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Abstract

We prove the regularity of weak 1/2—harmonic maps from the real line into a
sphere. The key point in our result is first a formulation of the 1/2—harmonic map
equation in the form of a non-local linear Schrodinger type equation with a 3-terms
commutators in the right-hand-side . We then establish a sharp estimate for these
3-commutators.
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1 Introduction

Since the early 50’s the analysis of critical points to conformal invariant Lagrangians has
raised a special interest, due to the important role they play in physics and geometry.
For a complete overview on this topic we refer the reader to the introduction of [18].
Here we recall some classical examples of conformal invariant variational problems.
The most elementary example of a 2-dimensional conformal invariant Lagrangian is
the Dirichlet Energy

E(u) = /D Vu(z,y)dedy, 1)

where D C R? is an open set and v: D — IR, Vu is the gradient of v. We recall that a
map ¢: C — C is conformal if it satisfies

dg, 09
|?|;|a—y
<_¢ _¢>:0 (2)

ox’ Oy
detV¢ >0 and V¢ #£0.

Here (-, ) denotes the standard Euclidean inner product in IR".
For every u € W12(D, IR) and every conformal map ¢, deg(¢) = 1, the following holds

B = Buo)= [ IV od)utey)fdady.

Critical points of this functional are the harmonic functions satisfying
Au=0, inD. (3)

We can extend E to maps taking values in IR™ as follows
B(w) = [ [Vu(e.g)Pdedy = [ 3 V(o )Py, (@
D D=1

where u; are the components of . The Lagrangian (4) is still conformally invariant and
each component of its critical points satisfies the equation (3).

We can define the Lagrangian (4) also in the set of maps taking values in a compact
submanifold N/ C IR™ without boundary.

—Au L TN,



where Te N is the tangent plane a A at the point £ € NV, or in a equivalent way
—Au = A(u)(Vu, Vu) := A(u)(0yu, Oyu) + A(u)(0yu, dyu), (5)

where A(€) is the second fundamental form at the point £ € N (see for instance [11]).
The equation (5) is called the harmonic map equation into N .

In the case when N is an oriented hypersurface of JR™ the harmonic map equation
reads as

—Au =n(Vn,Vu), (6)

where n denotes the composition of u with the unit normal vector field v to NV .
All the above examples belongs to the class of conformal invariant coercive Lagrangians
whose corresponding Euler-lagrangian equation is of the form

—Au = f(u, Vu), (7)

where f: IR? x (IR™ ® R*) — IR™ is a continuous function satisfying for some positive
constant C

CHpl < F(&p)| < Clpf*, V&p.

One of the main issues related to equation (7) is the regularity of solutions u € W?(D, N).
We observe that equation (7) is critical in dimension n = 2 for the W!'%-norm. Indeed if
we plug in the nonlinearity f(u, Vu) the information that v € W1?(D, N'), we get that
Au € L'(D) and thus Vu € L;2°(D) the weak L? space (see [23]), which has the same
homogeneity of L?. Hence we are back in some sense to the initial situation. This shows
that the equation is critical.

In general W2 solutions to equations (7) are not smooth in dimension greater that
2 (see counter-example in [17]). We refer again the reader to [9] for a more complete
presentation of the results concerning the regularity and compactness results for equations
(7).

Here we are going to recall the approach introduced by F. Hélein [11] to prove the
regularity of harmonic maps from a domain D of IR? into the unit sphere S™ ! of IR™.

In this case the Euler-Lagrange equation is
—Au = u|Vul?. (8)

It was observed by Shatah [22] that u € W2(D, S™™1) is a solution of (8) if and only if
the following conservation law holds

div(u;Vu; —u;Vu,;) =0, (9)

for alli,j € {1,...,m}.
Using (9) and the fact that |u| =1 == 7", u;Vu; = 0, Hélein wrote the equation
(8) in the form
~Au = V*B - Vu, (10)
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where V+B = (V1 By;) with V1 B;; = u;Vu;—u;Vu; , (for every vector field v: IR? — IR",
V+v denotes the 7/2 rotation of the gradient Vv, namely V+v = (—9,v,d,v)).
The r.h.s of (10) can be written as a sum of jacobians:

leijVUj = GxujﬁyBij — aijaxBij .
This particular structure permits to apply to the equation (8) the following result

Theorem 1.1 [29] Let D be a smooth bounded domain of IR>. Let a and b be two mea-
surable functions in D whose gradients are in L*(D). Then there exists a unique solution
© € WH(D) to

0a 0b  Oa Ob

A= 2R e D
YT ozoy oyor (11)
=0 on 0D .

Moreover there exists a constant C' > 0 independent of a and b such that
lplloe + [Vl < C[Val[2][ VD[

In particular ¢ s a continuous in D .

Theorem 1.1 applied to equation (10) leads, modulo some standard localization argument
in elliptic PDE, to an estimate of the form

IVull 228, @o)) < C [IVBI| 28, @) [IVUl|L2(B, @) + CT [[VUll 288, (20)) (12)

for every xy € D and r > 0 such that B,(z¢) C D. Assuming we are considering radii
r < 1o such that max,,ep C' [|VB|| 2B, (z)) < 1/2, then (12) implies a Morrey estimate
of the form
sup 7’ / |Vul? do < +oo (13)
z0,r7>0 Br(x0)
for some > 0 which itself implies the Holder continuity of u by standard embedding
result (see [9]). Finally a bootstrap argument implies that u is in fact C* - and even
analytic - (see [12] and [15]).

In the present work we are interested in 1 dimensional quadratic Lagrangians which
are invariant under the trace of conformal maps that keep invariant the half space IREL:
the Moebius group.

A typical example is the following Lagrangian that we will call L—energy - L stands
for ”Line” -

L(u):/]R|A1/4u(x)|2dx, (14)

where u: IR — N, N is a smooth k-dimensional submanifold of IR™ which is at least
C?, compact and without boundary. We observe that the L(u) in (14) coincides with the
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semi-norm ||u|| (for the definition of || - [|j1/2 ) we refer to Section 2). Moreover

2
HY/2(R)
a more tractable way to look at this norm is given by the following identity

/]R |A1/4u(x)|2dx:inf{ /IR

The Lagragian L extends to map u in the following function space

\Vil*dz . € WH(IR*, IR™), trace i = u} .

2
+

HZ(RN)={ue H*(R,R™) : u(z) e N, ae,}.
The operator AY* on IR is defined by means of the the Fourier tranform as follows
AVay = ¢,

(given a function f, f denotes the Fourier transform of f).

Denote mx the orthogonal projection onto A/ which happens to be a C! map in a
sufficiently small neighborhood of N if A is assumed to be C**'. We now introduce the
notion of 1/2-harmonic map into a manifold.

Definition 1.1 A map u € H'2(IR,N) is called a weak 1/2-harmonic map into N if for
any ¢ € HY?2(IR, IR™) N L=(IR, IR™) there holds

d
S Ln (ut16))) = 0

|

In short we say that a weak 1/2—harmonic map is a critical point of L in H'/?(IR, N') for
perturbations in the target.

1/2—harmonic maps into the circle S might appear for instance in the asymptotic of
equations in phase-field theory for fractional reaction-diffusion such as

E A2y 4 u(l —|ul*) =0

where u is a complex valued ”wave function”.

In this paper we consider the case N = 8™ 1 We first write the Euler-Lagrange
equation associated to L in HY/2(IR, S™!) in the following way

Proposition 1.1 A map u in HY?(IR, S™ ") is a weak 1/2-harmonic map if and only if
it satisfies the following Euler-Lagrange equation

AV A AYA ) = T(un, u) (15)



where, in_general for an arbitrary integer n, for every Q € H'2(IR", My (IR)) £ > 10
and u € HY?(IR", IR™) , T is the operator defined by

T(Q,u) == AYHQAY*u) — QAYu + AV4uAYAQ . (16)
]

The Euler Lagrange equation (15) will often be completed by the following ”structure
equation” which is a consequence of the fact that u € S™ ! almost everywhere :

Proposition 1.2 All maps in H'/?(IR, S™ ') satisfy the following identity
AY4(u - AV4) = S(u-,u) — R(AY 4 - RAY4) . (17)

where, in_general for an arbitrary integer n, for every Q € H'2(R", Myym(IR)), £ > 1
and uw € HY?(IR", IR™), S is the operator given by

S(Q,u) == AVAQAY*u) — R(QVu) + R(AV*QRAY*u) (18)
and R is the Fourier multiplier of symbol m(§) = z% . O

In the present work we will first show that H'/? solutions to the 1/2-harmonic map
equation (15) are Holder continuous. This regularity result will be a direct consequence
of the following Morrey type estimate that we will establish

sup r_ﬁ/ |AY4)? do < 400 (19)
By (zo)

zo€IR,r>0

To this purpose, in the spirit of what we have just presented regarding Hélein’s proof
of the regularity of harmonic maps from a 2-dimensional domain into a round sphere, we
will take advantage of a "gain of regularity” in the r.h.s of the equations (15) and (17)
where the different terms T'(uA, ), S(u-,u) and R(AY4u - RAY4w) play more or less the
role which was played by VB - Vu in (10). Precisely we will establish the following
estimates : for every u € HY?(IR, R™) and Q € H'?(IR, My, (IR)) we have

IT(Q, w)l g—1/20m) < C N QU greamy Null zmy » (20)

15(Q: Wl g-120my < C QN irnr2(my 1l /2wy » (21)
and

IR(AY u - RAY W) =172 < C N[ull3ps/o ) - (22)

Our denomination ”gain of regularity” has been chosen in order to illustrate that, under
our assumptions v € HY2(IR, IR™) and Q € HY?(IR, Myx,,(IR)) each term individually

M My (IR) denotes, as usual, the space of £ x m real matrices.
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in T and S - like for instance AY4(QAY*u) or QAY?u ... - are not in H~2 but the
special linear combination of them constituting 7 and S are in H~'/2. In a similar
way, in dimension 2, J(a,b) := 229 _ 9a9b qatisfies as a direct consequence of Wente's

T Oz Oy Oy Ox
theorem above,

17(a, 0)l| g+ < C [lall g 16 o (23)
whereas, individually, the terms %% and %% are not in H~ .
z Oy y Ox

The estimates (20) and (21) are in fact consequences of the following 3-terms com-
mutator or simply 3-commutator estimates which are valid in arbitrary dimension n and
which represent two of the main results of the present paper. We recall that BMO de-
notes the space of Bounded Mean Oscillations functions of John and Nirenberg (see for
instance [10])

1

lullBromy = Sup o o
() {zo€R™ ; r>0} |Br<x0>| By ()

u(z) — m/u(y) dy’ dx

Theorem 1.2 Let n € IN* and let u € BMO(IR"), Q € H'/?(IR", Myym(IR)) . Denote
T(Q.u) = AVH(QAY4u) — QAY?u + AVWAAQ
then T(Q,u) € H-Y2(IR™) and there exists C > 0, depending only on n, such that
T(Q. Wl g-1/2mmy < C NIQ /2 ey l[ul | Brro(mrn) - (24)
O
Theorem 1.3 Let n € IN* and let u € BMO(IR"), Q € H'/?(IR", Myym(IR)) . Denote
S(Q,u) := AVAHQAY* ] — R(QVu) + R(AV*QRAY*u)

where R is the Fourier multiplier of symbol m(§) = z% . Then S(Q,u) € H-Y2(IR") and
there exists C' depending only on n such that

15(Q, W12y < C Q| 172yl Ul BAIO @R - (25)
O

The fact that Theorem 1.2 and Theorem 1.3 imply estimates (20) and (21) comes from
the embedding H'/?(IR) — BMO(IR).

