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Aim:
I propose to give an introduction to some of the previous topics and, if time permits, to explain
what are some of the known results on this conjecture. Each of the topic can be very technical
(especially Wiles’s proof). Instead of explaining complete proofs, which would be clearly out of
the scope of this course, I would like to propose an overview of the topics and the main results,
giving some hint, when possible, on the techniques which are used to attack the problems.

The plan of the lectures (24h) is as follows:

1. Introduction to the arithmetic theory of elliptic curves (6h).

2. The Mordell-Weil Theorem (2h).

3. The L-function of an elliptic curve (2h)

4. Wiles Modularity Theorem, modular forms and Fermat Last Theorem (6h).

5. The Birch and Swinnerton-Dyer Conjecture (BSD) (4h).

6. Results on the BSD Conjecture: Heegner points and the work of Kolyvagin (4h).

Course contents:
Number Theory is a wide branch of pure mathematics which studies a number of different

problems having to do (in a vague sense) with arithmetic proprieties of numbers such as the
fleld of rational numbers. For example, one of the main fascinating problems in number theory
is to describe the structure of the Galois group Gal(Q̄/Q) of the algebraic closure of Q. It is
quite common in number theory to study a problem by means of a great number of different
techniques, going from the complex analysis to representation theory, from dynamic systems to
algebraic geometry, from functional analysis to abstract algebra. In the previous example, if one
looks at representations ρ : Gal(Q̄/Q)→ GL2(C), one finds in a natural way that an interesting
subset of these is made out of complex analytic functions (called modular forms) having a large
number of symmetries, which can be studies by complex analytic method on one side, and by
means of techniques from algebraic geometry on the other side (modular forms also appear in

DP-2



other field of mathematics, and in recent years also in physics). It is the mix of these techniques
which makes the subject difficult and, at the same time, fashinating. Let us remark that two of
the Millennium Problems are about Number Theory: The Riemann Hypothesis and the Birch
and Swinnerton-Dyer conjecture. The purpose of this course is to give a brief introduction to one
of the two Millennium Problems alluded to before: the Birch and Swinnerton-Dyer conjecture.
To explain the problem, one considers an elliptic curve given by an affine equation

E : y2 = f(x)

with f(x) a non-singular cubic polynomial with coefficients in Z. When we add the point at
infinity (i.e. we consider this curve in the projective plane) we obtain a projective non-singular
curve, whose pointsE(F ) over anyfinite field extension F of the field of rational numbers can
be equipped with a structure of finitely generated abelian group (Mordell-Weil Theorem). In
particular, we can write

E(Q) ' Xr ⊕ E(Q)tors

where E(Q)tors is a finite group. The integer r ≥ 0 appearing above is the algebraic rank of
E. On the other hand, one can construct a function s 7→ L(E/Q, s) of the complex variable
s as a convergent (for the real part of s greater that 3/2) product of factors, one for each prime
number p, such that each of these factor counts the number of points (with coordinates in the
field with p elements) of the curve obtained by reducing the coefficients of f(x) modulo p (note
the similarity with similar products for the Riemann Zeta function). Thanks to the work of
Wiles (leading the the proof of Fermat Last Theorem) one knows that this complex function can
be extended to all C to an entire function, having a functional equation with center of symmetry
s = 1. The Birch and Swinnerton-Dyer Conjecture states that the algebraic rank of E(Q) is
equal to its analytic rank, namely, the order of vanishing of L(E/Q; s) at s = 1. (One also has
a more precise description of the leading value in terms of fine arithmetic invariants of E.) This
is a deep conjecture because relates object of completely diffrent nature, algebraic and analytic.
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