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Abstract

In 1998 Victor Kac classified infinite-dimensional Z-graded Lie superal-
gebras of finite depth. We construct new examples of infinite-dimensional
Lie superalgebras with a Z-gradation of infinite depth and finite growth
and classify Z-graded Lie superalgebras of infinite depth and finite growth
under suitable hypotheses.
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(secondary).

Introduction

Simple finite-dimensional Lie superalgebras were classified by V.G. Kac in [K2].
In the same paper Kac classified the finite-dimensional, Z-graded Lie superal-
gebras under the hypotheses of irreducibility and transitivity.

The classification of infinite-dimensional, Z-graded Lie superalgebras of finite
depth is also due to V.G. Kac [K3] and is deeply related to the classification
of linearly compact Lie superalgebras. We recall that finite depth implies finite
growth.

This naturally leads to investigate infinite-dimensional, Z-graded Lie super-
algebras of infinite depth and finite growth. The hypothesis of finite growth is
central to the problem; indeed, it is well known that it is not possible to classify
Z-graded Lie algebras (and thus Lie superalgebras) of any growth (see [K1, M]).
The only known examples of infinite-dimensional, Z-graded Lie superalgebras
of finite growth and infinite depth are given by contragredient Lie superalgebras
which were classified by V.G. Kac in [K2] in the case of finite dimension and by
J.W. van de Leur in the general case [vdL]. Contragredient Lie superalgebras,
as well as Kac-Moody Lie algebras, have a Z-gradation of infinite depth and
growth equal to 1, due to their periodic structure.

We construct three new examples of infinite-dimensional Lie superalgebras
with a consistent Z-gradation of infinite depth and finite growth, and we realize
them as covering superalgebras of finite-dimensional Lie superalgebras. It turns
out that if G is an irreducible, simple Lie superalgebra generated by its local
part, with a consistent Z-gradation, and if we assume that Gy is simple and
that G, is an irreducible Gg-module which is not contragredient to G_;, then



G is isomorphic to one of these three algebras (Theorem 3.1) and its growth is
therefore equal to 1.

So far, any known example of a Z-graded Lie superalgebra of infinite depth
and finite growth is, up to isomorphism, either a contragredient Lie superalgebra
or the covering superalgebra of a finite-dimensional Lie superalgebra. Since the
aim of this paper is analyzing Z-graded Lie superalgebras of infinite depth, we
shall not describe the cases of finite depth which can be found in [K2, K3].

Let G be a Z-graded Lie superalgebra. Suppose that G is a simple Lie algebra
and that G_; and G; are irreducible Go-modules and are not contragredient. Let
F) be a highest weight vector of G_; of weight A and let Ej; be a lowest weight
vector of G; of weight M. Since G 1 and G; are not contragredient, the sum
A+ M is a root of Gy, and, without loss of generality, we may assume that
it is a negative root, i.e. A + M = —a for some positive root a. The paper
is based on the analysis of the relations between the Gy-modules G_; and G;.
It is organized in three sections: Section 1 contains some basic definitions and
fundamental results in the general theory of Lie superalgebras. In Section 2
the main hypotheses on the Lie superalgebra G are introduced. Section 2.1 is
devoted to the case (A,a) = 0. Since A is a dominant weight, in this section the
rank of Gy is assumed to be greater than 1. The hypothesis (A,a) = 0 always
holds for Z-graded Lie superalgebras of finite depth (see [K2, Lemma 4.1.4]
and [K3, Lemma 5.3]) but if the Lie superalgebra G has infinite depth weaker
restrictions on the weight A are obtained (compare, for example, Lemma 4.1.3
in [K2] with Lemma 1.14 in this paper).

In Section 2.2 we examine the case (A,a) # 0. In the finite-depth case
this hypothesis may not occur (cf. [K3, Lemma 5.3]). It turns out that, under
this hypothesis, Gy has necessarily rank one (cf. Theorem 2.17) namely it is
isomorphic to sl(2). Besides, a strong restriction on the possible values of (A, a)
is obtained (cf. Corollary 2.12) so that G_; is necessarily isomorphic either to
the adjoint module of sl(2) or to the irreducible s/(2)-module of dimension 2.

Finally, Section 3 is devoted to the construction of the examples and to the
classification theorem.

Throughout the paper the base field is assumed to be algebraically closed
and of characteristic zero.
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1 Basic definitions and main results

1.1 Lie superalgebras

Definition 1.1 A superalgebra is a Z2-graded algebra A = Ag® Ag; Ag is called
the even part of A and A;j is called the odd part of A.

Definition 1.2 A Lie superalgebra is a superalgebra G = G5 ® G whose product
[-,-] satisfies the following azioms:



(i) [a,b] = —(=1)s()2s®)[b, a);
(ii) la, [b, ]} = [[a, b], c] + (=1)*9()9s([p, [a, c]].

Definition 1.3 A Z-grading of a Lie superalgebra G is a decomposition of G
into a direct sum of finite-dimensional Zs-graded subspaces G = @®;czG; for
which [G;,G;] C Giyj. A Z-grading is said to be consistent if Gg = ®Ga; and
Gi = ®Gait1-

Remark 1.4 By definition, if G is a Z-graded Lie superalgebra, then G, is
a subalgebra of G and [Go, G;] C G;; therefore the restriction of the adjoint
representation to Gy induces linear representations of it on the subspaces G;.

Definition 1.5 A Z-graded Lie superalgebra G is called irreducible if G_1 is an
irreducible Go-module.

Definition 1.6 A Z-graded Lie superalgebra G = @;czG; is called transitive if
fora€ G;,i>0,[a,G 1] = 0 implies a = 0, and bitransitive if, in addition, for
a€Gi,i<0,[a,G1] =0 implies a = 0.

Let G be a Zs-graded space, decomposed into the direct sum of Zz-graded
subspaces, G = G_1 & Gy & G1. Suppose that whenever |i + j| < 1 a bilinear
operation is defined: G; x G; — Giyj, (x,y) — [z,y], satisfying the axiom of
anticommutativity and the Jacobi identity for Lie superalgebras, provided that
all the commutators in this identity are defined. Then G is called a local Lie
superalgebra.

If G = ®;e20; is a Z-graded Lie superalgebra then G 1 & Gy @ G is a local
Lie superalgebra which is called the local part of G. The following proposition
holds:

Proposition 1.7 [K2] Two bitransitive Z-graded Lie superalgebras are isomor-
phic if and only if their local parts are isomorphic.

Definition 1.8 A Lie superalgebra is called simple if it contains no nontrivial
ideals.

Proposition 1.9 [K2] If in a simple Z-graded Lie superalgebra G = @®;czG; the
subspace G_1 ® Gy ® G generates G then G is bitransitive.

1.2 On the growth of §
Definition 1.10 Let G = ®;czG; be a Z-graded Lie superalgebra. The limit

r(G) = lim In( i dim G;)/In(n)

1=—n

is called the growth of G. If r(G) is finite then we say that G has finite growth.



