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Abstract: In this paper we classify the irreducible, subregular representations of the
quantum groupy; (sl (n)) at a primitive ¢-root of unitye, for ¢ = p* with p prime and

k € N.We showthatevery such arepresentationisinduced from an irredugible2))-
module and prove the De Concini, Kac, Procesi conjecture about the dimension of the
U (G)-modules.

0. Introduction

In this paper we consider the quantized enveloping algih(g) with G = si(n + 1)
and its specialization at a primitivé'-root of unitye. We suppose thdtis an odd integer
strictly greater than 1, = p* for a primep > n + 1 andk in N.

We start from the parametrization of the irreducitl€s!(n + 1))-modules through
the conjugacy classes of the group(sl+ 1) ([DC-K 1]) and make use of the De
Concini—Kac theorem of reduction to the unipotent case ([DC-K 2]). We aim to classify
the subregular modules (see Secti.8)the modules parametrized by the conjugacy
classes of dimension® — 2 (N is the number of positive roots).

Let us briefly describe the content of this paper: let us emdgd/(2)) into
U (sl (n + 1)) through the map

Jj o U (sL(2) — U (sl(n+ 1))

J(E) = Ey, j(F) = Fy, j(K*!) = KFlandletV be an irreduciblé; (s/(2))-module
of dimensioni,, + 1 for some integek,,, 0 < 4, < £ — 1, such thatt! = 0 = F!.
Then it is known that there exists a vectoe V \ {0} such thatk,,v = ¢**v, E,v = 0,
F}"*1y = 0 and the setw, F,v, ..., F)"v} is a basis o . We consider the subalgebra
U of Uy (sl (n + 1)) with generatorsE;, K; fori =1,...,n, Fy, F(f for every positive
roota, and extend the action of.(s/(2)) on V to an action ot/ as follows (Sect. 3.1):
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— E;=0foreveryi =1,...,n—1;

— K;F'v=¢"F'vforevery0O<r <i,,i <n—2,forsome,; € Z,0<x; <€—1;
— Ky_1Fjv =gt F'y (0 <r < A,) forsomer,_1 € Z,0 < Ap—1 < € —1;

— F! = 1foreverya # a,, Ff = 0.

We then consider the induced subregular module
Sy =Ue(slin+1)) ®; V,

wherex = (A1, ..., Ap).

The main idea of the paper consists in introducing the notion of nice weight (Defini-
tion 3.1) and proving that if is nice thers), is an irreduciblé/, (sI(n +1))-module. Fur-
thermore we will show that any finite-dimensional, irreducible, subregiiad (n+1))-
module is isomorphic t§, for some nicek and thatsS, is isomorphic taS,, if and only
if there exists an element, lying in the subgroup of the Weyl grougy generated by
the reflectionsy, so, ..., s,_2, such thak = w - 4, where “” is the “dot” action of W
on the set of weights. -

In Sect. 1 we recall the basic definitions and the main results due to De Concini, Kac
and Procesi. We describe the centetfofand recall its main properties.

Section 2 is dedicated to the regular representafienthose parametrized by the
conjugacy classes of maximal dimensionV{2 In [DC-K-P 1] it is shown that the
dimension of a regular representatior?is. These modules play a fundamental role in
our classification, thanks to Lemma 2.10. We want to stress the fact that this is the only
point in which the hypothesis= p* is used. If this lemma were generalized to any odd
integer¢, the whole classification would work in the same way.

In Sect. 3 we finally introduce and study the subregular representations. We analyze
the main properties of the nice weights and prove the main theorems. We point out that
our results demonstrate the De Concini—-Kac-Procesi conjecture about the dimension of
thell, (G)-modules ([DC-K-P 2]) in the case of td& (s/(n))-subregular modules.

1. The General Setting
1.1. Let(aij)i =1, be the Cartan matrix associated to the Lie algetia + 1).
Fix a system of simple roots = {«1, a2, ..., ®,} and the corresponding sets of roots

and positive root® andR™, respectively, withv = |R™|. By Q and P we shall denote
the root and weight lattice respectively and we shall consider the basisP such that

n
aj = Zaijwi (G=1...,n).
i=1

Define a bilinear pairingP x Q — Z by:
(a),', O[j) = 8,'/'.

We introduce the following element:

n
p = Za)i.
i=1
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LetW = S,+1 be the Weyl group associatedstqn + 1) with generating reflections
fori =1,...,n and letwg € W be the longest element iV so that the length ofyg
isN.

By Wk,..+, 1 < k <t < n, we shall denote the subgroup ¥# generated by the

reflectionssy, ..., s;. In the same way by ., and R,j

.....

generators are those df(n + 1) corresponding to the simple roats, . . ., o;.

Lemma 1.1.Given any element in WV either the reflection; does not appear in any
reduced expression of or we can write

W= Sj;...85,5152...5
with2 <i, <nforeveryh =1,...,randl <t <n.

Proof. Take an elemend € W and any of its reduced expressions = s, ... sj,.
What we need to prove is that we can find a reduced expressioimofhichs1 appears
at most once.
Let us proceed by induction on the case: = 1 being trivial.
Now, if i, # 1 for everyh = 1,..., k then we succeeded. Otherwise suppose that
s1 appears more than once, then, by the inductive hypotheses, we may assume that only
onesy appears in the expression of between ong; and the following. Thus, since
s1s; = sjs1 for every j > 2, we may isolate the produstspsy and replace it with
s2s152. We obtain the result by repeating this procedure till we are left with onlygone
O

We fix an odd integet > 1 and a primitive’/" root of unitye.

Definition 1.2. The quantized enveloping algeldfa = U/, (s (n+1)) associated tda; ;)
at the roote of unity is the associative algebra ov@mwith generatorst;, F;, K;, Ki_l,
i =1, .., n,andrelations:
KiK; =K;K; =Ky, Kl'Ki_l =1,
KiE; = &‘a’jEjKl', KiF;= E_aiijK,',
Ki— Kt

E;Fj — F;E; =3ijﬁ

E’E; — (e +& DEEE + E;E? =0 for j=i+1,
F?Fj — (e + & )FF;Fi + F;Ff =0 for j=i+1,
E,E; =E;E;, FF;=F;F for j i £ 1
By Tyy we denote the Braid group associated/ig with generatorsl; for i =
1,...,n. We recall thatfyy acts orif, as follows ([L2]):

TiKj = Ksi(@))»
TEi=—FK; T,Ej=—EE;+e E;E;, ifj=i+1l,

T,F, = —K; 'E;, T;Fj=—F;Fi+eFF; ifj=i+1,
T,LEj=E;, TiF,=F; ifj#i+1
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For every fixed reduced expressionwuaf, wo = s, . .. siy, a total convex ordering
in R* can be defined by putting

Bj = Siy---8i;4(@i;) = 1.,N.
Introduce the following vectors:
Eg; =Ty ... Tiy ((Eij), Fg; =Ty ... T (Fi))
and, for everyc = (k1, .., ky) € Z¥, put

k _ pki kn k _ kn k1
E* = Eﬂl"‘EﬁN’ F* = FﬂN "'Fﬁl‘
1.2. LetZ, be the center of the algebta. Then the following lemma holds:
Lemma 1.3 (DC-K 1]). The elementg’, F! (« € RY) andKf (j=1,.,n)liein Z,.
By Zo we shall denote the subalgebrazf generated by the elements, F! andKf
witha € Rt andj = 1,..,n. ThenZg = Z; ® Z§ ® Z{, wherez,, Z andZ§ are

the subalgebras o generated by, K|, E, respectively, withv € R*, j = 1, .., n.
Let us introduce the following sets:

Pap ={kezl : 0<k <¢ i=1,... N}k
Pa(n) = {k € Pag : ) kifi =n) forne Q.