The parallel between the structures 7 and S for H'/? in one hand and the jacobian
structure J for H' in the other hand can be pushed further as follows. As a consequence
of a result of R. Coifman, P.L.. Lions, Y. Meyer and S. Semmes [4], Wente estimate
(23) can be deduced from a more general one. We denote, for any i,j € {1---n}, and

a,b e H'(IR"),

da Ob da Ob
a0 = e~ B oy
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and denote J(a,b) := (J;;(a,b))ij=1..,. With this notation the main result in [4] implies

17(a, O)ll g1y < C Nl gy (0]l BAsO R (26)

which is reminiscent to (24) and (25). Recall also that (26) is a consequence of a commu-
tator estimate by R. Coifman, R Rochberg and G. Weiss [5].

The two Theorems 1.2 and 1.3 will be the consequence of the two following ones
which are their ”dual versions”. Recall first that H'(IR") denotes the Hardy space of L'
functions f on IR"satisfying

/ sup |¢y * fl(x) de < +oo0 |
R

n telR

where ¢;(z) := t™" ¢(t"'x) and where ¢ is some function in the Schwartz space S(IR")
satisfying [ mn @(x) dz = 1. Recall the famous result by Fefferman saying that the dual
space to H! is BMO.

In one hand Theorem 1.2 is the consequence of the following result.

Theorem 1.4 Let u,Q € HY?(IR"), denote
R(Q,u) = AYVH QA u) — AV2(Qu) + AYH((AY*Q)u) .
then R(Q,u) € H'(IR") and
R(Q, Wl ) < ClQ /2 | ullir1/2emy (27)
In the other hand Theorem 1.3 is the consequence of this next result.
Theorem 1.5 Let u,Q € HY?(IR") and uw € BMO(IR™).
S(Q,u) = AYH(QAY*u) — V(QRu) + RAY4(AV*QRu) .
where R is the Fourier multiplier of symbol m(§) = z% Then S(Q,u) € H' and
15(Q, Wl < ClQN i/ 1ull 172y - (28)

|

We now say few words on the proof of estimates 27 and 28. The compensations of the
3 different terms in R(Q), u) will be clear from the Littlewood-Paley decomposition of the
different products that we present in section 3. Denoting as usual II;(f, g) the high-low
contribution - respectively from f and g - denoting I15(f, g) the low-high contribution and
II5(f, g) the high-high contribution we shall need the following groupings



e i) For I1; (R(Q, u)) we proceed to the following decomposition

L(R(Q, u)) = IL(AY(QAY ) + L (=AY (Qu) + AV ((AVIQ)u)) .

-~ -~

e ii) For II1(R(Q,u)) we decompose as follows

IL(R(Q,w)) = IL(AY(QA*u) — AV?(Qu)) + IL(AV4(AY*Q)u)) .

~~ ~~

e ii) Finally, for II3(R(Q,u)) we decompose as follows

I5(R(Q, u)) = H3(AY(QAY ) — TT5(A2(Qu)) + I3 (AV((AV'Q)u)) .

J J
-~ -~ -~

We remark that the notation II,(A%(fg)) (kK = 1,2,3, a = 1/4,1/2) stands for the
operator A*(IIx(f, g)) .

Finally, injecting the Morrey estimate (19) in equations (15) and (17), a classical
"elliptic type” bootstrap argument leads to the following result (see [6] for the details of
this argument).

Theorem 1.6 Let u be a weak 1/2-harmonic map in H'?(IR, S™1). Then it belongs to
H; (IR, S™ ") for every s € IR and thus it is C™ . O

The paper is organized as follows.

- In Section 2 we give some preliminary definitions and notations.
- In Section 3 we prove the 3-commutator estimates Theorems 1.2 and 1.3.

- In Section 4 we prove some L—energy decrease control on dyadic annuli for general
solutions to some linear non-local systems of equations that will include the systems

(15) and (17).

- in Section 5 we derive the Euler-Lagrange equation (15) associated to the La-
grangian (14) - proposition 1.1. We then prove proposition 1.2. We finally use
the results of the previous section in order to deduce the Morrey type estimate (19)
for 1/2—harmonic maps into a sphere .

- In the Appendix we study geometric localization properties of the HY2— norm on
the real line for H'/2—functions in general and we prove some preliminary results.



2 Notations and Definitions

In this Section we introduce some notations and definitions we are going to use in the
sequel.

For n > 1, we denote respectively by S(R") and S’(IR") the spaces of Schwartz
functions and tempered distributions. Moreover given a function v we will denote either
by v or by Fv] the Fourier Transform of v :

o) = Flulle) = [ vla)e ) da.

Throughout the paper we use the convention that x,y denote variables in the space and
&, ¢ variables in the phase.
We recall the definition of fractional Sobolev space (see for instance [26]).

Definition 2.1 For a real s > 0,
H*(R") ={v € L*(IR") : [¢§]*F[v] € L*(IR")}.
For a real s < 0,
H*(R") ={ve S'(R"): (1+[¢[*)"Flv] € L*(IR")}.

It is known that H*(IR") is the dual of H*(IR").
Another characterization of H*(IR™), with 0 < s < 1, which does not use the Fourier
transform is the following, (see for instance [26]).

Lemma 2.1 For 0 < s <1, u e H*(IR") is equivalent to u € L*(IR"™) and
. 2 1/2
[ (=) 1)) <
n Jme |x — y|nt2s

||l

For s > 0 we set

ey = |[ul|zmny + 1€ F W]l 2mny
and
HUHHS(B") = |||f|s-7:[v]||L2(Bn)-

For an open set @ C IR", H*(Q2) is the space of the restrictions of functions from
H*(IR™) and

[l

Hs(Q) — inf{[|U]|
In the case of 0 < s < 1 then f € H*(Q) if and only if f € L*(Q2) and

([ [ (o) ) < e

10
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Moreover

o= ([ (52 ) )" <

see for instance [26] .
Finally for a submanifold A/ of IR™ we can define

H*(R,N)={ue H(R,R"): u(z) € N,ae.}.

We introduce the so-called Littlewood-Paley or dyadic decomposition of unity. Such
a decomposition can be obtained as follows . Let ¢(£) be a radial Schwartz function
supported on {£ : [¢| < 2}, which is equal to 1 on {£: [¢] < 1}. Let ¢(£) be the function
P(&) == d(&) —p(2€) . ¢ is a bump function supported on the annulus {£ : 1/2 < [¢| < 2}.

We put o = ¢, ;(£) = (279¢) for j # 0. The functions v;, for j € Z, are supported
on {£: 297 < ¢ < 2} Moreover Yjez ¥ilz) =1.

We then set ¢;(&) :=>7_ __ 1x(€). The function ¢; is supported on {¢, [£] < 27H1}

We recall the definition of the homogeneous Besov spaces B;q(ﬂ%n) and homogeneous
Triebel-Lizorkin spaces F;q(ﬂ%”) in terms of the above dyadic decomposition.

Definition 2.2 Let s € IR, 0 < p,q < oo. For f € S'(IR™) we set

, 1/q
g ey = (S5 2P P U ) a0 gy

1/ 115, my = sUPjez 2|1 F {5 F L ocamny if =00
p.q

When p,q < oo we also set

1]

0o 1/q
e =1 D 2jsq|f-1wmfmq> e

The space of all tempered distributions f for which the quantity || f|| B35, () 1 finite is

called the homogeneous Besov space with indices s,p, ¢ and it is denoted by B;q(]R").
The space of all tempered distributions f for which the quantity ||f|[z (gn is finite is
p,q

called the homogeneous Triebel-Lizorkin space with indices s,p,q and it is denoted by
F; (IR™) . 1t is known that H*(IR") = B3 ,(IR") = F3,(IR") .

Finally we denote H!(IR™) the homogeneous Hardy Space in IR™. Tt is known that
H'(IR") ~ Fy, thus we have

1/2
||f||H1(m)2/]R<Z|f1[wj]-"[f]]|2> dz .
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We recall that in dimension n = 1, the space HY 2(IR) is continuously embedded in
the Besov space BY, . (IR). More precisely we have

H'?(R) — BMO(R) — BY, (RR), (30)

(see for instance [20],page 31, and [28], page 129).
The s-fractional Laplacian of a function u: IR" — IR is defined as a pseudo differential
operator of symbol |¢]* :

Asu(g) = |€[a(€) . (31)

It can also be defined as follows
u(y) — y(z)
Au(z) = p.v./ —————dy,
( ) R ‘55 - y|n+2s

where p.v. denotes the Cauchy principal value.
In the case where s = 1/2, we can write AY?u = —R(Vu) where R is Fourier multiplier

of symbol 2 Z Ep -
6 &

7&(5) = % ; i€ X1(€)

for every X : IR® — IR", namely R = A~2div.

We denote by B,(z) the ball of radius r and centered at z. If z = 0 we simply write
B,. If x,y € IR", x - y denote the scalar product between z,vy .

For every function f: IR" — IR we denote by M(f) the maximal function of f, namely

M(f)= suwp |Blae,r)|" / L (32)

r>0,z€IR™

3 3-Commutator Estimates : Proof of Theorem 1.2
and Theorem 1.3.

In this Section we prove Theorems 1.2 and 1.3.
We consider the dyadic decomposition introduced in Section 2. For every j € Z and
f € S'(IR™) we define the Littlewood-Paley projection operators P; and P<; by

Pf=v,f @:gbjf.

Informally P; is a frequency projection to the annulus {277 < [¢] < 27}, while P; is a
frequency projection to the ball {|¢| < 27} . We will set f; = P;f and f/ = P<;f.

We observe that f7 =7 fy and f = ::“100 fr (where the convergence is in
S'(R"™)) .

12



Given f, g € §'(IR) we can split the product in the following way

where

+o0 +oo
M(fg) = D0 >, o= 5d "

—o0 k<j—4

+oo +oo
Mo(frg) = D05 D, o= g/ "

—00 k>j+4 —00

H3(fag) = ij Z 9k -

—oo  |k—jl<4
We observe that for every j we have
suppF[f7~%g;] C {272 < [¢] < 2777

suppF (Y150 fig]l C {I€] < 2747}

The three pieces of the decomposition (33) are examples of paraproducts. Informally the
first paraproduct IT; is an operator which allows high frequences of f (~ 27) multiplied
by low frequences of g (< 27) to produce high frequences in the output. The second
paraproduct II, multiplies low fequences of f with high frequences of g to produce high
fequences in the output. The third paraproduct II3 multiply high frequences of f with
high frequences of g to produce comparable or lower frequences in the output. For a
presentation of these paraproducts we refer to the reader for instance to the book [10].
The following Lemma will be often used in the sequel.