Let us fix some notation. Given a semisimple Lie algebra L, by V(w) we
shall denote its finite-dimensional highest weight module of highest weight w.
w; will be the fundamental weights. It is well known that if A\ is a weight of
a finite-dimensional representation of L and £ is a nonzero root of L, then the
set of weights of the form A + sf forms a continuous string: A — p8,A — (p —
DS, ..., =B, A+ 8,..., A+ ¢B8, where p and g are nonnegative integers and
p—q=2()B)/(B,B)- Let us put 2(X, 8)/(8,8) = A(hg). The numbers A(hq, ),
for a fixed basis of simple roots «;, are called the numerical marks of the weight
A

For any positive root 8 of L we shall denote by eg a root vector of L corre-
sponding to 3.

Lemma 1.11 [K1] Let L be a Lie algebra containing elements H # 0, E;, F;,
i = 1,2, connected by the equations [E;, F;] = 6;;H, [H, E1] = aFy, [H,E)] =
bE,, [H,F\] = —aFy, [H,F;] = —bF», where a # —b, b # —2a, and a # —2b,
then the growth of L is infinite.

Lemma 1.12 [K1] Let L = ®L; be a graded Lie algebra, where Ly is semisim-
ple. Assume that there exist weight vectors xx and x, corresponding to the
weights A and p of the adjoint representation of Lo on L, and a root vector e,
corresponding to the root v of Lo, which satisfy the following relations:

[Tus TA] = €5,

[zx,e—7] = 0=[z4,€,],
Alhy) # =1, (A7) #0.
Then the growth of L is infinite.

Lemma 1.13 Let G be a consistent, Z-graded Lie superalgebra and suppose that
Go is a semisimple Lie algebra. Let E;, F; (i = 1,2) be odd elements and H a
non zero element in Gy such that:

(1) |Ei, F}] =6;;H, [H,Ej]=a;E;, [H,F;|=—a;F;,
where a1 # —az, a1 # —2as and az # —2a1. Then the growth of G is infinite.

Proof. Suppose first that a; # 0 # ay. Then the elements Ey = a; ~'/?[Ey, F],
By = ay 2By, By), Fy = ay '[P, R, By = ay”'/?[Fy, B, K = —4H
satisfy the hypotheses of Lemma 1.11 in the Lie algebra Gz. Thus, the growth
of Gg is infinite and we get the thesis.

If, let us say, a1 # 0, az = 0 then the elements E| = [Ey, E1], E) = [E1, E»],
F! = —(4a,)7'[F1, F\), F} = a;'[F1, F»], H satisfy the hypotheses of Lemma
1.11 in Gg, thus we conclude. O

Lemma 1.14 Let G = ®G; be a Z-graded, consistent Lie superalgebra and sup-
pose that Gy is a semisimple Lie algebra. Assume that there exist odd elements
xy and x,, that are weight vectors of the adjoint representation of Go on G of



weight X and p respectively, and a root vector e_s of Go, connected by the rela-
tions:
{ [z, 2u] = €5
[:17)\,65] = [xme—é] =0
with 2(\,8) # (8,0), (A, 8) # 0 and (\,6) # (6,6). Then the growth of G is

infinite.

Proof. We choose a root vector es in Gy such that [es,e_s] = hs and consider
the following elements:
E, = [65, xu]

E, = [[[.’L‘u, 65]7 615]: 65]

Fl =T\
Fy = —=1/6A(hs) " (A(hs) = 1)~ [[za, €], €—4]
H = hy.

By a direct computation it is easy to check that E;, F;, H satisfy the hy-
potheses of Lemma 1.13 with a1 = (i + 0)(hs) = —A(hs), a2 = (p + 36)(hs) =
—A(hs) + 4. By Lemma 1.13 the growth of G is therefore infinite. O

We can reformulate Lemma 1.14 as follows:

Corollary 1.15 Suppose that G is a Lie superalgebra of finite growth. Let xy,
x,, e—s be as in Lemma 1.14. Then one of the following holds:

(i)(A,0) =0,
(”)(/\7 5) = (‘Sa 6)7
(i) (A, ) = 1/2(6, 6).

Theorem 1.16 [K1] Let L = ®L; be a Z-graded Lie algebra with the following
properties:

a) the Lie algebra Lo has no center;

b) the representations ¢_1 and ¢1 of Lo on L_y1 and Ly are irreducible;

¢) [Lo1, L] #0;

d) A+ M = —«a where A is the highest weight of ¢_1, M is the lowest weight
of &1 and a is a positive root of Ly;

e) the representations ¢_1 and ¢1 are faithful;

f) the growth of L is finite.

Then Lq is isomorphic to one of the Lie algebras A, or C,, ¢_1 is the
corresponding standard representation and « is the highest root of Lg.

In the following sl,,, sp, and so, will denote the standard representations
of the corresponding Lie algebras.



Corollary 1.17 Let G = ®G; be a Lie superalgebra with a consistent Z-gradation.
Suppose that Go is simple. Suppose that there exist a highest weight vector = in
G_o of weight X # 0 and o lowest weight vector y in Go of weight p such that
[z,y] #0 and A+ p = —p for a positive root p of Go. Then, if the growth of G
is finite, Go s isomorphic to one of the Lie algebras A, or C,, p is the highest
root of Gy and G_o is the standard Gy-module.

Proof. It follows from Theorem 1.16. O

2 Main results

In this section we will consider an irreducible, consistent, simple Z-graded Lie
superalgebra G generated by its local part, and we will always suppose that G
has finite growth. Besides, we will assume that Gy is a simple Lie algebra and
that G; is an irreducible Gy-module which is not contragredient to G_;. Let us
fix a Cartan subalgebra H of Gy and the following notation: let F be a highest
weight vector of G_; of weight A (dominant weight) and let Ejs be a lowest
weight vector of G; of weight M. As shown in [K2, Proposition 1.2.10], it turns
out that [Fj, Ep] = e_q, where @ = —(A + M) is a nonzero root of Gy and
e_q 18 a root vector in Gy corresponding to —a. Interchanging, if necessary,
G, with G_; we can assume that « is a positive root. Indeed, by transitivity,
[En, Ev)] # 0 and for any ¢ € H we have:

[t,[Fn, Ex]] = (A + M)(@)[Fa, Eum].

Notice that A + M # 0 since the representations of Gy on G ; and G; are not
contragredient.

Remark 2.1 Under the above assumptions, —M = A+« is a dominant weight.
Therefore (A + a, ) > 0 for every positive root 3 of Go.

Lemma 2.2 Under the above hypotheses, [En, Ep] = 0 and [Eum, [, Ev]] =0
for every positive root p.

Proof. We have [Fy,[En, Ep]] = 2[e—qa, Epm] = 0 since Epy is a lowest weight

vector. Transitivity and irreducibility imply [Eyr, Epr] = 0. Now, since Ejy is
odd, for every positive root p we have:

[EM7 [epaEM]] = [[EMaeP]aEM] = _[EMa [epaEM]]

therefore [Er, [ep, Em]] =0. O



2.1 Case (A,a)=0

In this paragraph we suppose (A,a) = 0. If A is zero then the depth of G is
finite. Therefore we suppose that A is not zero. This implies that the rank of
Go is greater than one.

Remark 2.3 Let G be a bitransitive, irreducible Z-graded Lie superalgebra.
If (A,a) = 0 then the vectors [Fa,Fa] and [[Fa,e—,], Fa] are zero for every
positive root p.