1

Theorem 1.4 (DC-K 1]). U, is a freeZp-module with a basis consisting of the vectors
{FEKT™ .. K)"E"|k,r € Pag, 0<m; < £}

If z is a central element itx, andi/° is the subalgebra @f, generated by th&;’s,
then
=2, ) FlewE,
neQt k,rePar(n)
whereg;. , € U°.
Definition 1.5. We call Harish—Chandra homomorphism the homomorphism
h:Ze — U
Z > 0,0
Any elementy € 1/° may be regarded as@valued function on the weight lattice
P in an obvious way: ifp = [[/_, K}, t; € Z, set
o(\) = g2i tilei,h)
and extend it t@/° by linearity.
Using the common notation we shall say that a vegtor alf; (s/(n + 1))-module

M is aweight vectoiif it is an eigenvector for the;'s. If furthermoreE; (x) = O for
everyi =1, ..., nthen we shall calk ahighest weight vector
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Remark.Let V be arni/, (s/(n + 1))-Verma module. If is a highest weight vector ii
with weight) andz € Z. then

Z.v = @o,0(M)v
andz acts onV as the scalapp o() since it commutes wittk,, for everyo.

We point out that ifg,, is the matrix with entrie$oy )i, -epay ), ON€ can compute
¢, by induction ony € O, essentially by using the conditiops ¢/,"] = 0. In order
to explain this idea let us introduce a bit of terminology:Wetbe the linear span of the

F*v with k € Par,(n), H the Hermitian form on the Verma moduté (see [DC-K 1]),
H,, its restriction toV,, andG,, the matrix of the operatoy¥_, , cpay () Fkor ,E" oV,

with respect to the basig* v with s € Par (n). By the inductive hypothesis one knows
G, fory <n.Then
Gy = ¢pHy.

Sincez acts onV,, as the scalapg o(A),
$nHy + > Gy = gool. (1.1)
y<n
Therefore, once we knowp o, we can compute all thg 's using (1.1).
Definition 1.6. We define the following endomorphism of the algéifta
y U’ — U

Kl' = SK,‘.

Remark.For everyl € P: (y)(A) = (A + p).

Giveng € U°, by z,, we shall denote the seri&s, . o+ > 4 repay oy F @k E” With
®0,0 = ¥ (¢) constructed as above. L&X; be the group of homomorphisms ¢finto
the group{+1}. ThenQ3 acts ori/° as follows:

dKg =68(B)Kg

(6 € 03, B € Q). SinceW acts onP by: s;(w;) = w; — &;a;, thenW x Q% acts on
UC. Let W be the subgroup ofY x Q% generated by Wo ~t with o € Q3.

Proposition 1.7.(a) Givengoo € U°, all the coefficientsy, , of the corresponding
seriesz lie in 4 if and only if

y Hpoo) € U =y Ul wy =y, Yw e W).
Furthermore we have:
deg oy, +min(|k|, [m|) < degyo,o.
(b) The map
(g )
is an injective homomorphisn(uo)w — Z,.

Proof. See [DC-K 1]. O
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1.3. For every associative algebra A by Rep(A) we shall denote the set of the equiva-
lence classes of the irreducible, finite dimensional representations of A.

Given a homomorphism : Zg — C we putlf, := U /(z — x(2), z € Zo).

Notice that ifx is the central character of a representatioa Rep{/{.) theno is in
fact a representation of the algebfa.

Theorem 1.8 (DC-K-P 1]). There exists a map
¢ : RepU:(sl(n +1))) — SL(n + 1)

such that:

a) Img is the big cell ofSL(n + 1);

b) if x, y € SL(n + 1) are conjugated elements 8L(n + 1) then the representations
in ¢~ 1(x) are isomorphic (up to a twist) to those ¢ *(y) through the elements of
a groupG of automorphisms @f,.

Definition 1.9. We say that € Rep( /) is unipotent ifp (o) is a unipotent element of
SL(n).

Now take a non-unipotent elementin Rep{/{,) with central charactex, such that
¢ = ¢(o). Then we may suppose, up to the actiorGothat if g = g; - g, is the Jordan
decomposition of € SL(n + 1) theng, # 1, g, is a lower triangular matrix and if we
defineT’ as the center of the centralizergfin SL(» + 1) andh’ as the Lie algebra of
T’ thenh’ is a proper subalgebra of the Cartan subalgélotsi(n + 1).

Let R’ := {a € R |« vanishes oi’}. Then

R = Q' NR,

whereQ’ = ZA' is a sublattice of Q spanned by a proper subdsedf A.
Letl’ be the subalgebra of, generated by th& ;’s with j = 1,...,n and by the
elementsE;, F; such thaty; € A’ and letl/™ be the subalgebra &f. generated by the

EfsandK;'swithi = 1,....n.We putd = U'UT, U, :=U'/(z— x(2). z € ZoNU')
andid, :==U/(z — x(2), z € ZoNU).

Theorem 1.10 [DC-K 2]). If 0 € RefU.) is a non unipotent representation of
Ug(sl(n + 1)) on a vector space V, with central charactgr then thel/,-module V

contains a unique irreduciblél, -submodule Vsuch that:

1) V' is ald,-module;
2) V = Z/[X ®Z/~IX V/,
3) the mapV — V' establishes a bijection betweBep(l/,) and Repls, ).

Remark.We point out that ifm is the cardinality ofA’, then A’ is the set of simple
roots of the Lie algebra/(m + 1) having as Chevalley generators those of our copy of
sl(n + 1) which correspond te; € A’. If we restrict the representation &f, in V' to
the subalgebra dﬂ)’( generated by the elemenis, F;, K; such thaty; € A/, we in
fact find a unipotent representationZéf(s! (m + 1)).

