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Abstract: In this paper we classify the irreducible, subregular representations of the
quantum groupUε(sl(n)) at a primitive,̀ th-root of unityε, for ` = pk with p prime and
k ∈ N.We show that every such a representation is induced from an irreducibleUε(sl(2))-
module and prove the De Concini, Kac, Procesi conjecture about the dimension of the
Uε(G)-modules.

0. Introduction

In this paper we consider the quantized enveloping algebraUq(G) with G = sl(n + 1)
and its specialization at a primitivèth-root of unityε. We suppose that̀is an odd integer
strictly greater than 1,̀ = pk for a primep > n+ 1 andk in N.

We start from the parametrization of the irreducibleUε(sl(n+ 1))-modules through
the conjugacy classes of the group SL(n + 1) ([DC-K 1]) and make use of the De
Concini–Kac theorem of reduction to the unipotent case ([DC-K 2]). We aim to classify
the subregular modules (see Sect. 3)i.e. the modules parametrized by the conjugacy
classes of dimension 2N − 2 (N is the number of positive roots).

Let us briefly describe the content of this paper: let us embedUε(sl(2)) into
Uε(sl(n+ 1)) through the map

j : Uε(sl(2)) ↪→ Uε(sl(n+ 1))

j (E) = En, j (F ) = Fn, j (K
±1) = K±1

n and letV be an irreducibleUε(sl(2))-module
of dimensionλn + 1 for some integerλn, 0 ≤ λn ≤ ` − 1, such thatE`n = 0 = F`n .
Then it is known that there exists a vectorv ∈ V \ {0} such thatKnv = ελnv,Env = 0,
F
λn+1
n v = 0 and the set{v, Fnv, . . . , F λnn v} is a basis ofV . We consider the subalgebra

Ũ of Uε(sl(n+ 1)) with generatorsEi, Ki for i = 1, . . . , n, Fn, F `α for every positive
rootα, and extend the action ofUε(sl(2)) onV to an action ofŨ as follows (Sect. 3.1):
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– Ei = 0 for everyi = 1, . . . , n− 1;
– KiF

r
nv = ελiF rnv for every 0≤ r ≤ λn, i ≤ n− 2, for someλi ∈ Z, 0 ≤ λi ≤ `− 1;

– Kn−1F
r
nv = ελn−1+rF rnv (0 ≤ r ≤ λn) for someλn−1 ∈ Z, 0 ≤ λn−1 ≤ `− 1;

– F`α = 1 for everyα 6= αn, F`n = 0.

We then consider the induced subregular module

Sλ = Uε(sl(n+ 1))⊗Ũ V,

whereλ = (λ1, . . . , λn).
The main idea of the paper consists in introducing the notion of nice weight (Defini-

tion 3.1) and proving that ifλ is nice thenSλ is an irreducibleUε(sl(n+1))-module. Fur-
thermore we will show that any finite-dimensional, irreducible, subregularUε(sl(n+1))-
module is isomorphic toSλ for some niceλ and thatSλ is isomorphic toSµ if and only
if there exists an elementw, lying in the subgroup of the Weyl groupW generated by
the reflectionss1, s2, . . . , sn−2, such thatλ = w · µ, where “·” is the “dot” action ofW
on the set of weights.

In Sect. 1 we recall the basic definitions and the main results due to De Concini, Kac
and Procesi. We describe the center ofUε and recall its main properties.

Section 2 is dedicated to the regular representationsi.e. those parametrized by the
conjugacy classes of maximal dimension (2N ). In [DC-K-P 1] it is shown that the
dimension of a regular representation is`N . These modules play a fundamental role in
our classification, thanks to Lemma 2.10. We want to stress the fact that this is the only
point in which the hypothesis̀= pk is used. If this lemma were generalized to any odd
integer`, the whole classification would work in the same way.

In Sect. 3 we finally introduce and study the subregular representations. We analyze
the main properties of the nice weights and prove the main theorems. We point out that
our results demonstrate the De Concini–Kac-Procesi conjecture about the dimension of
theUε(G)-modules ([DC-K-P 2]) in the case of theUε(sl(n))-subregular modules.

1. The General Setting

1.1. Let (aij )i,j=1,..,n be the Cartan matrix associated to the Lie algebrasl(n + 1).
Fix a system of simple roots1 = {α1, α2, . . . , αn} and the corresponding sets of roots
and positive rootsR andR+, respectively, withN = |R+|. By Q and P we shall denote
the root and weight lattice respectively and we shall consider the basisωi of P such that

αj =
n∑
i=1

aijωi (j = 1, . . . , n).

Define a bilinear pairing:P ×Q −→ Z by:

(ωi, αj ) = δij .

We introduce the following element:

ρ =
n∑
i=1

ωi.
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Let W = Sn+1 be the Weyl group associated tosl(n+ 1) with generating reflectionssi
for i = 1, . . . , n and letw0 ∈ W be the longest element inW so that the length ofw0
isN .

By Wk,...,t , 1 ≤ k ≤ t ≤ n, we shall denote the subgroup ofW generated by the
reflectionssk, . . . , st . In the same way byRk,...,t andR+

k,...,t we will denote the sets
of roots and positive roots associated to the copy ofsl(t − K + 2) whose Chevalley
generators are those ofsl(n+ 1) corresponding to the simple rootsαk, . . . , αt .

Lemma 1.1.Given any elementw in W either the reflections1 does not appear in any
reduced expression ofw or we can write

w = si1 . . . sir s1s2 . . . st

with 2 ≤ ih ≤ n for everyh = 1, . . . , r and1 ≤ t ≤ n.

Proof. Take an elementw ∈ W and any of its reduced expressions :w = si1 . . . sik .
What we need to prove is that we can find a reduced expression ofw in whichs1 appears
at most once.

Let us proceed by induction onn, the casen = 1 being trivial.
Now, if ih 6= 1 for everyh = 1, . . . , k then we succeeded. Otherwise suppose that

s1 appears more than once, then, by the inductive hypotheses, we may assume that only
ones2 appears in the expression ofw between ones1 and the following. Thus, since
s1sj = sj s1 for everyj > 2, we may isolate the products1s2s1 and replace it with
s2s1s2. We obtain the result by repeating this procedure till we are left with only ones1.
ut

We fix an odd integer̀ > 1 and a primitivè th root of unityε.

Definition 1.2. The quantized enveloping algebraUε ≡ Uε(sl(n+1))associated to(aij )
at the rootε of unity is the associative algebra overC with generatorsEi, Fi,Ki,K

−1
i ,

i = 1, .., n, and relations:

KiKj = KjKi = Ki+j , KiK
−1
i = 1,

KiEj = εaij EjKi, KiFj = ε−aij FjKi,

EiFj − FjEi = δij
Ki −K−1

i

ε − ε−1 ,

E2
i Ej − (ε + ε−1)EiEjEi + EjE

2
i = 0 for j = i ± 1,

F 2
i Fj − (ε + ε−1)FiFjFi + FjF

2
i = 0 for j = i ± 1,

EiEj = EjEi, FiFj = FjFi for j 6= i ± 1.

By TW we denote the Braid group associated toW, with generatorsTi for i =
1, . . . , n. We recall thatTW acts onUε as follows ([L2]):

TiKj = Ksi(αj ),

TiEi = −FiKi TiEj = −EiEj + ε−1EjEi, if j = i ± 1,

TiFi = −K−1
i Ei, TiFj = −FjFi + εFiFj if j = i ± 1,

TiEj = Ej , TiFj = Fj if j 6= i ± 1.
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For every fixed reduced expression ofw0, w0 = si1 . . . siN , a total convex ordering
in R+ can be defined by putting

βj = si1 . . . sij−1(αij ) j = 1, .., N.

Introduce the following vectors:

Eβj = Ti1 . . . Tij−1(Eij ), Fβj = Ti1 . . . Tij−1(Fij )

and, for everyk = (k1, .., kN) ∈ ZN+ , put

Ek = E
k1
β1
. . . E

kN
βN
, F k = F

kN
βN
. . . F

k1
β1
.

1.2. LetZε be the center of the algebraUε. Then the following lemma holds:

Lemma 1.3 ([DC-K 1]). The elementsE`α, F
`
α (α ∈ R+) andK`

j (j = 1, .., n) lie inZε.