Proof. Once we have shown that [Fj,Fp] = 0, we proceed as in Lemma
2.2 and conclude that [[Fj,e_,],FA] = 0 for every positive root p. Since
[[Fa, FAl, Em] = 2[Fa, e—o] = 0, we conclude by bitransitivity. O

Lemma 2.4 « is the highest oot of one of the parts of the Dynkin diagram of
Go into which it is divided by the numerical marks of A.

Proof. Suppose by contradiction that a is not the highest root of one of the
parts of the Dynkin diagram of Gy into which it is divided by the numerical marks
of A. Then there exists a simple root 3 such that (A, ) = 0 and a+ § is a root.
This gives a contradiction because: 0 = [[e_g, FA], Em] = [e—g, [Fr, Em]] =
€_B—a 7é 0.0

Lemma 2.5 If A has at least two numerical marks then, for any numerical
mark v, we have:
(A+a,7)=0.

Proof. From Lemma 2.4 we know that « is the highest root of one of the parts
of the Dynkin diagram of Gy into which it is divided by the numerical marks of
A. Therefore we can choose a numerical mark 8 such that a + 3 is a root. Now
suppose that v is a numerical mark, v # 3, such that (A + a,~) # 0.

Notice that v and § are not subroots of a, since (A,v) # 0 and (A, 8) # 0,
therefore y(hy) <0, B(ha) < 0.

Consider the following vectors:

T = [[[FA7 G,g], 6*7]7 FA]
Y= [[[EMJeOt]Je’Y]JEM]'

First of all we want to show that = is a highest weight vector in G_5. By
Remark 2.3, since 8 and -y are simple roots, it is sufficient to show that z # 0.
In fact, [e, [z, Em]] = (A + &) (hy)[FA, [e—a>e—8]] # 0.

Now let us prove that y is a lowest weight vector in G,. First y # 0, indeed:

[y, FAl = (2 = v(ha))[En, €4]

which is different from 0 since y(h,) < 0 and by the assumption (A + a,7) # 0.
We now compute the commutators [y, e_, ] for any simple root ay,. If ap =7y
then, by Lemma 2.2, [y,e_o,] = 0, since @ — 7y is not a root. If ap # 7,



¥, e—a,] = [[EMm,€a—ay], €], Enm)], and this can be shown to be zero using the
transitivity of G.

Notice that [z,y] = (2 — v(hqa))(A + @)(hy)e_q—p. By Theorem 1.16 we get
a contradiction since a + 3 cannot be the highest root of Go. As a consequence,
(A + a,7) = 0. In particular, a + 7y is a root and we can repeat the same
argument interchanging 8 and « in order to get (A + «,58) =0. O

Corollary 2.6 If Gy is of type A,, Bn, Cpn, Fy, G2 then A has at most two
numerical marks; if Go is of type D,, Eg, E7, Eg then A has at most three
numerical marks.

Proof. Immediate from Lemma 2.5. O

Lemma 2.7 If A has only one numerical mark (3 then either (A +a,8) =0 or
A(hg) =1.

Proof. Suppose both (A + «,3) # 0 and A(hg) > 1, and define
T = [[[FA7 6—5]7 e—ﬁ]7 FA]

Y= [[[EM7 ea]v eﬁ]a EM]

Then z is a highest weight vector in G_5 and y is a lowest weight vector in
Ga. Besides, [z,y] = 2(2 — B(ha))(A + a)(hg)e—q—p. By Theorem 1.16, Gy is
either of type A, or of type Cp, a + 3 is the highest root of Gy and G_, is its
elementary representation. It is easy to show that these conditions cannot hold.
O

Proposition 2.8 Let 8 be a positive root such that:
-a+ B is a root;

- a— [ is not a root;

- 2a + B is not a root.

Then either (A + a,8) =0 or A(hg) = 1.

Proof. Let us first make some remarks:

(a) Since 8 + « is a root but § + 2a and 8 — « are not, we have that
B(hy) = —1. Tt follows that @ + 8 and 8 are roots of the same length.

(b) Since 8 — (au+ B) is a root and 8 — 2(a + ) is not, then B(he45) < 1.
Now suppose that A(hg) > 1, which implies [Fj,e_g] # 0.
Let 2, = Epr and x = [Fa, e—_g]. We have:

[z, xu] =€—a-p

le—a-g;2u] = 0 = [zr, €a+4]-
Therefore, by Lemma 1.14, we deduce that the difference A(hg) — B(hatg) is
equal to 0, 1, or 2. In particular, 2 < A(hg) < 3 and 0 < B(hats) < 1. We

therefore distinguish the following two cases:
CASE A: f(hatp) =0, i.e. a+ 20 is a root, 2a + 30 is not, and A(hg)=2.



In this case (8, 8) = —(8,a) and (A, 8) = (8, ) therefore (A + a, 8) = 0 which
concludes the proof in this case.

CASE B: B(hqts) = 1, i.e. o+ 23 is not a root, and A(hg) is either 2 or 3.
In this case B(hqy) = —1 = a(hg), therefore (A + o, ) # 0. The two cases
A(hg) =2 and A(hg) = 3 need to be analyzed separately.

(i) A(hg) =2
Let us define the following elements:

Tx = [[[FA7 676]7 e*ﬁ]: FA]

2y = [[[Em; eats], ], Eul-
Then [z, 2] = 6e_q, [Tx,eq] = 0 since a — f is not a root, and [z,,e_o] =0
since (A + a)(hg) = 1, thus [[Ewm,es],es] = 0. Then we find a contradiction
to Lemma 1.12 applied to the Lie algebra G, since G was assumed to have

finite growth. Indeed, using the same notation as in Lemma 1.12, we have:
) = =A(ha) = —(2A — 28)(ha) = 2B(ha) = —2.

(ii) Alhg) = 3
Let us define the following elements:

Ey =1/8[[Em, eatpl; [Em,€a+s]]
Fy =[[Fx,e—g], [Fa,e—g]]
Ey = 1/64[[[Em, €a+5], €], [[Enm, €at 8], €5]]
Fy = [[[Fa,e—pl,e—p]; [[Fa, e—p], e-5]]
H =hgig =ha+hg

Then the hypotheses of Lemma 1.11 are satisfied with a; = —4 and ay = —2,
and this leads to a contradiction. O

In the following, for what concerns simple Lie algebras, we will use the same
notation as in [H, §11, §12]. In particular we shall adopt the same enumeration
of the vertices in the Dynkin diagrams and refer to the bases of simple roots
described by Humphreys [H].

Lemma 2.9 Let M be the lowest weight of the Go-module G .

(i) Let z := [[Em,eats], [6y, Em]], where B and v are positive roots of Gy
such that [Enxr,eg] =0, o+ B+ is not a root, 8+ v is not a root and v — «
is a negative root. Then [z, FA] = 0.

(i) Let B and p be positive roots such that a+ 3 and B+ p are positive roots,
a+ B+ p is not a root, p— « is a negative root. If (M,5) =0 and (M, p) # 0,
then the vector [[Eu,ea+s),[€p, En]] is non-zero.