Therefore Theorem 1.10 reduces the classification of4ti€/ (n))-modules to the
analysis of the unipotent ones.
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2. Regular Representations

2.1. According to the accepted terminology we shall say that an elemarRep{/;)

is aregular representatioiif ¢(t) belongs to a conjugacy class of maximal dimension
(2N) in SL(@ + 1). Using the De Concini-Kac theorem of reduction to the unipotent
case we can focus our attention on the unipotent modules and therefore consider the
representations lying over the unipotent conjugacy clas€.¢# + 1) of dimension 2.

Notice that the: x n matrix

1

11 0

11...1
belongs to this conjugacy class, therefore, according to Theorem 1.8, we take a repre-
sentationr € Rep{/;) such thatp(r) = u, satisfying the following conditions:

(K =1 foreveryj=1,....n;
T(FH =1, t(EY) =0 foreveryo € RT.

In what follows we shall often identify the element U/, (s/ (n + 1)) with theirimages

T(x).

Theorem 2.1.The irreduciblé/,-modules parametrized by the conjugacy class of max-
imal dimension (2N) in SL(n+1) have dimension equai®fo

Proof. See ([DC-K-P 2]). O

Using Theorem 2.1 we can give an explicit construction of the irreducible regular
modules: fix areduced expressiongf, wo = s, . . . si,, and the corresponding ordering
of the positive rootsgs, ..., Bny. Then the following proposition holds:

Proposition 2.2.Let W be an irreducible regulaif, (sl (n + 1))-module. Then the set
B={F" . Fiv|0<h <t—1},
wherev is a highest weight vector, is a basisWf

Proof. A highest weight vectop in W exists since the subalgebra@@f(si(n + 1))
generated by th&;’s acts nilpotently ori¥. Therefore

B={Fy" . Fv|0<h <t-1} (2.2)

is a set of generators d¥ sinceW is irreducible and therefore generated bgas a
U (sl(n + 1))-module. Since the cardinality & is ¢V, Theorem 2.1 implies thas is
abasisoW. O

Taking into account Proposition 2.2 Aifs the weight ob we shall denote the module
w by Wi.

Now we want to establish when two regular moduigsand W, are isomorphic.

As we recalled in 1.2, the Weyl groug/ acts on the set of weights as follows:
S[(wj) =wj — (Sijai-
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Definition 2.3. The action oV on the set of weights defined by
w-A=wlA+p) —
withw € W, A € P, is called the “dot” action.

Definition 2.4. Two weightsh and u are said to be linked if there exists an element
w € Wsuchthatw - A = u

Proposition 2.5.Let M be af, (sl (n + 1))-Verma module. I andw are highest weight
vectors inM then the weight of v is linked to the weight of w (linkage principle).

Proof. Letz = Zn€Q+ Dk rePan(n) Fkgr - E" be a central element i, (sl(n + 1)).
Thengp ov = av for somea € C (o = ¢p,0(A)) and for everyr in M z.x = ax since
M is aVerma module. In particulgi,o(M)w = zw = go,0()w. We conclude by using

the injective homomorphisrﬁ/o)w —> Z. introduced in 1.2. O

Lemma 2.6.Let W, be a regulaif, (s/(n + 1))-module. For every highest weightthe
highest weight vector of weigptis unique up to scalar multiples.

Proof. Let v, w be highest weight vectors iw, of the same weight and consider the
bases:
={(Fy¥ . Fgv|0<h <t—1)
and
By ={Fy" .. Fglw|0<h <t—1}

of W,.. We define an endomorphisgnof W, setting

h h
Y(FY . Fitv) = FiY . Fjlw,

Then, by Schur’'s lemmay; = al for somea € C*. In particularw = av. O

We shall now exhibit the unique, up to scalars, highest weight vectf, inf fixed
weightw - A (w € W). Let W, be as abovel, = (A1, ..., A,), and letw be an element
in the Weyl groupWV = S,11. Take a reduced expressionof w = s;, ...s;;, and
associate to it the following vector i) :

Yy = sz .. Filllv,
where 0< A;, < ¢ — 1foreveryh =1,... k,
A, = A +1 (mode)
and, recursively,
h—1
Aiy == ai,i,Ai, + A, + 1 (mode)
v=1
2<h<k).

Proposition 2.7.y,, is the unique (up to scalars) highest weight vectoWinof weight
H=w-A.
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Proof. First we notice that i is a highest weight vector of weight= (A1, ..., 1,)
then F ™y is a highest weight vector, for eveiy= 1, ..., n. Therefore, since by

i

definition y,, = F;H”‘z wherez is a highest weight vector arid = (A%, ...,2%) is
the weight ofz, E;(y,,) = O for everyi.

Now let us compute the weight of y,,: if we proceed by induction on the length of
w then it is sufficient to consider the case of a simple refleciioa ;.

The vector associated to is theny,, = Fl.*”’lv with Weightg = (A1, ..., Aj_2,
Mict+Xri+1 =X — 2,14+ A + X1, Aig2, -, Ap).

Letus now calculate; (L + p) — p: we writes; with respect to the basis introduced

in Sect. 1:
1

11
S = -1
11

therefore
Al

Ai—2
Aici+ A +1
sik+p)—p= —Ai —2
Aivi+Ai +1

Ai2

An
This concludes the proofm

We are now able to classify the regular modules:

Proposition 2.8.The regular irreduciblé/, (sl(n + 1))-modules are parametrized, up
to isomorphisms, by the/-orbits of weights with respect to the ‘dot’ action.

Proof. Letus consider two regular modul#s andW,, (1, u € W) and their respective
bases

By ={Fy" . Fjlv|0<hy < <hy<(—1}

and
By={Fg¥. Fgz|0<hi<- <hy<(—1}.

If W, = W, thenz is a highest weight vector i, of weight ., thereforeu is linked
to A (Proposition 2.5).

Conversely, ifu = w - > thenW, contains the highest weight vectay of weightu
so that the set

Bus ={FgY .. Fjtyy |0<hi < <hy <t—1)
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is a basis oW, . Therefore the map

hn hq hn h1
FﬁN -~-Fﬁ1Yw — FﬁN ...Fﬁlz

is an isomorphism betwedi, andW,,. O
From now on we shall fix the reduced expressiomwgf
wo==58y...508,...528, ...5,
and consider the corresponding basis (2.2).

