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Timetable: 16 hours. First lecture on November 4, 2020, 10:00, Torre Archimede, Room
1BC/45 (eventual). The course will be held online at:

https://unipd.zoom.us/j/86466409649?pwd=VU9MQkNqWXQ3Mmo2aTJUUGZNdTB4dz09
Meeting ID: 864 6640 9649, Passcode: 606905

Course requirements:

Examination and grading: oral

SSD: MAT/02, MAT/03

Aim: The course intends to give a basic introduction to Nichols algebras, focusing on the
different constructions available and on the classification problem.

Course contents:
Nichols (shuffle) algebras are a family of algebras including many important examples, such

as the symmetric and exterior algebras, and the positive part of quantised enveloping algebras of
semisimple Lie algebras. Their presentation by generators and relations can be given in different
terms: representation of the braid group, derivations, bilinear forms. A geometric interpretation
in terms of perverse sheaves on symmetric products of the complex line has been recently
introduced by Kapranov and Schechtman, opening a new bridge between algebra, topology and
algebraic geometry. They have also been used by Ellenberg, Tran, and Westerland in their proof
of the upper bound of Malle’s conjecture on the distribution of finite extensions of Fq(t) with
specified Galois group.

Each Nichols algebra depends in fact only on a braiding on a vector space, i.e., on a solu-
tion of the braid equation, or, equivalently, of the Quantum Yang-Baxter equation. When the
braiding is diagonal, finite-dimensional Nichols algebras have been classified by the work of
Andruskiewitsch-Schenider, Heckenberger, Angiono, whereas the classification problem is still
open in the non-diagonal case.

1. Hopf algebras, bialgebras and coalgebras and duality

2. The braid groups, Coxeter groups and reduced expressions

3. Braided vector spaces and braided monoidal (tensor) categories

4. Nichols algebras. First definition and main examples (symmetric algebra, exterior algebra,
quantized nilpotent subalgefbras)
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5. How to detect Nichols algebras. Equivalent definitions: derivations, properties of the ideal
of definition, the bilinear form and Poincaré duality

6. PBW-type bases, the root system and the Weyl groupoid in the diagonal case

7. The classification problem of finite-dimensional Nichols algebras: the diagonal and non-
diagonal case and the rack approach.

8. Kapranov-Schechtman’s interpretation in terms of perverse sheaves on symmetric prod-
ucts of the complex line.
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