and IM are pure submodules of M ;

the submodule tK(M) is a direct summand. �

The factors of the filtration given in Theorem 5.44 determine the least definable subcategory D(M) ⊆
S-Mod that contains M. For we can check that S/K ∈ D(M) if and only tK(M) ̸= 0; PE(J) ∈ D(M) if and

only if M2/tK(M) ̸= 0; S/I ∈ D(M) if and only if M/IM ̸= 0; and D(M) contains the minimal definable

subcategory S-Abs ∩ S-Flat if and only if IM/tK(M) ̸= 0.

Another consequence of Theorem 5.44 is that every left S-module is pure projective-by-flat. Indeed, the

submodule M2 belongs to Add(S/K ⊕ Jω) and the factor M/M2 is flat. This is used in the next result,

which is a kind of dual to Theorem 5.40.

Theorem 5.45. For every left S-module M, there exists a pure exact sequence

0 //I ′ //P //M //0,
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with P pure projective and I ′ absolutely pure and flat.

Proof. It suffices to prove the theorem for flat modules. For then we can express the module M as a pure

projective-by-flat module and take the pullback

0

��

0

��
I ′

��

I ′

��
0 //M2

//

��

M2 ⊕ P //

��

P //

��

0

0 //M2
//M //

��

F //

��

0

0 0.

The bottom row is pure exact with F flat and M2 pure projective. The module P is pure projective, so that

the middle row is a split exact sequence. The module I ′ is absolutely pure and M2 ⊕ P is pure projective,

as required.

If M = F is a flat module, then we use the filtration 0 ⊆ IF ⊆ F of Theorem 5.44 and work with the

factors IF and F/IF = (S/I)(γ) separately. The flat module IF belongs to the 1-tilting class TI = Gen(Iω),

which gives rise to the morphism of short exact sequences in the bottom two rows of

0

��

0

��

0

��
0 //I ′′ //

��

I ′

��

//I(γ) //

��

0

0 //I(δ)ω
//

��

I
(δ)
ω ⊕ S(γ) //

��

S(γ) //

(γ)

��

0

0 //IF //

��

F //

��

(S/I)(γ) //

��

0

0 0 0.

The kernel of this morphism is the short exact sequence that appears in the top row. In every column, the

short exact sequence is pure exact, because the third term is flat. In the first column, the kernel I ′′ is a pure

submodule of I
(δ)
ω and is therefore absolutely pure and flat; in the third column, the kernel I(γ) is likewise

absolutely pure and flat. It follows that the kernel I ′ in the middle column is also absolutely pure and flat,

as required. �
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The short exact sequence found in Theorem 5.45 implies that if the module M belongs to ⊥S-Abs, then

it must a direct summand of P and therefore pure projective.

The second author and Ph. Rothmaler [28] proved that if C is a preenveloping subcategory of the category

Add(S-mod) = S-PProj of pure projective modules, then the category C̃ of objects that arise as pure

epimorphic images of coproducts of objects in C is a definable subcategory of S-Mod. The rule C 7→ C̃ is

then a bijective correspondence between the collection of preenveloping subcategories in S-PProj and that

of definable subcategories of S-Mod that have enough pure projective modules; the inverse correspondence

is given by D 7→ D ∩ S-PProj.

Corollary 5.46. Every definable subcategory D ⊆ S-Mod, save Add(S/I) and Add(S/J), has enough pure

projective modules.

Proof. If a definable subcategory D ⊆ S-Mod contains S-Abs ∩ S-Flat, then it has enough pure projective

modules by Theorem 5.45: every module M in D admits a pure epimorphism from a pure projective module

P, where the kernel I ′ of the pure epimorphism lies in S-Abs ∩ S-Flat ⊆ D. The pure projective module P

therefore belongs to D too.

Among the four semisimple definable subcategories D ⊆ S-Mod that do not contain S-Abs∩ S-Flat, it is
readily verified that the classes Add(S/I) and Add(S/J) do not have enough pure projective modules, while

Add(S/K) and 0 do. �

By the bijective correspondence between definable subcategories of S-Mod with enough pure projective

modules and preenveloping subcategories of Add(S-mod), we conclude that there exist exactly 10 preen-

veloping subcategories of S-PProj. They appear in the third column of Table 1.

k. The six covariantly finite subcategories of S-mod.

An additive subcategory C0 ⊆ S-mod is called covariantly finite if it is preenveloping in S-mod. Every

covariantly finite subcategory C0 ⊆ S-mod gives rise to the preenveloping subcategory Add(C0) of S-PProj.
If P ∈ S-PProj is pure projective, then there is a module P ′ such that P ⊕ P ′ = ⊕iAi is a direct sum of

finitely presented. It is then readily verified that the composition P → P ⊕ P ′ = ⊕iAi → ⊕i(Ai)C0 is an

Add(C0)-preenvelope of P. The following is a sort of converse.

Proposition 5.47. Suppose that a preenveloping subcategory C ⊆ S-PProj of pure projective modules is of

the form C = Add(C0), where C0 ⊆ S-mod is an additive subcategory of finitely presented modules. Then

C0 = C ∩ S-mod is a covariantly finite subcategory of S-mod.

Proof. First note that C0 is unique, for if Add(C0) = Add(C′
0) and both C0 and C′

0 are additive subcategories

of S-mod, then C0 = C′
0. Now the inclusion C = Add(C0) ⊆ Add(C∩S-mod) ⊆ C implies that C0 = C∩S-mod.

To see that C0 is covariantly finite consider the C-preenvelope A → AC of a finitely presented module A.