@) (n) (2
Lemma 2.9.Suppos€’, n+1) = 1. Ifthe vectorsc = F{* ... F{} Fy? ... E" v

P(l) P(n) P(Z) P(n) .
e:'l;-mdy =F*' ...F5 ,F,” ...F," vhave the same weight then, for every =
, ..., N,
Yo+ X e ol
i>t i>t i>t
_ Zpl(i) +y PY 4. 4 > P (modo).
i>t i>t ixt

Proof. We shall omit the proof of this lemma since it consists of a simple direct calcula-
tion. Itis indeed sufficient to equal the weightoénd the weight of and use condition
,n+1) =1 0O

2.2. Letustake a central element Z,:

Z=Z Z Frop, E

neQt k,rePay(n)

with g € U°.
In 1.2 we showed how to compute the elememts by using the recursive formula

$oHy + > Gy = o0l
y<n
(e Q" =3, Za).
Now we are interested in the elemenis, corresponding t* = Ffr Er = Efn,

Put
7 =00+ Fuo1E, + F2a2E? + Fa3ES + .. .,

and let us calculate, a, as, ... for

®0.0=1/(¢ — s_l)4< Z K(fsz(“’p) + Z Ka_zs_z(“’p)>

aeRt a€RT
n t
=1/(e — 8_1)4<Z Zsz(’_“l)l(jz K2
t=1 j=1

n t
+ Yy e K,Z).

t=1j=1
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Without going into the details of these computations we point out what follows:

n—1

a1 =1/(e — 81)2< > e 2tKE L KE (K
j=1
n—1
+Y eI LK AR (e e (Kn + Kn‘l))
j=1

and
ar = 1.

Thereforex; = 0O for everyr > 3.

Before stating the following lemma let us introduce a bit of terminology: given a
regularlf, (sl (n + 1))-moduleV with the basig5 associated to the reduced expression
of wo: wo = sp...518,...8285,...5,, by Vi (L < k <t < n) we shall denote the
subspace oV generated by the vectors

(k) (k+1) (t) (k+1) (1) .
Pi Pk P pPrs1 2 ) .
{Fk Foya - B By - Fvl0=p st-1 k=si<j=ty.

Notice that for every, ¢, V., is a regulaif (si(t — k + 2))-module; in particular
Vian=V.

Lemma 2.10.Lete be a¢™-root of unity with¢ = p* for some primep > n + 1 and
k € N. LetV be a regularif, (sl(n + 1))-module,v a highest weight vector of weight
A= (\1,...,A,) andx a weight vector such that:

E;(x) =0 foreveryi #n

and
E,(x) = Flv forsomet, 0<t<¢—1

Thert # £—1, 4, andx = o F/ o witho = (1—e2) (e —e 1) /(1—e20HD) (e72+hn —
g™ ).

Proof. If x = aF,ﬁlv, with t £ A,, £ — 1 ando is as in the statement, then a direct
computation shows thd, (x) = F}v.

Suppose that # A,, £ — 1 and that two vectors andx’ satisfy our hypotheses. Put
y:=x —x'. ThenE;(y) = 0 for everyi = 1,..., n; therefore ify £ 0, it is a highest
weight vector and its weight is equal to- A for somew € Y. Hence we can choose
a reduced expression af in which s1 appears at most once and, by Proposition 2.7,
y = ay,, for somea € C*. Then, since the weight afis equal to the weight 0F,f+lv,
Lemma 2.9 implies thaky does not appear in the expressiongfthusy,, € V2., and

,,,,,

because”/*1v is not a highest weight vector when# 4, ¢ — 1. Thereforey = 0.
Now suppose = 1, andx as in the statement. Take the central elemesxplicitly
constructed at the beginning of this section and let it act:on

7.x = Z ZFk(pk’rErx.

neQt k.r
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We recall that, ifpo, 0. F" v = A F" v for some. e C (or equivalentlypo, o.v = Av)
then
Z.X = AX

sinceV is al{;-Verma module. In particulag.x = ¢ o.x since the weight of is s, - A.
We first want to evaluat&” x: in our hypotheses
Ei x(x)=0 Vk #n,
Ei n(x)=—E;i p1Eyx +€E,E; ,_1x =0.

SinceE, (x) # 0 we have:

Z.x = ¢o,0x + Fya1Epx + FnzotzEfx,

0 :F,,alF,i‘" v+ FnzOlz(l - 82)”’)(82_)""
— e_k")/(l — 82)(8 — 8_1)Fnk"_lv.
By direct computation we find:

n—1
Z 21214 204 214
i=1
n—1
+ Z o~ (@n=2i+ 1424+ 201+ hn) + 2(81+A,, + 8—(1+A,,)) -0
i=1
Suppose that this relation holds and define the polynomial

P(x) = rfx2n72i+1+2x,-+~-+2x,1_1+x,,
i=1
n—1
+ Zx[*(2’172i+l+2)¥i+"‘+2)\n—l+}tn)] + 2(x1+kn + xliflfkn)
i=1

(by [k], k € Z, we denoted the representative of the congruence clalssnafdulo,
suchthatO< [k] < ¢ — 1).
Sinceeg is a root of P(x) then

P(x) = ¢¢(x)R(x),

wheregy (x) is theeth—cyclotomic polynomial in the variable andR(x) € Z[x]. Now,
since we assumefl= p* for a primep such thatp > n + 1, if we evaluateP (x) in
x = 1 we have a contradiction sinc&2+ 1) = P(1) = pR(1) necessarily implies that
pln + 1. 1f t = £ — 1 the computations are exactly the same.

We conclude thaV does not contain either any weight veciosuch thatt; (x) =
OVi #nandE,(x) = F,ﬁ”v or any weight vector such thdt; (x) = 0 Vi # n and
E,(x)=F. o

From now on, in order to apply Lemma 2.10, we shall supposestigah primitive
¢! root of unity with¢ odd,¢ = p* > 1, for some primg > n + 1 andk € N.
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3. Subregular Representations

We shall call subregular a representatioaf I/, (s/(n + 1)) such thaip(z) belongs to
the unipotent conjugacy clags of dimension &V — 2 in SL(n + 1).
Let us choose the representative elememif the clasg):

1
11 0
m= ,
1
T 11
1 ... 101

and a representatiom € Repl(sl(n + 1))), such thatp(c) = m, satisfying the
following conditions:

o(K$)=1 foreveryj=1.....n; o(E,) =0 foreveryw € R
o(FH =1 foreveryw # a,; o(F') =0.

We fix the following reduced expression of the longest elemgrih the Weyl group
W

WO =581...8,51...8,-151...51

and, according to what we recalled in Sect. 1, we shall consider the corresponding root
vectors inf (sl(n + 1)).

3.1. Let), be aninteger suchthat® A, < ¢ — 1, and let us embeld, (s/(2)) into
U (sl (n + 1)) through the map

J U (51(2)) — U (sl(n+ 1)) :

J(E) = Ep, j(F) = Fy, j(K*Y) = K. LetV be an irreduciblér,, + 1)-dimensional
representation df. (s/(2)) such thatE¢ = 0 = F'. Then there exists (see [DC-K 1])
a non zero vectop € V such thatE,v = 0, K,v = 'y, F,ﬁ”“v = 0 and the set
{v, Fyv, ..., F;"v}is a basis of V.