By Z0 we shall denote the subalgebra ofZε generated by the elementsE`α, F
`
α andK`

j

with α ∈ R+ andj = 1, .., n. ThenZ0 = Z−
0 ⊗ Z0

0 ⊗ Z+
0 , whereZ−

0 , Z0
0 andZ+

0 are
the subalgebras ofZ0 generated byF`α ,K`

j ,E`α, respectively, withα ∈ R+, j = 1, .., n.
Let us introduce the following sets:

Par̀ = {k ∈ ZN+ : 0 ≤ ki < `, i = 1, . . . , N};
Par̀ (η) = {k ∈ Par̀ :

∑
i

kiβi = η} for η ∈ Q.

Theorem 1.4 ([DC-K 1]). Uε is a freeZ0-module with a basis consisting of the vectors
{FkKm1

1 . . . K
mn
n Er | k, r ∈ Par̀ , 0 ≤ mj < `}.

If z is a central element inUε andU0 is the subalgebra ofUε generated by theKi ’s,
then

z =
∑
η∈Q+

∑
k,r∈Par̀ (η)

F kϕk,rE
r ,

whereϕk,r ∈ U0.

Definition 1.5. We call Harish–Chandra homomorphism the homomorphism

h : Zε −→ U0,

z 7→ ϕ0,0.

Any elementϕ ∈ U0 may be regarded as aC-valued function on the weight lattice
P in an obvious way: ifϕ = ∏n

i=1K
ti
i , ti ∈ Z, set

ϕ(λ) = ε
∑
i ti (αi ,λ)

and extend it toU0 by linearity.
Using the common notation we shall say that a vectorx in a Uε(sl(n + 1))-module

M is aweight vectorif it is an eigenvector for theKi ’s. If furthermoreEi(x) = 0 for
everyi = 1, . . . , n then we shall callx ahighest weight vector.



Quantized Enveloping AlgebraUq (sl(n)) at Roots of Unity 211

Remark.LetV be anUε(sl(n+ 1))-Verma module. Ifv is a highest weight vector inV
with weightλ andz ∈ Zε then

z.v = ϕ0,0(λ)v

andz acts onV as the scalarϕ0,0(λ) since it commutes withFα for everyα.

We point out that ifφη is the matrix with entries(ϕk,r )k,r∈Par̀ (η), one can compute
φη by induction onη ∈ Q+, essentially by using the conditions[z,U+

ε ] = 0. In order
to explain this idea let us introduce a bit of terminology: letVη be the linear span of the
Fkv with k ∈ Par̀ (η), H the Hermitian form on the Verma moduleV (see [DC-K 1]),
Hη its restriction toVη andGγ the matrix of the operator

∑
k,r∈Par̀ (γ ) F

kϕk,rE
r onVη

with respect to the basisF sv with s ∈ Par̀ (η). By the inductive hypothesis one knows
Gγ for γ < η. Then

Gη = φηHη.

Sincez acts onVη as the scalarϕ0,0(λ),

φηHη +
∑
γ<η

Gγ = ϕ0,0I. (1.1)

Therefore, once we knowϕ0,0, we can compute all theϕk,r ’s using (1.1).

Definition 1.6. We define the following endomorphism of the algebraU0:

γ : U0 −→ U0,

Ki 7→ εKi.

Remark.For everyλ ∈ P : (γ ϕ)(λ) = ϕ(λ+ ρ).

Givenϕ ∈ U0, by zϕ we shall denote the series
∑
η∈Q+

∑
k,r∈Par̀ (η) F

kϕk,rE
r with

ϕ0,0 = γ (ϕ) constructed as above. LetQ∗
2 be the group of homomorphisms ofQ into

the group{±1}. ThenQ∗
2 acts onU0 as follows:

δKβ = δ(β)Kβ

(δ ∈ Q∗
2, β ∈ Q). SinceW acts onP by: si(ωj ) = ωj − δijαi , thenW nQ∗

2 acts on
U0. Let W̃ be the subgroup ofW nQ∗

2 generated byσWσ−1 with σ ∈ Q∗
2.

Proposition 1.7.(a) Givenϕ0,0 ∈ U0, all the coefficientsϕk,r of the corresponding
seriesz lie in U0 if and only if

γ−1(ϕ0,0) ∈ (U0)W̃ = {ψ ∈ U0
ε |wψ = ψ, ∀w ∈ W̃}.

Furthermore we have:

degϕk,r + min(|k|, |m|) ≤ degϕ0,0.

(b) The map
ϕ 7→ zϕ

is an injective homomorphism:(U0)W̃ −→ Zε.

Proof. See [DC-K 1]. ut
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1.3. For every associative algebra A by Rep(A) we shall denote the set of the equiva-
lence classes of the irreducible, finite dimensional representations of A.

Given a homomorphismχ : Z0 −→ C we putUχ := Uε/(z− χ(z), z ∈ Z0).
Notice that ifχ is the central character of a representationσ ∈ Rep(Uε) thenσ is in

fact a representation of the algebraUχ .

Theorem 1.8 ([DC-K-P 1]). There exists a map

ϕ : Rep(Uε(sl(n+ 1))) −→ SL(n+ 1)

such that:

a) Imϕ is the big cell ofSL(n+ 1);
b) if x, y ∈ SL(n + 1) are conjugated elements inSL(n + 1) then the representations

in ϕ−1(x) are isomorphic (up to a twist) to those inϕ−1(y) through the elements of
a groupG̃ of automorphisms ofUε.

Definition 1.9. We say thatσ ∈ Rep(Uε) is unipotent ifϕ(σ) is a unipotent element of
SL(n).

Now take a non-unipotent elementσ in Rep(Uε) with central characterχ , such that
g = ϕ(σ). Then we may suppose, up to the action ofG̃, that ifg = gs · gu is the Jordan
decomposition ofg ∈ SL(n+ 1) thengs 6= 1, gu is a lower triangular matrix and if we
defineT ′ as the center of the centralizer ofgs in SL(n+ 1) andh′ as the Lie algebra of
T ′ thenh′ is a proper subalgebra of the Cartan subalgebrah of sl(n+ 1).

LetR′ := {α ∈ R |α vanishes onh′}. Then

R′ = Q′ ∩ R,
whereQ′ = Z1′ is a sublattice of Q spanned by a proper subset1′ of 1.

Let U ′ be the subalgebra ofUε generated by theKj ’s with j = 1, . . . , n and by the
elementsEi , Fi such thatαi ∈ 1′ and letU+ be the subalgebra ofUε generated by the
Ei ’s andKi ’s with i = 1, . . . , n. We putŨ = U ′U+, U ′

χ := U ′/(z−χ(z), z ∈ Z0 ∩U ′)
andŨχ := Ũ/(z− χ(z), z ∈ Z0 ∩ Ũ).
Theorem 1.10 ([DC-K 2]). If σ ∈ Rep(Uε) is a non unipotent representation of
Uε(sl(n + 1)) on a vector space V, with central characterχ , then theUχ -module V
contains a unique irreduciblẽUχ -submodule V′ such that:

1) V ′ is aU ′
χ -module;

2) V = Uχ ⊗Ũχ V
′;

3) the mapV −→ V ′ establishes a bijection betweenRep(Uχ ) and (RepU ′
χ ).

Remark.We point out that ifm is the cardinality of1′, then1′ is the set of simple
roots of the Lie algebrasl(m+ 1) having as Chevalley generators those of our copy of
sl(n + 1) which correspond toαi ∈ 1′. If we restrict the representation ofU ′

χ in V′ to
the subalgebra ofU ′

χ generated by the elementsEi, Fi, Ki such thatαi ∈ 1′, we in
fact find a unipotent representation ofUε(sl(m+ 1)).

Therefore Theorem 1.10 reduces the classification of theUε(sl(n))-modules to the
analysis of the unipotent ones.
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2. Regular Representations

2.1. According to the accepted terminology we shall say that an elementτ in Rep(Uε)
is a regular representationif ϕ(τ) belongs to a conjugacy class of maximal dimension
(2N) in SL(n + 1). Using the De Concini–Kac theorem of reduction to the unipotent
case we can focus our attention on the unipotent modules and therefore consider the
representations lying over the unipotent conjugacy class ofSL(n+1) of dimension 2N .
Notice that then× n matrix

u =




1
1 1 0
...
...

