
November 30, 2002 12:30 WSPC/171-JAA 00027

Journal of Algebra and Its Applications
Vol. 1, No. 4 (2002) 425–449
c© World Scientific Publishing Company

A CLASSIFICATION OF Z-GRADED LIE
SUPERALGEBRAS OF INFINITE DEPTH

NICOLETTA CANTARINI

Dipartimento di Matematica Pura ed Applicata
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1. Introduction

Since the late 60s supersymmetry has attracted increasing attention among physi-
cists, becoming a fundamental concept in physics. In particular the role of Lie su-
peralgebras has become more and more central to solving problems in the quantum
field theory and string theory.

A Lie superalgebra is a Z2-graded vector space g = g0̄ ⊕ g1̄ on which a product
[· , ·], satisfying the following properties, is defined: If a ∈ gi, b ∈ gj , i, j ∈ Z2, then:

(1) [a, b] ∈ gi+j ;
(2) [a, b] = −(−1)ij[b, a];
(3) [a, [b, c]] = [[a, b], c] + (−1)ij [b, [a, c]].

In particular the subalgebra g0̄ of g is a Lie algebra.
A Lie superalgebra is Z-graded when it is decomposed into the direct sum of

Z2-graded, finite-dimensional subspaces gi, i ∈ Z, such that [gi, gj ] ⊆ gi+j . The
sum

⊕
i<0 gi is called the negative part of g and is usually denoted by g−. If the

negative part of g contains infinite non-zero terms then we say that the depth of g

is infinite, otherwise we say that g has finite depth.
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The classification of irreducible, transitive Z-graded Lie superalgebras of finite
depth (see Definitions 2.4 and 2.5 below) over an algebraically closed field of charac-
teristic zero is due to Victor Kac, both in the finite [5] and in the infinite-dimensional
case [6]. A part of the classification in [5] is devoted to finite-dimensional contragre-
dient Lie superalgebras which are there introduced for the first time. Using the same
method van de Leur classifies the symmetrizable contragredient Lie superalgebras
of finite growth [10].

Let us recall that the growth (or Gelfand–Kirillov dimension) of a Z-graded Lie
(super)algebra g =

⊕
i∈Z gi is the following limit:

r(g) = lim
n→∞

ln

(
n∑

i=−n
dim gi

)/
ln(n) .

Z-graded Lie superalgebras of finite depth always have finite growth, as one can
show by applying the Guillemin–Sternberg theorem for filtered Lie algebras [2] to
the filtered Lie algebra associated to g.

The complete classification of Z-graded infinite-dimensional Lie algebras of finite
growth was given by O. Mathieu [8]. A significant achievement had already been
made by Victor Kac [4]:

Theorem 1.1. Let g be a simple, infinite-dimensional, Z-graded Lie algebra such
that :

(1) g is generated by its local part g−1 ⊕ g0 ⊕ g1;
(2) g−1 is an irreducible g0-module.

Then g has finite growth if and only if it is isomorphic to an affine Kac–Moody Lie
algebra or to a Cartan algebra.

In the same paper [4] Kac introduces contragredient Lie algebras associated to
any matrix and obtains Kac–Moody algebras as a special case of this construc-
tion. In particular, Kac shows that the affine Kac–Moody Lie algebras can be con-
structed as covering Lie algebras (see Sec. 3.1) of finite-dimensional Lie algebras
and that their growth is therefore equal to 1. In the same way contragredient Lie
superalgebras of finite growth can be constructed as covering Lie superalgebras of
finite-dimensional contragredient Lie superalgebras, and consequently their growth
is equal to 1.

Our main goal is to study Z-graded Lie superalgebras of infinite depth and
finite growth which are not contragredient. We already gave [1] three examples
of such superalgebras constructed as covering superalgebras of finite-dimensional
Lie superalgebras. We prove here that these three superalgebras classify, up to
isomorphism, all simple, irreducible Lie superalgebras generated by their local parts,
with a consistent Z-gradation. It turns out that Z-graded Lie superalgebras of
infinite depth and finite growth necessarily have growth 1.

The paper is organized as follows: The basic definitions and the main results
concerning Z-graded Lie superalgebras of finite depth are recalled in Sec. 2 where
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we also state the above mentioned classification theorems due to Victor Kac. In
Sec. 3 we recall the afore-mentioned examples of non-isomorphic Z-graded Lie su-
peralgebras of infinite depth and finite growth constructed in [1]. These examples
satisfy the following properties:

(1) g has a consistent Z-gradation of infinite depth;
(2) g is irreducible, simple and generated by its local part;
(3) g0 is a simple Lie algebra;
(4) g1 is an irreducible g0-module and is not contragredient to g−1.

In [1] we show that a Lie superalgebra g satisfying properties (1)–(4) has finite
growth if and only if it is isomorphic to one of the afore-mentioned examples. Here
we generalize this result to any Lie superalgebra satisfying properties (1) and (2)
only, namely, we show that whenever g0 is not a simple Lie algebra or g1 is not an
irreducible g0-module, then g has infinite growth. Theorem 2.1 and Lemma 2.1, by
Victor Kac, play an essential role in establishing necessary conditions under which
the growth of g is finite. Our analysis is essentially based on the classification of
non-contragredient Z-graded Lie superalgebras of finite depth and of contragredient
Lie superalgebras.

Throughout the paper the base field is assumed to be the field of complex
numbers. The classification remains valid if we replace C with any algebraically
closed field of characteristic zero.

2. The General Setting

2.1. Lie superalgebras

Definition 2.1. A superalgebra is a Z2-graded algebra A = A0̄ ⊕A1̄. A0̄ is called
the even part of A and A1̄ is called the odd part of A.

Definition 2.2. A Lie superalgebra is a superalgebra g = g0̄ ⊕ g1̄ whose product
[· , ·] satisfies the following axioms:

(1) [a, b] = −(−1)deg(a)deg(b)[b, a];
(2) [a, [b, c]] = [[a, b], c] + (−1)deg(a)deg(b)[b, [a, c]]

for a, b, c homogeneous elements in g.

Definition 2.3. A Z-grading of a Lie superalgebra g is a decomposition of g into
a direct sum of finite-dimensional Z2-graded subspaces g =

⊕
i∈Z gi for which

[gi, gj ] ⊆ gi+j . A Z-grading is said to be consistent if g0̄ = ⊕g2i and g1̄ = ⊕g2i+1.

By definition, if g is a Z-graded Lie superalgebra, then g0 is a subalgebra of g

and [g0, gi] ⊆ gi; therefore the restriction of the adjoint representation to g0 induces
linear representations of g0 on the subspaces gi.
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Example 2.1. Let V = V0̄ ⊕ V1̄ be a Z2-graded, finite-dimensional vector space.
Let m and n be the dimensions of V0̄ and V1̄, respectively. Then the algebra of
endomorphisms of V is an associative superalgebra with the following gradation:

End(V ) = End0̄(V )⊕ End1̄(V ) ,

where Endα(V ) = {a ∈ End(V ) | a(Vs) ⊆ Vα+s}.
End(V ) can be made a Lie superalgebra, denoted by `(V ) or by `(m, n), by the

following definition:

[a, b] = ab− (−1)(deg a)(deg b)ba .

If we regard the decomposition V = V0̄ ⊕ V1̄ as a Z-grading of V , then the same
construction provides a consistent Z-grading of `(V ).

Example 2.2 (The Lie superalgebra A(m, n)). Let us choose a basis of the
superspace V consisting of the union of a basis of V0̄ and a basis of V1̄. In this basis
the matrix of an element a in `(V ) can be written in the form

(
α β
γ δ

)
, where α is an

(m×m)-, δ an (n× n)-, β an (m× n)-, and γ an (n×m)-matrix.

We can now define (see [5]) a linear function

str : `(V ) −→ C ,

called supertrace, as follows:

str(a) = str
(

α β

γ δ

)
= tr(α)− tr(δ) .

Then, in particular,

str([a, b]) = 0 for every a, b ∈ `(V ) .