Leti/ be the subalgebra of. (s/(n+1)) generated by, E,, K;withj=1,...,n,
Fiwitha € RT, E; withi = 1,...,n — 1, and extend the action of.(s/(2)) to an
action oft{ on V as follows:

o EiFJv=0Vi=1...,n—-1 (r=0,...,1,);

e F!=1 YaeRY, a #a,, F' =0

o Ky 1F'v=¢™n-1Fy; KiFfv=¢"Fvifi<n—-2 (r=0,...,4), for
some fixed integers; suchthatO< A; <¢—-1(G=1,...,n—1).

ThenV becomes a lefi/-module with respect to this action and we can consider the
induced representation

Sy =Ue(sl(n+ 1)) ®; V., (3.4)
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wherel = (A1, A2, ..., Ay).

Notice that the dimension & is (A, + 1)¢V 1.

Indeed, by definition and according to the choice of the reduced expressiay of
the set

1 (n) (2) (n) (n—1) () (n)
_ P1 P1 P2 P2 Pn—1" -Pn—1 =P
B = {F1 L Fy FS L Fy L F T F R v (3.5)

0<p’<t-1Vj=1...n=1Vr=j,....n 0<pl <1,
is a basis of5;.

Remark.By V1o x we shall denote the subspace $f generated by the elements
p(l) p(Z) p(k) p(2) p(k—l) pU\') p(k) i
(Fi' Fi3 ...F Y F? . F7" F A FCS vh Vi isthen areguladd, (sl (k+1))-
module for every < n. In particular we shall calVy,_ ,—1 the regular part of;,.
(k) (k+1)
Inthe same way le¥;..., be the subspace 6f generated by the sgF* F/ , ...
(n) (k+1) (n—1) (n)

(n)
...F,ff‘_nF,f:’jl ...Fffil F:ji,llF,f” v},thenV;._, isthe subregularinducéd (s!(n —
k 4+ 2))-moduleSg, .. 5,

3.2. Asin 2.2, for every € Z, by [k] we denote the integer such that

O<[kl=<t-1,
[k] =k (mod¥).

Definition 3.1. For every positive integer, 1 < ¢ < n — 1, we shall say that a weight
A=(A1,...,A,),0<X; <€ —1,is(¢)-nice if either

n—t+1+x+---+21,=0 (mod¥e)
or
m—t+14+r+ -+ A > Ay
Furthermore we shall call nice if it is (¢)-nice forevery =1, ...,n — 1.

Remark.Itis easy to see thatif = 2, Definition 3.1 can be restated as follows: a weight
A= (A1, A2) (0 < A1A2 < £ —1)isnice if either

241+t

or
rMm=L—1

Indeed, if 2+ A1+ A2 < £ —1then[2+ A1+ A2] = 2+ A1 + A2 > 2. If, instead,
L+1 < 24+A1+A2 < 201, then2+A1+A2] = 2+ A1+A2—Land 2+ A1 +Ax—£ > Ao
ifand only if A1 = ¢ — 1.

Finally, 24+ 11 4+ 2 = 0 (mod¢) if and only if either 2+ A1 + Ao = £,0rk1 = A2 =
¢ —1.

We now want to compare the nice-conditions on a weighith those ons; - A for
any reflectiors; in WW. We establish the following lemma:
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Lemma 3.2.Consider a weight = (A1, ...,1,),0=<1; < £ — 1, and a reflection;
withl <i < n — 2. Suppose that; # ¢ — 1, then:

1) for everyr > i + 2 A is (¢)-nice if and only ifs; - A is (z)-nice;
2) Ais (i + 1)-nice if and only ifs; - A is (i)-nice;
3) A is (i)-nice if and only ifs; - A is (i + 1)-nice;
4) for everyr <i — 1 A is (¢)-nice if and only ifs; - A is (¢)-nice.

Proof. The statement follows by direct computation once we have noticed that
Si - & = ()"la RN )\i72» [1 + )\-i + )‘-ifl]a Z_)\'l _27 [1 + )‘-i + )Li+l]7 )\-i+25 LRI )‘n) o
Corollary 3.3. A weighta is nice if and only ifw - A is nice for everyw € W1 ,—2.

Lemma 3.4.Suppose. is a nice weight, then either

Drp1=£L—1(i.e.sp_1-A=2Ar)or
2) sp—1 - A is not nice.

Proof. 1) is obvious since,_1-A = (A1, ..., Ay—3, [T+ Ap—2 + Ap_1], [—2 — Ap—1],

If A,_1 # £ — 1 then, according to the above remark, the- 1)t-nice condition
forAis: 24+ A1+ Ay < £ hences,—1-A = (A, ..o, A3, [+ Ao + Ay_al,
£—2—Xp_1,14+ Ay + Ay—1) ;=0 isnot(n — 1)-nice. Indeed

24o0y1+o0,=L+14+r,>¢£. 0O

Corollary 3.5. Let be a nice weight and> an element inVy
if and only ifw lies inW1,__ ,_2.

.....

Proof. We have already noticed thatiflies in Wy
Conversely suppose that € W1 ,—1 \ W1.__.—2 . Then we can choose a reduced
expression ofv in which s, _1 appears only once:

wW=7rSy_1...5
withr € Wi n—2, 1 <t <n — 2. Therefore

W-A=FSy—1...5% " A=rS—_1-HU

with na nice weight. Since € Wy, _,—2, w - A is nice if and only ifs,_1 - I is nice,
so we can conclude using Lemma 3.4

Proposition 3.6.Let\ be a(¢)-nice weight for ever{ <t < n — 2 and suppose that it
is not nice. Then

1)z = s,_1- A is anice weight;
2)o = s,_15,5,—1 - A IS a nice weight.
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Proof. First of all we notice that is not (n — 1)-nice, therefore.,,_1 # ¢ — 1 and
2+XAy—1+A, > £.Besides, forevery=1, ..., n—2,eithem—t+1+A;+---+1, =0
or[n—t+1+ A +---+ ry] > Ay, (in particular, in the latter casg,, # ¢ — 1).
Slnceknfl ;é E - 11 Z = Sp-1-" & = ()"15 ceey )\'nf?n [l + )"}172 + )\'}171]1 E - 2 -
An—1, 14+ X, +r—1—€) £AArandforevery 1<t <n — 2,
m—t+1++-F+1l=h—t+1+r+- -+ Al
Thuseithefn —t+1+7 +---+1,]=00r
m—t+l14++--+l=h—t+1+r+---+A] > > 140+ 114 =15
The (n — 1)-nice condition is also satisfied. Indeed:
R+ma+tmnl=1+1>1+0+r1—L=1,

This concludes the proof of part 1).
Let us prove part 2): a direct computation shows that