1 1

. . .

. . . 1




belongs to this conjugacy class, therefore, according to Theorem 1.8, we take a repre-
sentationτ ∈ Rep(Uε) such thatϕ(τ) = u, satisfying the following conditions:

τ(K`
j ) = 1 for everyj = 1, . . . , n;

τ(F `α) = 1, τ (E`α) = 0 for everyα ∈ R+.

In what follows we shall often identify the elementsx in Uε(sl(n+1))with their images
τ(x).

Theorem 2.1.The irreducibleUε-modules parametrized by the conjugacy class of max-
imal dimension (2N) in SL(n+1) have dimension equal to`N .

Proof. See ([DC-K-P 2]). ut
Using Theorem 2.1 we can give an explicit construction of the irreducible regular

modules: fix a reduced expression ofw0,w0 = si1 . . . siN , and the corresponding ordering
of the positive roots,β1, . . . , βN . Then the following proposition holds:

Proposition 2.2.LetW be an irreducible regularUε(sl(n+ 1))-module. Then the set

B = {FhNβN . . . F h1
β1
v | 0 ≤ hi ≤ `− 1},

wherev is a highest weight vector, is a basis ofW .

Proof. A highest weight vectorv in W exists since the subalgebra ofUε(sl(n + 1))
generated by theEi ’s acts nilpotently onW . Therefore

B = {FhNβN . . . F h1
β1
v | 0 ≤ hi ≤ `− 1} (2.2)

is a set of generators ofW sinceW is irreducible and therefore generated byv as a
Uε(sl(n + 1))-module. Since the cardinality ofB is `N , Theorem 2.1 implies thatB is
a basis ofW . ut

Taking into account Proposition 2.2, ifλ is the weight ofv we shall denote the module
W byWλ.

Now we want to establish when two regular modulesWλ andWµ are isomorphic.
As we recalled in 1.2, the Weyl groupW acts on the set of weights as follows:

si(wj ) = wj − δijαi .
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Definition 2.3. The action ofW on the set of weights defined by

w · λ = w(λ+ ρ)− ρ

withw ∈ W, λ ∈ P , is called the “dot” action.

Definition 2.4. Two weightsλ andµ are said to be linked if there exists an element
w ∈ W such thatw · λ = µ.

Proposition 2.5.Let M be aUε(sl(n+1))-Verma module. Ifv andw are highest weight
vectors inM then the weightλ of v is linked to the weightµ ofw (linkage principle).

Proof. Let z = ∑
η∈Q+

∑
k,r∈Par̀ (η) F

kϕk,rE
r be a central element inUε(sl(n + 1)).

Thenϕ0,0v = αv for someα ∈ C (α = ϕ0,0(λ)) and for everyx in M z.x = αx since
M is a Verma module. In particularϕ0,0(λ)w = zw = ϕ0,0(µ)w. We conclude by using

the injective homomorphism(U0)W̃ −→ Zε introduced in 1.2. ut
Lemma 2.6.LetWλ be a regularUε(sl(n+ 1))-module. For every highest weightµ the
highest weight vector of weightµ is unique up to scalar multiples.

Proof. Let v, w be highest weight vectors inWλ of the same weight and consider the
bases:

B1 = {FhNβN . . . F h1
β1
v | 0 ≤ hi ≤ `− 1}

and
B2 = {FhNβN . . . F h1

β1
w | 0 ≤ hi ≤ `− 1}

of Wλ. We define an endomorphismψ of Wλ setting

ψ(F
hN
βN
. . . F

h1
β1
v) = F

hN
βN
. . . F

h1
β1
w.

Then, by Schur’s lemma,ψ = aI for somea ∈ C×. In particularw = av. ut
We shall now exhibit the unique, up to scalars, highest weight vector inWλ of fixed

weightw · λ (w ∈ W). LetWλ be as above,λ = (λ1, . . . , λn), and letw be an element
in the Weyl groupW = Sn+1. Take a reduced expression ofw, w = sik . . . si1, and
associate to it the following vector inWλ:

yw := F
Aik
ik

. . . F
Ai1
i1
v,

where 0≤ Aih ≤ `− 1 for everyh = 1, . . . , k,

Ai1 ≡ λi1 + 1 (mod`)

and, recursively,

Aih ≡ −
h−1∑
ν=1

aihiνAiν + λih + 1 (mod`)

(2 ≤ h ≤ k).

Proposition 2.7.yw is the unique (up to scalars) highest weight vector inWλ of weight
µ = w · λ.



Quantized Enveloping AlgebraUq (sl(n)) at Roots of Unity 215

Proof. First we notice that ifv is a highest weight vector of weightλ = (λ1, . . . , λn)

thenFλi+1
i v is a highest weight vector, for everyi = 1, . . . , n. Therefore, since by

definitionyw = F
1+λzik
ik

z wherez is a highest weight vector andλz = (λz1, . . . , λ
z
n) is

the weight ofz, Ei(yw) = 0 for everyi.
Now let us compute the weightµ of yw: if we proceed by induction on the length of

w then it is sufficient to consider the case of a simple reflectionw = si .
The vector associated tow is thenyw = F

λi+1
i v with weightµ = (λ1, . . . , λi−2,

λi−1 + λi + 1,−λi − 2,1 + λi + λi+1, λi+2, . . . , λn).
Let us now calculatesi(λ+ρ)−ρ: we writesi with respect to the basisωi introduced

in Sect. 1:

si =




1
. . . 0

1 1
−1

1 1

0
. . .

1




therefore

si(λ+ ρ)− ρ =




λ1
...

λi−2
λi−1 + λi + 1

−λi − 2
λi+1 + λi + 1

λi+2
...

λn




.

This concludes the proof.ut
We are now able to classify the regular modules:

Proposition 2.8.The regular irreducibleUε(sl(n + 1))-modules are parametrized, up
to isomorphisms, by theW-orbits of weights with respect to the ‘dot’ action.

Proof. Let us consider two regular modulesWλ andWµ (λ,µ ∈ W) and their respective
bases

Bλ = {FhNβN . . . F h1
β1
v | 0 ≤ h1 ≤ · · · ≤ hN ≤ `− 1}

and
Bµ = {FhNβN . . . F h1

β1
z | 0 ≤ h1 ≤ · · · ≤ hN ≤ `− 1}.

If Wλ
∼= Wµ thenz is a highest weight vector inWλ of weightµ, thereforeµ is linked

to λ (Proposition 2.5).
Conversely, ifµ = w · λ thenWλ contains the highest weight vectoryw of weightµ

so that the set

Bw·λ = {FhNβN . . . F h1
β1
yw | 0 ≤ h1 ≤ · · · ≤ hN ≤ `− 1}
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is a basis ofWλ. Therefore the map

F
hN
βN
. . . F

h1
β1
yw 7−→ F

hN
βN
. . . F

h1
β1
z

is an isomorphism betweenWλ andWµ. ut
From now on we shall fix the reduced expression ofw0:

w0 = sn . . . s1sn . . . s2sn . . . sn,

and consider the corresponding basis (2.2).

Lemma 2.9.Suppose(`, n+1) = 1. If the vectorsx = F
p
(1)
1

1 . . . F
p
(n)
1

12...nF
p
(2)
2

2 . . . F
p
(n)
n

n v

andy = F
P
(1)
1

1 . . . F
P
(n)
1

12...nF
P
(2)
2

2 . . . F
P
(n)
n

n v have the same weightµ then, for everyt =
1, . . . , n, ∑

i≥t
p
(i)
1 +

∑
i≥t

p
(i)
2 + · · · +

∑
i≥t

p
(i)
t

≡
∑
i≥t

P
(i)
1 +

∑
i≥t

P
(i)
2 + · · · +

∑
i≥t

P
(i)
t (mod`).

Proof. We shall omit the proof of this lemma since it consists of a simple direct calcula-
tion. It is indeed sufficient to equal the weight ofx and the weight ofy and use condition
(`, n+ 1) = 1. ut

2.2. Let us take a central elementz ∈ Zε:
z =

∑
η∈Q+

∑
k,r∈Par̀ (η)

F kϕk,rE
r

with ϕk,r ∈ U0.

