
Computational Methods for Inverse Problems

and Applications in Image Processing

Project 1: Phase Reconstruction

In this project we consider a rank deficient least squares problem that arises in astronomical imaging.

Light reflected off of objects in space is distorted as it passes through the atmosphere, and causes
images views by ground based telescopes to be blurred. Removing the blur using computational
techniques is an example of an ill-posed inverse problem. Before we can discuss image deblurring,
though, it is necessary to obtain an estimate of the blurring operation. In particular, we need
to obtain an estimate of the point spread function (PSF). The Fourier optics model of the PSF
resulting from atmospheric turbulence is

PSF(x, y) =
∣∣∣F−1

{
P (x, y)eiφ(x,y)

}∣∣∣2
where F−1 is the inverse Fourier transform, P (x, y) is the pupil mask function (a characteristic
function, with 1 inside the region defined by the pupil aperture, and 0 outside), i =

√
−1, and

φ(x, y) is the wave-front phase.
Some modern telescopes include a wave-front sensor (WFS) that can be used to measure x and

y gradients of φ(x, y). The first step, then, is to compute φ from these wavefront gradients. The
reconstruction of φ from its measured gradients, is a rank deficient least squares problem.

The computational problem can be formulated as

min
φ
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φ

∥∥∥∥∥
[
F ⊗H
H ⊗ F

]
φ−

[
dx
dy

]∥∥∥∥∥
2

2

,

where ⊗ denotes Kronecker product (see Kronecker product notes if you need additional infor-
mation). The precise structure of F and H depend on the WFS, but the are essentially finite
difference approximation matrices. There is a built-in MATLAB function kron that can be used to
explicitly form Kronecker products, but you should only if n is small, or if the matrices are sparse.
Although sparse matrix methods can be used in this problem, we will find an SVD based approach
that does not require explicitly forming Kronecker products.

1. Given two n × n matrices F and H, the generalized singular value decomposition (GSVD)
computes the decompositions:

F = UΣY T and H = V∆Y T

where U and V are n×n orthogonal matrices, Σ and ∆ are diagonal matrices with nonneg-
ative diagonal elements, and Y is a nonsingular matrix.

(a) Show that if H is nonsingular, then the SVD of FH−1 can be obtained from the GSVD
of F and H. Thus, the GSVD is sometimes called the quotient SVD.



(b) Using the GSVD of F and H show that we can obtain a factorization of the form:

A =

[
F ⊗H
H ⊗ F

]
= WDZT

where W is an orthogonal matrix involving Kronecker products of U and V , Z is
a nonsingular matrix involving Kronecker products of Y , and D is a block diagonal
matrix of the form:

D =

[
Σ⊗∆
∆⊗Σ

]

2. Show that
‖Aφ− d‖22 = ‖Dφ̂− d̂‖22

where φ̂ is defined in terms of Z and φ, and

d̂ =

[
d̂x
d̂y

]

is defined in terms of W and d.

3. Now we look at solving the LS problem:

min
x̂
‖Dφ̂− d̂‖22

Since D is a block diagonal matrix, we should be able to do this efficiently using Givens
(plane) rotations. In particular, we want to use Givens rotations to (implicitly) construct an
orthogonal matrix Q such that

‖QTDφ̂−QT d̂‖22 = ‖D̃φ̂− d̃‖22

where D̃ is diagonal; that is,

D̃ = QTD = QT
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and d̃ = QT d̂.

But we need to do this without explicitly forming Σ⊗∆, ∆⊗Σ, D or D̃. Instead, we want
to work only with vectors containing the diagonal entries of these matrices.

(a) Show that:
diag(Σ⊗∆) = diag(Σ)⊗ diag(∆),

where diag(C) forms a column vector containing the diagonal entries of the given matrix
C. Note that a similar relation holds for diag(∆⊗Σ).



(b) Show that from just the vectors

sx = diag(Σ)⊗ diag(∆) and sy = diag(∆)⊗ diag(Σ)

you can find the necessary Givens rotations to reduce the block diagonal matrix D to the
diagonal matrix D̃. Moreover, show that you can obtain the vector diag(D̃) without
explicitly forming the matrix D̃.

(c) Show that these Givens rotations can be applied to d̂, obtaining d̃ = QTd, without
explicitly forming Q.

4. Now it’s time to put everything together and write some MATLAB code to solve our Kronecker
product structured least squares problem.

(a) First we will need a function that can compute a Givens (plane) rotation. This can be
done using the built-in MATLAB function: planerot.
Specifically, if y is a vector with two elements, then

G = planerot(y);

constructs a 2× 2 orthogonal matrix such that

Gy =

[
r
0

]

where r = ‖y‖2.
(b) Write a function PhaseRecon.m with the following specification:

function phi = PhaseRecon(F, H, dx, dy)

%

% This function solves the phase reconstruction LS problem:

%

% || / kron(F,H) \ / dx(:) \ ||

% min || | | phi - | | ||

% || \ kron(H,F) / \ dy(:) / ||

%

% without explicitly forming the matrices kron(F,H) and kron(H,F).

%

% Input: F - n-by-n matrix

% H - n-by-n matrix

% dx - n-by-n array containing measured phase x-gradients

% dy - n-by-n array containing measured phase y-gradients

%

% Output: phi - solution of phase reconstruction LS problem

%

The steps in your code should follow what you did in the previous problems. That is,

• Use the built-in MATLAB function gsvd to compute the GSVD of F and H.



• Use properties of Kronecker products to compute d̂x and d̂y without explicitly form-
ing any Kronecker products. You should make use of the built-in MATLAB function
reshape.

• Compute the vectors

sx = diag(Σ)⊗ diag(∆) and sy = diag(∆)⊗ diag(Σ)

here you should make use of the built-in MATLAB functions diag and kron.

• Next use planerot to reduce the block diagonal elements of D to the diagonal
elements of D̃, and also to transform d̂ to d̃. You should only need to access the
vectors sx and sy, and not create the diagonal matrices explicitly. You will need
one for loop to do this.

• Now you should have s̃ = diag(D̃) and d̃, from which it should be a trivial matter,
using the MATLAB ./ operator, to compute the solution of

min
φ̂
‖D̃φ̂− d̃‖22

• Now the last step is to compute φ from φ̂. You need to recall how these two vectors
are related. This should suggest that you again need to use properties of Kronecker
products here. You should also make use of \ (the MATLAB back-slash operator)
and / (the MATLAB forwad-slash operator), as well as reshape.

5. To test your method, use the data from:

www.math.unipd.it/~dottmath/corsi2014/lecturenotes/Nagy/Project1_Data.mat

or you can get the data from:

www.mathcs.emory.edu/~nagy/Padova

and test:

load Project1_Data

figure(1), clf, imagesc(phi_true), axis image

figure(2), clf, imagesc(dx), axis image

figure(3), clf, imagesc(dy), axis image

phi = PhaseRecon(F, H, dx, dy);

figure(4), clf, imagesc(phi), axis image


