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Aim: Give the basic notions and some beautiful applications of degree theory in analysis and
geometry.

Course contents:
The course starts with an elementary introduction to submanifolds in Rn and to the differentiable
functions among them, in order to present the notion of Brouwer degree of a function and its
fundamental properties (particularly the homotopy invariance). With elementary but non-trivial
methods we use the Brouwer degree to prove:

• The fundamental theorem of algebra

• The fixed-point theorem of Brouwer

• The sphere theorem (there are no non-vanishing tangent vector fields on an even-dimensional
sphere)

• The separation theorem of Jordan in Rn.

We then introduce the equivalent definition of de Rahm degree in terms of differential forms,
used to prove a first version of the theorem of Gauss-Bonnet. Later we will work on tangent
vector fields of a submanifold of Rn, introducing the notion of index of a vector field and
proving the famous theorem of Poincaré-Hopf. This uses Morse theory, which we will also
discuss in a self-contained way. Using the Poincaré-Hopf theorem we then give a complete
proof of the Gauss-Bonnet theorem for submanifolds of Rn of arbitrary dimension compact and
without boundary. This is an elegant proof, normally not seen in standard courses of differential
geometry.

We also discuss the relation between the Brouwer degree in Rn, the winding number and
the Cauchy formula from complex analysis.

In the last part of the course we develop the notion of Leray-Schauder degree and obtain the
Caccioppoli-Schauder fixed-point theorem in Banach spaces, an infinite-dimensional analog
of the fixed-point theorem of Brouwer. This will be used to prove Peano’s theorem on the
existence of solutions to ODEs with continuous field. We will also use the Leray-Schauder
degree to prove the existence of solutions to some nonlinear elliptic equations.
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