In 1.2 we showed how to compute the elementsϕk,r by using the recursive formula

φηHη +
∑
γ<η

Gγ = ϕ0,0I

(η ∈ Q+ := ∑
i Z+αi).

Now we are interested in the elementsϕk,r corresponding toFk = F
kn
n , Er = E

kn
n .

Put
z̄ = ϕ0,0 + Fnα1En + F 2

n α2E
2
n + F 3

n α3E
3
n + . . . ,

and let us calculateα1, α2, α3, . . . for

ϕ0,0 = 1/(ε − ε−1)4
( ∑
α∈R+

K2
αε

2(α,ρ) +
∑
α∈R+

K−2
α ε−2(α,ρ)

)

= 1/(ε − ε−1)4
( n∑
t=1

t∑
j=1

ε2(t−j+1)K2
j . . . K

2
t

+
n∑
t=1

t∑
j=1

ε−2(t−j+1)K−2
j . . . K−2

t

)
.
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Without going into the details of these computations we point out what follows:

α1 = 1/(ε − ε−1)2
( n−1∑
j=1

ε2n−2j+1K2
j . . . K

2
n−1Kn

+
n−1∑
j=1

ε−2n+2j−1K−2
j . . . K−2

n−1K
−1
n + (ε + ε−1)(Kn +K−1

n )

)

and
α2 = 1.

Thereforeαt = 0 for everyt ≥ 3.
Before stating the following lemma let us introduce a bit of terminology: given a

regularUε(sl(n+ 1))-moduleV with the basisB associated to the reduced expression
of w0: w0 = sn . . . s1sn . . . s2sn . . . sn, by Vk...t (1 ≤ k ≤ t ≤ n) we shall denote the
subspace ofV generated by the vectors

{
F
p
(k)
k

k F
p
(k+1)
k

kk+1 . . . F
p
(t)
k

k...t F
p
(k+1)
k+1

k+1 . . . F
p
(t)
t

t v | 0 ≤ p
(j)
i ≤ `− 1, k ≤ i ≤ j ≤ t

}
.

Notice that for everyk, t , Vk...t is a regularUε(sl(t − k + 2))-module; in particular
V1...n = V .

Lemma 2.10.Let ε be a`th-root of unity with` = pk for some primep > n + 1 and
k ∈ N. LetV be a regularUε(sl(n + 1))-module,v a highest weight vector of weight
λ = (λ1, . . . , λn) andx a weight vector such that:

Ei(x) = 0 for everyi 6= n

and
En(x) = F tnv for some t, 0 ≤ t ≤ `− 1.

Thent 6= `−1,λn andx = σF t+1
n vwithσ = (1−ε2)(ε−ε−1)/(1−ε2(t+1))(ε−2t+λn−

ε−λn).

Proof. If x = σF t+1
n v, with t 6= λn, ` − 1 andσ is as in the statement, then a direct

computation shows thatEn(x) = F tnv.
Suppose thatt 6= λn, `− 1 and that two vectorsx andx′ satisfy our hypotheses. Put

y := x − x′. ThenEi(y) = 0 for everyi = 1, . . . , n; therefore ify 6= 0, it is a highest
weight vector and its weight is equal tow · λ for somew ∈ W. Hence we can choose
a reduced expression ofw in which s1 appears at most once and, by Proposition 2.7,
y = ayw for somea ∈ C×. Then, since the weight ofx is equal to the weight ofF t+1

n v,
Lemma 2.9 implies thatF1 does not appear in the expression ofyw thusyw ∈ V2...n and
w ∈ W2,...,n. With the same argument we can conclude thaty ∈ Vn and is therefore a
scalar multiple ofF t+1

n v since they have the same weight. But this is a contradiction
becauseF t+1

n v is not a highest weight vector whent 6= λn, `− 1. Thereforey = 0.
Now supposet = λn andx as in the statement. Take the central elementz̄ explicitly

constructed at the beginning of this section and let it act onx:

z̄.x =
∑
η∈Q+

∑
k, r

F kϕk, rE
rx.
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We recall that, ifϕ0,0.F
λn+1
n v = λF

λn+1
n v for someλ ∈ C (or equivalentlyϕ0,0.v = λv)

then
z̄.x = λx

sinceV is aUε-Verma module. In particular̄z.x = ϕ0,0.x since the weight ofx is sn ·λ.
We first want to evaluateErx: in our hypotheses

Ei...k(x) = 0 ∀ k 6= n,

Ei...n(x) = −Ei...n−1Enx + εEnEi...n−1x = 0.

SinceEn(x) 6= 0 we have:

z̄.x = ϕ0,0x + Fnα1Enx + F 2
n α2E

2
nx,

i.e.

0 =Fnα1F
λn
n v + F 2

n α2(1 − ε2λn)(ε2−λn

− ε−λn)/(1 − ε2)(ε − ε−1)F λn−1
n v.

By direct computation we find:

n−1∑
i=1

ε2n−2i+1+2λi+···+2λn−1+λn

+
n−1∑
i=1

ε−(2n−2i+1+2λi+···+2λn−1+λn) + 2(ε1+λn + ε−(1+λn)) = 0.

Suppose that this relation holds and define the polynomial

P(x) =
n−1∑
i=1

x2n−2i+1+2λi+···+2λn−1+λn

+
n−1∑
i=1

x[−(2n−2i+1+2λi+···+2λn−1+λn)] + 2(x1+λn + x`−1−λn)

(by [k], k ∈ Z, we denoted the representative of the congruence class ofk modulo`,
such that 0≤ [k] ≤ `− 1).

Sinceε is a root ofP(x) then

P(x) = φ`(x)R(x),

whereφ`(x) is the`th-cyclotomic polynomial in the variablex andR(x) ∈ Z[x]. Now,
since we assumed̀= pk for a primep such thatp > n + 1, if we evaluateP(x) in
x = 1 we have a contradiction since 2(n+1) = P(1) = pR(1) necessarily implies that
p|n+ 1. If t = `− 1 the computations are exactly the same.

We conclude thatV does not contain either any weight vectorx such thatEi(x) =
0 ∀i 6= n andEn(x) = F

λn
n v or any weight vector such thatEi(x) = 0 ∀i 6= n and

En(x) = F`−1
n v. ut

From now on, in order to apply Lemma 2.10, we shall suppose thatε is a primitive
`th root of unity with` odd,` = pk > 1, for some primep > n+ 1 andk ∈ N.
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3. Subregular Representations

We shall call subregular a representationτ of Uε(sl(n + 1)) such thatϕ(τ) belongs to
the unipotent conjugacy classO of dimension 2N − 2 in SL(n+ 1).

Let us choose the representative elementm of the classO:

m =




1
1 1
...
...
. . .

0

...
...

. . .

1 · · · · · ·

1
1 1
1 0 1



,

and a representationσ ∈ Rep(Uε(sl(n + 1))), such thatϕ(σ) = m, satisfying the
following conditions:

σ(K`
j ) = 1 for everyj = 1, . . . , n ; σ(E`α) = 0 for everyα ∈ R+;

σ(F `α) = 1 for everyα 6= αn; σ(F `n ) = 0.

We fix the following reduced expression of the longest elementw0 in the Weyl group
W:

w0 = s1 . . . sns1 . . . sn−1s1 . . . s1

and, according to what we recalled in Sect. 1, we shall consider the corresponding root
vectors inUε(sl(n+ 1)).

3.1. Let λn be an integer such that 0≤ λn ≤ `− 1, and let us embedUε(sl(2)) into
Uε(sl(n+ 1)) through the map

j : Uε(sl(2)) ↪→ Uε(sl(n+ 1)) :
J (E) = En, j (F ) = Fn, j (K±1) = K±1

n . Let V be an irreducible(λn+1)-dimensional
representation ofUε(sl(2)) such thatE`n = 0 = F`n . Then there exists (see [DC-K 1])
a non zero vectorv ∈ V such thatEnv = 0, Knv = ελnv, Fλn+1

n v = 0 and the set
{v, Fnv, . . . , F λnn v} is a basis of V.

