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1. SPECTRA AND THE STABLE HOMOTOPY CATEGORY

1.1. Topological spaces and the pointed homotopy category. To avoid point-set
pathology, the foundations of homotopy theory should be developed using a good
category of topological spaces (see [May99, Chapter 5] or [Gra75, Chapter 8], for
example). Take T to be the category of compactly-generated, weak Hausdorff
spaces. (A spaceX is weak Hausdorff if the image g(K) if closed for any compact
spaceK and continuous map g : K → X ; a weak Hausdorff spaceX is compactly-
generated if F ⊂ X is closed⇔ F ∩K is closed for every compactK ⊂ X . There is
a functor k from weak Hausdorff spaces to compactly-generated weak Hausdorff
spaces which is right adjoint to the forgetful functor, equipping the space with the
induced compactly-generated topology.)

In particular, the product X × Y of two topological spaces from T is k(X × Y )
the function space F (X,Y ) is k(Map(X,Y )), where the mapping space is given the
compact-open topology.

Remark 1.1.
(1) The foundations can be developed by using CW-complexes, which are, in

particular, compactly-generated topological spaces. (A CW complex is a
particular form of cell complex; a cell en of dimension n is a Euclidean ball
of dimension n and boundary the sphere Sn−1 is attached to a space X by
means of a attachingmap f : Sn−1 → X by forming the coproductX∪f en.)

(2) An alternative approach is to use simplicial sets to give a combinatorial
model for topological spaces. There is a topological realization functor
which is left adjoint to the singular simplicial set functor:

| − | : ∆op
Set ⇄ T : Sing

and the homotopy theory of topological spaces can be developed using
simplicial sets [Qui67, GJ99].

Definition 1.2. Let
(1) T• denote the category of pointed (compactly-generated) topological spaces;
(2) (−)+ : T → T• be the left adjoint to the functor which forgets the base-

point, so that Y+ = Y ∪ ∗, pointed by ∗;
(3) ∨ : T• ×T• → T• denote the wedge, defined for pointed spaces X , Y by

X ∨ Y := X ∐ Y/∗X ∼ ∗Y ,

which is the categorical coproduct in T•;
(4) ∧ : T• ×T• → T• be the smash product:

X ∧ Y := (X × Y )/{∗X × Y ∪X × ∗Y }.

(5) F•(−,−) : T•
op × T• → T• be the pointed function space of base-point pre-

serving maps, pointed by the constant map.

Example 1.3.

(1) The interval I = [0, 1] gives rise to the pointed interval I+.
(2) The 0-sphere is S0 ∼= ∗+ and the circle S1 is homeomorphic to I/0 ∼ 1,

pointed by the image of the endpoints. The n-sphere is homeomorphic to
the n-iterated smash product (S1)∧n.

Remark 1.4. To perform homotopy theory, a cofibrancy condition on pointed spaces
is often required; this corresponds to (X, ∗) being well-pointed or the inclusion ∗ →֒
X being a NDR.

Proposition 1.5. The category (T•,∧, S
0) is closed symmetric monoidal, with internal

function object F•(−,−) : T•
op ×T• → T•.
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In classical homotopy theory, two morphisms are homotopic if they are related
by a continuous deformation, which is parametrized by the interval I . In the
pointed situation, all morphisms respect the basepoint, and the spaceX ∧ I+ plays
the rôle of a cylinder object. Morphisms f, g : X → Y of T• are (left) homotopic
if there exists a homotopy H : X ∧ I+ → Y which makes the following diagram
commute:

X
i0 //

f
##FFFFFFFFF

X ∧ I+

H

��

X
i1oo

g
{{xxxxxxxxx

Y,

where i0, i1 are induced by the inclusions of the endpoints of I . Write f ∼ g (re-
spectively f ∼H g) to indicate that f and g are pointed homotopic (resp. by H).

Remark 1.6. The notion of right homotopy is defined using the path spaceF•(I+, Y ).

Homotopy defines an equivalence relation; the set of (pointed) homotopy classes
of maps fromX to Y is denoted [X,Y ]. Composition ofmaps induces composition:

[Y, Z]× [X,Y ]→ [X,Z].