As a consequence the subspace

sl(m, n) = {a ∈ `(m, n) | str(a) = 0}
is an ideal of `(m, n) of codimension 1. With respect to the above mentioned basis
we can describe the Z-gradation of sl(m, n) as follows:

sl(m, n)0 = sl(m, n)0̄ =

{(
α 0
0 δ

) ∣∣∣∣∣ tr(α) = tr(δ)

}
;

sl(m, n)1 =
{(

0 β

0 0

)}
;

sl(m, n)−1 =
{(

0 0
γ 0

)}
.

The superalgebra sl(n, n) contains the one-dimensional ideal consisting of scalar
matrices. We define:

A(m, n) = sl(m + 1, n + 1) , for m 6= n , m, n ≥ 0 ,

A(n, n) = sl(n + 1, n + 1)/〈I2n+2〉 , for n ≥ 0 .



November 30, 2002 12:30 WSPC/171-JAA 00027

Z-Graded Lie Superalgebras of Infinite Depth 429

Example 2.3 (The Lie superalgebra Q(n), n≥2). Let Q̃(n) (n ≥ 2) be the
subalgebra of sl(n+1, n+1) consisting of matrices of the form

(
a b
b a

)
, where tr(b) =

0. Then Q̃(n) has a one-dimensional center C = 〈I2n+2〉 and we define Q(n) =
Q̃(n)/C. The even part of Q(n) is isomorphic to the Lie algebra of type An and
its odd part is isomorphic to the sl(n + 1)-adjoint module. Therefore Q(n) has
dimension 2(n2 + 2n).

Definition 2.4. A Z-graded Lie superalgebra g is called irreducible if g−1 is an
irreducible g0-module.

Definition 2.5. A Z-graded Lie superalgebra g =
⊕

i∈Z gi is called transitive if it
satisfies the following property:

if a ∈ gi, i ≥ 0 and [a, g−1] = 0 , then a = 0 .

A transitive Z-graded Lie superalgebra is called bitransitive if, in addition, it
satisfies the following property:

if a ∈ gi, i ≤ 0 and [a, g1] = 0 , then a = 0 .

Observe that if g =
⊕

i∈Z gi is transitive then g−1 is a faithful g0-module and
if g is bitransitive then also g1 is a faithful g0-module.

Definition 2.6. If, for some positive integer d, g =
⊕

i≥−d gi, then d is called the
depth of g. Thus the depth of g is infinite if the negative part g− =

⊕
i<0 gi of g

contains an infinite number of non-zero terms.

Let ĝ be a Z2-graded space, decomposed into the direct sum of Z2-graded sub-
spaces, i.e., ĝ = g−1⊕g0⊕g1. Suppose that whenever |i+j| ≤ 1 a bilinear operation
is defined: gi×gj → gi+j , (x, y) 7→ [x, y], satisfying the axiom of anticommutativity
and the Jacobi identity for Lie superalgebras, provided that all the commutators in
this identity are defined. Then ĝ is called a local Lie superalgebra.

If g =
⊕

i∈Z gi is a Z-graded Lie superalgebra then g−1 ⊕ g0 ⊕ g1 is a local Lie
superalgebra called the local part of g. A Z-graded Lie superalgebra g =

⊕
i∈Z gi

with local part ĝ is said to be minimal if for any Z-graded Lie superalgebra g′ an
isomorphism of the local parts ĝ and ĝ′ extends to an epimorphism of g′ onto g.
Let us recall the following well known facts [5]:

Proposition 2.1. Let ĝ = g−1 ⊕ g0 ⊕ g1 be a local Lie superalgebra. Then there is
a minimal Z-graded Lie superalgebra whose local part is isomorphic to ĝ.

Proposition 2.2. (1) A bitransitive Z-graded Lie superalgebra is minimal.
(2) A minimal Z-graded Lie superalgebra with bitransitive local part is

bitransitive.
(3) Two bitransitive Z-graded Lie superalgebras are isomorphic if and only if

their local parts are isomorphic.
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Proposition 2.3. Let g = g−1⊕g0⊕g1 be an irreducible, transitive Lie superalgebra
such that the representation of g0 on g1 is faithful. Then g is bitransitive.

Proof. Clearly V = {a ∈ g−1 | [a, g1] = 0} is a submodule of the g0-module g−1.
By the transitivity of g we have [g−1, g1] 6= 0, therefore V 6= g−1; consequently,
V = 0.

Definition 2.7. A Lie superalgebra is called simple if it contains no nontrivial
ideals.

Proposition 2.4. If in a simple Z-graded Lie superalgebra g =
⊕

i∈Z gi the sub-
space g−1 ⊕ g0 ⊕ g1 generates g then g is bitransitive.

Let g =
⊕

i∈Z gi be a transitive, irreducible Z-graded Lie superalgebra and
suppose that the representation of g0 on g1 is irreducible. Let FΛ be a highest
weight vector of g−1 and let EM be a lowest weight vector of g1. Then, as it is
shown in [5, Proposition 1.2.10], either g−1 and g1 are contragredient g0-modules
and [FΛ, EM ] = h 6= 0 lies in the Cartan subalgebra of g0, or g−1 and g1 are
not contragredient and [FΛ, EM ] = e−α 6= 0 where α = −Λ − M is a root of
the Lie algebra [g0, g0]. If α is a positive root then the transitivity of g implies
[EM , EM ] = 0, since [[EM , EM ], FΛ] = 2[EM , e−α] = 0. Consequently, for every
positive root ρ of g0, [[EM , eρ], EM ] = 0 as it is clear applying the Jacobi identity
for Lie superalgebras. In the same way, if g is bitransitive and (Λ, α) = 0, then
[FΛ, FΛ] = 0 and, consequently, [[FΛ, e−τ ], FΛ] = 0 for every positive root τ .

2.2. On the growth of g

Definition 2.8. Let g =
⊕

i∈Z gi be a Z-graded Lie superalgebra. The limit

r(g) = lim
n→∞

ln

(
n∑

i=−n
dim gi

)/
ln(n)

is called the growth of g. If r(g) is finite we say that g has finite growth.

Proposition 2.5. [4, Proposition 3] If the growth of a subsuperalgebra or of a factor
superalgebra of a Lie superalgebra g is infinite, then the growth of g is infinite.

Theorem 2.1. [4, Theorem 2] Let L =
⊕

Li be a Z-graded Lie algebra with the
following properties :

(a) the Lie algebra L0 has no center ;
(b) the representations φ−1 and φ1 of L0 on L−1 and L1 are irreducible;
(c) [L−1, L1] 6= 0;
(d) Λ + M = −α where Λ is the highest weight of φ−1, M is the lowest weight of

φ1 and α is a positive root of L0;
(e) the representations φ−1 and φ1 are faithful ;
(f) the growth of L is finite.
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Then L0 is isomorphic to one of the Lie algebras An or Cn, φ−1 is the corre-
sponding standard representation and α is the highest root of L0.

Lemma 2.1. [4, Lemma 24] Let L =
⊕

Li be a graded Lie algebra, where L0 is
semisimple. Assume that there exist weight vectors xλ and xµ corresponding to the
weights λ and µ of the adjoint representation of L0 on L, and a root vector eγ ,

corresponding to the root γ of L0, which satisfy the following relations :

[xµ, xλ] = eγ ,

[xλ, e−γ ] = 0 = [xµ, eγ ] ,

λ(hγ) 6= −1 , (λ, γ) 6= 0 .

Then the growth of L is infinite.

Lemma 2.2. [4] Let L be a Lie algebra containing elements H 6= 0, Ei, Fi, i = 1, 2,

connected by the equations [Ei, Fj ] = δijH, [H, E1] = aE1, [H, E2] = bE2, [H, F1] =
−aF1, [H, F2] = −bF2, where a 6= −b, b 6= −2a, and a 6= −2b, then the growth of L
is infinite.

Lemma 2.3. [1, Lemma 1.13] Let g be a consistent, Z-graded Lie superalgebra and
suppose that g0 is a semisimple Lie algebra. Let Ei, Fi (i = 1, 2) be odd elements
and H a non zero element in g0̄ such that :

[Ei, Fj ] = δijH , [H, Ei] = aiEi , [H, Fi] = −aiFi , (1)

where a1 6= −a2, a1 6= −2a2 and a2 6= −2a1. Then the growth of g is infinite.