Let Ũ be the subalgebra ofUε(sl(n+1))generated byFn, En, Kj with j = 1, . . . , n,
F`α with α ∈ R+, Ei with i = 1, . . . , n − 1, and extend the action ofUε(sl(2)) to an
action ofŨ on V as follows:

• EiF
r
nv = 0 ∀i = 1, . . . , n− 1, (r = 0, . . . , λn);

• F`α ≡ 1 ∀α ∈ R+, α 6= αn, F
`
n = 0;

• Kn−1F
r
nv = εr+λn−1F rnv ; KiF rnv = ελiF rnv if i ≤ n − 2, (r = 0, . . . , λn), for

some fixed integersλi such that 0≤ λi ≤ `− 1 (i = 1, . . . , n− 1).

ThenV becomes a left̃U-module with respect to this action and we can consider the
induced representation

Sλ := Uε(sl(n+ 1))⊗Ũ V, (3.4)
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whereλ = (λ1, λ2, . . . , λn).
Notice that the dimension ofSλ is (λn + 1)`N−1.
Indeed, by definition and according to the choice of the reduced expression ofw0,

the set

B = {Fp
(1)
1

1 . . . F
p
(n)
1

12...nF
p
(2)
2

2 . . . F
p
(n)
2

2...n . . . F
p
(n−1)
n−1

n−1 F
p
(n)
n−1

n−1nF
p
(n)
n

n v :
0 ≤ p

(t)
j ≤ `− 1, ∀ j = 1, . . . , n− 1 ∀ t = j, . . . , n, 0 ≤ p(n)n ≤ λn}

(3.5)

is a basis ofSλ.

Remark.By V12...k we shall denote the subspace ofSλ generated by the elements

{Fp
(1)
1

1 F
p
(2)
1

12 . . . F
p
(k)
1

1...kF
p
(2)
2

2 . . . F
p
(k−1)
k−1

k−1 F
p
(k)
k−1

k−1kF
p
(k)
k

k v};V1...k is then a regularUε(sl(k+1))-
module for everyk < n. In particular we shall callV12...n−1 the regular part ofSλ.

In the same way letVk...n be the subspace ofSλ generated by the set{Fp
(k)
k

k F
p
(k+1)
k

kk+1 . . .

. . . F
p
(n)
k

k...nF
p
(k+1)
k+1

k+1 . . . F
p
(n−1)
n−1

n−1 F
p
(n)
n−1

n−1nF
p
(n)
n

n v}, thenVk...n is the subregular inducedUε(sl(n−
k + 2))-moduleS(λk,...,λn).

3.2. As in 2.2, for everyk ∈ Z, by [k] we denote the integer such that

0 ≤ [k] ≤ `− 1,

[k] ≡ k (mod`).

Definition 3.1. For every positive integert , 1 ≤ t ≤ n − 1, we shall say that a weight
λ = (λ1, . . . , λn), 0 ≤ λi ≤ `− 1, is (t)-nice if either

n− t + 1 + λt + · · · + λn ≡ 0 (mod`)

or
[n− t + 1 + λt + · · · + λn] > λn.

Furthermore we shall callλ nice if it is (t)-nice for everyt = 1, . . . , n− 1.

Remark.It is easy to see that ifn = 2, Definition 3.1 can be restated as follows: a weight
λ = (λ1, λ2) (0 ≤ λ1 λ2 ≤ `− 1) is nice if either

2 + λ1 + λ2 ≤ `

or
λ1 = `− 1.

Indeed, if 2+ λ1 + λ2 ≤ ` − 1 then[2 + λ1 + λ2] = 2 + λ1 + λ2 > λ2. If, instead,
`+1 ≤ 2+λ1+λ2 ≤ 2`−1, then[2+λ1+λ2] = 2+λ1+λ2−`and 2+λ1+λ2−` > λ2
if and only if λ1 = `− 1.

Finally, 2+λ1 +λ2 ≡ 0 (mod`) if and only if either 2+λ1 +λ2 = `, orλ1 = λ2 =
`− 1.

We now want to compare the nice-conditions on a weightλ with those onsi · λ for
any reflectionsi in W. We establish the following lemma:
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Lemma 3.2.Consider a weightλ = (λ1, . . . , λn), 0 ≤ λj ≤ `− 1, and a reflectionsi
with 1 ≤ i ≤ n− 2. Suppose thatλi 6= `− 1, then:

1) for everyt ≥ i + 2 λ is (t)-nice if and only ifsi · λ is (t)-nice;
2) λ is (i + 1)-nice if and only ifsi · λ is (i)-nice;
3) λ is (i)-nice if and only ifsi · λ is (i + 1)-nice;
4) for everyt ≤ i − 1 λ is (t)-nice if and only ifsi · λ is (t)-nice.

Proof. The statement follows by direct computation once we have noticed that

si · λ = (λ1, . . . , λi−2, [1 + λi + λi−1], `−λi−2, [1 + λi + λi+1], λi+2, . . . , λn). ut

Corollary 3.3. A weightλ is nice if and only ifw · λ is nice for everyw ∈ W1,...,n−2.

Lemma 3.4.Supposeλ is a nice weight, then either

1) λn−1 = `− 1 (i.e. sn−1 · λ = λ) or
2) sn−1 · λ is not nice.

Proof. 1) is obvious sincesn−1 · λ = (λ1, . . . , λn−3, [1 + λn−2 + λn−1], [−2 − λn−1],
[1 + λn + λn−1]).

If λn−1 6= ` − 1 then, according to the above remark, the(n − 1)th-nice condition
for λ is: 2 + λn−1 + λn ≤ ` hencesn−1 · λ = (λ1, . . . , λn−3, [1 + λn−2 + λn−1],
`− 2 − λn−1,1 + λn + λn−1) := σ is not(n− 1)-nice. Indeed

2 + σn−1 + σn = `+ 1 + λn > `. ut

Corollary 3.5. Letλ be a nice weight andw an element inW1,...,n−1. Thenw · λ is nice
if and only ifw lies inW1,...,n−2.

Proof. We have already noticed that ifw lies inW1,...,n−2 andλ is nice thenw ·λ is nice.
Conversely suppose thatw ∈ W1,...,n−1 \ W1,...,n−2 . Then we can choose a reduced
expression ofw in which sn−1 appears only once:

w = rsn−1 . . . st

with r ∈ W1,...,n−2, 1 ≤ t ≤ n− 2. Therefore

w · λ = rsn−1 . . . st · λ = rsn−1 · µ

with µ a nice weight. Sincer ∈ W1,...,n−2, w · λ is nice if and only ifsn−1 · µ is nice,
so we can conclude using Lemma 3.4.ut

Proposition 3.6.Letλ be a(t)-nice weight for every1 ≤ t ≤ n− 2 and suppose that it
is not nice. Then

1) τ = sn−1 · λ is a nice weight;
2) σ = sn−1snsn−1 · λ is a nice weight.
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Proof. First of all we notice thatλ is not (n − 1)-nice, thereforeλn−1 6= ` − 1 and
2+λn−1+λn > `. Besides, for everyt = 1, . . . , n−2, eithern−t+1+λt+· · ·+λn ≡ 0
or [n− t + 1 + λt + · · · + λn] > λn, (in particular, in the latter case,λn 6= `− 1).

Sinceλn−1 6= ` − 1, τ = sn−1 · λ = (λ1, . . . , λn−3, [1 + λn−2 + λn−1], ` − 2 −
λn−1,1 + λn + λn−1 − `) 6= λ and for every 1≤ t ≤ n− 2,

[n− t + 1 + τt + · · · + τn] = [n− t + 1 + λt + · · · + λn].
Thus either[n− t + 1 + τt + · · · + τn] = 0 or

[n− t+1+τt +· · ·+τn] = [n− t+1+λt +· · ·+λn] > λn > 1+λn+λn−1−` = τn.

The(n− 1)-nice condition is also satisfied. Indeed:

[2 + τn−1 + τn] = 1 + λn > 1 + λn + λn−1 − ` = τn.