O = Sp—15nSn—1" A
= ()\'15 ceey )"Yl737 [2 + )"l’L*z + )\nfl + )\'n]a [E - 2 - }"n]7 Z - 2 - )"nfl)a
and that, for every k s < n — 2, the(s)-nice condition for is the following:

mM—s+1l4+os+---+opl=n—s—1+A+---+A2] (36)
>£_2_)\«n—1:0n'

Letl<s<n-—-2.1If
[m—s+1+r+--+A]l=n—s+1+A+ -+, —kt
for somek € N, then, since. is (s)-nice, either

ayn—s+1+ri+---+X1, —ke=0 or
b) Ay <n—s+14+r+---+A, -kt <e-—1

Therefore we distinguish the corresponding 2 cases:
ayn—s—14+Ars+ -+ A2 —kl =—-2—A,_1 — A, Which implies:
m—s—14+A+--+r 2]1=20—2—1pp_1—Ap>L€—2—Ay_1.
Pyt —2—h_1<n—s—14+A+ - Frp2—kl+£<20—-3—2p_1—2, <{-1
ien—s—14+rA+--4+ArA20=n—s—1+r+---+Xr,_2—k€+¢and (3.6)is
proved.

Finally, the(n — 1)-condition foro is also satisfied. Indeed

[24+0p-1+0u] =[-2y —Xyp1—2]
=20—2— 1 — Ay >L—2— A1 =0y O

Proposition 3.7.For every weight, = (A1,...,%,) there exists an element <
Wi, .n—1 such thatw - A is a nice weight.

Proof. We use induction on.

If n =2 andA = (A1, A2) is not nice, then it is easy to verify that- A = (£ — 2 —
A1, 14+ A1+ Ao — £) is nice.

Now letn > 2 and suppose that the weight= (A1,..., ;) iS not nice. By
the inductive hypothesis we can also assume that. . ., A,) is a nice weight. Then
Lemma 3.2 implies that the weight_» . .. s2s1 - A is (¢)-nice for everyr < n — 2 butit
is not(n — 1)-nice. Therefore, according to Proposition 3,6,1s,—2...s1 - A iSanice
weight. O
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3.3. Asinthe previous section le}, be the subregular inducéd (s/(n + 1))-module
defined by (3.4).

Theorem 3.8.LetA = (A1,...,A,) be a nice weight. It € S, is a highest weight
vector thenx lies in the regular part ofS;..

The proof of this theorem will be given in Subsect. 3.4. Before going into the details
of the proof we want to state its main consequences:

Corollary 3.9. If A is a nice weight thes;, is an irreducible module.

Proof. Let J be a submodule of;. SinceE. = 0 for everya € R* the subalgebra
of Us(sl(n + 1)) generated by thé&;’s acts nilpotently, therefore the subspdgec

J 1 E;(y) = 0} is nontrivial and theK;’s act diagonally on it. Hence there exists a
highest weight vector € J C S, which, according to Theorem 3.8, lies in the regular
part of S,. In particular, by Proposition 2.%,is equal, up to a scalar, to the vectgy

for somew in Wy, ,—1. SinceF; is invertible for everyj # n, z generatess), as a

U (sl(n + 1))-module. Thus/ = S,. O

Lemma 3.10.Suppose that the weight= (11, ..., A,) iS not(n — 1)-nice. Leto =
sn—18n8,—1 - A and consider the vectoy,, of weighto, as in Proposition 2.7, with
W = $,—15:5n—1. Then

1) yuw #0;
2) F;;T”-i_l)’w =0.

Proof. Notice that, since is not(n — 1)-nice, them,_1 # {—land 2+ x,_1+A, > £.
Using the definition ofy,, introduced in 2.1 we have:

1 )»” 2“1’)&11— +)Ln*€ l+)»,,_
Yw = Fni—]_ F, ! Fn—l v
wherev is a fixed highest weight vector 8), of weighti. Then, sincd,_1 is invertible,

yw # 0 if and only if Fnz“”’l“”_zFlflk"’lv # 0. Using the commutation relation
betweenF,, and F,,_1 and the inequality 2- A, + A,—1 — £ < 1+ A,_1, We can write

24 A A —1—L
24+hp—1+A—€ L 1+A, 1 Z I+hp—1—k -k 24 p—1+An—L—k
Fn n n Fn_]_n v = aan_lu Fn—]_nFﬂ n n v
k=0

for somew;, € C*. Since the vectors in the sum are linearly independent and the power
of F), is less than or equal tg,, we can conclude part 1).
Now,

o, +1 . e_l_anl l+)\1 2"1‘)%71"1')\)1_Z 1+)~n—1 _ 2+Anfl+)\n_£ 1+A _
Fortly, .= F} R o Frnty = p2H Flthny =0

and this proves part 2)O

Theorem 3.11.Every subregulaif, (s/(n + 1))-module M is isomorphic t§,, for some
nice weighti.
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Proof. Let M be an irreducible subreguléf, (s/(n + 1))-module. SinceEﬁ = 0 for
everya € R™, the subalgebra df, (s/(n + 1)) generated by th&;’s acts nilpotently,
therefore the subspace

X ={xeM|E(x)=0Vi=1,...,n}

is nontrivial and theK;’s act diagonally on it. Let us take € X, u # 0 such that
Kiu = ¢“iu with 0 < x; < £ — 1 and let us consider the subspacef M spanned by
the set{FJu |0 < r < £ — 1}. Sinceu # 0 andM is irreducible,u generated/ as a
U, (sl(n + 1))-module.

We can notice thaV is stable under the action &,, F,,, K;, with j = 1,...,n
and in particular it defines a representation of the subalgétwfabﬂ8 (sl(n + 1)) with
generators,, F,, K, K; (j <n-2), K,f,lKn- LetV’ be anirreduciblé/-submodule
of V:thenV’is anirreduciblé/, (s/(2))-module sinceX ;, with j < n —2, andKjflKn
are central iri{; besides/’ is stable under the action &f; foreveryj =1,...,n.

Let us fix a basigz, F),z, .., F,f"z} of VVwithz e V/,z #0, E,z =0, F,f”“z =
0, K;z = ez, for some fixed integers; suchthatO< »; <¢—1,i =1,...,n.

Let S, be the subregular representation induced fiéfrin the natural way. From
the irreducibility of M it follows that M is a quotient ofS, . Therefore ifA is nice then
M = ;.