Lemma 3.1 For every f € 8" we have

sup [ /| < M(f).

j€z
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Proof. We have
f=F e« f=2 / F@ (- ) (y)dy
- / FUH() f(x — 2792)dz

_ f / (6](2)f (z — 2792)d=

k=—o00 ” Bak \Bak—1

—+00

< 1 o
<30 1A [ -2l
+oo
) Ty, PG 2j_k/ z)|dz
k:Z Ba\ Pkt ‘ [ ]( )‘ B(z,2k=9)\B(x,2k—1-7) |f< )|
+oo
<M() Y max 2F )] < M),
k=—00 2 2 1

In the last inequality we use the fact F~[¢] is in S(JR™) and thus

+o00
Z max 28| F¢](2)] < 2/ |F 1 o)(2)|dé < +o0.
oo By \Bok—1

We can now start the proof of one of the main result in the paper.

Proof of theorem 1.4.

We are going to estimate I1; (R(Q, u)), II1(R(Q,u)) and [I3(R(Q,u)) .
e Estimate of ||TI;(AY4(QAY*u)||x: .

By writing IT; (AY*(QAY*u) we mean

oo

AVAIL(Q,AYY) = 3 AVAQ; (A W)

j=—o00

1/2
||H1(A1/4(QA1/4u)||H1 :/ (Z 2]@2 A4 3- 4) ) dx

j=—00

1/2
g/ sup|A1/4uJ 4 <22JQ2> dx
R

noj

< ( / n(M(Al/A‘u))de) < /R zj:zfQ§dx> "

< Cllull g1 s

14
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e Estimate of II; (AY4(AY*Qu) — AY2(Qu)).
We show that it is in B?J (H' — Bﬂl). To this purpose we use the “‘commutator
structure of the above term” .

(T (A4 (AYQ)u — AV2(Qu)) |50 (35)

= sup / Z Z AV AAYAQ,) — AV (W AQ,) | hyda
||hHBgO’OO§1 IR™ j |t7j‘§3

= sup / S FldFIAYAQ A hy — QA hyJdg
IIhHBgO’OOg L

- s [ Fld(©)
Al g, =1 anj:“gzég

( | FIQIOFIA R = O ~ e - <|1/2>d§) 3

, A , 1
Now we observe that in (35) we have || < 2773 and 2772 < |¢] < 2972, Thus \g\ <3
Hence
G172 =l =1 = jo == S (36)
§ € 1/21-1
= [CM214]1-2
Iq C[ | C‘ ]
_ 1/2 S Ck €\ pp1

We introduce the following notation: for every k € Z and g € S’ we set
Srg = F e M2 Fg].

We note that if h € Bgooo then Sph € Bg:’;éﬂk and if h € FI* then S.h € FTs+H1/2+k
Finally if Q € H'/2 then V*1(Q) € H*-1/2
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We continue the estimate (35) .

/ > Flu ()

HhHBo’ 7 t—j|<3
() FIQIOFIAh](E = (e =" = (Ic]V*)dc)ds
by (36)

o[ XY A

VﬂlBo % o0 7 t—j|<3
> C,
| K AQUOFIA € - )3 Sy dg
Rn —o n
S C / Z Z —(0+1) vZJrluJ 4] [SZQJA1/4ht>](§)d£
IIhHBO S _ _] |t ]‘<3
Scnhf“p 1Al Z / ZWW"“ I4)|5,Q,|dx

o= / o

</ ZQ 2e+1/2)5 V“lu] =4 2dx> </ ZZZ(Hl |SeQ;| d:p)

by Plancherel Theorem

/2

1/2 1/2
:CZ (/ ZQ £+1/2)J|€|2e|f[vuj 4” df) (/ Z22(e+1)j|€|—2(e+1/2)|f[Qj]|2d§>
R
<OZCZ2 (S ST )
R R

< CZ 72 Qe ull -
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Above we also use the fact that for every vector field X we have

/RZQJXJ‘”dx_/ Zxkxg Z 2 I dy

j=—00 joA>k,j—4>0

/ Z 2 (37)
j=—00
The estimate of ||[TTy(AY4(QAY*u) — Al/Z(Qu))HB?l is analogous to (35).
e Estimate of ||TIo(AY4(AY4Qu)||3. Tt is as in (34).
e Estimate of ||TI5(AY2(Qu) || . ' .
We show that it is indeed in the smaller space B?,1 (we always have Bgl — H'). We
first observe that if h € BY . then AY2h € Bl and

j+6 j+6
AV = N AV < sup 27FAY 2Ry Y 2k <OVl - (38)
k=—o00 k=—o0
T (AY2(Qu)l [0 = / S AY2(Quy)h (39)
’ ||hHBO’ 7 |k ]‘<3
/ SN AYVAQuu) [T da
IhHBO’ <1 n ] ‘k; ]|<3
/ > (Qux) [AV?HIT] da
||hHBO’ <1 ] ‘k ]|<3
<C s bl / S 21Quulds
17150, o= J o |k—jl<3

1/2 1/2

C(/ ZZ%}?dz)
Rr "
< Cl@Ql g 2lull gz

e Estimate of Hg(A1/4(QA1/4u)) .
We show that it is in B?,l'

We observe that if & € BY, ., then AY4h € Bx!l2 and by arguing as in (38) we get

(/IR ;2ju§d:ﬁ>

1AMyl < 27([R 5
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Thus we have

ITL3(AYH(Q, AV )| gy =

1,1

/ Z A1/4 A1/4 )h

||hHBO’ ] |k ]‘<3
_ / Z Q A1/4 ) [A1/4hj+6} dx
HhHBO’ <1 Jj |k—jI<3
<c o sw bl [ 33 2RIQA e (40)
17l 59, < i |k—jl<3

< C(/ ZQJdia;)l/?(/ Z (AY4;)2dx) /2
- .
< ClQrzllull gy -

The estimate of II5(AY4(AY4Qu)) is analogous to (40). O

From Theorem 1.4 and the duality between BMO and H! we get Theorem 1.2.
Proof of Theorem 1.2.
For all h,Q € H'? and v € BMO we have

/ [(AVHQAY ) — QAY?u + AYVAQAY*u)hdx

_ / [(AYHQAY*h) — AY2(Qh) + AV (hAY*Qudx

by Theorem (1.4)
< Cllullmol [R(Q, W)l < Cllullparol|QU el Al gz -

Hence

I7@wllyve = swp [ T(Quihde < Cllallawol Qlle
1hl] 1/2<1 n
O
Proof of theorem 1.5. We observe that R is a Fourier multiplier of order zero thus
R:H™V? — H™Y2 R: H' = H!, and R: BY, — BY| (see [27] and [21]).
The estimates are very similar to ones in Theorem 1.4, thus we will make only the
following one.

e Estimate of I, (RAY4(AY4QRu) — V(QRu)).

18



We observe that Vu = AVARAY4y

s [ 33T RAVHAVQ R ) - V(QRWhda (41)
Ihlgg, <t mm 757 Ty
~  sup / > > RETHRAVANAYAQ)) — Vhy)Q)dx

WAl g, (STJIR™ 5 hics

= s[5 Freie ([ AGIOFRA €~

, Jo|t—jI<3 R
(IC['% = 1€ = ¢|?) d¢) de .

Now we can proceed exactly as in (35) and get

sup <1/1an Z [RAVHAYIQ R ) — V(QRui ) hyd

IIhHBgo,oo_ J o t—j)<3
< 1@l grsellull gz . O

From Theorem 1.5 and the duality between H! and BMO we obtain Theorem 1.3.
Proof of Theorem 1.3. It follows from Theorem 1.5 and the duality between H*
and BMO . O

Lemma 3.2 Let u € HY?(IR"), then R(AY*u-RAY*u) € H' and
IR(AY u - RAYAw) [y < Clful 32
Proof of lemma 3.2. Since R: H' — H!, it is enough to verify that A4y - RAY4y

H.
e Estimate of TT; (AY4u, RAY4u)

+o0o
T (A, RAY )| [ = / (Y [AVuy (RAV ) —42) /24,
n j:—OO
< / sup | (RAY4u)i=)] (3 [AV4u;]2) 2da (42)
Rr j =0
+o0o
< ( / M(RAY ) [2da) V2( / S [AVAy )2
n nj:—OO
< CllulPy

The estimate of the H! norm of TI,(AY4u - RAY4y) is similar to (42).
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e Estimate of TI3(AY4u - RAY4u) .

j+6
sup / Z Z AV R(AY Yy ) [0 + Z h¢|dx
Il 5y, <1/ 5 g P
/ Z [A1/4 A1/4uk)—u]Vuk+ V(u]uk)}
||hHBO’ <1 ] Ik, j‘<3
j+6
B0+ 3" hd (43)
t—=j—5

We only estimate the terms with 4/, being the estimates with h, similar .

/ Z (A4 R(AY ug) — ujVug )b~ Cdx

||hHBO’ j |k‘ j‘<3

su =6 (p U 1/4uk 12 _ |y _ |12 X
||h}'3gj)oo§1/nz 2 FIRK )( T lFIRAT wllyl ™ = |z =y ]dy)d

J o lk—j1<3
by arguing as in (35)
< Cllul s

Finally we also have

1 ,
sup <1/ Z Z §V(ujuk)h3*6dx

M50, o J o k—jl<3
/ u]uk)VhJ Sdx
”h”BO LSUIR T T j\<3
<C sup ||h||Bo / E E 2 jupd
1hllsg, o0 = TSR

C(/ ] Zqufdx)l/Q = Olul%, O
J

Theorem 1.5 and Lemma 3.2 imply the following result
Corollary 3.1 Let n € H/?(IR*,S™ ). Then

AY4n - AV4n] € HY(IR™). (44)
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Proof. Since n-Vn =0 (see proof of Proposition 1.2), we can write

AV n - AYin) = AY4n - AY%] — R(n - Vn) + R[AY*n - RAY4n)
— R[AY4n - RAYA)
= S(n-,n) — RIAY*n . RAY4n].

The estimate (44) is a consequence of Theorem 1.5 and Lemma 3.2, which respectively
imply that S(n-,n) € H' and R(AY*n - RAY4n) € H!. 0

4 [-Energy Decrease Controls.

In this Section we provide some localization estimates of solutions to the following equa-
tions

AYHMAY ) = T(Q, u) (45)

and
A1/4(p . A1/4u) =S(q,u) — R(A1/4u . RA1/4u) , (46)

where Q € H'2(IR, Myxm(IR)), M € H'*(IR, Mypn(IR)), £ > 1and p,q € H'/(IR, IR™) .

Such estimates will be crucial to obtain Morrey-type estimates for half-harmonic maps
into the sphere (see Section 5). As we have already observed in the Introduction, half-
harmonic maps into the sphere satisfy both equations (15) and (17), (which are (45) and
(46) with (M, Q) and (p, q) given respectively by (uA, uA) and (u,u)). Roughly speaking,
we show that the L? norm of MAY*uy in a sufficiently small ball (being u solution of either
(45) or (46)), is controlled by the L? norm of the same function in annuli outside the ball
multiplied by a “crushing” factor.