This concludes the proof of part 1).
Let us prove part 2): a direct computation shows that

σ = sn−1snsn−1 · λ
= (λ1, . . . , λn−3, [2 + λn−2 + λn−1 + λn], [`− 2 − λn], `− 2 − λn−1),

and that, for every 1≤ s ≤ n− 2, the(s)-nice condition forσ is the following:

[n− s + 1 + σs + · · · + σn] = [n− s − 1 + λs + · · · + λn−2] (3.6)

> `− 2 − λn−1 = σn.

Let 1 ≤ s ≤ n− 2. If

[n− s + 1 + λs + · · · + λn] = n− s + 1 + λs + · · · + λn − k`

for somek ∈ N, then, sinceλ is (s)-nice, either

a) n− s + 1 + λs + · · · + λn − k` = 0 or
b) λn < n− s + 1 + λs + · · · + λn − k` ≤ `− 1.

Therefore we distinguish the corresponding 2 cases:
a)n− s − 1 + λs + · · · + λn−2 − k` = −2 − λn−1 − λn which implies:
[n− s − 1 + λs + · · · + λn−2] = 2`− 2 − λn−1 − λn > `− 2 − λn−1.
b) `− 2−λn−1 < n− s− 1+λs + · · ·+λn−2 − k`+ ` ≤ 2`− 3−λn−1 −λn ≤ `− 1
i.e. [n− s − 1+ λs + · · · + λn−2] = n− s − 1+ λs + · · · + λn−2 − k`+ ` and (3.6) is
proved.

Finally, the(n− 1)-condition forσ is also satisfied. Indeed

[2 + σn−1 + σn] = [−λn − λn−1 − 2]
= 2`− 2 − λn−1 − λn > `− 2 − λn−1 = σn. ut

Proposition 3.7.For every weightλ = (λ1, . . . , λn) there exists an elementw ∈
W1,...,n−1 such thatw · λ is a nice weight.

Proof. We use induction onn.
If n = 2 andλ = (λ1, λ2) is not nice, then it is easy to verify thats1 · λ = (`− 2 −

λ1,1 + λ1 + λ2 − `) is nice.
Now let n > 2 and suppose that the weightλ = (λ1, . . . , λn) is not nice. By

the inductive hypothesis we can also assume that(λ2, . . . , λn) is a nice weight. Then
Lemma 3.2 implies that the weightsn−2 . . . s2s1 · λ is (t)-nice for everyt ≤ n− 2 but it
is not(n− 1)-nice. Therefore, according to Proposition 3.6,sn−1sn−2 . . . s1 · λ is a nice
weight. ut
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3.3. As in the previous section letSλ be the subregular inducedUε(sl(n+1))-module
defined by (3.4).

Theorem 3.8.Let λ = (λ1, . . . , λn) be a nice weight. Ifx ∈ Sλ is a highest weight
vector thenx lies in the regular part ofSλ.

The proof of this theorem will be given in Subsect. 3.4. Before going into the details
of the proof we want to state its main consequences:

Corollary 3.9. If λ is a nice weight thenSλ is an irreducible module.

Proof. Let J be a submodule ofSλ. SinceE`α = 0 for everyα ∈ R+ the subalgebra
of Uε(sl(n + 1)) generated by theEi ’s acts nilpotently, therefore the subspace{y ∈
J |Ei(y) = 0} is nontrivial and theKi ’s act diagonally on it. Hence there exists a
highest weight vectorz ∈ J ⊂ Sλ which, according to Theorem 3.8, lies in the regular
part ofSλ. In particular, by Proposition 2.7,z is equal, up to a scalar, to the vectoryw
for somew in W1,...,n−1. SinceFj is invertible for everyj 6= n, z generatesSλ as a
Uε(sl(n+ 1))-module. ThusJ = Sλ. ut
Lemma 3.10.Suppose that the weightλ = (λ1, . . . , λn) is not (n − 1)-nice. Letσ =
sn−1snsn−1 · λ and consider the vectoryw of weightσ , as in Proposition 2.7, with
w = sn−1snsn−1. Then

1) yw 6= 0;
2) Fσn+1

n yw = 0.

Proof. Notice that, sinceλ is not(n−1)-nice, thenλn−1 6= `−1 and 2+λn−1+λn > `.
Using the definition ofyw introduced in 2.1 we have:

yw = F
1+λn
n−1 F

2+λn−1+λn−`
n F

1+λn−1
n−1 v

wherev is a fixed highest weight vector inSλ of weightλ. Then, sinceFn−1 is invertible,

yw 6= 0 if and only if F 2+λn−1+λn−`
n F

1+λn−1
n−1 v 6= 0. Using the commutation relation

betweenFn andFn−1 and the inequality 2+ λn + λn−1 − ` < 1 + λn−1, we can write

F
2+λn−1+λn−`
n F

1+λn−1
n−1 v =

2+λn+λn−1−`∑
k=0

αkF
1+λn−1−k
n−1 Fkn−1nF

2+λn−1+λn−`−k
n v

for someαk ∈ C×. Since the vectors in the sum are linearly independent and the power
of Fn is less than or equal toλn, we can conclude part 1).

Now,

Fσn+1
n yw := F

`−1−λn−1
n F

1+λn
n−1 F

2+λn−1+λn−`
n F

1+λn−1
n−1 v = F

2+λn−1+λn−`
n−1 F 1+λn

n v = 0

and this proves part 2).ut
Theorem 3.11.Every subregularUε(sl(n+ 1))-module M is isomorphic toSλ for some
nice weightλ.
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Proof. Let M be an irreducible subregularUε(sl(n + 1))-module. SinceE`α = 0 for
everyα ∈ R+, the subalgebra ofUε(sl(n + 1)) generated by theEi ’s acts nilpotently,
therefore the subspace

X := {x ∈ M |Ei(x) = 0 ∀i = 1, . . . , n}
is nontrivial and theKi ’s act diagonally on it. Let us takeu ∈ X, u 6= 0 such that
Kiu = εxi u with 0 ≤ xi ≤ `− 1 and let us consider the subspaceV of M spanned by
the set{F rnu | 0 ≤ r ≤ ` − 1}. Sinceu 6= 0 andM is irreducible,u generatesM as a
Uε(sl(n+ 1))-module.

We can notice thatV is stable under the action ofEn, Fn,Kj , with j = 1, . . . , n
and in particular it defines a representation of the subalgebraŨ of Uε(sl(n + 1)) with
generatorsEn, Fn,Kn,Kj (j ≤ n−2),K2

n−1Kn. LetV ′ be an irreduciblẽU-submodule
of V : thenV ′ is an irreducibleUε(sl(2))-module sinceKj , with j ≤ n−2, andK2

n−1Kn

are central inŨ ; besidesV ′ is stable under the action ofKj for everyj = 1, . . . , n.

Let us fix a basis{z, Fnz, .., F λnn z} of V ′ with z ∈ V ′, z 6= 0, Enz = 0, F λn+1
n z =

0, Kiz = ελi z, for some fixed integersλi such that 0≤ λi ≤ `− 1, i = 1, . . . , n.
Let Sλ be the subregular representation induced fromV ′ in the natural way. From

the irreducibility ofM it follows thatM is a quotient ofSλ. Therefore ifλ is nice then
M = Sλ.

Suppose thatλ is not nice. Then Lemma 3.2 and Proposition 3.7 show that there exists
τ ∈ W1...n−1 such thatτ · λ is (t)-nice for everyt = 1, . . . , n− 2 but not(n− 1)-nice.
Therefore the weightsσ · λ = sn−1τ · λ andw · λ = sn−1snsn−1τ · λ are nice (see
Proposition 3.6). Let us use the notation introduced in the previous paragraphs: ifT is
the submodule ofSλ generated byyw thenT is the subregular induced moduleSw·λ and
the quotientSλ/T is the subregular induced moduleSσ ·λ generated by the vectoryσ
(see Lemma 3.10). Notice thatT andSλ/T are both irreducible sincew ·λ andσ ·λ are
nice weights. Therefore, if we show that eitherM ∼= T orM ∼= Sλ/T , the proof will be
completed. Indeed, letϕ be the surjective map

ϕ : Sλ −→ M.

If T does not intersect the kernel ofϕ then the restriction

ϕ|T : T −→ M

is an injective map and therefore an isomorphism sinceM is irreducible. On the contrary,
if T ∩ Kerϕ 6= 0, thenT ∩ Kerϕ = T andϕ induces a surjective map

ϕ′ : Sλ/T −→ M.