(iii) Let B and p be as in (i) and let oy, be a simple root of Go. Suppose,
in addition, that either p + B — ay, is not a root or (M,p+ 8 — ay) = 0. Then
[[[EMJ eaJrB*ak]: [ePJ EM]]; FA] =0.

(iv) If p is a positive root such that a + p is not a root, p — « is a negative
r00t, (M7 P) # 0 and p(ha) =1, then [[[EMaea]a [emEM]]’FA] = 0.



Proof. The proof consists of simple direct computations. O

Theorem 2.10 Let G be an irreducible, simple, Z-graded Lie superalgebra of
finite growth, generated by its local part. Suppose that Gy is simple, that the
Z-gradation of G is consistent and that (A,a) = 0. If G has infinite depth then
one of the following holds:

- Go is of type Az, G_1 is its adjoint module, G = V (2w2);

- Go is of type By, (n>2), G_1 is its adjoint module, G =V (2w1);
- Go is of type C, (n>3), G_1 =2 Adspon, G1 is its adjoint module;
- Go is of type Dy, (n > 4), G_1 is its adjoint module, G1 = V (2w1).

Proof. Let us analyze all the possible cases. Corollary 2.6 states that if Gy is
of type A, Bn, Cn, Fy or G2 then A might have one or two numerical marks
while if Gg is of type D,,, Eg, E7 or Eg then A might also have three numerical
marks. Using Lemma 2.5 one can easily see that if Gy is not of type A, then
the hypothesis that A has at least two numerical marks contradicts Proposition
2.8. It follows that if Gy is not of type A, then A has exactly one numerical
mark and this numerical mark satisfies Lemma 2.7.

Using Remark 2.1 we immediately exclude the following possibilities, for

which the weight M is not antidominant:

- Go of type By, (n > 2), G_1 = V(wn);

- Go of type Cp, (n > 3), G_1 = V(w1);

-Gooftype C, (n>3),G 1 =V(w;) with2<i<n-1,a=2a;1+...+
20‘an + an;

- Go of type Fy, G_1 =V (w3), a = a1 + as;

- Go of type Fy, G_1 = V(wa4);
- g() of type Gz, g_l = V(2w1);

- Go of type Ga, G_1 = V(w1) (simplest representation).

Proposition 2.8 allows us to rule out the cases summarized in Table 1, where
we describe the irreducible modules G_; and G; through their highest weights
and indicate the positive root 3 used in Proposition 2.8.

On the other hand, Corollary 1.17 allows us to rule out the cases summarized
in Table 2, where the vectors 2 and y used in Corollary 1.17 are indicated, and
where the columns denoted by G_; and G; contain the highest weights of these
Go-modules. In order to show that the vectors z and y in Table 2 are highest
and lowest weight vectors in the Gy-modules G_» and G, respectively, one can
use the bitransitivity of G and, where needed, Lemma, 2.9.

For the remaining cases let us point out what follows: suppose that G_» con-
tains a highest weight vector z of weight A and that G, contains a lowest weight
vector y of weight —\ such that [z,y] # 0. Then the irreducible submodules
G_» and G, generated respectively by = and y are dual Go-modules and the Lie
subalgebra of Gg with local part G_» ® Gy @ G» is an affine Kac-Moody algebra
which will be denoted by A.

Using the classification of affine Kac-Moody algebras we therefore exclude
the cases in Table 3, where we indicate the highest weight vector x of G_2, the
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| Go | G-1 | G1 @ B8
By, | w;s w1 + wi—1 ar+...+ o1 ai—1+ 20 + ...+ 20, 3<i<
B, | 2w, | w1+ wnp-1 ar+ ...+ an—1 an—1+2a, n >
Ch wi w1 + wi—1 a1+ ...+ ai-1 ai—1+ 20+ ...+ 20p-1 + an 3<2<
D, | w; w1 + wi—1 ar+...+ o1 ai—1+20+ ...+ 20n_2+an_1+an 3<1t<
FEg w3 w1 + w2 a2 + as + as + as o1 + a2 + 2a3 + 204 + as
Es | ws w2 + we ar+ar+as+as as + a3 + 204 + 2a5 + s
Eg wq ws + we a1+ as az + a3+ 2a4 + as
FEs | wa 2wa s a1 + a2 + 2a3 + 3ag + 2as5 + as
Er w3 2w1 a1 a1 + 2a0 + 3as + 4o + 3as + 206 + 7
Er | ws w2 + wr a3z + a4+ as+as +ar a1 + a2 + 2a3 + 204 + as
Eq w2 w1 + wr a1 + a3+ as + as + as + ar o1 + 2a + 2a3 + 3oq + 205 + (g
Er w4 w1 + w3 a1+ a3 az + a3+ 2a4 + a5
Er | wa 2w2 Qaz a1 + a2 + 2a3 + 3aa + 2as + as
E7 | ws ws + wr as + as + ar az +as3+ 204+ a3
E; | ws w1 + wa a1 +az+as+as as + as + 204 + 205 + as
E; | ws we + wr as + ar as + as + 2a4 + 2as5 + as
E; | ws w3 ar + a2 +2a3 + 204 + as a1 + a2 + a3 + 2a4 + 205 + 206 + ar
Eg | wi w7 oz + a3z +2a4 + 2as5 + 2a6 + 207 + g | 2a1 + 202 + 3az + 4as + 3as + 2a6 + a7 + as
Eg w3 w2 + ws as + a4+ as +as +ar + as a1 4+ as + 2as + 2a4 + as
Eg w2 w1 + ws a1+ a3+ as+as+ as+ar+as a1 + 202 + 2a3 + 304 + 2a5 + as
Eg | wp | wrt1 +ws opt1+...+as o+ a3z +2a4 + ...+ 201 + Qg 4 <k
FEg wr 2ws asg 2a1 + 3az + 4as + 6as + bas + dag + 3ar + as
Fy wa 2w1 a1 a1 + a2 + das + 2a4
Fy w2 w3 + wa as + aq a1 + 2a2 + 2a3 + aa
Fy | 2ws w1 + w2 a1 + a2 a2 + 2a3
Fy w3 2w4 Qa4 a1 + 2a2 + 3as + o
Fy | 2wy w2 a1 + 2a2 + 2a3 a1 + a2 + 2a3 + 2a4
G2 | 3w 2w2 a2 3a1 + a2

Table 1
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Go G 1 G1 x Y

An Ws Wn—s+2 + Wn [FA,e-a.l, [e_as—l_as_as+17 Fl] [[Em, eata.], [€a._1, Enl] n>
An Ws W1 + Wp—s [[FAae—as],[e—as_l—as—as+1,FA]] EM,6a+as ; eas+17EM n> 5;
An Wg + Wi Wn—s + Wn_t42 [[FA,e—as]y [e—a“FA]] EM760¢+(15 ) eas+17EM S Z 17
B, Ws Ws+2 [[Fa,e-as], [e_as—l_as_as+17FA]] [Ewm; eatasl; [eas+1+as+27EM]] 2:
B, Wn—2 2w, [[FAje—Otn_Q]’ [e—an_s—an_Z—an_l,FA]] [[EM:ea+an_2]; [ean_1+an;EM]]