This leads to the notion of homotopy equivalence:

Definition 1.7. Two pointed spacesX,Y are homotopy equivalent if there exist maps
f : X → Y and g : Y → X such that gf ∼ 1X and fg ∼ 1Y .

A morphism f : X → Y which admits a homotopy inverse (as above) is called
a homotopy equivalence.

There is a weaker notion of equivalence, defined using homotopy groups.

Definition 1.8. For n a natural number and X a pointed topological space, let
πn(X) denote [Sn, X ].

The set π0(X) is the set of path components of X ; π1(X) is the fundamental
group ofX , with group structure induced by the composition of paths, and πn(X)
has a natural abelian group structure for n > 1, which is induced by the pinch map
Sn → Sn ∨ Sn which collapses the equator to a point.

Definition 1.9. A morphism f : X → Y of T• is a weak homotopy equivalence
if, for every choice of basepoint of X , the morphism πn(f) is a bijection ∀n. (If
X is path-connected, the basepoint condition can be omitted.) The class of weak
equivalences in T• is written W .

Remark 1.10. A homotopy equivalence is a weak homotopy equivalence but, with-
out restricting the class of spaces considered, the converse is false.

Definition 1.11. The homotopy category of pointed topological spaces is the localized
category

H• := T•[W
−1]

obtained by inverting the class of weak equivalences.

There is a more concrete description of the categoryH• obtained by using the ad
theorem: if T•

CW is the subcategory of pointed CW-complexes and cellular maps,
then there is an equivalence of categories

H•
∼= T•

CW/ ∼,

the category obtained by passing to homotopy classes of pointed maps. (This jus-
tifies the terminology homotopy category.)

Remark 1.12. The above result can be understood in the framework of abstract
homotopy theory [Qui67, Hov99, DS95] as follows:
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(1) the pointed CW-complexes are cofibrant in the category T• (and all objects
are fibrant);

(2) in the framework of simplicial sets, all objects are cofibrant but the fibrant
objects are those satisfying the Kan extension condition [Qui67, GJ99].

Proposition 1.13. The smash product passes to the pointed homotopy category and defines
a symmetric mondoidal category (H•,∧, S

0).

Remark 1.14. The interchangemap τ : S1∧S1 → S1∧S1 is a homotopy equivalence
but is not homotopic to the identity: it is homotopic to the morphism S2 → S2 of
degree −1. More generally, the interchange of the factors Sp ∧ Sq ∼= Sp+q is of
degree (−1)pq . This is the origin of the signs which occur in classical algebraic
topology.

More general signs appear when considering generalized spheres; for instance:
(1) in G-equivariant homotopy theory, for a finite group G, one considers rep-

resentation spheres of the form SV , the one-point compaticification of an or-
thogonal G-representation V ;

(2) in motivic homotopy theory, spheres of the form S∧ms ∧G∧nm are considered.

1.2. Stabilization. The reduced suspension functor Σ : T• → T• is the functor
ΣX := S1 ∧ X ; observe that ΣSn ∼= Sn+1, for n ∈ N. The functor Σ has right
adjoint Ω : T• → T•,X 7→ F•(S

1, X), the based loop space. These functors induce
an adjunction at the level of the pointed homotopy category

Σ : H• ⇆ H• : Ω.

Remark 1.15. In general, when passing to the homotopy category, it is necessary
to consider derived functors. For instance, if using pointed simplicial sets as the
underlying category, to define the derived loop space functor, one must first replace
a simplicial set by an equivalent Kan simplicial set.

The adjunction Σ ⊣ Ω has unit X → ΩΣX , which induces the natural suspen-
sion morphism

σ : πn(X)→ πn+1(ΣX).

This is not an isomorphism in general, but is one in dimensions small with respect
to the connectivity of X . For instance, there is the following special case of the
Freudenthal suspension theorem.

Theorem 1.16. The suspension morphism

πr(S
n)→ πr+1(S

n+1)

is an isomorphism for r < 2n− 1 and a surjection if r = 2n− 1.

Stable homotopy theory is the study of properties of H• which are stable un-
der suspension. The Freudenthal suspension theorem motivates studying the stable
homotopy groups, defined as follows:

Definition 1.17. The stable homotopy group πS
n (X) of a pointed topological space

X , for n ∈ Z, is
πS
n (X) := lim

→
πn+k(Σ

kX).

