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1 Department of Electrical and Electronic Engineering, Faculty of Engineering, Imperial College, London
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Timetable: 12 hrs. First lecture on September 13, 2021, 10:00 (dates already fixed see calen-
dar),Torre Archimede, Room 1BC50 and online at
Zoom Meeting
https://unipd.zoom.us/j/86729567873?pwd=S3dqS2U1Y1hkSWFpTE9rbEpCWUFGZz09
Meeting ID: 867 2956 7873 - Passcode: Vinter21

Course requirements: There are no pre-requisites, but if the students have done an earlier
course in control, they will find my lectures easier to understand.

Examination and grading: Oral examination

SSD: MAT/05

Aim: Dynamic optimization concerns optimization problems, in which we seek to minimize a
functional over arcs that satisfy some kind of dynamic constraint. When this constraint takes
the form of a controlled differential equation, such problems are known as optimal control prob-
lems. In Dynamic Optimization, the ‘dynamic constraint’ is allowed a broader interpretation,
and is formulated as, say, a differential inclusion. Earlier applications of the theory were princi-
pally in aerospace (selection of flight trajectories in space missions) and chemical engineering.
But now the field is recognised as having far wider application, in econometrics, resource eco-
nomics, robotics and control of driverless vehicles, to name just a few areas. Dynamic optimiza-
tion dates back, as a unified field of study, to the early 1950’s, when two breakthroughs occured.
One was the Maximum Principle, a set to necessary conditions for a control function to be op-
timal. The other was dynamic programming, which reduces the search for optimal controls
to the solution of the Hamilton Jacobi equation (HJE). Early developments in the field relied
on classical analysis and, even today, introductory courses on Optimal Control given based on
traditional calculus. But, more recently, advances in the field have increasingly depended on
new techniques of nonlinear analysis, which are referred to, collectively, as nonsmooth anal-
ysis. Nonsmooth analysis aims to give meaning to the ‘derivative’ of functions that are not
differentiable in the classical sense and to tangent vectors to sets with nonsmooth boundaries.
First order necessary conditions and Hamilton Jacobi theory continue to have a prominent role
in the latest developments, but now interpreted in deeper and more insightful ways.

We begin the course by identifying deficiencies in the early theory and explaining why new
analytical tools were needed to move the theory forward. We then introduce these tools (the
main constructs of nonsmooth analysis and an accompanying calculus) and use them to derive
optimality conditions (both first order necessary conditions and conditions related to the (HJE)
equation). Our goal is to bring participants in the course ‘up to speed’, so that they can follow
the latest literature, understand the underlying motivation and make future contributions.

M-0



Course contents:
Part I (Preliminaries) Dynamic Optimization (significance and illustrative examples)
Nonsmooth Analysis:

Basic constructs (subdifferentials, normal cones, etc.)
Subdifferential calculus
The generalized mean value inequality
Nonsmooth multiplier rules in Nonlinear Programming

Additional analytic techniques:
Variational principles
Compactness of trajectories
Quadratic inf convolution
Exact penalisation

Part II (First Order Necessary Conditions)
The maximum principle
The nonsmooth maximum principle
Necessary conditions for differential inclusion problems:

The Generalized Euler Inclusion The Hamiltonian Inclusion
Refinements to allow for pathwise state constraints.

Part III (Dynamic Programming)
Invariance:

Weak invariance theorems
Strong invariance theorems

Generalized solutions to the HJ equations
Links with viscosity solution concepts
Characterisation of the value function as generalized solution of (HJE)
Refinements to allow for pathwise state constraints

Part IV (Miscellaneous Topics)
Regularity of minimizers
Non-standard optimal control problems:

discontinuous state trajectory problems
problems involving time delay
open problems and future directions.

Bibliografy:
I will provide a handout and will deliver slides for my lectures. I will aim to make my handout
self-contained and there are no course texts. (The course will be based on a revision of by 2000
book ’Optimal Control’, which I am currently working on.)
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