Proof. Suppose first that a1 6= 0 6= a2. Then the elements Ẽ1 = a
−1/2
1 [E1, E1],

Ẽ2 = a
−1/2
2 [E2, E2], F̃1 = a1

−1/2[F1, F1], F̃2 = a
−1/2
2 [F2, F2], K = −4H satisfy the

hypotheses of Lemma 2.2 in the Lie algebra g0̄. Thus, the growth of g0̄ is infinite
and we get the thesis.

If, let us say, a1 6= 0, a2 = 0 then the elements E′1 = [E1, E1], E′2 = [E1, E2],
F ′1 = −(4a1)−1[F1, F1], F ′2 = a−1

1 [F1, F2], H satisfy the hypotheses of Lemma 2.2
in g0̄, thus we conclude.

2.3. Contragredient Lie superalgebras

Let I = {1, 2, . . . , n}, let A = (aij)i,j∈I be a complex matrix, h a complex vector
space of dimension n + corank(A) and h∗ its dual space. Then there exist linearly
independent indexed sets

Π = {αi | i ∈ I} ⊆ h∗ and Π∨ = {hi | i ∈ I} ⊆ h

such that αj(hi) = aij ; these sets are determined by A up to isomorphism.
Let τ be a subset of I. We denote by g̃(A, τ) the Lie superalgebra generated by

h and {ei, fi}i∈I with the following defining relations:

[ei, fj ] = δijhi , [h, h′] = 0 ,

[h, ei] = αi(h)ei , [h, fi] = −αi(h)fi ,
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deg ei = deg fi = 0̄ for i /∈ τ , deg ei = deg fi = 1̄ for i ∈ τ , deg h = 0̄ ,

where i, j ∈ I and h, h′ ∈ h. Let us recall the following well known fact [5, 11]:

Proposition 2.6. Among the ideals of g̃(A, τ) intersecting h trivially there exists
a unique maximal ideal r.

Let us define the contragredient Lie superalgebra g(A, τ) as the quotient
g̃(A, τ)/r. We denote h, ei, fi and their images in this quotient by the same letters.
We call ei and fi (i ∈ I) the Chevalley generators of g(A, τ) and A its Cartan
matrix.

We say that A is decomposable if I can be decomposed into a disjoint union
of non-empty sets I1 and I2 such that aij = aji = 0 for i ∈ I1 and j ∈ I2, and
indecomposable otherwise. If A is decomposable then g(A, τ) decomposes into the
direct sum of contragredient Lie superalgebras associated to the indecomposable
components of A.

Let c be the center of g(A, τ). It is well known [11] that the derived superalgebra
g′(A, τ) = [g(A, τ), g(A, τ)] of g(A, τ) contains c. In the following by a contragre-
dient Lie superalgebra we shall mean any of the superalgebras g(A, τ), g′(A, τ),
g(A, τ)/c and g′(A, τ)/c.

Definition 2.9. [11] Let I and τ be as above. A complex matrix A = (aij)i,j∈I is
called a generalized Cartan matrix if it satisfies the following properties:

(1) if aii = 0 then i ∈ τ ;
(2) if aii 6= 0 then aii = 2;
(3) if aii = 2 then aij (resp. 1

2aij) are nonpositive integers for i 6= j and i /∈ τ

(resp. i ∈ τ);
(4) aij = 0 implies aji = 0.

The matrix A is called symmetrizable if there exists an invertible diagonal
matrix D such that DA is symmetric. In the following we shall only consider
symmetrizable Cartan matrices.

The complete list of contragredient Lie superalgebras of finite growth can be
found in [11]. Instead of describing the pairs (A, τ) it is more convenient, as in the
Lie algebra case, to introduce Dynkin diagrams. We define three types of nodes,
namely, white: ◦, grey: ⊗ and black: •. The i-th vertex of a Dynkin diagram is
white or black if aii = 2 and i /∈ τ or i ∈ τ , respectively; it is grey if aii = 0 and
i ∈ τ . Two vertices are not joined if aij = aji = 0, otherwise they are joined by nij
edges, where nij is defined as follows:

nij =


max(−aij ,−aji) if aii = ajj = 2 ;

1 if aii = ajj = 0 ;

−aij if aii = 2 and ajj = 0 .
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An arrow pointing from vertex j to vertex i is added in the following cases:

(1) nij > 1;
(2) aii = ajj = 2 and −aij > −aji, or ajj = 0.

These conditions do not define all Dynkin diagrams. Some extra-diagrams cor-
responding to 3 × 3-matrices need to be introduced. For the definition of these
diagrams and the complete list of the Dynkin diagrams of contragredient Lie
superalgebras of finite growth we refer to [11, Tables 1, 2, 3a, 3b, 3c].

Theorem 2.2. [11, Theorem 5.4] Let A be an indecomposable symmetrizable
matrix. Then g(A, τ) has finite growth if and only if (A, τ) is equivalent to ((0), ∅),
((0), {1}), (A, ∅), where A is a Cartan matrix either of a finite-dimensional simple
Lie algebra or of an affine Lie algebra, or to one of the (A, τ), τ 6= ∅, which can be
deduced from one of the Dynkin diagrams in Tables 2 and 3.

Remark 2.1. Let g =
⊕

i∈Z gi be an irreducible, transitive, consistent Z-graded
Lie superalgebra such that g1 and g−1 are contragredient g0-modules. Then the Lie
algebra g0 is a direct sum of a semisimple Lie algebra [g0, g0] and of a center Cc

which is at most one-dimensional. Let ei, fi, hi, for i = 1, . . . , n, be the Chevalley
generators of [g0, g0], e0 the lowest weight vector of the [g0, g0]-module g1, f0 the
highest weight vector of the [g0, g0]-module g−1, and h0 = [e0, f0]. Then the ele-
ments ei, fi, hi, for i = 0, . . . , n, generate a contragredient Lie superalgebra g′ such
that g = g′ + Cc. Under these assumptions the Dynkin diagram of g′ has a unique
non-white node and the Dynkin diagram of the Lie algebra [g0, g0] is obtained by
removing this node.

2.4. Classification theorems for Z-graded Lie superalgebras of

finite depth

Let us recall the classification of Z-graded Lie superalgebras of finite depth. We al-
ready noticed in the introduction that a Z-graded Lie superalgebra of finite depth
always has finite growth. For the notation and the definitions of the involved su-
peralgebras we refer to [6]. Notice that a consistent Z-graded Lie superalgebra g of
depth 1 is finite-dimensional since it can be embedded in W (0, dim g−1).

We shall adopt the following notation: Given a semisimple Lie algebra L, by
V (ω) we shall denote its finite-dimensional highest weight module of highest weight
ω. ωi will be the fundamental weights. It is well known that if λ is a weight of a
finite-dimensional representation of L and β is a root of L, then the set of weights
of the form λ + sβ gives rise to a continuous string:

λ− pβ, λ− (p− 1)β, . . . , λ− β, λ, λ + β, . . . , λ + qβ ,

where p and q are nonnegative integers and p − q = 2(λ, β)/(β, β). Let us define
2(λ, β)/(β, β) = λ(hβ). The numbers λ(hαi), for a fixed basis of simple roots αi, are
called the numerical marks of the weight λ. For what concerns Lie algebras we will



November 30, 2002 12:30 WSPC/171-JAA 00027

434 N. Cantarini

use the notation of [3, §11, §12]. In particular we shall adopt the same enumeration
of the vertices of the Dynkin diagrams of simple Lie algebras and, where needed,
we will refer to the bases of simple roots described by Humphreys [3].

sln, spn and son will denote the standard modules of these Lie algebras, sl∗n
will denote the module contragredient to the standard module and 1 the trivial 1-
dimensional representation. Given two Lie algebras g1 and g2, a g1-module V1 and a
g2-module V2, we will denote by V1�V2 the outer tensor product of V1 and V2, i.e.,
the g1⊕g2-module V1⊗V2. As usual SkV and ΛkV will denote the k-th symmetric
and exterior powers of the g-module V , and C(a) the 1-dimensional module over C
such that 1 7→ a.

Theorem 2.3. [5, Theorem 4] The following is a complete list of transitive irre-
ducible consistent Z-graded Lie superalgebras g =

⊕k
j=−1 gj of depth 1 and k ≥ 1 :

(1) The g0-modules g1 and g−1 are contragredient and k = 1:

(a) sl(m, n), m 6= n, m, n ≥ 1, (g0-module g−1 = glm� sln),
(b) sl(n, n), n ≥ 2, (g0-module g−1 = sln� sln),
(c) spo(m, 2), m ≥ 2 even, (g0-module g−1 = cspm),
(d) C0 + g, where g is of type 1(b).