Suppose that is not nice. Then Lemma 3.2 and Proposition 3.7 show that there exists
T € W1 »—1 such that - A is (¢)-nice foreveryr =1, ..., n — 2 but not(n — 1)-nice.
Therefore the weights - L = s,_17 - A andw - A = s,-15,5,—1T - A are nice (see
Proposition 3.6). Let us use the notation introduced in the previous paragraphs: if
the submodule of, generated by,, thenT is the subregular induced moduig., and
the quotientS, /T is the subregular induced modu§g., generated by the vectoy
(see Lemma 3.10). Notice th&tandsS, /T are both irreducible since - 2 ando - 1 are
nice weights. Therefore, if we show that eittdr= T or M = S,/ T, the proof will be
completed. Indeed, let be the surjective map

QS — M.
If T does not intersect the kernel @then the restriction
olr T — M

is an injective map and therefore an isomorphism sids irreducible. On the contrary,
if T NKerp # 0, thenT NKerp = T andy induces a surjective map

¢ S/ T — M.
The mapy’ is an isomorphism sincg, /T is irreducible. O

Theorem 3.12.The subregular module$;, and S, with 4, u nice weights, are isomor-
phic if and only ifA = w - u for somew € Wi 2.

Proof. LetA andu be nice weights. 1§, = S, thensS,, contains a highest weight vector
v of weight . In fact, by Theorem 3.8y lies in the regular part of,,, therefore, by
Proposition 2.5} is linked to&through anelement € Wi _,_1. Finally Corollary 3.5
implieSw € W12 .n—2.
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Conversely, if. = w- ,ufor somew € W1o ,_2, thenSM contains the highest weight
vectory,, of weight and the map

(@) (n) (1) (n)
Py p
Fit L F" v F{Y LLUEP yy,

wherev is the unique, (up to a scalar), highest weight vector of weigint S, is an
isomorphism betwees, andS,. O

The results of this paragraph are summarized in the following theorem:

Theorem 3.13.The irreducible subregulatf, (si(n + 1))-modules are parametrized,

up to isomorphisms, by thé; _,_»-orbits of nice weights with respect to the “dot”-
action. Besides, every unipotent subregular module can be induced from an irreducible
U, (s1(2))-module.

At this point, using the De Concini—Kac theorem of reduction to the unipotent case,
the De Concini—Kac-Procesi conjecture for subregular modules follows from our con-
struction of the unipotent subregular modules as induced modules:

Corollary 3.14. Any subregulat/, (s/(n + 1))-module has dimension divisible By 1.

3.4. The proof of Theorem 3.8.n this paragraph we prove Theorem 3.8 by induction
onn. Forn = 2 the theorem is proved in [C1].

Now letn > 2 and suppose that for evety< n if L = (A1, ..., A¢) iS a nice weight,
S, an induced subreguldf, (sl(k + 1))-module andr € S, a h|ghest weight vector
thenx lies in the regular part aof, . We shall adopt the same notation as in the previous
paragraphs.

Definition 3.15.Leth = (h1, ..., hy), k = (k1, ..., k,) in Z"". We shall define
h<k
t
i=1 i=1
foreveryr=1,...,n
Definition 3.16.Leth = (hy, ..., h,) e N"with0O < h; < £ — 1. We define
Fh—Fl3 Fh2  phlphs

and
b= U (sl ) Fro.

k<h
Proposition 3.17.V is stable under the action &, (s/(n)).

Proof. One can easily show, by direct computation, thaf v e V% for everyi =
1,...,n—1whenevek <h. O
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Remark.Ifwe putz, = Y, _, VEandW" = v%/z, thenW is the regulat/. (s/(n))-
module generated by the vectBfv.

As before, let us fix the reduced expressionugfe W, wo = s, ... 515, ...525,
...8y, and the corresponding badisof S, (3.5). From now on we shall consider a
highest weight vectar € S, with A nice and its expression as a linear combination of
the vectors in3, where we shall omit the coefficients:

(n) (2 (n) (n—=1) (n) (n)

(e8]
_ Py Py Py P2 Pn-1 -Pn-1 pn
X = E Fl - F12...nF2 . Fz_”n - Fn—l Fn—lnFn v
p

J
Let p, be the highest power with whick, ,, appears in the expression.of

Lemma 3.18.The highest weight vectarlies in yh forh = (p,0,...,0).

Proof. In order to prove the lemma we will show that

Q) (n—1) _
_ P1 Pp—1" ppn—h1 phi—h2 hn—2—hp—1 hp—1
x= Y F*' . FM R RE F"y,

P_(,-t>, hi

where 0< h,_1 < hy—2 < --- < h1 < p, i.e.we will show, using induction on, that,
foreveryr =2,...,n, hi—1 is the highest power with which;__, appears in the terms
containing the monomiaf/; " . F' > "1 where O< h; 1 <h,_ g <--- <hy <
Dn-

Lett = 2. By definition of p,,, F12., appears in the expression ofwith powers
pn —hyfor0 < hy1 < p,. Besides, sinc&;(x) = 0 and

(E1, Fjp 1= —Q—e¥)/(1—e)F; 1 Fo oKt

all the powers off1,_, between 0 ang, appear in the expression.of Then let us use
induction onf;.

If h1 = Oletusdenote by, (h =1, ..., n—1)the highest power with whichi2_ 5,
appears, in the expressionxfin the terms containing’i2 _; at the powelp, for every
t > h. Then o B B

x=FFZ O FL FD o+
for somew € Vo_,.

SinceE; (x) = Oforeveryi =1, ..., nthe maximality of thep;'simpliesE; (w) = 0
foreveryi = 2, ..., n, therefore, by the inductive hypothesise V> ,_1. This means
in particular (see Lemma 2.9) thaj is uniquely determined by the weight .of

Now letM, 0 < M < ¢ — 1, be the highest power with whidk_,, appears in the

terms containing”/; . Then we can isolate the terms containifig , andF} and

write @ (n—=1) )] (n—1)
n— n—
K kY kS k

pn M
x= ) BN Fig B B, P P et
ke=(k{")
wherewy € V3 _,.
Using the maximality ofp, and M, we see thak, (x) = 0 impliesE, (wy) = 0O for

everyk. Furthermore we notice that there exists dne- (%", ..., ky""") such that
Ei(wp) =0foralli =3,...,n — 1. Indeed it is sufficient to take:
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kY = maxiky' ),
-1 (=1 | Gk iy
ky 7 =maxk, | F;',_, appearsinthe terms contamﬁg —1h

then recursively,
(1) A

k(h) max{k(h) | Fzzhappears inthe terms contalnlﬁg2 P ande P
everyt > hj},

k(h)

~(t)
F22 for everyt > h}.

(h) ‘(r)
max{k(h) |F1 , appears in the terms contalmﬁg2 vVt > h and

Thereforewé liesinVsz_,_1 and, by Lemma 2.9, + M = p,, thusM = 0.