To this purpose we consider a dyadic decomposition of the unity ¢; € C5°(IR) such
that

+oo
supp(¢;) C Baj+1 \ Bai-1, Z p;j=1. (47)
For every k,h € Z, we set
k-1
w=Y e = Bl [ u@)ds,
o0 By

Aj, = Bona \Bthl, " = |Ah|1/ u(:p) dx,

Ap

A = By \ Bysr, @ = \A’h\l/ w(z)dz
A,

The main results of this Section are the following two Propositions.
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Proposition 4.1 Let Q € H'2(IR, Myym(IR)), M € H'?(IR, Myy1n(IR)), £ > 1 and let
u € HY2(IR, IR™) be a solution of (45). Then for k < 0 with |k| large enough we have

1 (o
IMAY | [Za s, = FIIA o, < C [Z@ PMAY e,y (48)
h=k
ke
+) (27 )IIAW‘“H%?(Ah)I :
h=k

Proposition 4.2 Let p,q € H'?(IR, IR™) and v € H?(IR, IR™) be a solution of (46).
Then for k < 0 with |k| large enough we have

1 o
||p'A1/4U||%2(BQk)_Z||A1/4U||%2(ng) < C Z ||P Al/4U||L2 (An) (49)
h=k
D[N Am] -
h=k

We first need premise some estimates.
Lemma 4.1 Let u € HY?(IR). Then for all k € Z the following estimate holds

+oo
> 2 len(u = @)l oy < € [Z 27 |ull asaayy + D 2ks||u||H1/2(AS)] . (50)

h=k s<k s>k

Proof of Lemma 4.1. We first have

len (= )| sy < Nloon(u = @) gagmy + lenllagmylan —al . (51)

We estimate separately the two terms on the r.h.s of (51). We have

|[on(u —u )||H1/2(R)

//\whu—u ) — soh(u—uh)(yﬂ?dxdy (52)
Ap J Ay ‘

z —yl?

2
sz[/ / [ul) = wW)F 4y 1 |19 enli2 / / “dasdy}
Ay, J A, |x—y| Ay,

<C [||u||§-{1/2(14h) + Qh/A lu — ah|2d£€]

< Clull3.

h

(An)”
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where we use the fact ||[Vin|lee < C27" and the embedding H'?(IR) into BMO(IR).
Now we estimate |u; — @"|. We can write

k—1
=y 2

{=—00
Moreover

‘ﬂk —ﬂh‘ < mh o —/,h| + |ak . ﬂl’h‘

§C|Ah|_1/ |u—uh|dx+ Z 24 er/s—I—l leS

f=—0o0
§C|Ah|‘1/ lu — a"| dz + Z 20- kZ|AS+1|— / lu— @ dr  (53)
f=—0o0
k—1 h—1
<C ||u||H1/2(Ah) - Z 2€_kz||u||H1/2(As+1)] .
f=—0o0 s=/

Thus combining (52) and (53) we get

[lon(u = @)y < lon(u = @)y + onll e e — @)
k—1

h—1
llullr1/20a,) + D 2“Z\WHH1/2<ASH)] : (54)

l=—00 s={

<C

Multiplying both sides of (54) by 28" and summing up from h = k to +oo we get

+oo k—1 h
ZQkih ( Z 2t* Z HUHHU2(AS)> (55)

h=k {=—00 s={+1
<Xl (S T2+ S iy (Z 22
s<k h>k (<s s>k h>s <k
<C Z 2Sik| |ul |H1/2(AS) + Z 2kis| |ul |H1/2(As)
s<k s>k
This ends the proof of Lemma 4.1 . O

Now we recall the value of the Fourier transform of some functions that will be used
in the sequel.

We have
Flla| () = le| 2.
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The Fourier transforms of |z, z|z| =2, |z|'/2

every ¢ € S(IR), respectively by

are the tempered distributions defined, for

Fllell. ) = Fll* Flal ) = (5) * @), (56)
g [ H) =0 - Lngt O,

(Flelel ™2 0) = (Fla]» Flle| 2] 0) = (0)0x) x| 2, o)
r 1
= po. [ [ola) = (O s (57)

and

(Flle2], 0) = po. / £l@) = (0) ;.

r |z

Next we introduce the following two operators

F(Q,a) = AY4Qa) — QAY*a + AY*Qa,

G(Q,a) = RAY*Qa) — QAY*Ra+ AY*QRa.
We observe that
T(Q,u) = F(Q,AY*) and S(Q,u) = RG(Q, AY*u) .

In the next two Lemmae we estimate the H'/? norm of w = A~V4(MAY*v) (resp. w =
AYV4(p - AY*4)) in By, being M, u (resp. p,u) as in Proposition 4.1 (resp. Proposition
4.2), in terms of the H'/? norm of w in annuli outside the ball and the L? norm of A4y
in annuli inside and outside the ball Byx. The key point is that each term is multiplied
by a “crushing” factor.

Lemma 4.2 Assume hypotheses of Proposition 4.1. Then there exist C' > 0, nn > 0
(independent of u and M) such that for alln € (0,1/4), for allk < ko (ko € Z depending
on n and the H'? norm of Q in IR) and n > i, we have

||Xk_4(’w — ’LTJk_4)||H1/2(1R) < n||Xk—4A1/4u||L2 (58)
00 +oo
k—h _
+C (22 = ||AY )| poga,y + Z 2" h||wHH1/2(Ah)> ;
h=k h=k—n

where w = A™V4(MAY*u) and we recall that xj_s = 1 on Box—s and Xz—s = 0 on By
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Lemma 4.3 Assume hypotheses of Proposition 4.2. Then there exist C > 0, n > 0
(independent of u and M) such that for alln € (0,1/4), for allk < ko (ko € Z depending
on n and the H'? norms of Q and u in IR) and n > 7, we have

[IXk—a(w — W)l g2y < MlIXR-a DY 0| L2 (59)
[e's) k—3
k—h _
+C (Z@ = || A g, + > 2" kHwHHl/?(Ah))
h=k h=k—n

where w = A™Y4(p - AV4y) .

Proof of Lemma 4.2.

We fix n € (0,1/4).

We first consider & < 0 be large enough in absolute value so that ||x.(Q—Qx )|l f1/2(m) <
e, where ¢ € (0,1) will be determined later.

We write

F(Q,AY*u) = F(Qr, AY*u) + F(Qq, AY*u),
where Q1 = xx(Q — Qi) and Q2 = (1 — x1)(Q — Q). We observe that, by construction,
we have
supp(Q2) € Byt and |[|Qa| /2y < [1QUl /2w -

We rewrite the equation (45) as follows:

AV (xpa(w —wgg)) = —Al? ( > enlw - ’U_Jk4)> (60)

h=k—4
+F(Q1, A1/4U) + F(QQ, A1/4U) .
We take the scalar product of both sides of the equation (60) with xx_4(w — wWg_4)

and integrate over IR .
We observe that from Corollary A.1 it follows

m RAI/Q[Z(%(UJ — Wy—a))] - (Xh-a(w — Wy—q))dz

= lim A1/2[<1 — XN,l)(w — U_Jk,4)] . (Xk,4(w — U_Jk,4))dl’ =0.
N—+oo /R

This fact allow us to exchange the infinite summation with the integral and the operator
A2 in the following expression.

+oo
/ Al Z (on(w — “_’k4))] c(Xp—a(w — wy_y))dx
R h—k—4
+oo
=, /IRAW(%(M — Wi—4)) - (Xh—a(w — Wy_y))dz .

h=k—4
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Thus we can write

+o0
[ = aa)Pae = = 3 [ AVt = @) - (ot = we )
R h=k—4
+ [ FQuAY ) (ussw— w01
R
+ [ PQa ) (sl — wr ).
R
We estimate the last three terms in (61).
1. Estimate of — >, , 1 A2 (o (w — Wy—4)) - (Xp—a(w — Wy—s))d .
We split the sum in two parts: k —4 < h<k—3and h > k — 2.
la) Estimate of S-0_5 , [ AY2(on(w — @x—a)) - (Xp—a(w — Wg—a))d .
Z / AV (on(w = wi-4)) - (Xn-a(w — Wy _y))dax
h=k—4
k—3
< [ (e—a(w = We—a)) || gr172(me (Z || (on(w — wi— 4))||H1/2(JR>>
h=k—4
(62)

by Lemma 4.1

??‘

3

< | (Xk-a(w = Wi—a) | /2 <Z
h=k

< Cll(xa—a(w = @)l gr1/2(m) ( > 2 Hw||H1/2(Ah)> :

h=—00

4 l=—00 s=0+1

From the Localization Theorem A.1 it follows that
Z w32,y < ClHOG-1(w = i) | Fps/o gy »
h=—o0

where C' > 0 is independent of k and w .

Thus we can find n; > 6 such that if n > n; we have

k—n
_ 1 _
C Y 2 Mwllgega,) < N Ok=a(w = @)l g2y

h=—00

being C' the constant appearing in the last line of (62).
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Thus for n > ny; we have

Z /Al/2 n(w — Wx—4)) + (Xp-a(w — Wg_4))dzx

h=k—4

1 _
< <ll0a-a(w = D)oy (63)

2h_k||w||H1/2(Ah)> :

E

-3

FO[ (Xh—a(w = @) 12y (
h

Il
B

—n

1b) Estimate of >,/ %, [ AY2(on(w — wx—1)) - (Xp—a(w — Wi_q))da .
In this case we use the fact that the supports of ¢, and of y;_4 are disjoint and in

particular 0 ¢ supp(@n(w — Wr_4)) * (Xp—a(wW — Wg_4)).

Z /Al/z n(w — Wx—4)) - (Xp-a(w — Wg_4))dzx

h=k—-2

Z /f (J€D) () (pn(w — Wr—4)) * (Xp—a(w — Wi—y))dz (64)

h=k—-2

< Z FHIEN N 2 (B By |9 (w0 = @Wp—a) [ 22| [Xh—a(w — @y —a])| 2
h=k—2

400
<C Y 22 pn(w — wa) | 2am) 2 Xk a(w — @) 2y -
h=k—2

Next we use the following notation. We set

+o0o
P(w, k) = [Z 2 M wllinagany + 3wl iea, (Z 2 2M>

h=k s<k >k 1<s—1
+Zuwum>(z z)] 5
s>k h>s—1 (<k
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By Theorem A.2 and Lemma 4.1 we have

—+00

(64) < C Y 2 M (w — Wp—all g2y | Xk-a (0 — Bral | 1720y
h=k—2

+00 k—5 h
<C Z PARN [HwHHl/?(Ah) + Z 2f~(k=4) Z HwHHl/?(AS)] | Xk—a(w = W—a) || zr1/72( )
h=h—2

f=—00 s={+1

< CP(w, k= 4)||xe-a(w — 05)] 5120

+o0 k—5
<C| Y 2 Mwllgsa, + D Qh(“)HwHHW(Ah)] [IXt—a(w = Dr—a)ll 2y -
h=k—4 h=—c0

Let ny > 6 be such that if n > ny we have

k—n
O Y 2D ulliaga,y < gl s — @l

h=—o00

Finally if n > n = max(ny, ny), then from (63) and (64) it follows

> /Al/2 on(w — Wy—q)) - (Xp—a(w — Wg_4))

h=k—4
1 _
< —[Ixp—a(w — wk—4)||§'{1/2(13) (66)
+oo
+Cxk-a(w = D)l gzmy Y 2wl iusaga,)
h=k—n

2. Estimate of [, F/( (Qu, AY*u) - (Xp—a(w — Wy—a))da

We write

+oo

F(Qu, AY*u) = F(Q1, xe—sAV*u) + Y F(Qu, 00 A u) . (67)

h=k—4
We estimate the r.h.s of (67).
2a) Estimate of fIR (Q1, Xr—1A 1/4 u) + (Xp—a(w — Wp_y))dx.
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/ F(Qr, xk s 0) - (sl — ) da (63)
R

by Theorem 1.4

< Ol Qv sl g2 a0 — Tl

< Cexp—aDY ul| 2| xk-a(w = @)l | a2y -

By choosing ¢ > 0 small enough, we may assume that C'e < 7 < 1—16 .