Remark 1.18. The compact objects of H• are the objects represented by finite pointed
CW-complexes (ie having a finite number of cells). The compact objects form a full
subcategory of H• and it is possible to define the stabilization of this category
by the Spanier-Whitehead construction. This category has objects the finite pointed
CW-complexes and morphisms

{X,Y } := lim
→

[ΣkX,ΣkY ].

This is not sufficient for studying cohomology theories, since the representing ob-
jects for interesting theories are seldom compact.
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1.3. Cohomology theories. The pointed homotopy category H• is not an additive
category; it does, however, have additional structure reminiscent of that of a tri-
angulated category, with Σ playing the rôle of suspension. (Note that Σ is not an
equivalence of categories.)

Definition 1.19. For f : X → Y a map of T•, let Y → Cf denote the mapping cone
or homotopy cofibre of f :

Cf := Y ∪f CX,

where CX := X ∧ I+/X ∧ 1+ is the reduced cone and the gluing is defined with

respect to Y
f
← X →֒ CX , equipped with the canonical inclusion Y →֒ CX .

This is an example of a homotopy colimit; in particular, if f ∼ g, then Cf ∼ Cg.
Moreover

(1) the composite X
f
→ Y → Cf is null-homotopic (homotopic to the constant

map);
(2) a pointed map g : Cf → Z is equivalent to a map Y → Z together with a

null-homotopy H : X ∧ I+ → Z for the composite X
f
→ Y →֒ Cf

g
→ Z .

The homotopy cofibre of Y →֒ Cf is homotopy equivalent to ΣX and this gives
rise to a sequence in H•:

X
f
→ Y → Cf → ΣX

−Σf
→ ΣY → ΣCf → . . . .

Definition 1.20. A (reduced) cohomology theory is a functor E∗ : H
op
• → Abgr,

with values in graded abelian groups, which satisfies the following axioms:

(1) (exactness) for any f : X → Y , the sequence

E∗(Cf)→ E∗(Y )
E∗(f)
→ E∗(X)

is exact;
(2) (stability) there is a natural suspension isomorphism σ : E∗(−)

∼=
→ E∗+1(Σ−);

(3) (additivity) for any set {Xi|i ∈ I } of pointed topological spaces, the natu-
ral morphism

E∗(
∨

I

Xi)→
∏

I

E∗(Xi)

is an isomorphism.

Remark 1.21. The usual homotopy axiom is subsumed in the hypothesis that E∗ is a
functor defined on the pointed homotopy category.

Example 1.22.

(1) ForA ∈ Ab an abelian group, (reduced) singular cohomologyX 7→ H∗(X ;A)
is a cohomology theory. It is an ordinary cohomology theory in the sense
that it factors across a functor to the derived category of abelian groups

H• → DAb

induced by the singular chains functor.
(2) Complex K-theory X 7→ KU∗(X) is a cohomology theory. In degree zero,

for Y a finite complex, KU0(Y+) is the group completion of the monoid
Vect(Y ) of C-vector bundles on Y , with sum induced by Whitney sum of
vector bundles.

The fact that KU0 extends to a cohomology theory is a consequence of
the Bott periodicity theorem. Namely, forX a pointed space, there is a nat-
ural isomorphismKU0(X) ∼= KU0(Σ2X). The corresponding cohomology
theory is 2-periodic.
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(3) Orthogonal (or real) K-theory KO∗ is defined by using R-vector bundles;
in this case the associated cohomology theory is 8-periodic, by the orthog-
onal version of the Bott periodicity theorem.

(4) Cobordism theories, such as complex cobordismMU∗ (see later).

Remark 1.23. If E∗ is a cohomology theory, then so is the functor E∗[n], defined by
E∗[n](−) := E∗+n(−), for any integer n.

Definition 1.24. A stable cohomology operation of degree n from E∗ to F ∗ is a
natural transformation E∗ → F ∗[n] of functors H

op
• → Abgr which is compatible

with the suspension isomorphisms.

Example 1.25.

(1) The Bockstein defines a cohomology operation β : H∗(−;Fp)→ H∗(−;Fp).
(2) There is a stable operation KO∗ → KU∗, which is induced by complexifi-

cation.

Proposition 1.26. Cohomology theories and stable cohomology operations form a (graded)
additive category, equipped with an equivalence of categories [1].