(2) The g0-modules g1 and g−1 are not contragredient and k = 1:

(a) p(n), n ≥ 3, (g0-module g±1 (resp. g∓1) = S2 sln, g±1 = S2 sln
(resp. Λ2 sl∗n)),

(b) P [ξ] + C( ddξ ), where P is a simple Lie algebra (g0 = P , g0-module g−1 =
adP and g1 = 1),

(c) C0 + g where g is of type 2(a), (b).

(3) k > 1:

(a) W (0, n), n ≥ 3, with principal gradation (g0-module g−1 = gln),
(b) S(0, n), n ≥ 4, with principal gradation (g0-module g−1 = sln),
(c) H(0, n), n ≥ 5, with principal gradation (g0-module g−1 = son),
(d) H ′(0, n), n ≥ 4, with principal gradation (g0-module g−1 = son),
(e) C0 + g where g is of type (3)-(b), (d).

Theorem 2.4. [6, Theorem 5.3] An even transitive irreducible consistent Z-graded
Lie superalgebra g =

⊕
j≥−d gj of depth d ≥ 2 is isomorphic to one of the following

Z-graded Lie superalgebras:

(a) K(1, n), n ≥ 1, n 6= 2,

(b) E(1, 6) and sl2 +S(1, 2),
(c) E(3, 6),
(d) E(3, 8),
(e) E(5, 10),
(f) E′(3, 6) and E′(3, 8),
(g) C0 + g where g is of type (e) or (f).
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3. Infinite Depth

3.1. Preliminary results

Let L be a finite-dimensional Lie superalgebra and let σ be an automorphism of L

of finite order k. Then

L =
k−1⊕
i=0

Li (2)

where Li = {x ∈ L | σ(x) = εix, ε = e2πi/k}. Decomposition (2) is a mod-k
gradation of L.

Consider the Lie superalgebra C[x, x−1]⊗ L =
⊕

i∈Z xi ⊗ L and its subalgebra

Gk(L, σ) :=
⊕
i∈Z

xi ⊗ Li(mod k)

called the covering superalgebra of L (see [4]). Then Gk(L, σ) is a Z-graded Lie
superalgebra of infinite depth and growth 1.

Example 3.1 ([1], The Lie superalgebra Q(n)(4)
σ ). Let us consider the Lie

superalgebra Q(n) in Example 2.3 and the following automorphism σ of Q(n) of
order 4:

σ

(
a b

b a

)
=

(
−at −ibt

−ibt −at

)
.

We define g = Q(n)(4)
σ = G4(Q(n), σ). Then g0 = son+1 and g−1 = ad so(n+1).

If n = 2 the g0-module g1 is the sl(2)-irreducible module of dimension 5 and if
n > 2 it is the irreducible so(n + 1)-module of highest weight 2ω1.

Example 3.2 ([1], The Lie superalgebra Q(2n−1)(4)
τ ). Let m = 2n− 1 and

consider the following automorphism τ of order 4 of Q(m):

τ


a b r s

c d v w

r s a b

v w c d

 =


−dt bt iwt −ist

ct −at −ivt irt

iwt −ist −dt bt

−ivt irt ct −at

 ,

where a, b, c, d, r, s, v, w are n× n-blocks and tr(r) + tr(w) = 0.
Let g = Q(n)(4)

τ = G4(Q(n), τ). Then g0 = sp(2n), g1 = ad sp(2n) and g−1 =
Λ2

0 sp2n (i.e., the highest component of the sp(2n)-module Λ2 sp2n).

Example 3.3 ([1], The Lie superalgebra D(2,1;α)(6)). Let α ∈ C\{0,−1}
and let D(2, 1; α) be the contragredient Lie superalgebra associated to the matrix 0 1 −1− α

1/α 0 1

1 −α/(1 + α) 0


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(see [5, Section 2.5.5]). Then the even part of D(2, 1; α) is isomorphic to A1⊕A1⊕A1

and its odd part is isomorphic to sl2⊗ sl2⊗ sl2.
If α2 + α + 1 = 0 we can define the following automorphism ϕ of D(2, 1; α) of

order 6:

ϕ(e1) = −e2 , ϕ(f1) = −f2 , ϕ(h1) = h2 ,

ϕ(e2) = −e3 , ϕ(f2) = −f3 , ϕ(h2) = h3 ,

ϕ(e3) = −e1 , ϕ(f3) = −f1 , ϕ(h3) = h1 .

We denote by D(2, 1; α)(6) the covering superalgebra g = G6(D(2, 1; α), ϕ). It
turns out that g0 = sl(2), the g0-module g−1 is the sl(2)-irreducible module of
dimension 2 and g1 is the sl(2)-irreducible module of dimension 4.

Theorem 3.1. [1, Theorem 3.1] Let g =
⊕

i∈Z gi be a Z-graded Lie superalgebra.

Suppose that :

(1) g is simple and generated by its local part,
(2) the Z-gradation is consistent and has infinite depth,

(3) g0 is simple,
(4) g−1 and g1 are irreducible g0-modules which are not contragredient.

Then g has finite growth if and only if it is isomorphic to one of the following
Lie superalgebras:

(a) Q(n)(4)
σ , where n ≥ 2, n 6= 3;

(b) Q(2n− 1)(4)
τ , where n ≥ 3;

(c) D(2, 1; α)(6), where α2 + α + 1 = 0.

3.2. The classification

Let g =
⊕

i∈Z gi be a consistent, irreducible, transitive, Z-graded Lie superalgebra
of infinite depth. Since the representation of g0 on g−1 is faithful and irreducible,
g0 = g′0⊕C, where g′0 = [g0, g0] is semisimple, C is the center of g0, with dim(C) ≤ 1.
Therefore the representation of g0 on g1 is completely reducible, i.e., g1 can be
decomposed into a direct sum of irreducible g0-submodules: g1 =

⊕n
s=1 g

[s]
1 . If C

has dimension one then C = Cc where [c, x] = kx for x ∈ gk. In the following we will
denote by g[s] the minimal Lie subsuperalgebra of g with local part g−1⊕ g′0⊕ g

[s]
1 .

Proposition 3.1. Suppose that :

(1) g is simple and generated by its local part ;
(2) g0 is simple;
(3) g

[s]
1 is not contragredient to g−1 for any s;

(4) g has infinite depth and finite growth.

Then g1 is an irreducible g0-module.
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Table 1. Non-contragredient, transitive, irreducible, consistent, Z-graded Lie superalgebras g of

finite growth such that g0 is simple and g1 is an irreducible g0-module.

g g0 g−1 g1

p(n) (n ≥ 2) An Λ2 sl∗n+1 S2 sln+1

P[ξ] + C
d

dξ
P simple ad 1

S(0, n+ 1) (n ≥ 3) An sln+1 V (ω1 + ωn−1)

H(0, m) (m ≥ 5, m 6= 6) Bn (m = 2n+ 1), Dn (m = 2n) som Λ3 som

E(5, 10) A4 Λ2 sl5 V (ω1 + ω2)

Q(2n)
(4)
σ (n ≥ 2) Bn ad V (2ω1)

Q(2n− 1)
(4)
σ (n ≥ 3) Dn ad V (2ω1)

Q(2n− 1)
(4)
τ (n ≥ 3) Cn Λ2

0 sp2n ad

Q(2)
(4)
σ A1 ad V (4ω)

D(2, 1;α)(6) (α2 + α+ 1 = 0) A1 V (ω) V (3ω)

Proof. Suppose that g1 is not irreducible. Let FΛ be a highest weight vector of
the g0-module g−1, and EMs a lowest weight vector of g

[s]
1 . Since g

[s]
1 is not con-

tragredient to g−1 for any s, Λ + Ms 6= 0 and [FΛ, EMs ] = e−αs , where e−αs is a
root vector attached to the root −αs of g0. By the results recalled in Sec. 1, either
the superalgebra g[s] is a bitransitive Lie superalgebra or it is isomorphic to the Lie
superalgebra g0[ξ] + C( ddξ ). Therefore the subalgebras g[s] are non-contragredient,
consistent, Z-graded Lie superalgebras of either finite or infinite depth with the
same simple term of degree 0 and the same term of degree −1. We claim that all
the g0-modules g

[s]
1 are pairwise inequivalent. Suppose that among the g

[s]
1 there

are two equivalent g0-modules, say g
[1]
1 and g

[2]
1 . Then [FΛ, EM1 ] and [FΛ, EM2 ] are

root vectors of g0 corresponding to the same root and are, therefore, proportional.
Consequently, [FΛ, EM1 − tEM2 ] = 0 for some t ∈ C, thus [g−1, EM1 − tEM2 ] = 0,
and this contradicts the transitivity of g.