2b) Estimate of [, F(Q1, > 1%y enAY4u) (Xp—a(w — wy_4))da.
Again by Corollary A.1 we can exchange the infinite summation with the integral and
write

/B F@Qu S o) (e a(w — iy_))da

h=k—4
—+00
= Z / F(Ql; <phA1/4u) . (Xk,4(’w — U_)k,4))dﬂf .
h=k—4 7

We separate the cases k —4 < h<k+1land h>k+2.
e Case k —4< h<k+1.
We use again Theorem 1.4.

k+1

> [ F@uant ) (il - @) (60)
h=k—47 R

k+1
<C O Qe myllenA ul| 2y X k—a(w — D)l g1/20) -

h=k—4

e Case h >k + 2.

We estimate the single terms of F(Qy, onAY4u) - (xp_a(w — wWi_4)) .

We observe that if h > k + 2 then the supports of ()1 and ¢, and those of x,_4 and
oy, are disjoint. Therefore

F(Q1, on A u) - (Xp—a(w — Wy—g) = Q1A (@p AV ) - (xp—a(w — Wy—_s)) .
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Hence

400
Z / Q1,<PhA1/4 )+ (Xe—a(w — Wy—y))dx

h= k+2

~ / QUAYH(on A ) - (s (w — ) da (70)
h= k+2

- Z / FE) () (Quon A u] % [(xuas(w — 1))

Z IF M UEN ) 2 (s 2\ By | Quion Al [ ]| (X —a (w0 — )
h=k+2
+oo

<C Y 27 PM1Quen A ul | | (k- a(w — Dp—a))|| -

h=k+2

By Theorem A.2 we finally get

—+00
(70) < C Y 2@l gyl on A ul |y | Xk-a(w — Dr-a)l /2y
h=k+2
+oo

<C 2 [on AV | o | xk-a(w — W) 120y
h=k+2

3. Estimate of [}, F(Q2, AV*u) - (xg—a(w — @x_4))dz .
As above we write

+o0

F(Qa, AY'u) = F(Qa, xis AV u) + F(Qa, Y onAV ).

h=k—4

Since the support of @, is included in BS,_,, we have

F(Qq, ka4A1/4U) “(Xp—a(w — Wy—y)) = A1/4[Q2(Xk74A1/4U)] “(Xp—a(w — Wy—a)) -

Observe that we can write Qo = >./% | 0n(Q2 — Q2p_;), (Q2;_; = 0) and by using
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Corollary A.1 we get

Q/F@%M4Nﬂm«M4w—whmm
R

+oo
Z / A (n(Q2 — Q2p-1)) (Xe—a A )] - (Xi—a(w — Wy—s))

h=k—1
<cZ/¢ (1€172) (btns DAY 0)on (@2 — @ 1)] % ksl — )
h=k—1
< C||(Xk s(w = Wi—q))||11 (71)
Z HFHIEN ) oo By o\ B o) | (X a A 1) 00 (Q2 — Qo) | 1
h=k—1
~+00 B
< Cllxr—ad 0l | 2| Xk—a(w = D) g2y Y, 272252 |0n(Q2 — Qo) /2y
h=k—1

From Lemma 4.1, by choosing possibly a smaller k, it follows that

7) 1
C Z 2% ||80h Q2 — Qo 1)||H1/2(1R) < Z 16
h=k—1
Therefore
| F@0id ) (sl — wi))da
R
< Hhoe-a A ull 2l s = @) 172y - (72)

4. Estimate of [, F(Q, Z:,;_4 On AV - (Xp—a(w — Wy_y))de .
By Corollary A.1 we can write

téF@mE:wAMWWM4W—wmmM

h=k—4

Z / Q2,<PhA1/4 ) - (Xe—a(w — Wy—g))d .

h=k—4

eSumfor k—4<h<k+1.
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k+1

> /]R F(Q2, onAM*u) - (xpoa(w — wp_y))da

h=k—4
by Theorem 1.4 (73)
k+1

<C Y Qe ul |2l [xk—a(w — Do)l g2y
h=k—4

e Sum for h > k+2.
In this case, since the support of @ is included in Bj,_,, if h > k + 2, we have

F(Q2, on A 1) - (Xi—a(w — Wp—4)) = (Xp—a(w — Wp_4))

i [A1/4(Q2 QOhAl/4U) . Q2A1/4((PhA1/4U) + A1/4Q2(PhA1/4U]

= (Xn—a(w — Wi—s)) - A Qoo A ur) .

Let ¢y, € CP(IR), ¥y, = 1 in Boni1 \ Bon—1 and supp(v)) C Ban+z \ Ban—2 .

2. /]R F(Qa, pn A u) - (xp—a(w — @y _s))dee

h=Fk+2

+o0o
> [ AQuen A ) (sl — )
R

h=k+2

= % [ A QA sl — )

h=k+2

= > /]R €12 F(Qon A ) Fl(xn-a(w — w—a))]dE (74)

h=k+2

+oo
= Z / FH(e?) ([@hAl/‘llL(QQ — Q2p—1)] * [Xi—a(w — Wy—4)]) do
h=k+2” I
+oo 5
<O NFMIE I B\ By N [0n A 10(Q2 — Qap )] * [Xk—a(w — W)l 11(m)
h=kt2
oo -
<C 27 A |y |1 (Q2 — Qap- |2y 1 Xk—a(w — a2 () -
h=k+2
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By applying Theorem A.2 and Cauchy-Schwartz Inequality we get

—+00

(74) < C > 2 Mn(Q2 = Qa2 1o A ul| 2yl [ Xk—s(w — D)l 172
h=k+2
+00 /2 / 4o 1/2
<C ( > 2 (@2 - @zmmzm(m)) ( 2 2“||gohA1/4u||iQ)
h=k+2 h=k+2

|[Xk-a(w — Wr—a)[| /2 (g -

From Lemma 4.1 (with ¢ replaced by ) and Theorem A.1 we deduce that

+oo 1/2
< Z 2k_h||¢h(Q2 - sz—1)||§'{1/2(13)> < C||Q||H1/2(1R) :

h=kt2
Thus
+00
> [ F@uma ) (st~ w1 ))da (75)
h=k+2 VIt
+o00 1/2
< Olxu—a(w — Op—a)|| r1/2my ( > 2k_h||<PhA1/4U||%2(m)>
h=k+1

—+00
k—h
< Cllxia(w — Tees)l 2 ( Y 2 ||gohA1/4u||LzuR>) -

h=k+1
By combining (68), (69),(71), (73) and (75) we obtain (for some constant C' depending
on Q)

/ F(Q, AY*u) - (Xp—a(w — y_y))da < g||Xk—4A1/4U||L2||Xk—4(w — Wi—a)|| /2 (m)
R

+o0
k—h _
+C > 277 [|AY |z ga) | xk-a(w — Dka) | 172y - (76)
h=k—4

Finally for all n > n we have

| [Xk—a(w — 7Ifl~c—4)||f1rl/2(13) <17 |Xk—4A1/4U| |H1/2(JR) (77)
—+oco —+oco
k—h
o ( S Ml + S 2 wuum) |
h=k—n h=k—4
and we can conclude. O
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Next we prove Lemma 4.3.

Proof of Lemma 4.3 . The proof is similar to that of Lemma 4.2 thus we just sketch
it.
We observe that equation (46) is equivalent to

RAVA(p- AVtu) = G(g-, AV*u) = AVhu - (RAV ). (78)

We fix n € (0,1/4).
We first take £ < 0 such that

Ixk(q — @)l gr/2gmy) < € and ||XkA1/4u||L2(.IR) <e,

with € > 0 to be determined later.
We write
G(Q) A1/4U) = G(ql'a A1/4U) + G(qZ'a A1/4U) ’
where ¢1 = xx(q¢ — @) and g2 = (1 — x&)(q¢ — @x) . We observe that supp(q2) € Bj,—, and

Naull e gmy < €
We also set u; = xxAY4u and ug = (1 — x)AY4% and w = A™V4(p - AV4).
We rewrite the equation (78) as follows:

+o00
RAl/z(Xk_4(w — wk_4)) = —RAl/z ( Z gph(w — U}k_4)> (79)

h=k—4

+G(q1-, AY4) 4+ G(go-, AY*u) + uy - (RAY* ) + uy - (RAY0) .

We multiply the equation (79) by xx_4(w — wr_4) and integrate over IR. By using
again Corollary A.1 we get

400
L8 st =) Pde == 32 [ RAVA (0= dr ) (s = 1))

h=k—4

+ /IR Glqr, AY*u) (Xp—a(w — Wp_yg))dx + /]RG(qQ-, AY40) (xp—a(w — Wp_y))dz— (80)

+ /]Rul . (RA1/4u)(Xk_4(w — Wg_4q))dz + /IRUQ . (RA1/4U)(Xk_4(w — Wg_yq))dz .

We observe that [, us - (RAYA4) (xp—a(w — wy_4))dx = 0, having uy and yj_4 supports
disjoint .
1. Estimate of —> %, [ RAY(on(w — @g—a)) (Xp—a(w — Wi_4))dz .

We split the sum in two parts. In the first sum we take £k —4 < h < k — 3 and in the
second sum we take h > k — 2.
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e Sumfor k—4<h<k-3.

/RA1/2(S0h(w Wy—1)) (Xk—a(W — Wx_4))

k-3
< D 1A (en(w = @)l 172 || (th-a(w = @) |12y
h=k—4
by Lemma 4.1
k—3
< 3 Dty + 32 2470 3" ol
h=k—4 t=—o0 s=+1

[ (Xk—a(w — Wr—a)) || 172wy
Let ny > 6 be such that

k—nq

_ 1 _
C > 2 Mhwllaca, < gllO-a(w = @e-a)) /2y -

h=—o00
If n > n4 the following estimate holds
1 _
B < L0 a(w B ) Byng

k—3

+ONOtk—a(w = @p-Dllgramy | Y 2" M0l
h=k—

n

e Sum for h >k —2.
In this case we use the fact that

supp((pn(w — Wg—4)) * (Xp—a(w — Wg_4))) € Bansa \ Byn-a,

and in particular 0 ¢ supp((on(w — Wi—4q)) * (Xp—a(W — Wi_4))) .

/ RAV (g (w — @5-0)) (oo — @)

= Z /f]—" On(w — Wi—a)] (&) F[Xp—a(w — Wi—4)](§)dE

h=k—2

- / FHE@) (pn(w — )] * [ums (w0 — @) da

_ Z | 350 (ont = -a)) (sl = 0-0) () = 0.

h=k—2
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2. Estimate of [}, u1 - (RAY4 ) (xp—a(w — Wy—s))d .
We have

/ uy - (RAY* ) (xp—a(w — Wp_y) ) da
R
— /IR uy - (Ruy) (xp—a(w — wi_y))dz + ; /m uy - (R AY*0) (xp—a(w — wy_4) )da .

By applying Lemma 3.2 and using the embedding of H!(IR) into H*I/z(]R) we get
/]Rul “(Ruy) (Xg—a(w — wy_y))dx
< Clfus - (Run) sl Oon—s(0 — @)l s/
< Ollunl[Z2 /| (Xe-a(w = Dr-a))l| fr1/2(m)
< Cel Y ul | 2| (X (w — Dr—a)) 172y -
By choosing £ > 0 smaller we may suppose that Ce < 7.

