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Abstract.[In this paper, our concern is to present and solve the
problem of pricing oil futures. For this purpose, firstly we con-
sidered the well-known Schwartz’s model, in which the oil futures
price is based on spot price of oil and convenience yield, How-
ever, the main difference here is that we have assumed that the
former was imposed to some jumps, thus we added a jump term
to the model of spot price. In our case, the oil future price
model would be a Partial Integral Differential Equation (PIDE).
Since, no closed form solution can be suggested for these kind
of equations, we desire to solve our model with an appropriate
numerical method. Although Finite Differences (FD) or Finite
Elements (FE) is a common method for doing so, in this paper,
we propose an alternative method based on Radial Basis Func-
tions (RBF).]
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1 Introduction

Nowadays, science and technology are able to improve the quality of life,
making it more comfortable. In addition, they can increase capital for
businesses and economic activities. Therefore, engineers, physicians, math-
ematicians and many other scientists have drawn their attention to the
financial models. Admittedly, new mathematical models play a major part
in economic and financial markets analysis. The main goal of these mathe-
matical models is to find and represent fair price for derivatives and bonds.
In this case, many useful efforts have been recently made by Neisy and
Salmani in [1], R. C. Merton [13], Kou and Wang [16] and S. L. Heston [17].
Although the mentioned articles were mainly about options, this paper was
done in an effort to discover new models for oil derivatives usage.

It is known that in Middle Eastern Countries, oil industry is of great
importance and many great firms and operations rely, directly and indi-
rectly, on the oil price. Obviously, one way for these companies is to hedge
their risk against changes that occur in the spot price of oil, using oil future
contracts. As a result, it would be crucial to construct models which are
able to suggest fair price for these derivatives.

Even the most valid institutions prioritize financial modeling. Thus, af-
ter studying petroleum markets and a variety of articles such as F. Jamshid-
ian and M. Fein [5] and, G. Cortazar and E. S. Schwartz [6,7], it was indi-
cated that petroleum futures may have a crucial place in risk hedging, and
may control financial crisis.

In addition, great money and expenditures have been spent on oil sec-
tions to buy software, computer packages, and other facilities in the above-
mentioned countries. It is very important that oil discovery and extraction
process result in a Petroleum Sell Contract (PSC) that has been studied.

Keeping in mind the importance of this field, we firstly extend the model
based on spot price of oil and convenience yield, which was introduced by
Schwartz [7]. However, jump-diffusion term is added to the spot price
of oil dynamic. Then, with regards to these underlying assets, using free
arbitrage portfolio strategy, we obtain a model in the form of Partial-Integro
Differential Equation (PIDE). Due to the existence of stochastic terms as
well as jump term, the so-constructed model enables us to obtain reliable
price. On the other hand, clearly, no closed form solution can be found
for our model, due to the nature of PIDE models. Thus, selecting an
appropriate numerical method for solving the pricing equation is another
step which needs to be taken in order to find a fair price for the oil futures.
Before suggesting a numerical method and going through it, in this study,
we assumed that oil future price is based on two underlying assets which
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lead us to a two-dimensional PIDE. However, it is not far-fetched that
the oil future price can be considered to be dependent on more than two
underlying assets, and as a result, the desired model would be more than
two dimensional. Needless to say, it would be hard to deal with three or
more dimensional PIDE. Therefore, in this work, we propose the use of
Radial Basis Function (RBF) approximation for solving our model, since
RBF are more flexible and suitable for high dimensional problems (this is
known as ”dimension blindness”) comparing with other common numerical
methods, such as finite differences.

The remainder of the article is organized as follows: In section 2, we
present our model for pricing oil futures which is based on two underlying
assets, one of which is imposed to jump. In section 3, we firstly highlight
some notions of RBF method, with hopes of achieving a reasonable price for
oil futures. In section 4 we apply it to our model, using real and simulated
data (by using MATLAB), then we discuss and analyse the numerical re-
sults. Eventually, section 5 contains conclusion as well as, some suggestions
for further research.