The possibilities for the subalgebras g[s] are collected in Table 1, where g1 and
g−1 can be interchanged. Therefore the only possible cases are the following:

(1) g1 = g
[1]
1 ⊕ g

[2]
1 , where g[1] and g[2] are isomorphic to p(3), namely, g0 is of type

D3, g−1
∼= so6

∼= Λ2 sl4, g
[1]
1
∼= V (2ω1) ∼= S2 sl4, g

[2]
1
∼= V (2ω3) ∼= S2 sl∗4. In this

case g is isomorphic to H(0, 6) (see [5, Proposition 3.3.6]) and, in particular,
has finite depth.

(2) g1 = g
[1]
1 ⊕ g

[2]
1 , g[1] is isomorphic to E(5, 10) and g[2] is isomorphic to p(4),

namely the superalgebra g has the following local part:

— g0 of type A4;
— g−1 = Λ2 sl5 = V (ω2);
— g1 = g

[1]
1 ⊕ g

[2]
1 , where g

[1]
1 is the highest component of sl5⊗Λ2 sl5 and g

[2]
1 =

S2 sl∗5, i.e., g
[1]
1 = V (ω1 + ω2), g

[2]
1 = V (2ω4).
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Let us denote by EM1 a lowest weight vector of g
[1]
1 , by EM2 a lowest weight

vector of g
[2]
1 and by FΛ a highest weight vector of g−1. We therefore have:

M1 = −ω3 − ω4 , Λ + M1 = −α3 − α4

M2 = −2ω1 , Λ + M2 = −α1 .

Under these assumptions the superalgebra g has infinite growth. In fact there
exist a lowest weight vector x in g2 and a highest weight vector y in g−2, both
of non-zero weight, such that [x, y] = e−α1−α2−α3 and, since α1 + α2 + α3 is
not the highest root of sl(5), Theorem 2.1 allows us to conclude. Vectors x and
y can be chosen as follows:

x = [[EM1 , eα1+α2+α3+α4 ], EM2 ]−
1
2

[[[EM1 , eα1+α2+α3 ], eα4 ], EM2 ] ,

y = −2
3

[[[FΛ, e−α2 ], e−α1−α2−α3 ], FΛ] .

(3) g1 = g
[1]
1 ⊕ g

[2]
1 , where g[1] is the Lie superalgebra that we obtain from H(0, 5)

exchanging g1 with g−1, and g[2] is so(5)[ξ] + C d
dξ . More precisely g has the

following Z-gradation: g0 is of type B2, g−1 = Λ3 so5
∼= ad so5, g

[1]
1 = so5 and

g
[2]
1 = 1 = 〈 ddξ 〉. Therefore, if we denote by FΛ a highest weight vector of g−1 (of

weight Λ = 2ω2) and by EM a lowest weight vector of g
[1]
1 (of weight M = −ω1),

we have

[FΛ, EM ] =
[
eα2 ,

[
FΛ,

d

dξ

]]
= eα1+2α2 .

In particular g2 is isomorphic to the g0-standard module and is generated by
the lowest weight vector [EM , d

dξ ]. Notice that[
FΛ,

[
EM ,

d

dξ

]]
= [eα1+2α2 , EM ] 6= 0 ,

therefore [g−1, g2] ⊆ g
[1]
1 and, consequently, the subspace

· · · ⊕ g−1 ⊕ g0 ⊕ g
[1]
1 ⊕ g2 ⊕ g3 ⊕ · · ·

is a proper ideal of g. (We recall that, by definition of the superalgebra P [ ddξ ]+

C d
dξ , [g0, g

[2]
1 ] = 0.) In particular g is not simple.

(4) g1 = g
[1]
1 ⊕ g

[2]
1 , where g[1] is the Lie superalgebra that we obtain from H(0, 5)

exchanging g1 with g−1, and g[2] is isomorphic to Q(4)(4)
σ .

The Z-gradation of g is the following: g0 is of type B2, g−1 is the g0-adjoint
module, g

[1]
1 is the so(5)-standard module and g

[2]
1 is the so(5)-module of highest

weight 2ω1. Let FΛ be a highest weight vector of g−1 and EM1 , EM2 lowest
weight vectors of g

[1]
1 and g

[2]
1 , respectively. Let us consider the following vectors:

x = [[FΛ, e−α2 ], [FΛ, e−α2 ]]
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and

y = [[EM1 , eα1 ], EM2 ] .

Notice that x is a highest weight vector in g−2 and y is a lowest weight vector
in g2. Besides, [x, y] is proportional to e−α2 . Then Theorem 2.1 implies that
the even part of g has infinite growth since α2 is not the highest root of the Lie
algebra of type B2; therefore g itself has infinite growth.

(5) g1 = g
[1]
1 ⊕g

[2]
1 , g[1] is of type Q(m)(4)

σ and g[2] is isomorphic to P [ξ]+C d
dξ . In this

case, P = g0 is of type Bn (if m = 2n), Cn (if m = 2n−1) or A1 (if m = 2), g−1

is the g0-adjoint module and g
[2]
1 = 1. Let us denote by FΛ the highest weight

vector of g−1, by EM the lowest weight vector of g
[1]
1 and by d

dξ the generator

of g
[2]
1 . We have that Λ + M = −α1, Λ = ρ, where ρ is the highest root of g0,

and [ ddξ , FΛ] = eρ. We notice that d
dξ acts as a derivation on the negative part

of g and this action can be extended to the whole algebra g as follows: If g0 is
either of type Bn or Dn, then (g[1]

1 )2 is the highest weight module V (2ω1) with
lowest weight vector y = [[[EM , eα1+α2 ], eρ−α2 ], EM ] (see [1]). If we compute
the commutators [y, FΛ] and [[EM , d

dξ ], FΛ], we find, using the transitivity of g,
that [EM , d

dξ ] is proportional to y. Exactly the same procedure works when g[1]

is of type Q(2)(4)
σ . Therefore g is the semidirect product of C d

dξ with g[1]. In
particular it is not simple.

(6) g1 = g
[1]
1 ⊕ g

[2]
1 , g[2] is isomorphic to P [ξ] + C d

dξ with P of type Cn, and g[1] is

the Lie superalgebra we obtain from Q(2n− 1)(4)
τ (n ≥ 3) by interchanging the

g0-modules g−1 and g1 indicated in Table 1.
Using the same arguments as in point (5), one can show that g is the semidi-

rect product of C d
dξ with g[1]. We observe that in this case Λ + M = α1 is a

positive root of g0.

The following results take into account the possibility that g
[s]
1 is contragredient

to g−1 for some s, i.e., that g[s] is a contragredient Lie superalgebra.

Lemma 3.1. At most one of the g0-modules g
[s]
1 is contragredient to g−1, unless

the g0-module g−1 is isomorphic to cso4 (in this case g has finite depth).

Proof. Let us suppose, by contradiction, that two modules, let us say g
[1]
1 and g

[2]
1 ,

are contragredient to g−1. Let E′−Λ and E′′−Λ be their lowest weight vectors, let FΛ

be a highest weight vector of g−1 and h′ = [E′−Λ, FΛ], h′′ = [E′′−Λ, FΛ]. If h′ = th′′,
for some t ∈ C, then [E′−Λ − tE′′−Λ, FΛ] = 0, i.e., by transitivity, E′−Λ = tE′′−Λ.
We conclude that g

[1]
1 and g

[2]
1 are inequivalent g0-modules. We therefore have to

compare non-isomorphic contragredient Lie superalgebras g =
⊕

i gi having the
same terms of degree 0 and −1. We distinguish two cases:

Case 1: [g0, g0] is simple.
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Since we are assuming that [g0, g0] is simple, among all the diagrams in [11,
Tables 2, 3] we must select those with a non-white end point and no other non-
white node. The complete list of these diagrams is given in Table 2.