Now we observe that for h > k the supports of ¢, and y;_4 are disjoint. Thus we
have

+oo
S [ o Ren )t = )
h—l:_oo g
-y /B F o) (A a0 = ) d
h=k
+o0o
< CZ \\|SU|71||L°°(BQh+2\B2h_2)||(90hA1/4U) * (U1 Xk—a(w — Wy—4))]| 12

h=k

—+00
<O 272 op AV 2y | 2oy || (k—a (w — Dr—a)) ] 120y

h=k
= k—2
< Cey 27 [JonAY ul| 2 | (k—a(w — @)l 2m)
h=k
n Ry k—2
<2 D272 [l A ul | 2y || Oi—a(w — D)) | /2y -
h=k

The estimate of the terms

/ G(Qq, A1/4u)(xk_4(w — Wg_4))dz and / G(Qo, A1/4u)(xk_4(w — Wk_4q))dz
R R
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are analogous of those of

/IR F(Qq, A1/4u)(xk,4(w — Wy_y4))dz and / F(Q-, A1/4u)(xk,4(w — Wy_yq))dx

R
and so we omit them. O

Now we can prove Propositions 4.1 and 4.2.

Proof of Proposition 4.1.

From Lemma 4.2, it follows that there exist C' > 0 and n > 0 such that for all n > n,
0<n<1/4, k < ko (ko depending on i and the H'/? norm of Q), every solution to (45)
satisfies for some constant C' > 0 the estimate (77) and thus

[[Xk—a(w — 7~Tf/~c—4)||fr;n/2(zzfz> < 0Pl xr-a AV |7 (84)
Lo Z 2 M| sz, + C Z 25" | A0 22
h=k—n h=k—4

Now we can fix n > 7 and we can replace in the second term of (84) C2"/2 by C'.
From Lemma A.1 it follows that there are C,Cy > 0 and m; > 0 (independent on n,
k) such that if m > m; we have

||Xk—4(w - wk—4)||§;1/2 (R) Z (85)

201/ | MAY ul*dx — C, Z 2~ h/ | MAY uf*da.
ng n—m h=k—n—m Qh\th 1

Finally from Lemma A.2 it follows that there is C' > 0 such that for all v € (0,1) there
exists my > 0 such that if m > ms we have

+oo +oo

Sl By, = S 2 PIA A )|y, (36)
h=k—n h=k—-n
R k—h
SV/ |MAY ) dax + Z 27/ |MAY*u|?dz .
|¢|<2k—n—m h=k—n—m 2h<Jg|<2h 1

By combining (84), (85) and (86) we get

Cl\\MAl/zluH%Q(ng_n_m) < C Z HMA1/4U||L2(Ah
h=k—n—m
2 k—h
+Cy Y 27 || A |4, (87)
h=k—n—m

+1?| | xe—a Ay |i2(m) + Oy | MAY | |%2(32k,n,m) :
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Now we choose 7,1 > 0 so that C;'Cy < 1/4 and C;'n? < 1/4.
With these choices we get for some constant C' > 0

1
||MA1/4U||%2(BQk,n,m) - ZHAU%H%Q(B%WW) (88)
> k—Fh o k—h
<C| Y @IMA ey + D 27 ([AY ][,
h=k—n—m h=k—n—-m

We observe that in the final estimate (88) the index m can be fixed as well. Thus by
replacing in (88) k —n —m by k we get (48) and we conclude the proof. O

The proof of Proposition 4.2 is analogous to that of Proposition 4.1 and thus we
omit it.

5 Morrey estimates and Hoélder continuity of 1/2-
Harmonic Maps into the Sphere

We consider the m — 1-dimensional sphere S™ 1 C IR™. Let IIgn-1 be the orthogonal
projection on S™!. We also consider the Dirichlet energy

L(u):/]R|A1/4u(:c)|2dx. (89)

where u: R — S™!.
The weak 1/2-harmonic maps are defined as critical points of the functional (89)
with respect to perturbation of the form Ilgm-1(u + t¢), where ¢ is an arbitrary map in

H'Y2(IR, IR™) N L>®(IR, IR™) .

Definition 5.1 We say that v € H'/?(IR, S™ ") is a weak 1/2-harmonic map if and only
if, for every maps ¢ € H'?(IR, IR™) N L*®(IR, IR™) we have

d

@ L(Mges 4 10)),, = 0. (90)
We introduce some notations. We denote by A(IR™) the exterior algebra (or Grassmann
Algebra) of IR™ and by the symbol A the exterior or wedge product. For every p =

L,...,m, A\ (IR™) is the vector space of p-vectors

If (€;)i=1,...m is the canonical orthonormal basis of IR™, then every element v € /\p(Rm)
is written as v = ), vrey where I = {iy,... iy} with 1 <4y < ... <, <m,v7 == v, ,
and ey =:=¢e; N...Ne;, .

By the symbol L we denote the interior multiplication L: /\p(Rm) x N\
/\q_p(Bm) defined as follows.

(R™) —

q
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Let e = e, N... Ney,, eg =¢ej A...Nej, with ¢ > p. Then e;Le; =0if I ¢ J,
otherwise e;jle; = (—1)M€K where ex is a ¢ — p vector and M is the number of pairs
(1,7) € I x J with j > .

By the symbol e we denote the first order contraction between multivectors. We recall
that it satisfies ve 3 = aL. B if (3 is a 1-vector and ce (SAY) = (a8 B)Ay+(—1)P(ey)A[,
if § and v are respectively a p-vector and a g-vector .

Finally by the symbol x we denote the Hodge-star operator, x: A (IR™) — A, (IR™),
defined by *3 = (e; A ... Ae,) e 3. For an introduction of the Grassmann Algebra we
refer the reader to the first Chapter of the book by Federer[§].

Next we write the Euler equation associated to the functional (89).

Theorem 5.1 All weak 1/2-harmonic maps u € HY2(IR, S™Y) satisfy in a weak sense
i) the equation

/B(Al/Qu) ~vdr =0, (91)

for every v € HY?(IR, IR™) N L*®(IR, R™) and v € T,,(;)S™ " almost everywhere, or in a
equivalent way
ii) the equation
AYV2unu=0 inD, (92)

or
ii1) the equation

AY4(u A AYA) = T(Q,u) in D', ; (93)
with Q@ =u A .

Proof of Theorem 5.1
i) The proof of (91) is analogous of Lemma 1.4.10 in [11].
Let v € HY2(R, R™) N L>(IR, R™) and v € T,,(;)S™ . We have

Hgm—1(u + tv) = u + tw,,

where .
aHSm—l .
wy = u -+ tsv)v’ds .
' /0 dy, ( )
Hence
L(Ilgm-1(u +tv)) = / |AY4y|2da + 2t/ AV - wydx + oft)
R R
ast — 0.

Thus (90) is equivalent to

lim [ AY*%-wde =0.
t—0 R
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Since Ilgm-1 is smooth it follows that w, — wy = dlgm-1(u)(v) in HY2(IR, IR™) N
L>(IR, IR™) and therefore

/ AY 4y dlTgm-1 (u)(v)dz = 0.
R

Since v € T,y S™ ! a.e., we have dllgm-1(u)(v) = v a.e. and thus equation (91) follows
immediately.
ii) We prove (92). We take ¢ € C°(IR, \,,,_5(IR™)). The following holds

/ o AuAAY2udr = </ *(gp/\u)-Al/Qudx) eLN . N em. (94)
R R

Claim : v = *(p Au) € HY2(IR, R™) and v(z) € Ty)S™ " ace.

Proof of the claim.

The fact that v € H'/2(IR, R™)NL>® (IR, IR™) follows form the fact that its components
are the product of two functions which are in H'2(IR, R™) N L*®(IR, IR™), which is an
algebra .

We have

veu=x(uNp)-u=*x(uNpAu)=0. (95)

It follows from (91) and (94) that
/ OANUANAPude =0.
R

This shows that A"2u Aw = 01in D', and we can conclude.
iii) As far as equation (93) is concerned it is enough to observe that AY2u Au = 0
and A4y A A4y = 0. O

Next we show that any map u € HY2(IR, IR™) such that |u| = 1 a.e. satisfies the
structural equation (17).

Proof of 1.2. We observe that if u € H'/?(IR, IR™') then the Leibiniz’s rule holds.
Thus

V|uf> =2u-Vu in D'. (96)

Indeed the equality (96) trivially holds if u € Cg°(IR, IR™™'). Let u € HY2(IR, R™!) and
u;j € C(IR, IR™) be such that u; — u as j — +oo in HY2(IR, IR™). Then Vu; — Vu as
j — +ooin H=Y2(IR, R™'). Thus u; - Vu; — u- Vu in D’ and (96) follows.

If w € HY/?(IR,S™ "), then V|u|?> = 0 and thus « - Vu = 0 in D’ as well. Thus u
satisfies equation (17) and this conclude the proof. O

By combining Theorem 5.1, Proposition 1.2 and the results of the previous Section we
get the Holder regularity of weak 1/2-harmonic maps.
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Theorem 5.2 Let u € H'/?(IR,S™ ') be a harmonic map. Then u € C**(IR, S™ ).

Proof of 5.2. From Theorem 5.1 it follows that u satisfies equation (93). Moreover,
since |u| = 1, Proposition 1.2 implies that u satisfies (17) as well. Proposition 4.1 and
Proposition 4.2 yield respectively that for k£ < 0, with |k| large enough

0o e 1
[l A Al [Fa ) < CY @ )||AY ulFa4,) + ZIIA”A‘UII%Q(BQ,C) : (97)
h=k
and
> 1
[l - AV ul[fags ) < Z )| AV 42, (An) ZIIA”“UIIiz(BQk)- (98)
Since
1A 4l 2oy = llu- Al B + lu A A ul2ags
we get
1A [ Z2p,,) < C Z ||A1/4UI|L2(Ah (99)
h=k

Now observe that for some C' > 0 (independent on k) we have

k—1
CTh Y A ul[faa, < 1A ul[fap,,) < C Z 1A ][22, -

h=—o h=—o00

Thus from (100) and (98) it follows

k—1 00
STIA R, < CS @AY U],
h=—oc0 h=k

By applying Proposition A.1 and using again (99) we get for > 0 small enough and
some 3 € (0,1)

/ |AY4y)|2de < CrP (100)

T

Condition (100) yields that u belongs to the Morrey-Campanato Space £2~# (see [1],
page 79), and thus u € C%%/2(IR), (see for instance [1, 9]). O
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A Appendix

In this Appendix we prove some preliminary results which have been used in the previous
Sections.

One of the main property we show here is the fact that the H'?([a,b]) norm (—oo <
a < b < 4+00) can be localized in space. This result, besides being of independent
interest, is used in Section 4 for localization estimates. For simplicity we will suppose
that [a,b] = [—1,1].

