From “Stochastic Calculus of Variations on
Wiener space” to “Stochastic Calculus of
Variations on Poisson space”.

Maurizio Pratelli
Department of Mathematics, University of Pisa
pratelli@dm.unipi.it

Brixen, July 16, 2007



Malliavin’s derivative: “Calculus of Variations approach”
Q = Cy(0,T) F € L?(Q) (a functional on Wiener space)
Cameron-Martin space CM: h eCM if
h(t) = [yh(s)ds, hec L?(0,T)

and [|hlloar = |1l 2



Suppose that 3Zs € L2(2 x [0,T]) such that

im F(w+ eh) — F(w) _

e—0 €

T .
/ Zs(w)h(s) ds
0

then F' is derivable (in Malliavin’'s sense) and Zs; = DsF (more gen-
erally Dy F = f(;[ DsF h(s)ds).

With this definition, D is like a Fréchet derivative, but only along the
directions in CM. Why?



Girsanov’s theorem: if

dP* T. 1 T-2
— ex s)YdW. — = | & d>=L
a5 = o0 ([ aws—3 [ 1h20)as) = L

law of (W(y+ h(.)) under P = law of Wy under P*

(recall that on the canonical space Wi(w) = w(t)).



Introducing

2

dPe¢ r e (1.,
P J— €

we have

L7 —1

F(w+4 eh) — F(w)}

€

J £[r

€

since I|m€_>oL = fo h(s) dWs



we obtain the integration by parts formula

IE[/OTDSF h(s)ds} IE[F /OTh(s)dWS}

(h(s) can be replaced by Hs € L?(2 x [0,7]) adapted)

Intuitively: Malliavin's calculs is the analysis of the variations of the
paths along the directions supported by Girsanov’s theorem.



More generally: for k & LQ(O,T) , define W (k) = fOT k(s) dWs (Wiener's
integral) and define smooth functional

F = ¢(W(k1),...,W(kn))

(¢ smooth). We obtain easily

DF =Y gj (W kD), ..., W(kn)) ki)
i=1 "



The operator D : S C L?(Q) — L?(Q x [0,T]) (S space of smooth
functionals) is closable (by the integration by parts formula) (from
now on we consider the closure).

The adjoint operator D* = § : LQ(Q x [0,T]) is called divergence
or Skorohod integral and D* restricted to the adapted processes

coincides with Ito’s integral.

This is equivalent to the Clark-Ocone-Karatzas formula: if F is
derivable

T
F = E[F] +/ IE|DsF|Fs| dWs
0



Very important is the so-called Chain rule:

DS F*

Dso(F1, ... Z

(if ¢ : R™ — R is derivable in the classic sense and Fl ... F™ in the
Malliavin's sense).



Summing up:

e integration by parts formula

e D* restricted to adapted processes coincides with Ito's integral

e Clark-Ocone-Karatzas formula

e chain rule



A remark: Skorohod (anticipating) integral is not an integral (limit
of Riemann’s sums).

Intuitively

T
/O HsdXs =1lim Y H (Xy,, , — Xy,)
1

Formula: if Hs is adapted and F' derivable

T T T
/ (FHs) 0Ws = F/ Hs dWs — / DsF Hsds
0 0 0



Malliavin derivative in Chaos Expansion.
An introductory example: alternative description on the space H12(0, 27) .

f € L?(0,27) can be written

f=uao+ ) (a coskx + by sin kz) > " Jagl? + [bgl? < 400
k>1 k

If there is a finite number of terms

f'=> (kb coskz — kay, sin kz)
k



Therefore f is derivable (in weak sense) and f' € L2(0,2n) if

Zk2(|ak|2 + |b3]?) < Foo and = Zk(bk cos kx — ay, Sin kx)
k k

e short and easy definition of (weak) derivative and of the space
HY2(0,27);

e the meaning of derivative is hidden.



Wiener Chaos Expansion

Sn=4{0<t;1 < - <tn <T}, given f e Sy

In(f) = / thn/ dwy, - / f(t1, ... tn) dWy,
]OaT] ]Optn] ]07t2]

E[Jn(f)Q] = Hin%Sn)

If Cr, = image of L2(Sy) by Jn, we have L?(Q2) =Cod C1 & Cs. ..



If L2([0,T]") is the subspace of symmetric functions of L2([0,7]"),
define:

In(f)=n!/--- ; f("')thn"’th1

we have E | In(/)2] = nt || f][72((0 7y -

F e L?(Q2) can be written F =" ¢ In(fn) With 3, <o n! an||%2 < +oo



By direct calculus

Dy In(fa(t1,...,8)) = nlp_1(falts, ... th_1,1))

We can define

DiF =% ,s1nl1(...) provided that Y as1nn! [ fall2, < 4oo

A similar characterization can be given for Skorohod integral.



With this approach:

e concise and more elementary definitions of Malliavin’s derivative
and divergence

e some proof are easier, some more complicated (e.g. ‘“chain rule’)

e the idea of derivative is hidden



A good result with this approach: Energy identity for Skorohod
integral (Nualart, Pardoux, Shigekawa)

IEK/OTZScSWS)Q} :IE[/OTZSst—l—/OT/OT(DtZS—I—DSZt)dsdt}

Other approaches: discretization (Ocone, Mallavin—T halmaier), weak
derivation ...



Main applications of Malliavin calculus:

e Clark—Ocone—Karatzas formula (explicit characterization of the
integrand)

e Regularity of the law of some r.v. (solutions of S.D.E.)

e Sensitivity analysis in Mathematical Finance (Monte Carlo weights
for the Greek's)



An idea of “sensitivity analysis” (Fournié, Lasry, Lebuchoux, Lions,
Touzi [99], and F.L.L.L. [01]):

SE|F(F)| =E|f(F) o F¢| =

_ E[DwD[i(ﬁﬂ aCFC} —E [f(FC) D;(gﬁg)} |

O F¢
Dy FS

The “weight” W = D;‘U( ) is independent of f (and not unique).