Because AC ∈ Add(C0), there is a module A′ such that AC ⊕ A′ = ⊕iBi, with Bi ∈ C0. The composition

A→ AC → ⊕iBi with the structural injection is another C-preenvelope of A. Because A is finitely presented

this C-preenvelope factors through a finite direct sum of the Bi, which belongs to C0. This morphism serves

as a C0-preenvelope of A. �
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In the correspondence C 7→ C̃ between the preenveloping categories of S-PProj and the definable subcate-

gories of S-Mod with enough pure projective modules, the preenveloping subcategories of the form Add(C0),
with C0 covariantly finite in S-mod, correspond to the definable subcategories D ⊆ S-Mod that have enough

finitely presented modules, in the sense that every module D ∈ D admits a pure epimorphism ⊕iAi → D,

where every Ai is a finitely presented S-module that belongs to D.
Among the ten preenveloping subcategories of S-PProj that appear in the third column of Table 1, six

are readily identified to be of the form Add(C0), where C0 ⊆ S-mod is an additive subcategory of finitely

presented modules. Beside 0 and Add(S/K) = Add(add(S/K)), there are four that contain the module S.

By Fact 5.21, they are determined by which of the two finitely presented indecomposable modules K and

S/K they contain:

(1) Add(S) = S-Flat ∩ S-PProj = S-Proj = Add(S-proj);

(2) Add(S ⊕K) = FK ∩ S-PProj = Add(add(S ⊕K));

(3) Add(S ⊕ S/K) = S/K⊥1 ∩ S-PProj = Add(add(S ⊕ S/K)); and

(4) S-PProj = S-Mod ∩ S-mod = Add(S-mod).

By Proposition 5.47, these considerations yield a list of 6 covariantly finite subcategories of S-mod : 0,

add(S/K), add(S), add(S ⊕K), add(S ⊕ S/K), and S-mod. To be sure that there are no others, it suffices

to check that none of the other 4 preenveloping subcategories of S-PProj are not of the form C = Add(C ∩
S-mod). Let us use Fact 5.21 to show that in these four cases C∩S-mod ⊆ C̃∩S-mod is either 0 or add(S/K) :

• Add(Iω) ∩ S-mod ⊆ (S-Abs ∩ S-Flat) ∩ S-mod = 0;

• Add(Iω ⊕ S/K) ∩ S-mod ⊆ S-Abs ∩ S-mod = add(S/K);

• Add(Iω ⊕ Jω) ∩ S-mod ⊆ [(S/K)⊥1 ∩ (S/K)⊥2 ] ∩ S-mod = 0; and

• Add(Iω ⊕ Jω ⊕ S/K) ∩ S-mod ⊆ TI ∩ S-mod = add(S/K).

If C = Add(C0) is a preenveloping subcategory of S-PProj associated to a covariantly finite subcategory,

then a result of Lenzing implies that every object in the definable subcategory C̃ is a direct limit of objects in

C0.We can express this as C̃ = lim
→

(C0). Crawley-Boevey [12, §4] and H. Krause [33, Proposition 3.11] showed

that if a definable subcategory is of the form lim
→

(C0), for some additive subcategory of S-mod, then C0 is

covariantly finite. This follows from the considerations above, but was first proved without using S-PProj

as the ambient category. The four covariantly finite subcategories C0 of S-mod that contain S give rise

in this way to the four definable subcategories lim
→

(C0) of S-Mod that contain S-Flat. These four definable

subcategories generate the following cotorsion pairs:

(1) (S-Flat, S-PInj) = (S-Flat, S-Mod ∩ S-PInj);
(2) (FK ,Prod(PE(J)× S/K × E(S/I))) = (FK , TI ∩ S-PInj);
(3) (S/K⊥1 ,Prod(S/I × S/K × E(S/I))) = (S/K⊥1 , S/K⊥1 ∩ S-PInj); and
(4) (S-Mod, S-Inj) = (S-Mod, S-Abs ∩ S-PInj).

That S-Flat⊥1 = S-PInj follows from the fact that S is a Xu ring. Because the definable categories on the left

of each pair contain S-Flat, the categories on the right are contained in S-PInj. The categories on the right

contain the category S-Inj of injective S-modules and are closed under products and direct summands. Thus

they are completely determined by which of the two pure injective noninjective indecomposable modules S/I

and PE(J) they contain. Looking at the third cotorsion pair on this list, we see that S/K⊥1 = ⊥1S/I.

There are four cotorsion pairs in S-Mod that are generated by a subcategory of S-mod :
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(1) (S-Proj, S-Mod) = (S-Flat ∩ S-PProj, S-Mod);

(2) (Add(S ⊕K), TI) = (FK ∩ S-PProj, TI);
(3) (Add(S ⊕ S/K), S/K⊥1) = (S/K⊥1 ∩ S-PProj, S/K⊥1); and

(4) (Add(S-mod), S-Abs) = (S-PProj, S-Abs).

In each case, the category on the left is contained in S-mod, so that the category on the right is a definable

subcategory that contains S-Abs. Proposition 5.45 implies that ⊥1S-Abs = S-PProj so that the category on

the left is necessarily a subcategory of S-mod. The right category in the second cotorsion pair is given by

K⊥1 = S/K⊥2 = TI .
Among these two lists of cotorsion pairs, the only ones that are not associated to a tilting or cotilting

class are the two that appear as part of the cotorsion triple (S/K⊥1 ∩ S-PProj, S/K⊥1 , S/K⊥1 ∩ S-PInj).
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(Czech Republic)

E-mail address: prihoda@karlin.mff.cuni.cz
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