B, Wn—1 2wn, [[FAgefan_l]; [efan_gfan_lfan,FA]] [[EM,ean], [ean_1+2an,EM]]

Chn 2w; 2wit1 [[FA,e—a;]s[e—a;; Fal] [Ea, eata;ls Coiy1s Eul]] 1:
Cn Wn, w1 +wn—1 [[FA,efan_lfan s efan_lfan;FA]] [[EM,6a+an ) ean_lyEM]]

D, wi Wi42 [FA;e-a;]; [e—ai—l—ai—ai+1 s Fall [[Em, eatal; [eai+1+0¢i+27 Eum]] 2:
D, Wn—3 Wn—1+ Wn [[Fase-ap_shle-an s—an_s—an_s FA]l [Em;eatan_sls[€an_stan_1; Eum]]

D, Wn w1 + wWn [[FA76—an]y[e—an_s—Qan_g—an_l—an,FA]] EM,ea+an]y[ean_2+an_1yEM

D, Wn—1 w1 + Wn-1 [[FAye—an_l],[e—an_3—2an_2—an_1—o¢n,FA]] EM,ea+an_1 s [ean_2+anyEM

Es w1 w3 [[FA, e—a1ls [e= (a1 tas+2as+2astas)]s FAl En, eatarls [€astastas; Em

Eg we ws [[FA,E—aG], [6—(a2+a3+2a4+2a5+a6)1FA]] EM,€a+a6 3 3a3+a4+a5,EM

Es w2 w1 + we [[FAse—as]s [e—(ar+as+204+as), FA] EM,eatas]; [€astastag, Em

Er w1 We [[FAv e—al]v [e—(a1+a2+2a3+2a 1+as)s FA]] [[EMv ea+0¢1]7 [eas+a4+a5+0¢61 EM]]

Er wr wa Fr,e—aq],[e—y, Fi [[EM, €atar], [€artastastas: Enm]] Yy=a2tas+
Eg ws wi Fi,e—agl,[e—y, Fa (B, eatas), [€a; +astastastastar; Em]] | 7= a2 +as+ 20
Es wr w2 Fa, €—aq|,[6-7, Fi [[EMv ea+0¢7]7 [ea2+0¢4+a5+0¢6! EM]] Yy=a2x+asz+
Fy w1 2wa UFA, e—a1]: [e—ar—2a0—2a3, FA]] UEM, eatarls [€astastas, En]]

G» Ad 2wy [[FA:e*alffw]: [6*041*0423FA]] [[EM56201+0¢2]: [eﬂuEM]]

Table 2
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Go G 1 G1 T Y

An Ws + Wst2 2wn—s [[Fa,e—a,l, [e_as+21 Fp]] [[Em, eatas], [eas+1+as+27 Euml|
(n>24) | 1<s<n-2)

Cn 2wn—1 2wn [[FAae—an—1]:[efan—uFA]] [[EM76an—1+an]i[ean—1+an’EM]]
(n>3)

Dn, Wn—2 2wn ([FA, e—ap,_g—an_s-an]; [6—an_s;, FAll ([Er,ea, _gtan—stan—1ls [€an_otan_1+an, B
(n>4)

D, Wn—2 2wn—1 | [[FAs€—ap_3—an_s—on_1]s[6—an_g, FAl] [[EM;ean_stan_atanls[Can_stan_1+an, BN
(n>4)

Es w3 2we [[FAv €—az) [6—02—03—204—057 FA]] [[EMv €ails [ea1+0¢2+20¢3+2a4+0¢5! EM]]

FEs ws 2w, [[Fase-asl;[e—as—ag—204—as5; FAl] [[Eu; eaqls [€as+as+204+205+ag, El]

Eq we 2w7 | [[Fase-agl [6-as—as—204—205-ae; FAl] [[En; eaq]; [€as+ag+2as+2a5+2a6+aq: Eum]|

Table 3
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lowest weight vector y of Go, and the highest weights of the Go-modules G_; and
Gi.

In the same way the classification of affine Kac-Moody algebras shows that
the following cases are allowed:

1) Go of type A3z, G_1 = V(w1 + ws3), G1 = V(2wsz), @ = az: under these
hypotheses G_, contains the highest weight vector = [[F,e_q,], [6— g, FA]]
and G, contains the lowest weight vector y = [[Enr, €a1+as); [€astass Par]]- The
algebra A is an affine Kac-Moody algebra of type Aéz).

2) Go of type B, (n > 3), G_1 = V(wa), G1 = V(2w1), @ = a1: G_» con-
tains the highest weight vector £ = [[Fi,e—_qa,], [E—as—205—...—2a., FA]] and Ga
contains the lowest weight vector y = [[Enm, €a1+as); [€as+ast2ast... 4200 » EM]]-
The algebra A is an affine Kac-Moody algebra of type AgQH)

3) go of type B2, g,1 = V(sz), gl = V(le), o = Q7: g,Z contains the
highest weight vector £ = [[FA,€—qs];[€—as, Fa]] and Gy contains the lowest
weight vector y = [[Enm, €ay+2as), [€ayr> Ear]]- The algebra A is an affine Kac-
Moody algebra of type AEE).

4) Go of type Cp, (n > 3), G_1 = V(w2), G1 =V (2w1), & = a1: G_» contains
the highest weight vector © = [[FA,€—qs—..—ay)s[€—a1—...—an_1> FA]] and G
contains the lowest weight vector y = [[En, €a,], [€201+..+2an _1+an s Ea]]- The

algebra A is an affine Kac-Moody algebra of type AP

2n—1-
5) Go of type D, (n >4), G 1 =V(ws), G = V(2w1), @ = a;: in this case
T = [[FA7 67012]7 [6*02*2037...72041»—27(17;—17&" ) FA]] andy = [[EMa ea1+az]7 [ea1+a2

2054+ 20 _atan _1+an » Ear]]. The algebra A is an affine Kac-Moody algebra
of type Agl)fl.

We finally analyze and rule out the remaining cases:
- Go of type Ap, G_1 =V (ws):

(i) if s = 1 (or, equivalently, s = n) then G; = V(w1 + wp—1) and G_5 C
S2G 1 = 5%V (wy) = 0 since S?V (wy) = V(2wy) and [Fy, Fj] = 0, therefore G
has finite depth;

(i) if s =2, G1 = V(2w,), @ = a4, (or, equivalently, s =n—1, G; = V(2w,),
a = ay,) then G is isomorphic to the finite-dimensional Lie superalgebra p(n)
(for the definition of p(n) see [K2]);

(iii) if n =4 and s = 3, ie. G_1 = A2%slZ, Gi = V(ws +ws), @ = a1 +
ay (or, equivalently, G_1 = V(wz), G1 = V(w1 + w2), @ = a3 + a4), then
G is isomorphic to the infinite-dimensional Lie superalgebra E(5,10) (for the
definition of E(5,10) see [K3]).

- Go of type B, (n > 2),G_1 =V(w;) and:

(i) G1 =V(wz)ifn>3 (a=az+2a3+ ...+ 2ay),

(ii) G1 =V (2w3) if n =3 (@ = aa + 2a3),

(111) gl = V(wg) ifn=2 (a = Ckz).