Let us analyze the Dynkin diagrams contained in Table 2: The Dynkin diagram
of g′0 is obtained by removing the non-white node and the highest weight of the
g0-module g−1 has non-zero labels corresponding to the nodes connected to the
non-white node. Using the Cartan matrices corresponding to the listed diagrams,
one can easily verify that g[1] and g[2] can be chosen from the following lists:

Table 2. Contragredient Lie superalgebras of finite growth with a non-white end-point.
Every diagram has n+1 vertices indexed from 0 to n (in particular n = 4 for F (4), n = 3
for G(3), n = 2 for A(0, 2)(4) and B(0, 1)(1)).��������× �������� · · · �������� A(0, n)

• ��������ks �������� · · · �������� B(0, n + 1)��������× �������� · · · �������� +3�������� B(1, n)��������88
rrrrr��������× �������� · · · �������� ��������&&
LLLLL D(1, n)��������× �������� · · · ��������ks �������� C(n + 1) (n > 1)��������× ��������ks �������� �������� F (4)��������× ��������_jt �������� G(3)

• �������� A(0, 2)(4)��������
iiiiiiiiiiiiiiiii

UUUUUUUUUUUUUUUUU�������� · · · ��������× �������� · · · �������� A(k − 1, `)(1) (k ≥ 1, k + ` = n)

•oo �������� B(0, 1)(1)

•ks �������� · · · ��������ks �������� B(0, n)(1)��������88
rrrrr

•ks �������� · · · �������� ��������&&
LLLLL A(0, 2n− 1)(2)

•ks �������� · · · �������� +3�������� A(0, 2n)(4)
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(1) (i) A(0, n)
(ii) B(0, n + 1)
(with n > 1)

(2) (i) A(0, 1)
(ii) B(0, 2)
(iii) B(0, 1)(1)

(3) (i) B(1, 1)
(ii) A(0, 2)(4)

(4) (i) C(n + 1) with n > 1
(ii) B(0, n)(1)

(5) (i) B(1, n)
(ii) A(0, 2n)(4)

(6) (i) D(1, n)
(ii) A(0, 2n− 1)(2).

Thus, for any possible choice of g[1] and g[2], at least one of their diagrams, say the
diagram of g[2], will have a black node. Consequently, if FΛ is a lowest weight vector
of g−1, [FΛ, FΛ] is a highest weight vector of g−2. Indeed, let us suppose that the
Dynkin diagrams in Table 2 are indexed from 0 to n, the index 0 corresponding to
the non-white node of the diagram, and let us denote by E

[i]
−Λ (i = 1, 2) the lowest

weight vector of g
[i]
1 such that [FΛ, E

[i]
−Λ] = h

[i]
0 . Then [[FΛ, FΛ], E[2]

−Λ] = 2[FΛ, h
[2]
0 ] =

−2Λ(h[2]
0 )FΛ = −4FΛ 6= 0, since the entry of the Cartan matrix corresponding to a

black node is equal to 2. For the same reason the vectors [E[2]
−Λ, E

[2]
−Λ] and [E[1]

−Λ, E
[2]
−Λ]

are lowest weight vectors in g2.
Now we can show that g has infinite growth in all the afore-listed cases using

the following argument: We consider the Lie subalgebra
⊕

i∈Z g4i of g0̄ and its
vectors x = [FΛ, [[FΛ, FΛ], [FΛ, e−α1 ]]] and y = [[E[1]

−Λ, E
[2]
−Λ], [E[2]

−Λ, E
[2]
−Λ]]. Then x is

a highest weight vector in g−4, y is a lowest weight vector in g4 and [x, y] = ae−α1 ,
for some a ∈ C∗, where either the rank of g′0 is greater than one, and thus α1 is not
the highest root of g′0, or g′0 has rank one but 4Λ− α1 is not the highest weight of
the g′0-standard module. Thus, by Theorem 2.1, g has infinite growth.

Case 2: [g0, g0] is semisimple (and not simple).

Let us decompose [g0, g0] in a direct sum of simple Lie algebras: [g0, g0] =⊕r
i=1 g0i, for some r > 1. As above we have to compare the diagrams of contragre-

dient Lie superalgebras with a unique non-white node but in this case the non-white
node is not an end-point of the diagram. Let us denote by E

[i]
−Λ a lowest weight

vector of g
[i]
1 and by FΛ a highest weight vector of g−1 such that [FΛ, E

[i]
−Λ] = h

[i]
Λ .

The following cases need to be studied:

(1) g[1] and g[2] are Lie superalgebras in the following lists (the number of vertices
is strictly greater than 3):
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(a) (i) �������� �������� ��������× ��������
(ii) �������� ��������oo ��������× 3

2 //��������
(iii) �������� ��������oo ��������× 2 //��������
(iv) �������� ��������oo ��������× 4

3 //��������
(b) (i) �������� �������� �������� ��������× ��������

(ii) �������� �������� ��������oo ��������× 2 //��������
(iii) �������� �������� ��������oo ��������× 3

2 //��������
(c) (i) �������� · · · �������� ��������× ��������

(ii) �������� · · · �������� ��������×oo 2 //��������
(d) (i) ��������ks �������� �������� · · · �������� ��������× ��������

(ii) ��������ks �������� �������� · · · ��������oo ��������× 2 //��������
(e) (i)

��������ff
LLL

LL �������� · · · �������� ��������× ����������������xx rrrrr

(ii)
��������ff

LLL
LL �������� · · · ��������oo ��������× 2 //����������������xx rrrrr

(f) (i) �������� +3�������� �������� · · · �������� ��������× ��������
(ii) �������� +3�������� �������� · · · ��������oo ��������× 2 //��������

(g) (i) �������� +3�������� ��������× ��������
(ii) �������� +3��������oo ��������× 2 //��������
(ii) �������� +3��������oo ��������× 3 //��������

(h) (i) ��������ks ��������× ��������
(ii) ��������ks ��������× 2 //�������� .

Lie superalgebras (a)–(g) correspond to Cartan matrices of the following type:

. . . · · ·
2 −1 0

... −1
k

0 1

0 −1 2


and the Cartan matrices of superalgebras (h) are the following:

2 −2 0

−1
t

0 1

0 −1 2


where t = 1, 2.
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In all these cases we define

x = [[E′−Λ, eαn ], E
′′
−Λ] ,

y = [[FΛ, e−αn−2 ], [FΛ, e−αn ]] ,

where n is the number of vertices of the diagrams and hΛ = hn−1. The re-
striction of the weight of y to g01 is −an−3n−2ωn−3 in cases (a)–(g) and it is
equal to 2ωn−2 in case (h). Then Theorem 2.1 implies that g has infinite growth
since x is a lowest weight vector in g2, y is a highest weight vector in g−2, and
[x, y] = (a′n−1n−2 − a′′n−1n−2)e−αn−2 .

(2) g[1] = D(2, 2):
��������

ooo
oo�������� ��������× ��������OOOOO

g[2] = D(2, 1; α)(1), (α 6= 0,−1):
��������77−α

ooo
oo��������oo ��������× ��������''1+α

OOOOO

(the grey node is indexed by 2).
We recall that the Cartan matrices of the Lie superalgebras D(2, 2) and

D(2, 1; α)(1) are
2 −1 0 0
−1 0 1 1

0 −1 2 0
0 −1 0 2

 and


2 −1 0 0
−1 0 −α 1 + α

0 −1 2 0
0 −1 0 2

 ,

respectively.
We apply Theorem 2.1 with

x = [[[E′′−Λ, eα1 ], [E
′′
−Λ, eα4 ]], [[E

′
−Λ, eα1 ], E

′′
−Λ]] ,

y = [[[FΛ, e−α1 ], [FΛ, e−α3 ]], [[FΛ, e−α1 ], [FΛ, e−α4 ]]] .

Then [x, y] is proportional to the root vector e−α3 . Notice that the weight of y

is 2ω3 + 2ω4.
(3) g[1] = A(0, 3)(2): �������� +3•ks �������� ,

g[2] is either A(1, 1): �������� ��������× �������� or D(2, 1; α): ��������oo ��������× −α //��������
(the grey vertex is indexed by 2).