The Milnor short exact sequence gives a way of calculating the cohomology of a
direct limit of topological spaces; for simplicity, this is stated for CW-complexes.

Proposition 1.27. Let E∗ be a cohomology theory and let →֒ Xi →֒ Xi+1 →֒ . . . be a
direct system of inclusions of CW-complexes with X :=

⋃

Xi. Then there is a short exact
sequence:

0→ lim
←,i

1En−1(Xi)→ En(X)→ lim
←,i

En(Xi)→ 0.

1.4. Towards the stable homotopy category. Stable homotopy theory provides a
richer version of the category of Proposition 1.26. For example, this allows the
construction of new theories from old ones: given a natural transformation of co-
homology theories α : E∗ → F ∗, the notion of cofibre or fibre of α has a sense.

Remark 1.28. The stable homotopy category, SH , should be

(1) an additive (in fact, triangulated) category, in particular equipped with a
suspension functor [1] (which will also be denoted by Σ) which is an auto-
equivalence;

(2) equipped with a functor Σ∞ : H• → SH which is compatible with the

suspension functors and which sends the sequence X
f
→ Y → Cf → to a

distinguished triangle in SH .
(3) The category SH should be generated as a triangulated category by the

object S0 (ie the smallest full triangulated subcategory of SH containing
S0 and stable under arbitrary coproducts is SH .)

(4) Finally and fundamentally, cohomology theories should be representable in
the category SH .

Remark 1.29. Suppose thatSH is a triangulated category as above. IfE is an object
of SH , then the usual cohomological functor

En(−) := [−, E[n]]SH

restricts to a cohomology theory, via Σ∞ : H• → SH .

A further desired property ofSH is that the smash product structure (H•,∧, S0)
for the homotopy category of pointed spaces should extend to a symmetric monoidal
structure (SH ,∧, S), where S = Σ∞S0, which is compatible with the triangulated
structure.
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Definition 1.30. The homology theory associated to an object E ∈ Ob SH is the
functor SH → Abgr defined by

En(Z) := [S[n], Z ∧ E]SH .

Example 1.31. Taking S = Σ∞S0 gives a homology theory Z 7→ [S[n], Z]; this
should coincide with the stable homotopy functor.

The restriction of the homology theory E∗(−) to H• is a reduced homology theory.
(The reader can supply the appropriate axioms.)

1.5. Naïve spectra. The aim of this section is to give an indication of the construc-
tion of a model for the category SH . The approach outlined is the classical ap-
proach due to Boardman, which is explained in [Ada95, Part III] and in [Swi02,
Chapter 8]. This has the advantage of being explicit, relatively elementary and of
yielding the correct homotopy category SH . There are more highly structured
models which have better formal properties.

The definition of the category of spectra is motivated by a version of the Brown
representability theorem for functors H

op
• → Ab. This implies that, if F : H

op
• → Ab

is a functor which satisfies the exactness and additivity axioms from Definition
1.20, then F is represented by a pointed CW-complex. In particular, if E∗ is a
cohomology theory, then there exists a sequence of pointed spaces {En|n ∈ Z} such
that the functor X 7→ En(X) is naturally equivalent to the functor X 7→ [X,En],
∀n.

The Yoneda lemma implies that the suspension axiom is equivalent to the exis-
tence of natural transformations ∀n:

σ̃n : En
≃
→ ΩEn+1,

which are weak equivalences (ie isomorphisms in H•). By adjunction, it is equiv-
alent to specify structure morphisms σn : ΣEn → En+1. The weak equivalence
condition is clearly best expressed in terms of σ̃n.

Conversely, a sequence (En, σ̃n) as above represents a cohomology theory.

Example 1.32.

(1) For singular cohomology theory H∗(−;A) (for A ∈ Ob Ab), it is classical
that the nth Eilenberg-MacLane space K(A, n) represents Hn(−;A). For
n ≥ 0, the homotopy type of a pointed CW complexK(A, n) is determined
by the condition that π∗(K(A, n)) is concentrated in degree n, where it is
isomorphic to A; for n < 0, the space is a point. Hence, it is clear that
ΩK(A, n+ 1) ≃ K(A, n).