For all these cases G_5 C S?G_; = S?V(w1) = V(2w;) +1 = 1 since
[FA, FA] = 0. Thus G has finite depth.

14



- Go of type Dy, (n > 4):

(i) G.1= V(wl), g1 = V(wl + wg), then G_» C S?G_; = S2V(w1) =
V(2w1) + 1 =1 hence G has finite depth.

(ii)n=4,G-1 = V(wi), Gi = V(wi+ws) (@ = aq+az+as) (or, equivalently,
G_1 =V(ws), G = V(w1 + w3)), then we can use the same argument as in (i)
and conclude. O

2.2 Case (A,a)#0
In the following we assume (A, a) # 0.

Remark 2.11 Under the hypothesis (A, @) # 0 the vector [Fj, Fp] is different
from 0: [Ea, [Fa,FA]] = 2[e—qa, FA] #0.

Nevertheless, [Eay, Ex] = 0 and therefore [[Ear, eg], Ea] = 0 for every positive
root (3 (see Lemma 2.2).

Corollary 2.12 If (A,a) # 0 then either (A,a) = (a,a) or (A, @) = (o, a)/2.
Proof. It is enough to apply Lemma 1.14 to the following vectors:

zx = Fa, z, = En.
]

Lemma 2.13 Suppose that o is not simple. Then there exists j such that:
o —aj 1s a root and o+ aj, 200 — aj, o — 205 are not roots, in all cases except
those in the following list:

-Go of type B, and o = a; + a1 + ... F Qp, @ = a1 + 20y,

-Go of type C, and a =2a; + ... +2a, 1+ Qp, @ =y 1 + Op;

- Go of type Fy and aa = ag + oz + az,a = as + az,a = a1 + 2 + 4as + 2ay,
a=as+ 203, = ay + 203 + 204, = a1 + 200 + 2a3 + ay;

- Go of type Gy and a = 201 + @z, @ = a1 + s, a = 3a; + as.

Proof. Case by case check. O

Lemma 2.14 Let a be a positive Toot of Gy and suppose that it is not simple.
If o is a simple root of Gy such that o — «j is a root and a + oj, 2a — o,
o — 205 are not roots, then either

7 :=[[[Em,eq;) ea—a,) Em)
is a lowest weight vector in G_o or T =0 and
z = [[[Em, €q;], €a)s En])
is a lowest weight vector in G_o.

Proof. If Z # 0 then, using the transitivity of G, one can show that it is a
lowest weight vector in G_5. If Z = 0 then [z,e_j] =0 for every k =1,...,n.
d
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Proposition 2.15 If a is not a simple root and the growth of G is finite then
either (Go, ) belongs to the list in Lemma 2.13 or (Go, ) = (An,longest root)
and % := [[[En, €q, ], €a—a; ], Er] # 0.

Proof. Suppose that (Go, @) is not in the list in Lemma 2.13. Since « is not a
simple root we can apply Lemma 2.14: in the case & = 0 we take y = [Fa, Fj].
Then [z,y] = 2A(ha)e_ata; # 0, and, by Theorem 1.16, we get infinite growth.

If 2 := [[[Em, eq;], €a—a,;], Em] # 0 then, by bitransitivity, [Z, FA] = (A(hq)—
2A(h;))Em # 0, thus [Z,y] = (A(hae) — 2A(hj))e_q is different from zero. Then
the thesis follows from Theorem 1.16. (Notice that the case Gy of type Cy, a
its longest root, is in the list of Lemma 2.13 and is therefore excluded by the
hypotheses.) O

Lemma 2.16 If the growth of G is finite and B is a positive root such that o+ 8
and o — 3 are not roots, then (A,B3) = 0.

Proof. Suppose (A, ) # 0. We define:

E, = [eaaEM]a E, = [[EM,Ca],Cﬂ],
(2) Fy = Fy, Fy = A(hg) ™' [Fr,e—g],
H = h,.

It is easy to verify that the conditions of Lemma 1.13 are satisfied with a; =
as = —A(hy), thus r(G) = c0. O

Theorem 2.17 Let G = @®iczG; be a Z-graded, consistent, simple, irreducible
Lie superalgebra of finite growth. Assume that Gy is o simple Lie algebra, that
Gy is an irreducible Go-module which is not contragredient to G_1 and that the
local part generates G. Let F be a highest weight vector in G_1 and Enr o lowest
weight vector in Gy so that A + M = —a for a positive root o. If (A,a) # 0
then Gy has rank 1.

Proof. By Proposition 2.15 and its proof only the following cases may occur:
- a is a simple root;

- (Go, @) = (An,longest root);

- (Go, @) is in the list of Lemma 2.13.

Let us analyze these possibilities case by case:

1) Go of type Ap, a = a; + ...+ a,. If n =1 we get the thesis. Now suppose
n > 2. The proof of Proposition 2.15 shows that this possibility holds if

& = [[[Em, €], ea—a;], Eu]

is a nonzero vector, thus either j = 1 or j = n. If we apply Lemma 2.16 to
a=a;+...+a,and 8 =ay...+ a,—1 we deduce that (A, a;) = 0 for every
i=2,...,n— 1, therefore (A,a) = (A, a1) + (A, ay)-

As we already noticed in the proof of Proposition 2.15, forevery k = 1,...,n,
[Z,e_x] = 0 thus, since we assume & # 0, transitivity implies [Z, F5] # 0. Since
[, FA] = (A(ha) — 2A(h;))Ew, it turns out that A(hi) # A(hy). Corollary

16



2.12 now implies that either (A, 1) = 0 or (A,a,) = 0. But this hypothesis
contradicts Theorem 1.16, since if we take the highest weight vector y = [Fa, Fj]
in G_5, then [Z,y] # 0 but the irreducible submodule of G_» generated by
[FA, Fp] is not the standard A,-module.
2) Go of type A,, a simple, n > 2.

2a) n > 3, a = o with j #1,n
If we apply Lemma 2.16 with @« = a; and f = a;_1 + o + o411 we find a
contradiction.

2b) a = o (or, equivalently, a = a,).
Again, by applying Lemma 2.16 with 8 = ag + ...+ a,, we find (A, a;) = 0 for
every i > 3. On the other hand, (A, a2) # 0 since [En, [FA, €—as]] = €—a1—as #
0. We distinguish two cases:

CASE 1: (A,a2) #1

Under this hypothesis let us consider the following vectors:

Ty = [[[EM7 61], [EM7 62]]7 [EM7 61]],

ax = A(h1) 7 (1 = A(h2)) " (3 + A(h1)) '[F, [Fa, [Fa, e 2]]]-

Then z and z, satisfy the hypotheses of Lemma 1.14 with 6 = ;. Since
(3A — az,a1) = 3(A,a1) + 1 > 4 we find a contradiction.

CASE 2: (A,az) =1

By Corollary 2.12, either A(h;) =1 or A(hy) = 2. Notice that z := [Fi, Fj]
is a highest weight vector in G_» and y := [[Er, e1], [Er, e1]] is a lowest weight
vector in Gy. Since [z,y] = —4A(h1)h;1, Gy contains a Z-graded Lie subalgebra
with local part s_o @& Gy @ s, where s_» is the irreducible submodule of G,
generated by z and sy is the irreducible submodule of G, generated by y. The
classification of Kac-Moody Lie algebras immediately allows us to rule out the
case A(h1) = 2 and the case A(hy) =1, n > 2.