The mapϕ′ is an isomorphism sinceSλ/T is irreducible. ut
Theorem 3.12.The subregular modulesSλ andSµ with λ, µ nice weights, are isomor-
phic if and only ifλ = w · µ for somew ∈ W1,...,n−2.

Proof. Letλ andµ be nice weights. IfSλ ∼= Sµ thenSµ contains a highest weight vector
v of weightλ. In fact, by Theorem 3.8,v lies in the regular part ofSµ, therefore, by
Proposition 2.5,λ is linked toµ through an elementw ∈ W12...n−1. Finally Corollary 3.5
impliesw ∈ W12...n−2.
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Conversely, ifλ = w ·µ for somew ∈ W12...n−2, thenSµ contains the highest weight
vectoryw of weightλ and the map

F
p
(1)
1

1 . . . F
p
(n)
n

n v 7−→ F
p
(1)
1

1 . . . F
p
(n)
n

n yw,

wherev is the unique, (up to a scalar), highest weight vector of weightλ in Sλ, is an
isomorphism betweenSλ andSµ. ut

The results of this paragraph are summarized in the following theorem:

Theorem 3.13.The irreducible subregularUε(sl(n + 1))-modules are parametrized,
up to isomorphisms, by theW1,...,n−2-orbits of nice weights with respect to the “dot”-
action. Besides, every unipotent subregular module can be induced from an irreducible
Uε(sl(2))-module.

At this point, using the De Concini–Kac theorem of reduction to the unipotent case,
the De Concini–Kac-Procesi conjecture for subregular modules follows from our con-
struction of the unipotent subregular modules as induced modules:

Corollary 3.14. Any subregularUε(sl(n+1))-module has dimension divisible by`N−1.

3.4. The proof of Theorem 3.8.In this paragraph we prove Theorem 3.8 by induction
onn. Forn = 2 the theorem is proved in [C1].

Now letn > 2 and suppose that for everyk < n if λ = (λ1, . . . , λk) is a nice weight,
Sλ an induced subregularUε(sl(k + 1))-module andx ∈ Sλ a highest weight vector
thenx lies in the regular part ofSλ. We shall adopt the same notation as in the previous
paragraphs.

Definition 3.15.Leth = (h1, . . . , hn), k = (k1, . . . , kn) in Zn. We shall define

h ≤ k

if
t∑
i=1

hi ≤
t∑
i=1

ki

for everyt = 1, . . . , n.

Definition 3.16.Leth = (h1, . . . , hn) ∈ Nn with 0 ≤ hj ≤ `− 1. We define

Fh = F
h1
12...nF

h2
2...n . . . F

hn−1
n−1nF

hn
n

and
V h =

∑
k≤h

U−
ε (sl(n))F

kv.

Proposition 3.17.V h is stable under the action ofUε(sl(n)).
Proof. One can easily show, by direct computation, thatEiF

kv ∈ V h for every i =
1, . . . , n− 1 wheneverk ≤ h. ut
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Remark.If we putZh = ∑
k<h V

k andWh = V h/Zh thenWh is the regularUε(sl(n))-
module generated by the vectorFhv.

As before, let us fix the reduced expression ofw0 ∈ W, w0 = sn . . . s1sn . . . s2sn
. . . sn, and the corresponding basisB of Sλ (3.5). From now on we shall consider a
highest weight vectorx ∈ Sλ with λ nice and its expression as a linear combination of
the vectors inB, where we shall omit the coefficients:

x =
∑
p
(t)
j

F
p
(1)
1

1 . . . F
p
(n)
1

12...nF
p
(2)
2

2 . . . F
p
(n)
2

2...n . . . F
p
(n−1)
n−1

n−1 F
p
(n)
n−1

n−1nF
p
(n)
n

n v.

Let p̄n be the highest power with whichF12...n appears in the expression ofx.

Lemma 3.18.The highest weight vectorx lies inV h for h = (p̄n,0, . . . ,0).

Proof. In order to prove the lemma we will show that

x =
∑
p
(t)
j , hi

F
p
(1)
1

1 . . . F
p
(n−1)
n−1

n−1 F
p̄n−h1
12...n F

h1−h2
2...n . . . F

hn−2−hn−1
n−1n F

hn−1
n v,

where 0≤ hn−1 ≤ hn−2 ≤ · · · ≤ h1 ≤ p̄n i.e.we will show, using induction ont , that,
for everyt = 2, . . . , n, ht−1 is the highest power with whichFt...n appears in the terms
containing the monomialF p̄n−h1

12...n . . . F
ht−2−ht−1
t−1...n , where 0≤ ht−1 ≤ ht−2 ≤ · · · ≤ h1 ≤

p̄n.
Let t = 2. By definition ofp̄n, F12...n appears in the expression ofx with powers

p̄n − h1 for 0 ≤ h1 ≤ p̄n. Besides, sinceE1(x) = 0 and

[E1, F
r
12...n] = −(1 − ε2r )/(1 − ε2)F r−1

12...nF2...nK
−1
1 ,

all the powers ofF12...n between 0 and̄pn appear in the expression ofx. Then let us use
induction onh1.

If h1 = 0 let us denote bȳph (h = 1, . . . , n−1) the highest power with whichF12...h
appears, in the expression ofx, in the terms containingF12...t at the powerp̄t for every
t > h. Then

x = F
p̄1
1 F

p̄2
12 . . . F

p̄n−1
12...n−1F

p̄n
12...nω + . . .

for someω ∈ V2...n.
SinceEi(x) = 0 for everyi = 1, . . . , n the maximality of thēpj ’s impliesEi(ω) = 0

for everyi = 2, . . . , n, therefore, by the inductive hypothesis,ω ∈ V2...n−1. This means
in particular (see Lemma 2.9) thatp̄n is uniquely determined by the weight ofx.

Now letM, 0 ≤ M ≤ ` − 1, be the highest power with whichF2...n appears in the
terms containingF p̄n12...n. Then we can isolate the terms containingF p̄n12...n andFM2...n and
write

x =
∑

k=(k(j)i )

F
k
(1)
1

1 . . . F
k
(n−1)
1

12...n−1F
k
(2)
2

2 . . . F
k
(n−1)
2

2...n−1F
p̄n
12...nF

M
2...nωk + . . . ,

whereωk ∈ V3...n.
Using the maximality ofp̄n andM, we see thatEn(x) = 0 impliesEn(ωk) = 0 for

everyk. Furthermore we notice that there exists onek̃ = (k̃
(1)
1 , . . . , k̃

(n−1)
2 ) such that

Ei(ωk̃) = 0 for all i = 3, . . . , n− 1. Indeed it is sufficient to take:
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k̃
(n−1)
2 = max{k(n−1)

2 },
k̃
(n−1)
1 = max{k(n−1)

1 |Fk
(n−1)
1

1...n−1 appears in the terms containingF
k̃
(n−1)
2

2...n−1},
then, recursively,

k̃
(h)
2 = max{k(h)2 |Fk

(h)
2

2...h appears in the terms containingF
k̃
(t)
1

12...t andF
k̃
(t)
2

2...t for
every t > h},
k̃
(h)
1 = max{k(h)1 |Fk

(h)
1

1...h appears in the terms containingF
k̃
(t)
1

12...t ∀ t > h and

F
k̃
(t)
2

2...t for every t ≥ h}.
Thereforeω

k̃
lies inV3...n−1 and, by Lemma 2.9,̄pn +M ≡ p̄n, thusM = 0.