We point out that the same argument shows that the terms contefiﬂng do not
containF;, _, forany;j > 2.
Let us now fix 0< h1 < p, and assume the inductive hypothe5|s Suppose that

h1 < M < ¢ — listhe highest power dfy._, in the terms contalnmg}“12 o

k<1> W
n
X—ZF 2an12nF2 2@kt

withwy € Va_,. ThenE, (wy) = 0 by the maximality o and the inductive hypothesis.
Furthermore, following the same procedure usedifor= 0, we see that there exists
onek such thatk; (wp) = O foreveryi = 3,...,n — 1. Thusw; € V3 ,-1 and
pn —h1+ M = p, (mod£) which is a contradiction. -

Now letr > 2 and let us assume that, for any< r, h,_1 is the highest power of
F,_, inthe terms containing the monomiﬁfﬁ;hl . F:’jf.;h’*l With hy_q1 < hy_p <

- =< hl = l;n-

We use induction on the sétk1, ..., h—1) : 0 < h;—1 <--- < h1 < p,} ordered
as in Definition 3.15. )

When(hy, ..., h—1) = (0, ..., 0) we are dealing with the terms containiwgff’in
that we have already considered in the case2.

Letusfix(h1,...,h,—1) # (0,...,0) and letM, with h,_1 < M < £ — 1, be the
highest power of;._,, in the terms containing the monomial

Pn—h1 hi—2—hi—1.
Fl...n te Ft—l,.‘n '

-y

with wy € Vi1 ,. By the maximality ofM and the inductive hypothesig,,(x) = 0
implies E,, (wx) = 0. Moreover, following the same procedure used:fer 2, we see

that there existg such thatt; (wp) =0foreveryi=t+1,...,n
Thus% € Vit1.pn—1andp, — h,—1 + M = p, (mod¥), which is a contradiction.
The proof is concluded.o

k(l) k(n—l) h —h
Pn— t—=2—hi1—-1 =M
t n— 1F12 nocc Ft—lu.n Ft...nwk + -

Proposition 3.19.Let S, be a subregular induced module andiety be highest weight
vectors with the same weight Theny = ax for somez € C*.
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Proof. Letx be ahighestweight vector of weighin a subregularinduced. (sl (n+1))-
moduleS;, and letv € S, be a highest weight vector of weight If we use the same
notation as before we can write with respect to the basi8 and isolate the terms

contammgng“n so that
x= aFFfﬁ__nv + {terms with powers of'1>_,, < pn}.

wherea € C*, F is a sum of monom|als in thé,’s with o € R a1 N factﬁ

,,,,,

i=1...,n—-1 |mply what follows: letz be a h|ghest weight vector Wlth weight
equal to the weight OFlZ..nv and letW, be the regulatf. (s/(n))-module generated
by z. ThenFz is a highest weight vector i, and, by Proposition 2.7z = cy,, for
somec € C* andw € W such thatw - o is equal to the weight of. In particular, since

P is uniquely determined by the weight of alsoF is.
Let y be another highest weight vectorSp with weight.. Then

x = aFFfﬁ_,nU + {terms with powers of1> , < p,},

y = bﬁFfz”_“nv + {terms with powers of1>_, < p,}

with b € C*.

Therefore ifx/a — y/b # 0 then it is a highest weight vector with weightwhich
contains only powers aofy, _, strictly less tharp,,. This is a contradiction. ~—

Notice that we can writd" = GF/*...F” where 1<t < n—1andG is a
monomial in theF;’s with 2 < j < n — 1. Indeed, according to Lemma 1.1, we can
choose a reduced expressionuoin which s; appears at most once and consider the

corresponding vectoy,,. O

Up to now we have proved thatifis a highest weight vector i, then we can write

=GF{*...F/" Fl”z" U+ {terms with powers of'12_, < p,}

for somepy, ..., p; with1l <t <n — 1, and a monomials in the F;’'s with 2 < j <
n—1.

Remark.Let x = F,A5+lz + y be a weight vector irf, of weighto, wherer # n
andA® = (A%, .. AZ) is the weight ofz. Thenx is a highest weight vector if and

only if z + F7 y |s a highest weight vector. Indeed = —1: — 2 (mod¢) and
F,"’Jrl =z+F y SinceF; is invertible for every- £ n we can conclude.o

Now notice that, by Proposition 2.5, any highest weiglsifis linked tox. Therefore
let w = w - A be the weight ofc: from Proposition 3.19 we immediately see that if
w € Wiz ,—1 (thatis, by Lemma 2.9, if and only i, = 0) thenx = oy, for some
o € C, thereforer lies in the regular part of;..

Now letw ¢ W12 ,—1 and choose a reduced expressionvatontaining only one
Su'

wW=7rS,...S5

withr € Wiz ,-1,1 <k <n — 1. We can assume= id and distinguish two cases:
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Case 1k # 1. Under this hypothesig; = ¢ — p, by Lemma 2.9, and we can write:

x = GFl ~bn F”" ,w + {terms with powers of12 , < p,}

for a highest weight vectar € V»_,,_1. According to the above remark and since the
action of theF;’s onx, for j = 2, ..., n — 1, does not modify the powers &f, ,, the
existence ofc is equivalent to the existence of a highest weight vector

x' = Fl L F12 L, w + {terms with powers of12_, < pn}.

We then have, up to some non-zero coefficient,

E1(x') = Fl P Flpz " Yo w + .
Let us setw; = Ffz" anz aw. Sincex’ € VR with h = (p,,0,...,0), in order
to haveE1(x’) = 0 the expression of’ must contain a vectar; € W(P"‘110 -0
such thatEl(zl) = F1 ””wl and E;(z1) = O for everyi > 1. By Lemma 2.10,

1= 0'1F1 ~Pntly, 1 with o7 as in the lemma.
In the same way, if we compuiél(zl) we find that the expression ef must contain

atermzy = op01Fy "2 FP2F2 w, with oz as in Lemma 2.10. We repeat the same

argument till we find thaf;(x’) contains the termFl lF”" w € WO.51:0..0 which
can be annihilated onIy by an elemerin W ©.72.0.-.0 such that; (z) = O for every

i #1andE1(z) = F{ twp, with w;, = F”” w. Since by Lemma 2.10 such a vector
does not exist, we conclude th§tdoes not contain any highest weight vector of weight
w as in our assumptions.

Case 2.k = 1. We follow the same procedure as in Case 1 by taking into ac-
count what follows: there exists a highest weight vector with weight .s1 - A if

and only if there exists a highest weight vector with welght Sp_28p...81 A =
SpSp—1...5182...5,—1 - A. In this casep, = n + A1 + --- + A, (mod E) and, by
Lemma2.9p1 = —1— A,(mod¢). Therefore the existence ofis equivalent to that of

a highest weight vector

x' = F{7Y M ER W + {terms with powers of 12, < ),

wherew is a highest weight vector ivk,_,—1. Sincer isnice,p, = [n+A1+---+A,] >
A, thus, by arguing as in case 1, we find a contradiction using Lemma 2.10.

Thus we conclude that, i is nice, S, does not contain any highest weight vector
with weightw - A such thatw € W1, \ W12 1.
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