Theorem A.1 [Localization of HY?((—1,1)) norm] Let u € H'?((—1,1)). Then for
some C' > 0 we have

0
||“||§;1/2((71,1)) = Z ||u||§¥1/2(A)

j=—00
where A; = Byj+1 \ Bgi-1.
Proof. We set for every i € Z, A, = By \ By-1 and u, = |A}|™! fA, x)dx (i.e. the

mean value of u on the annulus A}). We have

u(y)?
a2 / / futz) = w9)l g, (101)
HUZ(-1.1) [-1,1] J[-1,1] |$—?/|2

u(x y)|?
— P = VI ded
Z // |ﬂff—y\2 Y

%,j=—00

_ Z/ lutr) — uly)l?,
oo VAL A |$—?/|2

+2 Z 3 // lulw) = w4,
j=—001>j5+1 ; ; |.T— ‘

2 )|2d d

+ Z L |x— |2 zdy .
j=—00 J+1 Yy

We first observe that
y)[?
dxdy< // — 2 dxdy 102
J_ZOO// yP Z \:c—y|2 (102)
and
y)|?
d dy < / / — 2 dxdy . 103
jzm// / = Z r= oY
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It remains to estimate the term $.° i=oo 2isjrt Jar Lar %dxdy in (101).
i
We have

¥y [ ) e,

j=—00 z>]+1

<C Z Z 27 2’/ — u(y)|*dwdy

]—7ooz>]+2
Z 2 22/ / |y — @) *dady
]*—ooz>]+2 i ;
+ Z Z 2” 21/ \u(x)—ﬂ;\Qd:L’dy
]—7ooz>]+2
LY Y o / July) — 7 Pdrdy)
j*—ooz>]+2 ]
j=—00i>j+2
0 . .
+ 0> 27 [ ju(e) — w)fPde
j—fooi>j+2 A
+ Z > o7y \u y) — @i|*dy) .
Jj=—001>j+2

e Estimate of Zj_foo Zi2j+2 277 fA/, |u(x) — ujf*dz.
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Z > 2y \u (z) — @) dx (104)

j=—00 z>]+2

Z Z 272197 |u r) — )2 dx

1=—00 j<i—2

0
=Y 27 [ u(x) - @jPda( ) )
i=—c0 = j<i—2
<CZ|A’| 1/ lu(z) — @|*dx
<C Z —(”dazd
= |z =yl v

In the last inequality we use the fact that for every 7 it holds

A7 [ Jute) = e

<14 [ fute) = 40 [ atdfae

A

<142 [ jute) = uty) Py

e / [u(@) —u@W)* ) g0

|z —yl?

e Estimate of Zj_foo Ziszrz 272 [, July) — ﬂ;|2du

> 2 | ) gy (105)

j=—c0i>j+2
O .
=S [ ) -y Pda( Y 27
j=—c0 4 i<j+2
10
=3 Z 277 | fu(x) —ujl’dy
j}oo 4
y)I”
<C / / —————dzdy.
jzoo r S |ac—y|2
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e Estimate of Zj_foo D isiya 2722 up — wjl? . We first observe that

1
@~ @ < (=) ) g — @l

and
ey — al® <A™ [ |u—ada,
Ag
where 1, = |Ap| 7! fAZ u(z) dx
We set a¢ = |Ae|™" [, [u— t|*dz. We have
0
Z Z 272i2i+j|a; . 71;-\2
j*—ooi>j+2
i—1 0 0
=D OB VIO SIED oD S SRS )
j=—001>j+2 7 —oo0  j=—o0i—j>l+1—j
We observe that
+o0
Y o (i—-5)2T < / 2 xdr = 271D (142 — 4) (106)
i—j>l41—j L+1—j

and

£ +00
Z 2~ 42— §) < / 27t +1)dx < C,
1

j=—c0

for some constant C' independent on ¢. Therefore we get

0
> 2 ) — ) (107)

j=—00i>j+2
ZZZ—j2j22a3<CZa3<CZ// Q‘ddy
j=—00i>j+2 _ _ A |LL’ - y‘

By combining (102),(103),(104),(105) and (107) we finally obtain

0
lolaay S 3 el
Next we show that
Z ||u||§'{1/2(,4£) S ||U||§;1/2((,1,1)) . (108)
l=—00
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We observe that for every ¢ we have A, = C, U Dy where Cy = Byet1 \ By and Dy =
Bﬂ \BQ{—I . Thus

[u(a) = u(y)?
lfycan = | [ dudy
4

|z —y|?

2
o [ Ol [ ) U g,
Dy J Dy |z =yl Doy JCy |z =y

Since Uy (Cyx Cy), Up(Dy x Cy) and Uy (Dy x Cy) are disjoint unions contained in [0, 1] x [0, 1]

we have
2
Z/ [ulz) - 2 d:cdy</ / 2y)| dzdy ;
Cy JCy lz—y ‘ [-1,1] J[-1,1] \x—y|

/ / Y ddy</ / ut2) = w4,
Dyp JCy \x—y| [-1,1] J[-1,1] \:L’—y\
o QR =y iy L
7 JDen J Dy |z -y [-1,1] J[-1,1] |z —yl

It follows that
: )\
> Mullfega,) < 0/ / s —dwdy = Cllull3 5y 4y,
P 1,1] J[-1,1]

and we can conclude. O
Remark A.1 By analogous computations one can show that for all » > 0 we have

+oo
el oy = D ellusa

j=—o0

where A7 = Byj+1, \ Bagi-1,., where the equivalence constants do not depend on 7.

Next we compare the H1/2‘ norm of A~V4(MAY*y) with the L? norm of MAY4y,
where u € HY2(IR) and M € HY?*(IR, Myym(IR)), t > 1.

Lemma A.1 Let M € H/*(IR, Myx(IR)), m > 1,t > 1, and u € H/?>(IR). Then there
exist C; > 0, Cy > 0 and ng € IN, independent of u and M, such that, for any r € (0,1),
n > ng and any xg € IR, we have
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—1/4 1/4 N2 14 1o
1A A By 2 [ ISR
+oo
—Cy Z 2h/ |MA1/4u|2 dr |
h=—n Bop,.(%0)\Byh—1,.(z0)
Proof of lemma A.1. We write
AT MAY ) = AT Wy <rpon MAY ) + ATV((L = Lz pon) MAY ) |

where n > 0 is large enough(the threshold will be determined later in the proof).

For any p > 0, we denote by 1|, <, and 1 ,<|, the characteristic functions of the sets
of point x € IR respectively where |z| < p and |z| > p. For all p < o we also denote by
1< |s<o the characteristic function of the set {x € IR ; p < |z| < o}. We have

AT AMA )| gpsagp,y 2 (|ATA (L jon MAY )| a2,
— [[ATYH( = Lygiarjon) MAY )| a2,

> ||A71/4<HT/Z"MA1/4u>||H1/2(BT) - ||A71/4<]1r/2”§|9&|§4rMA1/4U)"Hl/Q(BT)

(109)
— IAT A (Mot MAY )| 125,
> (AT (W< por MAY )| g2,y — AT AWy jn <y <ar MAY W) | sy
— [[ATY A (W pppar MAYA )| 125,
We estimate of the last three terms in (109).
e Estimate of ||A*1/4(ﬂr/2n§|m|§4rMA1/4u)||H1/z(1R).
\\A71/4(nr/2n§|m|§4rMA1/4u)‘@IWUR) = / |MAY |2 da
r/2n<|z|<4r
| (110)

= Z / |MAYA)? da .
2hp<|z|<2ht+1y

h=—n

e Estimate of ||A™Y4(1j¢50, MAY40)|| 125, - We set

g = ]1|$|24TMA1/4u

A7



With this notation we have

||A_1/4(]]_|$|24TMA1/4’UJ)||§'{1/2(Br)

/ / m2*g (|$|2 g)(8)|2dt s

r r |t_$|2

—/ / 1 / Gt Y dras
"o S 1= P \ S D =22 s — 212

by Mean Value Theorem

1 1 2
<o [( / o(a) (e ) s
2
<c[ | / J9()| max(— L )da) dtd
)| max , T s
B \ 52 Jorr<fal<anty [t — x]327 |s — x]3/2
+o0 2

=C / / > / lg() 27321 =32dg | dt ds

T T h=4 2h7‘§‘$‘§2h+1r

by Holder Inequality

2
< C/ / ( e 1(/ lg()]? dx)1/2> dt ds
- - 2ht1pL|p|<2h+1p

by Cauchy-Schwartz Inequality
+00 . +00 .
= C<; ’ ) (; ? /;Qh"’lr(xo)\BQhT(xO)
<C (f 2_h/ | MAY4y)? dx) :
h=4 Bopt1,.(20)\Byh,.(20)

e Estimate of ||A_1/4(]l‘x‘§r/2nMA1/4U)"H1/2(B
We set

(111)

| MAY 4y ? dx)

= {z : 2" < |z < 2"}
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By Localization Theorem A.1 there exists a constant C' > 0 (independent on 7 ) such that

+o0o
||A_1/4(]1\:v\§r/2"MA )||H1/2(R) <C Z ||A_1/4(]1\33\§T/2"MA1/ )||H1/2(AT
h=—o0
< C A (Wjgi<rjon MAY )| [} 5,

—+00

+CY (AT y<pjpn MAY @)l aar)

= (112)

o Estimate of S°,°0 [|A™Y4(1 yj<pjon MAY 4y )||H1/Q(AT We set now

f(x) = Tjgi<r/on (MAY*) .

Using this notation we have

+o0
Z A4 (W gg<pjon MAY )30 A7)

+oo ) ' )
= - d dt d
Z/ /”" (/|$|<r/2” (96)|(||t—95|1/2 |s—x|1/2|) x) 5

by Mean Value Theorem
+o00 . . ,
=¢ / / (/ )| max , dE) dt ds
Z r 2| <rj2n ( )‘ (|t _ ZL‘|3/2 |$ _ :L‘|3/2>
1 r
<C / max(—, / F(@)? da)dt ds

- 2h</ f@P <o [ At i
2n &= | <r/2n 2n B, an (1)

If n is large enough in such a way that C'C'/2" < 1/2, we get, combining (109), (110),
(111), (112) and (113), for some C4, Cy positive,

(113)

A MA )3

zq/ |MAY*u|? da
T/Q"

—CY Z 2 h/ |MAY*u|? dx |
h=—n

2h+1 r\BQhr

(114)
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which ends the proof of the lemma. O

In the following Lemma we compare the H'/2 norm of w = ATV MAY4) in the
annuli A, = Boni1(zg) \ Ban-1(20) with the L? norm in the same annuli of MAY4y. Such
a result will be used in the following Section for suitable localization estimates.

Lemma A.2 Let M € H/?(IR, Myt > 1(IR)), m > 1,t > 1, and u € HY*(IR). Then
there exists C' > 0 such that for every v € (0,1), for alln > ng € IN (ng dependent on ~y
and independent of u and M ), for every k € Z, and any zo € IR, we have

+oo
k—h 1/4 1/4 1/4, 12
N2 ATAMAY )|, By (26)\ By (20)) = 7/ | M Ay |2de
h=k Bok—n (z0)
+ Z / |MAYAu[?de .
he=k—n, Byht1(z0)\Byn—1(z0)

Proof. Given h € Z and ¢ > 3 we set Ap, = Bon+1(x0) \ Bon-1(0) and Dy, = Bonte(20) \
Bon-e(xg) . For simplicity of notations we suppose that xy = 0 but all the following
estimates will be independent on x.

We fix v € (0,1).

We have

() — w(y)P
0l a s s = / / dudy
H/2(An) Ay J A, |z — y|?