The Cartan matrices corresponding to g[1] and g[2] are

 2 −1 0

−2 2 −2

0 −1 2

 and


2 −1 0

1
α

0 1

0 −1 2


respectively, where α = −1 if g[2] is of type A(1, 1). Since the non-white node
of g[1] is black the vectors [FΛ, FΛ], [E′−Λ, E′′−Λ], [E′−Λ, E′−Λ] are different from
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zero. Therefore we apply Theorem 2.1 with x = [[E′−Λ, E′′−Λ], [E′−Λ, E′−Λ]] and
y = [[FΛ, FΛ], [[FΛ, e−α1 ], FΛ]] since we have [x, y] = σe−α1 for some σ 6= 0.

(4) g[1] is either A(1, 1): �������� ��������× �������� or D(2, 1; β): ��������oo ��������× −β //�������� ;
g[2] = D(2, 1; α): ��������oo ��������× −α //�������� .

Then g−1 = cso4 and g has finite depth, i.e., g ∼= K(1, 4): This case is
discussed in [6, Lemma 5.1].

Our next goal is to study the following situation: g′0 is simple, g1 =
⊕

s g
[s]
1 and

g
[s]
1 is contragredient to g−1 for exactly one s.

Theorem 3.2. Let g =
⊕

i∈Z gi be a consistent, irreducible, simple, Z-graded Lie
superalgebra of infinite depth and finite growth, generated by its local part and as-
sume that g is not contragredient. If [g0, g0] is a simple Lie algebra then g1 is an
irreducible g0-module.

Proof. Suppose, by contradiction, that g1 is not irreducible, i.e., that it can be
decomposed into a direct sum of g0-irreducible submodules: g1 =

⊕t
s=1 g

[s]
1 . By

Proposition 3.1 and Lemma 3.1 exactly one of the g
[s]
1 is then contragredient to g−1,

say g
[2]
1 . Therefore we need to compare the list of contragredient Lie superalgebras

given in Table 2 with the list of non-contragredient Lie superalgebras given in
Table 1. Let us denote by FΛ a highest weight vector of g−1, by EM a lowest weight
vector of g

[1]
1 and by E−Λ a lowest weight vector of g

[2]
1 so that [FΛ, E−Λ] = h0 and

[FΛ, EM ] = e−α, where α is a negative root of g′0 if g[1] is isomorphic to g′0[ξ]+C d
dξ ,

and a positive root of g′0 in all the other cases. The following situations need to be
examined:

(1) g[1] ∼= p(3), g[2] is a contragredient Lie superalgebra of type:

(a) D(1, 3):
��������77

ooo
oo��������× �������� ��������''OOOOO

or (b) A(0, 5)(2):
��������88

ppp
pp• ��������ks ��������&&NNNNN

If g[2] is of type D(1, 3) then g is isomorphic to E(1, 6).
If g[2] is of type A(0, 5)(2) we notice that:

— x = [FΛ, FΛ] is a highest weight vector in g−2;
— y = [EM , E−Λ] is a lowest weight vector in g2;
— [x, y] = −2Λ(h0)e−α3 = −4e−α3 , since the non-white node of A(0, 5)(2)

is black.

Therefore g has infinite growth by Theorem 2.1.

(2) g[1] ∼= P [ξ] + C d
dξ and g[2] is a contragredient Lie superalgebra as follows:

(a) P is of type An and g[2] is of type A(k−1, `)(1), with k+` = n, k ≥ 1. Then,
as in Proposition 3.1, cases (5) and (6), g is isomorphic to the semidirect
product of C d

dξ with g[2].
(b) P is of type A1 and g[2] is of type B(1, 1). Under these assumptions g−1

is the sl(2)-adjoint module and, consequently, g has finite depth. In fact
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g−2 ⊆ S2g−1 = V (4ω) + 1 = 1 since the non-white node is grey and,
by bitransitivity, [FΛ, FΛ] is therefore equal to 0. Then g is isomorphic to
K(1, 3) (see [6, Lemma 5.5]).

(c) P is of type A1 and g[2] is of type A(0, 2)(4). In this case [FΛ, FΛ] is a
highest weight vector of g−2 since the non-white node is black. Besides,
[E−Λ, d

dξ ] is a lowest weight vector in g2. Therefore we can consider the ir-
reducible g0-submodule h−2 of g−2 with highest weight vector [FΛ, FΛ] and
the irreducible g0-submodule h2 of g2 with lowest weight vector [E−Λ, d

dξ ].
Then Theorem 2.1 implies that the bitransitive Lie superalgebra with lo-
cal part h−2 + g′0 + h2 has infinite growth (observe that, in order to apply
Theorem 2.1, it is sufficient to interchange h−2 with h2).

(3) g[1] ∼= S(0, n + 1) (n ≥ 3), g[2] is a contragredient Lie superalgebra of type:

(a) A(0, n): ��������× �������� · · · �������� ��������
or

(b) B(0, n + 1): •ks �������� · · · �������� �������� .
If g[2] is of type A(0, n) then g has depth 1. In fact g−2 ⊆ S2g−1 = V (2ω1) =

0 since, by bitransitivity, [FΛ, FΛ] = 0. This case is discussed in [6, Lemma 5.5].
In particular g has finite dimension.

If g[2] is of type B(0, n+1) then g has infinite growth by the same argument
as in case (1)-(b) above, where [x, y] = 4e−α, α = α2 + · · ·+ αn (here g0 is of
type An).

(4) g[1] ∼= H(0, m) with 2n + 1 = m ≥ 5 (resp. 2n = m ≥ 5, m 6= 6) and g[2] is a
contragredient Lie superalgebra of type:

(a) B(1, n) (resp. D(1, n)): ��������× �������� · · · �������� +3��������
or

(b) A(0, 2n)(4) (resp. A(0, 2n− 1)(2)): •ks �������� · · · �������� +3�������� .
If g[2] is of type B(1, n) or D(1, n) then g−2 ⊆ S2g−1 = 1 and g has finite

depth, namely g is isomorphic to K(1, n) (see [6, Lemma 5.5]).
If g[2] is of type A(0, 2n)(4) then g has infinite growth by the same argument

as in case (1)-(b) above, with α = α2 + 2α3 + · · ·+ 2αn (here g0 is of type Bn

(resp. Dn)).
(5) g[1] ∼= Q(5)(4)

σ and g[2] is the contragredient Lie superalgebra of type A(0, 2)(1):�������� �������� ����������������×OOOOO ooooo

Let 0 be the index of the grey node, and let us consider the following vectors:

x1 = [[FΛ, e−α1−α2 ], [FΛ, e−α3 ]] ,

x2 = [[FΛ, e−α1 ], [FΛ, e−α2−α3 ]] ,

y = [[EM , eα2 ], [E−Λ, eα1 ]] .
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Then y is a lowest weight vector in g2, z = x1 +x2 is a highest weight vector in
g−2 and [z, y] is proportional to e−α2−α3 . Thus, by Theorem 2.1, g has infinite
growth.

(6) (a) g[1] ∼= Q(2)(4)
σ , g[2] is one of the following contragredient Lie superalgebras:

A(0, 2)(4) : • ��������
B(1, 1) : ��������× +3�������� .

(b) g[1] ∼= D(2, 1; α)(6), g[2] is one of the following contragredient Lie superal-
gebras:

A(0, 1) : ��������× ��������
B(0, 2) : •ks ��������

B(0, 1)(1) : •oo �������� .
In all these cases the growth of g is infinite. In fact:

— x = [FΛ, FΛ] is a highest weight vector in g−2 by bitransitivity, since
Λ(hα) 6= 0 (see Example 3.3);

— y = [EM , E−Λ] is a lowest weight vector in g2,
— [x, y] = τe−α for some τ ∈ C, τ 6= 0, where α is the highest root of g′0 but

the irreducible g′0-submodule of g−2 generated by x is not isomorphic to the
standard module.

Lemma 3.2. Let g =
⊕

i∈Z gi be a transitive Z-graded Lie algebra with a consistent
gradation. Suppose that :

(1) g−1 and g1 are irreducible g0-modules;
(2) FΛ is a highest weight vector of g−1, EM is a lowest weight vector of g1 and

Λ+M = −α for some root α of [g0, g0], i.e., g1 and g−1 are not contragredient
[g0, g0]-modules.