2 Mathematical Formulations

In this section, we are going to discuss the future price model that includes
jump and diffusion terms. The main reason behind considering a jump term
is simply that a derivative price does not necessarily change in a continuous
way in the real market, but there are some minor or major sudden changes
in their value. Considering this explanation, it makes sense to consider
a jump term in our model. Starting from Schwartz’s model (cf. [7]), we
develop an alternative model for underlying assets (see [15])

For this purpose, assume S as the spot price of oil and z as the instan-
taneous convenience yield. Then, for a given T ∈ R, T > 0, the changes of
the spot price can be expressed as follows:

dS = (r − z)Sdt+ σsSdWS + (J − 1)Sdp = dSSC + dSJM , 0 < t < T

dz = [κ(a− z)− l]dt+ σzdWz, 0 < t < T (1)

where r is the risk free interest rate, σs and σz are the volatility of the
spot price and the convenience yield dynamics, respectively, κ is the mean-
reverting coefficient, a, the long-term convenience yield, and l is the ex-
pected drift. Furthermore, dWz is the standard Wiener process under Q
correlated with dWS such that:

Cov(dWs, dWa) = ρdt (2)
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The reader should note that here we can consider the dynamic of S
with two components. First

dSSC = (r − z)Sdt+ σsSdWS

which is for the Schwartz’s model, and the second part

dSJM = (J − 1)Sdp

which is the jump-diffusion term, such that p is an independent Poisson
process with density of γ > 0. As a result, dp can be expressed as follows:

dp =

{
0 with probablity 1− γdt,
1 with probablity γdt

Additionally, the total change in spot price of oil is easily represented as:

dSt = dSSC + dSJD (3)

Before going through the future model, we would like to stress that, in
this paper, there is a significant assumption which is convenience yield z
can be traded in the market.

Now to begin, suppose that D is a portfolio containing the futures whose
value is G = G(S, z, t), the quantity ∆1 of the spot price of oil and ∆2 of
convenience yield. Therefore, we would have

D = G−∆1S −∆2z

Now, any kind of change in the value of portfolio can be expressed as:

dD = dDSC + dDJM (4)

where

- dDSC is the variations in value of portfolio for underlying spot price
of oil with Schwartz’s model,

- dDJM is the variations due to the pure jump.

Then, from Ito’s lemma, we have:

dDSC =dG(S, z, t)−∆1dSSC −∆2dz

=
∂G

∂t
dt+

∂G

∂S
dSSC +

∂G

∂z
dz +

1

2

∂2G

∂S2
(dSSC)2 +

1

2

∂2G

∂z2
(dz)2

+
∂2G

∂z∂S
Cov(dSSC , dz)−∆1dSSC −∆2(dz) (5)
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so that(
dSSC

)2
= (r − z)2S2dt2 + 2(r − z)S2σsSSdWSdt+ σ2sS

2dWSdWS

= σ2sS
2dt

(dz)2 = σ2zdW
2
z = σ2zdt,

Cov(dSSC , dz) = σsSσzCov(dWS , dWz) = ρσSSσzdt

Now by plugging (1) and above formulas into (5), we have:

dDSC =
(∂G
∂t

+
1

2
σ2SS

2∂
2G

∂S2
+

1

2
σ2z
∂2G

∂z2
+ ρσSSσz

∂2G

∂z∂S

)
dt(∂G

∂S
−∆1

)
(dSSC)

(∂G
∂z
−∆2

)
(dz) (6)

In order to make this portfolio instantaneously risk free, we have to elim-
inate the risk terms containing S and z by setting each part equal to 0
separately. Hence, we have:

∂G

∂S
= ∆S and

∂G

∂z
= ∆z

Now for the jump-diffusion term:

dDJM = [G(JS, z, t)−G(S, z, t)]dq − ∂G

∂S
(J − 1)Sdq

we assume that the jumps are uncorrelated and the variance of the portfolio
of portfolios is small (there is little risk). Then, the expected return should
be:

E[dD] = E[dDSC ] + E[dDJM ] = rDdt

Now, with the substitution of the aforementioned equations, we find
that:

r(G− ∂G

∂S
S − ∂G

∂z
z)dt =

(∂G
∂t

+
1

2
σ2SS

2∂
2G

∂S2
+

1

2
σ2z
∂2G

∂z2
+ ρσSSσz

∂2G

∂z∂S

)
dt(

+ E[G(JS, z, t)]−G(S, z, t)− ∂G

∂S
E[(J − 1)]S

)
γdt

After collecting all terms on one side, the following equation is easily ob-
tained:

∂G

∂t
+
σ2SS

2

2

∂2G

∂S2
+
σ2z
2

∂2G

∂z2
+
(
rS − Shγ

)∂G
∂S

+
(
rz
)∂G
∂z

+ SσSσzρ
∂2G

∂S∂z
−
(
r + γ

)
G+ γE[G(JS, z, t)]

(7)
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where

E[G(JS, z, t)] =

∫ ∞
0

G(JS, z, t)p(J)dJ,

h = E[(J − 1].

