
Ordered K-theory
The theory of additive and non-negative invariants for rings and modules

Exercises 1.
Starred exercises are somewhat more challenging.

1. Show that f : G → H is an o-isomorphism between the po-groups G and H (i.e. F
has an inverse o-homorphism) if and only if F is a group isomorphism and it maps the
posttive cone of G onto the positive cone of H.

2. Show the the universal groups K0(C) and KO(C) are unique up to isomorphism,
respectively o-isomorphism.

3. Let C be a category closed under finite direct sums. Show that every element of K0(C)
(resp. KO(C)) are of the form [A]− [B] (resp. 〈A〉 − 〈B〉).

4.∗ Find a closed category C such that K0(C) 6= KO(C) i.e. the pre-order on K0(C) is not
a partial order.

5. Show that Goldie’s Uniform Dimension, as defined in Example 3 for all modules, is
additive over direct sums but not, in general over short exact sequences.

6. Let V be a countable (not finite) dimensional vector space over some field F and let
R = EndF (V ) be it’s endomorphism ring. Show that R is not an IBN ring by showing
that R⊕R ≈ R as left R-modules.

7.∗ Find an IBN ring R and a module over R of a free resolution of length 2 such that the
Euler characteristic of this module is negative.

8. Let ` be the classical composition length (see Example 4). Show that for a module
A, `(A) = sup{`(F ) | F finitely generated and F ⊆ A}. Deduce that the same is true
for the functions `P used in the proof of Theorem 8.

9.∗ Find a closed category C 6= {0} of Noetherian modules over a commutative ring such
that min Spec(C) = ∅ so that KO(C) = 0.

10.∗ Prove Lemma 9.

11.∗ Find a non-trivial length function on Abelian groups which vanishes on all f.g. groups.
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