Now suppose n = 2, A(hy) = 1 = A(h2). Under these hypotheses G »
contains the highest weight vector

Z = _4[[FA7 efoufaz]a FA] + 5[[[FA= e*a1]7 e*a2]7 FA] - 3[[[FA7 6702]7 FA]J e*al]

of weight A. Besides, [z,y] = —24e_4,—q, and this contradicts Theorem 1.16
since the irreducible Gy-submodule of G_» containing z is the adjoint module
and not the standard one.
3)Gooftype B, (n>2),a=a;+...+a, 1<i<n-1).

3a) If i > 1take 8 = a; 1 +a;+ 21+ - ..+ 2ap, then a+ S and a— 3 are
not roots and, by Lemma 2.16, (A, 8) =0, i.e. (A,a;) =0 forevery j >i—1
which contradicts the hypothesis (A, ) # 0.

3b) If i =1 and n > 3 take 8 = ay + ... + 2a,,. Then, by Lemma 2.16,
(A, a;) =0 for every i # 1. This implies the following contradiction:

0=[Em,[Fr,e-a,]] = [6-ar€—a,] #O0.

3c)Leti=1and n=2,ie. a=a;+ as.
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If (A, a2) =0, as above we have:
0= [EM; [FAa 6_a2]] = [e—a; e—az] # 0.

Thus suppose (A, az2) # 0. Since @ and as have both length 1, Corollary 2.12
implies (A, 1) = 0 and either A(h2) =1 or A(hs) = 2.

Notice that G_, contains the highest weight vector z := [Fa, Fj]. Now, if
A(hs) =1 then G, contains the lowest weight vector y := [[Epr, €a, ], [Er, €asl]
and [z,y] = 2e_, thus G has infinite growth according to Theorem 1.16.

If A(ha) = 2, by bitransitivity, then y = 0 and the vector

2= [[EM; €ar+as)s [EM; €as]]

is a lowest weight vector in G,. Again, since [z, 2] = —8e_,,, this contradicts
Theorem 1.16.
4) Go of type B, a simple.

4a) If a = a; with 7 # 1,n, we proceed as for A,,.

4b) If @ = a; we take 8 = ay + 2a3 + ... + 2, and apply Lemma 2.16.

4c) If = a,, and n > 3 we take 8 = an—2 + 20,1 + 2a,. Then Lemma
2.16 holds and we get a contradiction.

4d) n = 2, @ = ay. In this case relation [En,[FA,e a,]] = € as—a, iM-
plies (A,a1) # 0. This possibility is therefore ruled out by the classification
of Kac-Moody Lie algebras once we have noticed that since G_, contains the
highest weight vector = := [Fj, Fa] and G2 contains the lowest weight vector
Y = [[EM, €as ], [EM, €as]], With [z,y] # 0, G5 contains an affine Kac-Moody,
Z-graded Lie subalgebra with local part s_o @& Gy @ s2, where s_5 is the Go-
irreducible module with highest weight 2A and s3 is the Go-module contragre-
dient to s_s.
5) Go of type By, a = an_1 + 2ay,.

5a) If n > 3 take f = ap—2 + ap—1 + @, and use Lemma 2.16.

5b) Let n = 2, @ = a1 + 2as. If we take § = a; then Lemma 2.16 implies
(A, 1) = 0 thus A(he) = A(h) is either 1 or 2. One can easily verify, using
the bitransitivity of G, that the vector z := [[Eum, €ay+as]s [EM,€as)] is equal to
0, the vector y := [[E, €a;+2as), [EM; €as]] 18 a lowest weight vector in G, and,
as in the previous cases, z := [Fj, Fj] is a highest weight vector in G_». Since
[z,y] = 24(A(h2) + 1)e_q, —qa, this contradicts Theorem 1.16.
6) Go of type Cr, (n >3),a=2a; +... +20p 1 +a, (1 <i<n-—1).

If i # 1 we apply Lemma 2.16 to 8 = a;_1 + a; + 2a41 + ... + 2a5,-1 + Qyp,
and get a contradiction.

If i =1 take 8 = 222 + ... + 2a,-1 + @,. Then Lemma 2.16 implies
(A, a;) =0 for every ¢ > 2. Thus (A, a) = 2(A, az).

Consider the following vectors:

r = [FA,FA]

Yy= [[[EM761]76¢1]7EM]'
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Then z is a highest weight vector in G_5 and y is a lowest weight vector in Gs.
Besides, [z,y] = 2A(ho)eq,—o- This contradicts Theorem 1.16 since o — vy is
not the highest root of Gy.
7) Go of type Cy, (n > 3), a = ap—1 + apn.
If we take 8 = 2a,_o + 20,1 + a5, by Lemma, 2.16, we get a contradiction.
8) Go of type Cp, (n > 3), a simple.
8a) If @ = ; with ¢ # 1,n — 1,n then we proceed as for A, case 2a).
8b) If @ = a1, take B8 = 2ay,—2 + 2a4,—1 + @, and apply Lemma 2.16.
8¢) If a = a1, [Eum,[Fa,e—as]] = €—a1—a, implies (A, az) # 0. Thus we ap-
ply the same argument as in case 4d) with x = [Fi, Fal and y = [[Eum, €a4 ], [Ers €ayq]]-
8d) If & = o, we take 8 = 2a,, 1 + ;. By Lemma 2.16 we find a contra-
diction.
9) Go of type D,, (n > 4), a simple.
9a) If @ = a3, 9 # 1,n — 1,n we proceed as for A, case 2a).
9b) If @ = a; we apply Lemma 2.16 to 8 = a1 +2a2+. . .+2ap_2+ a1 +ay,
and find a contradiction.
9c) If @ = a,, (or, equivalently, & = «a,,_1) we apply Lemma 2.16 to 8 =
Qn—3+ 2an72 +an_1+ an.
10) Gy of type Eg, a simple, a = ;.
Ifi #1, 2, 6 we proceed as for A,, case 2a). Otherwise we apply Lemma 2.16
as follows:
ifi=1 Wetakeﬂ=a1+a2+2a3+2a4+a5;
if i = 6 we take 8 = a1 + 2as + 2a3 + 3a4 + 205 + ag;
if 1 = 2 we take f = as + a3z + 2a4 + as.
11) Gy of type E7 or Eg.
The situation is analogous to case 10).
12) Go of type Fy and « in the list.
We apply Lemma 2.16 with the following roots o and f:
-a=q; +ayt+asz, f=a; +3ay +4as + 204;
-a=aqy +asz, f =201 +3as + daz + 2a4;
-a =1 +2as + 4oz + 2a4, B = a1 + 2as + 203 + ay;
-a=a; + 205 + 203 + oy, f = ay + 20 + das + 20y;
-a=ay+2a3, f = a2+ a3+ ag;
-a=ay+2a3 + 204, B = ay + as + 203 + ay.
13) Go of type Fy, a simple.
We apply Lemma 2.16 with the following roots a and 3:
-a=a, f= a1+ 200 + 2a3;
-a=az, =01 +az+as;
-a=asz, =201 + 3as + 4as + 2auy;
-a=ay, =201 + 3as + das + 2a4.
14) Gy of type G3, « in the list.
14a) a = 2a; + an
If we apply Lemma, 2.16 with 8 = as we find (A, ay) = 0 thus (A, a) = 2(A, o).
Besides, Corollary 2.12 implies A(hy) = 2, i.e. A(hy) = 1.
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Consider the vector z := [[En,€al, [Em,€a,]]- Then one can verify that «
is a lowest weight vector. Now, if we take y := [Fy, Fa] in G_o, then [z,y] # 0
and this contradicts Theorem 1.16.
14b) a = a3 + a9
In this case we apply Lemma, 2.16 with 8 = 3a; + a2 and find a contradiction.
14c) a = 3a; + as
We proceed as in 14b) with 8 = a3 + as.
15) Go of type G, a simple.
If a = a; apply Lemma 2.16 with 8 = 3a; + 2as.
If a = as apply Lemma 2.16 with 8 = 2a; + as. O