Needless to say, computing expectation of G[(JS, z, t)] depends on knowing
probability distribution function of occurring J . Since most of the jumps
are mainly due to political, economical issues or natural catastrophe, it
is common to consider PDF of occurring J as a continuous PDF such as
log-normal or Pareto distribution. Evidently, after selecting an appropriate
function, determining variables of PDF is of great importance. In equation
(7), a model is represented which is free from the drift of both underlying
assets and determines the evolution of the oil futures price, which is based
on spot price of oil and convenience yield. However, as it was previously
mentioned, when it comes to solving the PIDE, some difficulties emerge,
from the numerical point of view due to the integral-part.

Additionally, the initial and boundary conditions for the proposed oil
futures, presented in the equation (7), are as follows:

F (x, z, 0) = x,

F (x, 0, t) = xerτ ,

F (0, z, τ) = 0,

F (x, inf, τ)→ 0,

F (inf, z, τ)→∞

This is because, when convenience yield goes very high, holders of the
commodity in the market try to keep their commodity and so they do not
buy or sell it for any price in the future. On the other hand, when the value
is very low, it means that the holders of the commodity in the market try
to buy or sell it for a certain price in the future.

3 Radial Basis Functions for the numerical solu-
tion

In this section, our goal is to show how to solve (7) using a proper nu-
merical method. Although Monte Carlo or Finite Differences method are
more common in financial problems including American option pricing (cf.
e.g [11]), in this work, Radial Basis Function has been suggested. Similar to
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Monte Carlo or Finite Differences, RBF has its own advantages and disad-
vantages. A basic knowledge concerning the RBF approximation method
is briefly discussed in this section. However, the readers are referred to the
references mentioned in [8, 12].

Basically, using RBF approximation, we assume that there is a function
called ϕ : [0,∞)→ R and a coefficient function α, such that, we can write
F (X, t) as

F (W, t) =
N∑
j=1

α(t)ϕ(ε||W − wj ||) (8)

where W and wj are multidimensional vectors. The centers wj are some
scattered points in our multidimensional domain, say Ω ⊂ Rd, providing a
discretization of Ω, with no restriction on their location. Finally, ϕ is called
kernel and ‖ ‖ is the Euclidean norm. α(t) are the coefficient functions
of t, and should be determined with regard to the initial and boundary
condition that the equation (PDE or PIDE) must satisfy. In addition, the
shape parameter ε which, has a significant effect upon the accuracy and
stability of the approximation process [2–4].

There are multiple choices for the kernel function ϕ in (8). These in-
clude: Multiquadrics (MQ), Inverse Multiquadrics (IM), Inverse Quadric,
each of which has its own features (for more details see [4,12]). However, in
this paper, based on later discussion, we select the Gaussian kernel which
is of the form:

ϕ(||W − wj ||) = exp−
||W−wj ||

ε2 (9)

Obviously, due to the norm inside the function ϕ this method is completely
“dimension-blind”, at least from a theoretical standpoint. In fact, radial
basis function depends only on distance of the points from the centers wj .

Since in financial modeling the dimension of the PDE is determined by
the number of underlying assets, it is required to find a numerical method
which can be used when the dimension grows, Hence, the RBF approach ap-
pears to be completely useful because, as just mentioned, only the distance
between the points is involved. Furthermore, another point that makes this
method attractive, is that unlike FD method no mesh is needed. In other
words, the RBF method can be used for meshfree or scattered data.

On the other hand, one of the main drawbacks of this method is that,
after inserting (8) in the PDE problem, the outcome is a linear system,
which can be severely ill-conditioned. Although much research has been
conducted in the recent years to overcome this problem, there are no clear
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conditions ensuring that we will not face ill-conditioning ( [4, 12, 13]). The
most relevant solutions are in the direction of the so-called trade-off prin-
ciple (see [8, 12]). Another solution deals with localization techniques,
the most popular is the partition of unity method [3]. Furthermore, well-
posedness of the boundary condition is of great importance, and sometimes
it is the main source of problem in the numerical results. In this work, we
use the method presented in [11], which enforces initial and boundary con-
ditions to avoid these difficulties. Readers are recommended to see [8,9] for
further information about these topics.