We point out that the same argument shows that the terms containingF
p̄n
12...n do not

containFj...n for anyj ≥ 2.
Let us now fix 0< h1 ≤ p̄n and assume the inductive hypothesis. Suppose that

h1 < M ≤ `− 1 is the highest power ofF2...n in the terms containingF p̄n−h1
12...n :

x =
∑
k

F
k
(1)
1

1 . . . F
k
(n−1)
2

2...n−1F
p̄n−h1
12...n F

M
2...nωk + . . .

withωk ∈ V3...n. ThenEn(ωk) = 0 by the maximality ofM and the inductive hypothesis.
Furthermore, following the same procedure used forh1 = 0, we see that there exists
one k̃ such thatEi(ωk̃) = 0 for every i = 3, . . . , n − 1. Thusω

k̃
∈ V3...n−1 and

p̄n − h1 +M ≡ p̄n (mod`) which is a contradiction.
Now let t > 2 and let us assume that, for anyr < t , hr−1 is the highest power of

Fr...n in the terms containing the monomialF p̄n−h1
1...n . . . F

hr−2−hr−1
r−1...n with hr−1 ≤ hr−2 ≤

· · · ≤ h1 ≤ p̄n.
We use induction on the set{(h1, . . . , ht−1) : 0 ≤ ht−1 ≤ · · · ≤ h1 ≤ p̄n} ordered

as in Definition 3.15.
When(h1, . . . , ht−1) = (0, . . . ,0) we are dealing with the terms containingF p̄n1...n

that we have already considered in the caset = 2.
Let us fix (h1, . . . , ht−1) 6= (0, . . . ,0) and letM, with ht−1 < M ≤ ` − 1, be the

highest power ofFt...n in the terms containing the monomial

F
p̄n−h1
1...n . . . F

ht−2−ht−1
t−1...n :

x =
∑

F
k
(1)
1

1 . . . F
k
(n−1)
t

t ...n−1F
p̄n−h1
12...n . . . F

ht−2−ht−1
t−1...n FMt...nωk + · · ·

with ωk ∈ Vt+1...n. By the maximality ofM and the inductive hypothesis,En(x) = 0
impliesEn(ωk) = 0. Moreover, following the same procedure used fort = 2, we see
that there exists̃k such thatEi(ωk̃) = 0 for everyi = t + 1, . . . , n.

Thusω
k̃

∈ Vt+1...n−1 andp̄n − ht−1 +M ≡ p̄n (mod`), which is a contradiction.
The proof is concluded.ut

Proposition 3.19.LetSλ be a subregular induced module and letx, y be highest weight
vectors with the same weightµ. Theny = ax for somea ∈ C×.
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Proof. Letx be a highest weight vector of weightµ in a subregular inducedUε(sl(n+1))-
moduleSλ and letv ∈ Sλ be a highest weight vector of weightλ. If we use the same
notation as before we can writex with respect to the basisB and isolate the terms
containingF p̄n12...n so that

x = aF̃F
p̄n
12...nv + {terms with powers ofF12...n < p̄n},

wherea ∈ C×, F̃ is a sum of monomials in theFα ’s with α ∈ R+
1,...,n−1. In fact F̃

is a monomial in theFj ’s with 1 ≤ j ≤ n − 1. Indeed conditionsEi(x) = 0 with
i = 1, . . . , n − 1 imply what follows: letz be a highest weight vector with weightσ
equal to the weight ofF p̄n12...nv and letWσ be the regularUε(sl(n))-module generated
by z. ThenF̃ z is a highest weight vector inWσ and, by Proposition 2.7,̃Fz = cyw for
somec ∈ C× andw ∈ W such thatw · σ is equal to the weight ofx. In particular, since
p̄n is uniquely determined by the weight ofx, alsoF̃ is.

Let y be another highest weight vector inSλ with weightµ. Then

x = aF̃F
p̄n
12...nv + {terms with powers ofF12...n < p̄n},

y = bF̃F
p̄n
12...nv + {terms with powers ofF12...n < p̄n}

with b ∈ C×.
Therefore ifx/a − y/b 6= 0 then it is a highest weight vector with weightµ which

contains only powers ofF12...n strictly less thanp̄n. This is a contradiction.
Notice that we can writeF̃ = GF

p1
1 . . . F

pt
t where 1≤ t ≤ n − 1 andG is a

monomial in theFj ’s with 2 ≤ j ≤ n − 1. Indeed, according to Lemma 1.1, we can
choose a reduced expression ofw in which s1 appears at most once and consider the
corresponding vectoryw. ut

Up to now we have proved that ifx is a highest weight vector inSλ then we can write

x = GF
p1
1 . . . F

pt
t F

p̄n
12...nv + {terms with powers ofF12...n < p̄n}

for somep1, . . . , pt with 1 ≤ t ≤ n− 1, and a monomialG in theFj ’s with 2 ≤ j ≤
n− 1.

Remark.Let x = F
λzr+1
r z + y be a weight vector inSλ of weight σ , wherer 6= n

andλz = (λz1, . . . , λ
z
n) is the weight ofz. Thenx is a highest weight vector if and

only if z + F
−λzr−1
r y is a highest weight vector. Indeedσr ≡ −λzr − 2 (mod`) and

F
σr+1
r x = z+ F

−λzr−1
r y. SinceFr is invertible for everyr 6= n we can conclude.ut

Now notice that, by Proposition 2.5, any highest weight inSλ is linked toλ. Therefore
let µ = w · λ be the weight ofx: from Proposition 3.19 we immediately see that if
w ∈ W12...n−1 (that is, by Lemma 2.9, if and only if̄pn = 0) thenx = σyw for some
σ ∈ C, thereforex lies in the regular part ofSλ.

Now letw /∈ W12...n−1 and choose a reduced expression ofw containing only one
sn:

w = rsn . . . sk

with r ∈ W12...n−1, 1 ≤ k ≤ n− 1. We can assumer = id and distinguish two cases:
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Case 1:k 6= 1. Under this hypothesisp1 = `− p̄n by Lemma 2.9, and we can write:

x = GF
`−p̄n
1 F

p̄n
12...nw + {terms with powers ofF12...n < p̄n}

for a highest weight vectorw ∈ V2...n−1. According to the above remark and since the
action of theFj ’s onx, for j = 2, . . . , n− 1, does not modify the powers ofF12...n, the
existence ofx is equivalent to the existence of a highest weight vector

x′ = F
`−p̄n
1 F

p̄n
12...nw + {terms with powers ofF12...n < p̄n}.

We then have, up to some non-zero coefficient,

E1(x
′) = F

`−p̄n
1 F

p̄n−1
12...n F2...nw + . . . .

Let us setw1 = F
p̄n−1
12...n F2...nw. Sincex′ ∈ V h with h = (p̄n,0, . . . ,0), in order

to haveE1(x
′) = 0 the expression ofx′ must contain a vectorz1 ∈ W(p̄n−1,1,0,...,0)

such thatE1(z1) = F
`−p̄n
1 w1 andEi(z1) = 0 for every i > 1. By Lemma 2.10,

z1 = σ1F
`−p̄n+1
1 w1 with σ1 as in the lemma.

In the same way, if we computeE1(z1)we find that the expression ofx′ must contain
a termz2 = σ2σ1F

`−p̄n+2
1 F

p̄n−2
12...n F

2
2...nw, with σ2 as in Lemma 2.10. We repeat the same

argument till we find thatE1(x
′) contains the termF`−1

1 F
p̄n
2...nw ∈ W(0,p̄n,0,...,0) which

can be annihilated only by an elementz in W(0,p̄n,0,...,0) such thatEi(z) = 0 for every
i 6= 1 andE1(z) = F`−1

1 wp̄n withwp̄n = F
p̄n
2...nw. Since by Lemma 2.10 such a vectorz

does not exist, we conclude thatSλ does not contain any highest weight vector of weight
w as in our assumptions.

Case 2:k = 1. We follow the same procedure as in Case 1 by taking into ac-
count what follows: there exists a highest weight vector with weightsn . . . s1 · λ if
and only if there exists a highest weight vector with weights1 . . . sn−2sn . . . s1 · λ =
snsn−1 . . . s1s2 . . . sn−1 · λ. In this casep̄n ≡ n + λ1 + · · · + λn (mod `) and, by
Lemma 2.9,p1 ≡ −1− λn(mod`). Therefore the existence ofx is equivalent to that of
a highest weight vector

x′ = F
`−1−λn
1 F

p̄n
12...nw + {terms with powers ofF12...n < p̄n},

wherew is a highest weight vector inV2...n−1. Sinceλ is nice,p̄n = [n+λ1+· · ·+λn] >
λn thus, by arguing as in case 1, we find a contradiction using Lemma 2.10.

Thus we conclude that, ifλ is nice,Sλ does not contain any highest weight vector
with weightw · λ such thatw ∈ W1...n \ W12...n−1.
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