
Ordered K-theory
The theory of additive and non-negative invariants for rings and modules

Summary of Main Notions

Categories
For the notions of a category and that of an Abelian category see any books on category
theory, also [1]or [3]. If not specified otherwise then by a category C we’ll mean a full small
(the isomorphism classes of objects form a set) subcategory of an ambient Abelian cate-
gory, closed under isomorphisms and containing the zero. Actually, the ambient Abelian
category will, with a few exceptions, be a category of (right) modules over a ring. A cate-
gory C is said to be semi-closed if it is closed under submodules and factor modules, it is
closed (or a Serre category) if, in addition, it is closed under extensions. If S is a closed
subcategory of an Abelian category C then one can define/construct a quotient Abelian
category C/S and an exact functor ¯ : C → C/S such that Ā ≈ 0 for all A ∈ S, see e.g.
[3], also [1] contains the main properties of this quotient category without constructing
it.

Partially Ordered Abelian Groups
Let A be a set. Binary relation ≥ on A which is reflexive and transitive is called a
pre-order and A a pre-ordered set. If, in addition, ≥ is also anti-symmetric i.e. for all
a, b ∈ A, a ≥ b and b ≥ a imply that a = b then ≥ is a partial order and A is a po-set.

Let A be an Abelian group whose underlying set is equipped with a pre-order ≥. Then
A is said to be a pre-ordered group if addition in A is monotone i.e

∀a, b, c ∈ A, a ≥ b implies that a + c ≥ b + c.

If the pre-order is a partial order then A is a partially ordered group or a po-group. The
positive cone of a pre-ordered group A is the set

A+ = {a ∈ A | a ≥ 0} so that a ≥ b ⇐⇒ a− b ∈ A+.

Let A,B be two pre-ordered groups. A (group) homomorphism f : A → B is an o-
homomorphism if it preserves order i.e. f(a) ≥ f(b) whenever a ≥ b (equivalently,
F (A+) ⊆ B+). If f has an inverse which is also an o-homomorphism then it is an
o-isomorphism. If B is a po-group then kernel of the o-homomorphism f is a convex
subgroup: whenever a ≥ b ≥ c, a, c ∈ ker f then b ∈ ker f as well. Conversely, given a
convex subgroup C of A then the factor group A/B becomes, in a natural way, a po-group
by setting (A/B)+ = f(A+), where f is the canonical epimorphism A → A/C; in this
way f becomes an o-homomorphism. The following facts were used in the course, see [2]:

Facts. The partial order in a torsion-free (Abelian) po-group can be extended to a total
(linear) order and
A totally ordered group without a non-trivial convex subgroup is o-isomorphic to a sub-
group of the additive group R with its natural order.
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Rings, Modules, von Neumann Regular Rings
For all undefined notions and unproved results refer to [5] and [4].
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