The initial step in applying the RBF method to the PIDE (7) consists
changing the variable τ = T − t, that allows us to rewrite (7) as:

∂G

∂t
+
σ2SS

2

2

∂2G

∂S2
+
σ2z
2

∂2G

∂z2
+
(
rS − Shγ

)∂G
∂S

+
(
rz
)∂G
∂z

+ SσSσzρ
∂2G

∂S∂z
−
(
r + γ

)
G+ γE[G(JS, z, t)]

(10)

Then, we take an arbitrary discretization of the centers wj with 1 < j <
N such that wj = (xj , zj) . In addition, since we are using collocation
approach, we require partial derivatives of our pricing function (in RBF’s
form):

∂F

∂τ
=

N∑
j=1

α̇(τ)ϕ(||W − wj ||) (11)

∂F

∂Wi
=

N∑
j=1

α(τ)
−2(Wi − wj,i)

ε2
exp−

||W−wj ||
ε2 (12)

∂2F

∂Wi∂Wk
=

N∑
j=1

α(τ)
4(Wi − wj,i)(Wk − wj,i)

ε4
exp−

||W−wj ||
ε2 (13)

with wj,i indicating the i-th component of the j-th point.

Additionally, for the integral part, by using the method described in
[18], we have:∫ ηu

ηd

N∑
j=1

αjϕ(||W − wj ||)h(J)dJ =

N∑
j=1

αj

∫ ηu

ηd

ϕ(||W − wj ||)h(J)dJ (14)

which leads us to:

N∑
j=1

αj

n∑
k=1

ϕ(||W + (J, 0)− wj ||)h(Jk) (15)
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where the function p is the PDF (probability distribution function) of oc-
curring a jump. As it has been briefly discussed in the previous section, it
should be modeled with a continuous PDF. Thus, we assume the magnitude
of the occurred jump, follows a log-normal function, so:

h(J) =
e−

1
2

(lnJ−µ)2

Λ

ΛJ
√

2π
(16)

Now, considering L as the distance matrix of the centers and the scat-
tered points regarding the function ϕ; LS the distance matrix of the scat-
tered points and the centers regarding the function ϕS , by forming the
other matrix, we can rewrite equation (10) in the matrix form

Lα̇+
(σ2S

2
LSS+

σ2z
2
Lzz+

(
r−hγ

)
LS+

(
r
)
Lz+σSσzρLSz−

(
r+γ

)
L+LJ

)
α = 0

Calling with R the coefficient of α, we can rewrite the above equation in
the form

Lα̇+Rα = 0 (17)

which is an ODE of t. By using the well-known θ-method, equation (17)
can be re-written as follows.

L
(αn+1 − αn

∆t

)
+ ΘRαn+1 + (1−Θ)Rαn = 0

Choosing Θ = 1 (which gives the implicit Euler method), we get

αn = L−1
(
L+R∆t)αn+1 (18)

α(0) = IN × L−1

where IN indicates the initial conditions.

4 Numerical results

In this section, we present two different numerical experiments. In the first
example, some parameters are obtained from [19] and some are simulated.
While in the second, real data set retrieved from the well-known website
www.quandl.com. In fact, in the latter, some of the important statistics are
calculated with regards to the data set. Subsequently, parameter estimation
techniques are applied in order to estimate the parameters of the model such
as volatility. Eventually, using numerical solvers from Matlab, equation
(17) is solved for each case separately. The reader should note that, in

www.quandl.com
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both examples, we restrict the underlying assets to a finite value which is
the interval 0 to 4. Furthermore, though there is no theoretical restriction
for selecting the location of the centers (except their dissimilarity), here we
consider a regular discretization in both examples. Another key aspect is
that, in both cases, we will not take jump term into consideration for the
sake of simplicity, particularly, no jump can be found in our selected data
set which means, it would be meaningless to attempt to estimate jump
term parameters. However, a very good suggestion for a further research
is to look for data set, in which some unexpected jumps occurred.