In order to extend to more general situations (from diffusion models
to jump—diffusion models), we need:

e an integration by parts formula

e Chain rule.



Plain Poisson process
Let P, be a Poisson process with jump times 1 <1 < ...

(0; = 7; — 7;_1 are independent exponential density) and Ny = (P —t)
the compensated Poisson.

Point of view of Chaos Expansion:

Starting from

fn(f):/ dNtn/ dNtn_l---/ F(t1,. .. tn) dNy,
10,77] 10,tnl 10,2



A similar theory, based on chaotic representation, can be developed
w.r.t. Ny (Lokka, Oksendal and ...)

e similar definition of derivative D¢ and Skorohod integral

e (D°)* coincides with ordinary stochastic integrals on predictable
processes

e Clark—Ocone—Karatzas formula



A serious drawback: the chain rule is not satisfied.

In fact, the ‘“chaotic” derivative satisfies the formula

D§(FG) = F D{G + G D{F + D{F D{G

(Chain rule is (morally) equivalent to the formula

D:(FG) = FD;G + GD.F).



An alternative point of view: Variations on the paths
(via Girsanov theorem)

Given h(t) = [yh(s)ds ,h € L?(0,T) and A uniformly bounded from
below, consider a perturbed probability

Cf; = LS = exp ( — e/OTh(s)ds) I1 (1 1 eh(s)APS)

s<T

Let ac(t) = [5 (1 + eh(r)) dr (a variation on time):

law of P, (y under P = law of Py under P*



Similar definition for derivative of a Poisson functional:

F(Pa.) — F(P)

lim
e—0 €
Since lim,_,g —L1— o/ fo h(s) dNs we obtain the integration by parts

formula.

Some differences with Gaussian case: only a deterministic perturba-
tion is allowed, (the integration by parts formula is less immediate).



On smooth functionals of the form

Fng(Tl,...,Tn)

we obtain by a direct calculus

) {0,771 ()

Df¢(7‘1,..., Z

Good properties: (DV)* concides with stochastic integrals for pre-
dictable processes (Clark—Ocone—Karatzas), the chain rule is sat-
isfied.



A drawback: the analysis of divergence is more complicated (w.r.t.
chaotic point of view)

A serious drawback: Py is not derivable (not in the domain of the
operator DY)

Pr=> Ior(m)

1>1

is not a smooth function of the jump times.



A remark: the domains of the operators D¢ and DY are completely
different. Typical derivable functionals are:

e stochastic integrals fOT h(s) dNs (or iterated stoch. int.) for the
operator D¢,

e smooth functions ¢(ry,...,7) for the operator DV.



The “variations’” point of view was investigated in some papers by
Privault with a different approach (Bouleau—Hirsch, who started

by proving Clark—Ocone-Karatzas formula). A similar approach is in
Elliot—Tsoi " 93.

Privault obtained sensitivity results for models of the kind

n
dS; = Sy (m(t) dt+ Y a; dpg)
j=1

(Pl ..., P") independent Poisson processes, for Asian options of the
form [3 f(t,Sp) dt.



Compound Poisson processes

Xe= S U~ A E[U // d(u -
v= 2 Ot]><]R$ (n=v)

J<P

P, Poisson process with intensity A, U1,U», ... i.i.d.

0w = Z €(rnln) v(w,dt,dz) = AdtdF(x)
n



Chaotic expansion approach developed by Léon et coll. (2002),
Oksendal and coll. (many papers) with attention to anticipative
calculus, anticipative Ito's formulae ...

Variations on the paths

Two possibilities: variations on jump times and on jump amplitude
(supported by Girsanov’'s theorem)



Variations on jump times.

Integration by parts formula

IE[/OTDgF Hsds} :JE[F(/OTHSdNSﬂ

(No hope for a Clark-Ocone-Karatzas formula)



Variations on jump amplitude.

This is the good point of view, and it was investigated by Bismut,
Bass—Cranston, Jacod—Bichteler—Pellaumail under a restriction:
dF'(x) is the Lebesgue measure under a suitable open interval E.

Their results can be extended to the case dF(x) = f(x)dxz (where
the “density” f is continuous and strictly positive on an open interval
E =]a,bl).



Methods:
e look at the process X; in the form [ [ig 4 gz d(p —v)
e use Girsanov theorem for random measures

e consider s.d.e. with respect to random measures.

Integration by parts formula

E[//[QT]XEDgS o F Hs, x)dde(:U) //OT]XEHd(u v))}



A remark: some papers extend sensitivity analysis to jump-diffusion
models by using the chaotic approach. How is it possible?

Idea: if F(w,w’) (win the Wiener space, ' in Poisson space), we have

D¥¢(F(w,w")) = ¢/(F) DYF(w,w")

(where DY is the derivative w.r.t. Wiener component, ' is only a
parameter).

Davis—Johannson (2006) under a separability assumption, Teichmann—
Forster—Lutkebohmert (2007) under more general hypothesis.



Separability assumption:

St = f(Xf, X§)

where X¢ satisfies an equation

dX¢ = X¢ (m(t) dt + of th)

and X¢ satisfies a similar equation on the Poisson space.



Bavouzet—Messaoud uses integration by parts w.r.t. jump ampli-
tude, but only after discretization.

These methods seems not convenient for more general Lévy pro-
cesses.



Happy Belated Birthday
Wolfgang !