3 The classification theorem

Let L be a finite-dimensional Lie superalgebra and let ¢ be an automorphism
of L of finite order k. Then
®3) L=&Li

where L; = {z € L|o(x) = €'z}, e = e>"¥/*, Notice that (3) is a mod-k gradation
of L.
Consider the Lie superalgebra Clz,z7]® L = @} 2 ® L and its subal-
gebra ‘
Gk(L: U) = ®+oo ' ® L; (modk)

1=—0Q

called the covering superalgebra of L. Then G*(L, o) is a Z-graded Lie superal-
gebra of infinite depth and growth 1.

Example 1 (The Lie superalgebra S;(n)) We recall that sl(m,n) is the Lie

superalgebra of (m + n) x (m + n) matrices with supertrace equal to 0, i.e., in

suitable coordinates, the set of matrices {( Z 2 ) [tr(a) = tr(d)}.

Let Q(n) (n > 2) be the subalgebra of sl(n+1,n+1) consisting of the matri-

ces of the form Z ab , where tr(b) = 0. Then Q(n) has a one-dimensional

centre C' = (Izn42) and we define Q(n) = Q(n)/C. Notice that Q(n) has
even part isomorphic to the Lie algebra of type A, and odd part isomorphic
to ad sly41 and has therefore dimension 2(n? + 2n). We consider the following
automorphism o of Q(n):

a b\ _( —at it
“\b a )T\t —at )
Then o has order 4 and Q(n) = ®3_,Q(n); where
Q(n)o = sony1,
Q('I’L)l = {b € Sln+1|b = bt},

e ={( § o )la=ay/c.
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Q(TL)3 = {b (S Sln+1|b = —bt}.

Let us suppose n # 3 and denote by S; (n) the covering superalgebra G*(Q(n), o).
Notice that Q(n)s is isomorphic to the adjoint module of so,41 and if n > 2
then Q(n), and Q(n)2 are isomorphic, as s0,+1-modules, to the highest weight
module V(2w;), while if n = 2 Q(n); and Q(n)2 are sl(2)-irreducible modules
of dimension 5.

Example 2 (The Lie superalgebra Sz(m)) Suppose m = 2n—1 and consider
the following automorphism 7 of Q(m):

a blr s —dt b —jwt st

c dlv w | _ ¢ —a vt —irt
|7 s a b T —dwt dst —dt bt

v wlc d vt —irt ¢ —at

where a, b, ¢, d, 7, s, v, w are n x n-blocks and tr(r) + tr(w) = 0.
Then 7* =1 and Q(m) = ®3_,Q(m); where
Q(m)o = sp(2n),

Q(m); ={ Z 181; |r = —wt, s = st v =t}
Q= (4§ ) = -bet ==t = aj/c,
Q(m)s = ( Z Z} ) |wt =7, st = —s,vt = —v,tr(r) = 0}.

Let us denote by S3(m) the covering superalgebra G*(Q(m), 7). Notice that
Q(m); is isomorphic to the adjoint module of the Lie algebra sp(2n) and Q(m).,
Q(m)3 are isomorphic to the sp(2n)-module AZspay,.

Example 3 (The Lie superalgebra S3) Let D(2,1;a) be the one-parameter
family of 17-dimensional Lie superalgebras with even part isomorphic to A; &
A; @ Ay and odd part isomorphic to sls ® sl ® slo. We recall that two members
D(2,1;a) and D(2,1;3) of this family are isomorphic if and only if a and 3 lie
in the same orbit of the group V' of order 6 generated by @ —» —1—a, a — 1/a.
D(2,1;a) is the contragredient Lie superalgebra associated to the matrix

0 1 -1-«
1/a 0 1
1 —a/(1+a) 0

Suppose that a? + a4+ 1 = 0 and consider the following automorphism ¢ of
D(2,1;a):

pler) =—e2  p(fi)=—f p(h1) = h2
plea) = —e3  @(f2) =—f3 @(h2) = hs
p(e3) = —e1 o(fs) =—f1 @(hz) = hy.
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Then ¢ has order 6 and D(2,1;a) = ®2_,V; where

— Vb is isomorphic to the Lie algebra of type Ajp;

— V4 is isomorphic, as a Vp-module, to the sl(2)-irreducible module of dimension
4;

— Vs, is isomorphic, as a Vp-module, to the adjoint module of sl(2);

— V3 is isomorphic to the sl(2)-irreducible module of dimension 2;

— V4 is isomorphic to the adjoint module of sl(2);

— Vi is isomorphic to the sl(2)-irreducible module of dimension 2.

We denote by S the covering superalgebra G6(D(2,1; ), ¢).

Theorem 3.1 Let G = ©iczG; be an infinite-dimensional Z-graded Lie super-
algebra. Suppose that:

- G is simple and generated by its local part,

- the Z-gradation is consistent and has infinite depth,

- Go 1is simple,

- G_1 and Gy are irreducible Go-modules which are not contragredient.

Then G has finite growth if and only if it is isomorphic to one of the Lie
superalgebras S; for some 1 <1i < 3.

Proof. Theorems 2.10 and 2.17 show that under our hypotheses either Gg
has rank 1 or one of the following possibilities occur:

a) Gy is of type Az, G_1 is its adjoint module and G; = V(2w»);

b) Gy is of type By, G_1 is its adjoint module and G; = V (2w, );

c) Go is of type C,, (n > 3), Gy is its adjoint module and G 1 = AZspa,;

d) Go is of type D,, (n > 4), G_4 is its adjoint module and G; = V (2w,).

Besides, if Gy has rank 1, by Corollary 2.12, either

e) G_1 2V (w) and G =2V (3w) or

f) G_1 is isomorphic to the adjoint module of A; and G = V (4w).

By Propositions 1.7 and 1.9 we conclude that G is isomorphic to the Lie
superalgebra S;(m) = G*(Q(m),o) with m = 5 in case a), m = 2n in case b),
m = 2 in case f) and m = 2n — 1 in case d); in case c) G is isomorphic to the
Lie superalgebra S»(m) = G*(Q(m),7) with m = 2n — 1. Finally, in case e) G
is isomorphic to the Lie superalgebra S;. O
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