Therefore, for our first numerical experiment, we would have:

Parameter Estimated value

r 0.1

ρ 0.766

σs 0.3

σz 0.5

Table 1: Parameter Values of the Model

Figure 1: RBF Solution Using N = 16 Points

Regarding the shape parameter, though there are various algorithms
aimed to optimize ε, here we didn’t go through those methods. Instead, we
obtained ε = 0.533 using trial and error, similar to the other parameters.
It is worth to remind that the shape parameter affects both accuracy and
stability of the approximation method. In fact, as ε increases, so does the
accuracy, but it leads the algorithm to an ill-conditioning system which
results in instability, and vice-versa. Therefore, determining the value of
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the shape parameter follows, as already pointed out, the trade-off principle
(for further information see [8]).

In the second experiment, we intend to explain a more detailed example.
For this purpose, consider the data set consists of daily observations for
five WTI crude oil futures, including F1, F2, F3, F4 and F5, where F1
is the contract closest to the maturity, F2 is the second contract close to
the maturity, etc. We select the data from 23 November 2015 to 31 May
2018. Figure 2 displays the time series plots of the prices of the five futures
contracts. We take the future prices from 23 November 2015 to 31 May 2018
as in-sample data and the futures prices from 01 June 2018 to 31 December
2018 as out-of-sample data. The basic statistics for these data are described
in the table 2. As already pointed out, the parameters are approximated
using parameters estimation algorithms (for more information, the reader
might see [20]).

Figure 2: Future Prices

From the time-series, following statistics could be achieved:

Future contracts Price(Mean) Price(Standard deviation) Maturity(Mean) Maturity(Standard deviation)
F1 52.82 3.0911 3.3433 0.7279
F2 52.77 3.0397 3.4266 0.7279
F3 52.9014 2.7524 4.1766 0.7279
F4 52.99 2.7062 4.5933 0.7279
F5 53.18 2.7233 4.8433 0.7279

Table 2: Basic Statistics
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Now, using parameter estimation algorithms, we obtained

Parameter Estimated value

r 0.3

ρ 0.8042

σs 0.4329

σz 0.2675

Table 3: Estimated parameter of the Model

Again, after multiple trial and error, we realized that ε = 0.600 could
be an appropriate value for the shape parameter. Now, for 21 points, the
solution is plotted in Figure 3.

Figure 3: RBF solution using N=21 points

Comparing figures 1 and 3, it can be easily seen that, increasing the
number of centers may lead to smoother function approximation whereas,
large number of centers may result in higher computational cost; so, it
would not be an easy task to decide the number of centers when dealing
with RBF approximation method.

Before bringing this section to an end, there is a significant point that’s
worth discussing which is, radial basis functions do not satisfy the boundary
conditions automatically, hence at each time step, it’s required to enforce
the initial and boundary condition to the solution vector. Afterwards, the
coefficient vector should be updated by resolving the linear system. The
reason behind this is some potential problems that may come to existence at
the boundary collocation points. The reader may find more comprehensive
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information in [19].

5 Conclusions and future works

This work represents a model based on the works of E. S. Schwartz in
( [6, 7]). Above all, it contains jump-diffusion terms which were not con-
sidered in the mentioned works. In the context of this study, oil futures
price is based on two stochastic variables, namely spot price of oil and the
convenience yield, the former possibly being the main source of jump. It
is because, as discussed previously, the spot price of oil is heavily influ-
enced by political or economic phenomena. Therefore, it is understandable
to consider jump-diffusion terms in the modeling of the underlying assets.
Also, for the numerical solution we proposed RBF approximation which is
fairly new approach in future contracts pricing. As it was mentioned, the
good thing about RBF method is that it works for high-dimensional prob-
lems. Henceforth, bringing up interest rates as a third underlying asset, the
method might be considered in further and future studies. Another thing
that should be highlighted is that finding real data, on which sudden jumps
have occurred, as well as estimation parameters could be a great contribu-
tion to this field. Last but not least, since Gaussian is globally supported,
the resulting matrix in the linear system is full, which makes the computa-
tional cost relatively high. On the other hand, using compactly supported
kernels will lead to sparse matrix, so it would increase the efficiency of this
method. In summary, this paper suggests RBF method as a possible way
for solving the problem of pricing futures which is based on more than one
underlying asset.
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