Then, if (Λ, α) 6= 0 and g has finite growth, [g0, g0] is a simple Lie algebra.

Proof. Let [g0, g0] =
⊕k

i=1 g0i and assume that α is a positive root. Let α be a
root of g01 and let β be a simple root of g0i for some i 6= 1. Suppose Λ(hβ) 6= 0 and
consider the following vectors:

E1 = [eα, EM ] , E2 = [[EM , eα], eβ ] ,

F1 = FΛ , F2 = Λ(hβ)−1[FΛ, e−β] ,

H = hα .

Then the conditions of Lemma 2.3 are satisfied since α+β and α−β are not roots,
and a1 = a2 = −Λ(hα), thus g has infinite growth. Therefore Λi := Λ|g0i = 0 for
every i 6= 1, i.e., by the transitivity of g, [g0, g0] is simple.
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Lemma 3.3. If g satisfies hypotheses (1) and (2) of Lemma 3.2 and (Λ, α) = 0
then α is the highest root of one of the parts of the Dynkin diagram of g′0 into which
it is divided by the numerical marks of Λ.

Proof. See [5, Lemma 4.1.6(b)] and [1, Lemma 2.4].

Lemma 3.4. Let g =
⊕

i∈Z gi be a bitransitive Lie superalgebra satisfying hypothe-
ses (1) and (2) of Lemma 3.2. Then either [g0, g0] is simple or g ∼= E′(3, 6).

Proof. Decompose [g0, g0] in a direct sum of simple Lie algebras and consider the
corresponding decompositions of weights Λ and M :

[g0, g0] =
r⊕
i=1

g0i , Λ =
r∑
i=1

Λi , M =
r∑
i=1

Mi .

Let α = −Λ −M be a positive root of g01. Then either Λi = 0 for every i 6= 1,
i.e., by transitivity, [g0, g0] is simple, or r > 1 and for some i 6= 1, say i = 2, Λi 6= 0.
Then, by Lemmas 3.2 and 3.3, (Λ, α) = 0 and α is the highest root of one of the
parts of the Dynkin diagram of g01 into which it is divided by the numerical marks
of Λ. Again, using the transitivity of g, we can suppose that Λ1 6= 0, and this implies
that α is not the highest root of g01. Then, let β and γ be simple roots of g01 and
g02 respectively, such that Λ(hβ) 6= 0 6= Λ(hγ) and α + β is a root of g01.

Consider x = [[[FΛ, e−β], e−γ ], FΛ]. Then x is a highest weight vector in g−2.
Indeed, [FΛ, FΛ] = 0, by the bitransitivity of g, since (Λ, α) = 0 and, as a con-
sequence of the Jacobi identity for Lie superalgebras, [[FΛ, eτ ], FΛ] = 0 for every
positive root τ . Besides, y = [[[EM , eα], eγ ], EM ] is a lowest weight vector in g2 and
[x, y] = 2Λ(hγ)e−α−β. Notice that the weights of x and y restricted to g01 are differ-
ent from 0, indeed: (2Λ−β)(hα) = −β(hα) 6= 0 and (2M +α)(hα) = −α(hα) = −2.
Let h−2 and h2 the [g0, g0]-irreducible submodules of g−2 and g2 with highest and
lowest weight vectors x and y, respectively, and let h be the bitransitive Lie super-
algebra with local part h−2⊕g01⊕h2. Then h has infinite growth unless g01 is either
of type An or Cn, α + β is the highest root of g01, h−2 is the g01-standard module.
Now, since α + β must be the highest root of g01, the root β must correspond to
an end point of the Dynkin diagram of g01. A brief analysis of the possibilities
shows that [g0, g0] = sl(3) ⊕ sl(2), g−1 = sl3� sl2 and g1 = S2 sl3� sl∗2, therefore
g ∼= E′(3, 6) (see [6]).

Theorem 3.3. Let g =
⊕

i∈Z gi be a consistent, irreducible, simple, Z-graded Lie
superalgebra of finite growth, generated by its local part. Suppose that g is not
contragredient. Then either g has finite depth or g0 is simple, g1 is an irreducible
g0-module and g is isomorphic to one of the Lie superalgebras listed in Theorem 3.1.

Proof. Due to Theorem 3.2 and the classifications in [1, 6], we only need to show
that if the depth of g is infinite and g′0 is not simple then the growth of g is infinite.
Let us then suppose that g′0 is not simple.
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Let g1 =
⊕t

s=1 g
[s]
1 be the decomposition of g1 in a direct sum of irreducible

g0-modules. Let FΛ be a highest weight vector of the g0-module g−1 and EMs a
lowest weight vector of the g0-module g

[s]
1 . Since g1 is not contragredient to g−1

there exists at least one s such that Λ + Ms 6= 0 therefore, by Lemma 3.4 and its
proof, applied to the Lie superalgebra g[s] with local part g−1 ⊕ g0 ⊕ g

[s]
1 , we have

[g0, g0] = sl(3)⊕ sl(2) and g−1 = sl3� sl2.
Now, if g1 is irreducible, then g is isomorphic to E′(3, 6) and has therefore

finite depth; otherwise g
[s]
1 is contragredient to g−1 for one s, namely, [g0, g0] =

sl(3)⊕ sl(2), g−1 = sl3� sl2 and g1 = g
[1]
1 ⊕ g

[2]
1 , where g

[1]
1 = S2 sl3� sl2 and g[2] is

a contragredient Lie superalgebra. Let us denote by EM a lowest weight vector in
g

[1]
1 and by E−Λ a lowest weight vector in g

[2]
1 .

The following possibilities for the Lie superalgebra g[2] may then occur:

(1) A(2, 1): �������� �������� ��������× ��������
(2) D(3, 1): �������� ��������oo ��������× 2 //��������
(3) F (4): �������� ��������oo ��������× 3

2 //��������
(4) G(3)(2): �������� ��������oo ��������× 4

3 //�������� .
In cases (1) and (2) the Lie superalgebra g is isomorphic to E(3, 8) and E(3, 6),

respectively, and has therefore finite depth. Now we want to show, using Lemma 2.1,
that in case g[2] is of type F (4) or G(3)(2) then the growth of g is infinite.

We recall that the Cartan matrix associated to the Lie superalgebra g[2] is:
2 −1 0 0

−1 2 −1 0

0 −1
k

0 1

0 0 −1 2


where k = 3

2 for F (4) and k = 4
3 for G(3)(2). Besides, we notice that [FΛ, FΛ] = 0 =

[EM , E−Λ] since the non-white node of the Dynkin diagram of g[2] is always grey.
We now apply Lemma 2.1 as follows:

(i) g[2] of type F (4).
We define the following vectors:

A = [[FΛ, e−α4 ], [FΛ, e−α2 ]] , B = [[FΛ, e−α4 ], [FΛ, e−α1−α2 ]] ,

x1 = [[EM , eα4 ], E−Λ] , x3 = [[E−Λ, eα2 ], [E−Λ, eα4 ]] .

Using bitransitivity one can show that A is a highest weight vector in g−2,
[B, A] is a highest weight vector in g−4, and x1, x3 are lowest weight vectors
in g2. We define, using the same notation as in Lemma 2.1,

xλ = [A, [B, A]]

xµ = [x3, [x1, [eα1 , x3]]] .
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We notice that [xλ, xµ] = τe−α1−α2 for some τ 6= 0, therefore we can apply
Lemma 2.1 to the Lie algebra [g0̄, g0̄] thus obtaining that g has infinite growth,
since λ(hα1+α2) = (6Λ− α1 − 3α2 − 3α4)(α1 + α2) = 2.

(ii) g[2] of type G(3)(2).
Using the same notation as in the previous case, we define:

xλ′ = [xλ, A] ,

xµ′ = [x3, xµ] .

Then [xλ′ , xµ′ ] = σe−α1−α2 , for some σ 6= 0, and the hypotheses of Lemma 2.1
are satisfied. As in the previous case g has infinite growth since λ′(hα1+α2) =
(8Λ− α1 − 4α2)(α1 + α2) = 3.
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