+2|[A7Y4(1 — 1p,, ) MAYA

< 2||A™Y4 1 p,  MAY

UHHl/Q(A UHH1/2(Ah

<2|A V4 p,, MAY +2|[ATY4 (1 = 1p,, ) MAVA

u||H1/2(]R) u||H1/2(A )

The constant ¢ will be determined later.

e Estimate of [|A~141p, MA1/4U‘HH1/2(B

1A, MAY )12y = / |MAY | da
Dy n
h+0—1
=) / | MAY* 4 |?dz . (115)

s=h—t Y Bast+1\Bas

We multiply (115) by 25~ and we sum up from h = k to +oo and get

~+00 +00
Y2 HIAT L, MAY |3 gy < C20 ) / | MAY4u|?dz (116)
h=k he=k—¢ ¥ Boht+1\Byr—1
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e Estimate of [[A™Y4(1 - 1p, ) MAY*u >
We set g = (1 — 1p,,)MAY*u

H1/2(A)

2
:1:2*9 22 X 95
HA71/4<1 . ﬂDgh)MA1/4u||H1/2 / / || (| | >< )| dids
' Ay J A,

|t —s|?

1 1 2
2 — - dr | dtd 117
B Ah Ah |t - S|2 (/x>2l+hg<x)(‘x - t‘l/Q |.T - 8‘1/2) x) 5 ( )
]_ ]_ 1 2
2 T - dr | dtds.

We estimate the last two terms in (117).
2
1. Estimate of [, [, ﬁ (f|1|>2[+h g(a:)(‘gc_llf‘l/2 - |x—i|1/2)dx> dtds .

1 ]_ 1 2
It — 5|2 xr - dr | dtds
/Ah /Ah ‘t_5|2 (/|$|>2z+hg< )(‘x—t|1/2 |:L’—8‘1/2> )
2
= C/ / / (&) max(— R
g(x) max , " 5
An S An \g=pte /2 <lol<20H |z —t3/27 | — s[3/2

by Hélder Inequahty (118)

0o 2
<C / / > 2 / \g(x)Pdz)'/? | dtds
Ap S An \ s=h4r 28 <z <25+L

by Cauchy-Schwartz Inequality

< 2% 2% 275( / )|*dx
- ( Z < Z s<|$|<25+1 |

s=h+{ s=h+{
< C2ht Z 2_8/ lg(z)[*dx | .
s=h+?¢ 25<|z[<25+L

We observe that in (118) we use the fact that, since £ > 3 then |z — ¢|, |z — s| > 257! for
every x,y € Ay and 2% < |¢| < 25F1,
We multiply the last term in (118) by 2*~" where k € Z, and we sum up from h = k

o1



to +00. We get

—+00 e’}
2k7h2hff 9—s / MA1/4U le’
) )RR . |

h=k s=h+(
+oo
=27 Y (s —t—k) ( / |MA1/4u\2d:c) (119)
skt 2<fal <204
+o0 .
<c2t Yy 2 (/ \MA1/4u\2da:) .
g 2e<fo|<2eH

2
2. Estimate of fAh ‘fAh ﬁ (f|1|<2h_[g(:c)(|$_1|1/2 — ‘x_i‘w)da:> dtds .
For h > k we have

//L/ () (—— 1)d2dtd
Sy o= \Speane DN g =52 T a2’ ) N

ny Mean Value Theorem

1 1 ?
<C dr | dtd 120
<0 S s mot g s ) e 120

< C/ / 9 3hoh=t (/ |g(:p)|2dx) dtds
Ah Ah, |!L’|<2h_£

= 02_4/ | MAY 4y da
|z|<2h—t

=27 </ |MAY*u|*dx +
|x|<2k—¢

In (120) we use the fact that since £ > 3, ¢,s € A, and |z| < 2" we have |z —s|, |z —t| >
oh-2.

We multiply (120) by 2~ and we sum up from h = k to +oo. We get

// 1 / () (—— L g "t
S, [E= 52 \Jgjaanee T e =12~ w2’ ) N

h—¢

Z / |IMAYA?dz | .
2o<lgl<2ett

s=k—¢

+oo
<Cc2! / | MAY A u)Pde + €272 Y 2kt / |MAY u|?dx . (121)
|| <2k—¢ hek—t 2h < || <2h+1
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We choose £ so that C27¢ < v and let ng > £. Then for all n > ny we obtain

—+00

Z Qkfh

h=k

gy/ | MAY )2 dx + Z k= h/ |MAY4u)dz .
|z|<2k—"

h=k—n 2h<le|<2h+t

h—¢

Z / | MAY*u|dx
s=k—gJ 2°<|z|<27H1

c27* / |MAY4)?de + C27%
|z|<2k—¢

By combining (116), (119), (121), for n > ny we finally get

+o00o
Z 2k—h| |A_1/4(MA1/4U)||§_-11/2(A
h=Fk
400
< / |MAY A uPde + ) / F=h MAVAu)|?d .
‘l“<2k n 2h71§|$|§2h+1
and we conclude the proof. O

Next we show a sort of Poincaré Inequality for functions in H'/2(IR) having compact

support. We remark that in general the extension by zero of a function in H, / Q) =
1/2

Cse (2 )H , © open subset of IR is not in H'2(IR). This is the reason why Lions and
Magenes [13] introduced the set HééQ(Q) for which Poincaré Inequality holds.

Theorem A.2 Let v € HY?(IR) be such that supp(v) C (—1,1).
Then v € L*([—1,1]) and

/[ I < Clel(-2.2).

/ 7)|*dr < 9/ /
—1,1 1<|y\<2\ |z <1 |$ - y|
/ / — 2al xdy
1<ly|<2 J|z|<1 |$ y|
of [ Mawr,,
1<ly|<2| /=<1 |$ — Y

C Md dy = C|| ||2 ([~2,2])
B ly|<2| J|z|<2 |z — y|? ray = Ullf1/2 ,2]).

We can conclude. O

Proof. We have

| /\

| /\

N
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From Lemma A.2 it follows that

oIl 2(=rmy < CTY2 012y -

The following three results justify the exchange between infinite summations, pseudod-
ifferential operators and integrals that we perform several times to obtain the localization
estimates in Section 4.

In Lemma A.3 (resp. Lemma A.4) we consider a functions g € H/?(IR)NL>(IR) (resp.
f € HYV2(IR) N L=(IR)) whose support is contained in By (resp. BSy). We estimate the
L?*norm of AY4g (resp. AY4f) in annuli Ay = Bon \ Bon-1 with h > k (resp. h < N).

Lemma A.3 Let g € H/?(IR) N L>°(IR) be such that supp(g) C By (IR). Then for all
h >k + 3 we have
1A 9|z, < €20, (122)

where Ap = By \ Bywr and C' depends on ||gl| /2y 191 L () -
Proof . We fix >k + 3 and let x € A;. We set g, = |Ba| ™! [, g(x)dr. We have
2

A1/4g(x) — lim M%(/f)d
= lim M%’(/‘z)d
y€B2k
< ¥ B [ lotw) - guldy
By,

Logoan / 9(2) — Geldy
By
< 2 (lgl s + 1ol =)

In the last inequality we use the fact that H'2(IR) — BMO(IR) . It follows that
[ 189G ds < 02 gy + 9By
h

Thus (122) holds and we conclude. O

Lemma A.4 Let f € HY?(IR) N L=(IR) be such that supp(f) C Biy(IR). Then for all
h < N —3 we have .
[AYA f|| 124,y de < C272 (123)

where C' depends on || f|| /2y, [ f]£e< -

o4



Proof . Let h < N — 3 and = € A;,. We have

1/4 o fly) = f(=z)
AV f(z) = lim s W (124)
L fy) — flz) fy) — f(z)
— 6};%%_1 {LN_12|19|25 e dy + /|my|22N_l z — y[3/2 dy

We observe that if |z —y| < 2V=2 and x € Ay, then |y| < 2V¥7! and thus f(y) = f(z) = 0.

Hence
fly) — f(z) fly) — f(z)
124) = 7d =2 125
( ) /2N 2<jz—y|<2N +/N<:v Yy Y ( )

|z — y[*2 |z — y|??

< CLR722Y(| fll ey + | leamy) + 2721 fll o)

< C2 (|| fll gy + |1 F | ooy -
From (125) it follows that

A AV f () Pde < C2 VM 13y + 1112 m)
h

and thus (123) holds. O
Corollary A.1 Let g € HY?(IR) N L>®(IR) with supp(g) € Bk, for some k € Z and

for every N > 0 let fy be a sequence in H'?(IR) N L®(IR) such that ||fn|j2qm) +
| fnllpeemy £ C (C independent on N) and supp(fn) C By Then

lim AYA fy(z)AY A g(z)dz = 0 (126)

N—+o0 R

Proof. We split the integral in (126) as follows

/ AVA fy () AV g ()
R

k+2

Z/ AV fy(2) AV g(x)da + Z / AVAfy () AV A g(x)de  (127)
—oc0 / An h=k+3

+ Z / AV fy(2) AV g (z)de .

h=N-1

We estimate the three summations in (127). We take N > k.
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By applying Lemma A.4 we have

k+2 k+2

S [ avp@atiede < 3 ([ 1AV P a7
h=—o00 / An h=—cc “An An
k+2 .
< Clallgnrlfllgsngay + 1nllimim) 3 25"
h=—0oc0
< 27 (128)

By Lemma A.3 we have

—+00 —+00
> /AA”A‘f(:c)A”“g(x)dx < Clnlliream 9l iz + 9ll=m) Y 257"
h

h=N-1 h=N-1
< Oo2FN (129)
Finally by applying both Lemmae A.3 and A.4 we get
N—2 oo
Z / A1/4fN<.T)A1/4g(LU)dI' < CQk—N/Z Z 2—/7,/2
h=k4+3 Ap, h=k+3
k—N

<C27 . (130)
By combining (127), (128) and (129) we get (126) and we can conclude. O

We conclude this Section with the following technical result.

Proposition A.1 Let (ag), be a sequence of positive real numbers satisfying Z;ioo ai <

+o00 and for every n <0

n —+00
Yai<c < 3 2%’%) . (131)

—00 k=n-+1

Then there are 0 < <1, C >0 and n < 0 such that for n < n we have
d gy <o,
Proof. For n <0, we set A, =>."__a?. We have a? = Ay — Aj_; and thus

n+

+oo +o0
A <C N 2 (A= A) SCOL-1/V2) Y 275 A - CA,L
k=n+1 k=n+1
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Therefore

+o0
Ay <7y 25 A (132)

n+1

7=l -1/v2)<1-1/v2.

The relation (132) implies the following estimate

n+l—~k

+o0o
A, <TAL +722

n+2

Ay, (133)

Now we apply induction on A, 7 in (133) and we get

(133) <72 (fz”*i’“ ) +— (Z 2" kAk)

n—+2 n+2

=7(1 +1/V2) (i 2%2_161419)

n+2

+oo
= 7(7 +1/V2) |Aua + 1/V2 Y2757 4,

n+3
by applying induction on A, 2

400
(1 +1/v2)? ZQ%HA

n+3

IN

m(r+1/V2)" Zz kA
oo (£) (£

k=—o00

<2r(T+1/V/2)™" Z a;

k=—00

<0y,
with v = 7(7 + 1/4/2)~". Therefore for some 3 € (0,1) and for all n < 0 we have
A, <C(@2")°. O
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