(2) For complex K-theory, KU and n ∈ Z, the space representing KU2n(−) is
Z × BU , where BU is the classifying space of the infinite unitary group;
the space representing KU2n+1(−) is U . Bott periodicity provides the ho-
motopy equivalence ΩSU ≃ BU , where SU is the special unitary group,
which implies that ΩU ≃ Z×BU (since U ≃ S1 × SU ).

Definition 1.33. The category of spectra, Sp, is the category with
• objects: (En, σn|n ∈ N) such that En ∈ Ob T• and σn : ΣEn → En+1;
• morphisms: f : (En, σn) → (Fn, σn), a sequence of morphisms fn : En →
Fn of T• which are compatible with the structure morphisms, ie

ΣEn
//

Σfn

��

En+1

fn+1

��

ΣFn
// Fn+1

commutes, ∀n.
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A spectrum (En, σn) for which each En has the homotopy type of a pointed
CW-complex and the adjoint structure morphisms σ̃n : En → ΩEn+1 are all weak
equivalences is called an Ω-spectrum.

The suspension spectrum functor Σ∞ : T• → Sp is defined by (Σ∞X)n := ΣnX ,
with σn : Σ(ΣnX)→ Σn+1X the natural homeomorphism; the behaviour on mor-
phisms is analogous.

Remark 1.34.
(1) One can also use Z-indexed spectra.
(2) The diagrams are commutative in the category T•. There is a technique

for making homotopy commutative diagrams strictly commutative; this
involves replacing the domain by a homotopy equivalent spectrum, via the
telescope construction.

(3) The simplicity of the definition of the suspension spectrum functor Σ∞ is
one justification for using σn rather than σ̃n in the definition of a spectrum.

(4) A cohomology theory E∗ gives rise to a weak Ω-spectrum, as outlined
above.

Definition 1.35. Define functors
(1) ∧ : Sp×T• → Sp by (E∗, σ∗) ∧X := (E∗ ∧X, σ∗ ∧X);
(2) [k] : Sp→ Sp, for k ∈ Z, by

((E∗, σ∗)[k])n :=

{

En+k n+ k ≥ 0
∗ n+ k < 0;

(3)
∨

: Sp×Sp→ Sp by (E∗, σ∗)
∨

(F∗, σ∗) := (E∗ ∨ F∗, σ
E
∗ ∨ σF

∗ ).

The structure of Sp already allows for negative-dimensional spheres:

Definition 1.36. For n ∈ Z, define the n-dimensional sphere spectrum Sn in Sp by

Sn :=

{

Σ∞Sn n ≥ 0
(Σ∞S0)[n] n < 0.

Remark 1.37. The functor [k] is close to being an equivalence of categories: there
is a natural transformation [−k] ◦ [k] → 1Sp, such that (E[k][−k])n → En is the
identity for n ≥ −k.

Remark 1.38. There are two natural ways of defining the suspension of a spectrum:
(1) − ∧ S1 : Sp→ Sp;
(2) [1] : Sp→ Sp.

From the point of view of compatibility with Σ∞, the first is the natural construc-
tion; however, it is easier to show that [1] induces an equivalence of the associated
homotopy category. The key point is to compare the two; it is tempting to assert
that the structure morphisms induced a natural morphism

(E∗, σ∗) ∧ S1
99K (E∗, σ∗)[1].

This is only true after allowing for signs associated to the interchange of factors
S1 ∧ S1 and a process of rigidification of homotopy commutative diagrams.

The inclusion {0, 1} →֒ I leads to a cylinder object E ∧ I+ for the spectrum E and
hence to the evident notion of homotopy.

Definition 1.39. Two morphisms of spectra f, g : E → F are homotopic by a
homotopy H : E ∧ I+ → F if the following diagram commutes

E
i0 //

f
""FF

FF
FF

FF
F E ∧ I+

H

��

E
i1oo

g
||xx

xx
xx

xx
x

F ;
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write f ∼ g (or f ∼H g).

Remark 1.40. The category SH cannot simply be defined as Sp/ ∼, for two rea-
sons:

(1) it is necessary to restrict to the appropriate cofibrant objects - there is a nat-
ural (and elementary) definition of CW-spectrum which plays this rôle;

(2) more seriously, CW-spectra are not fibrant. The appropriate fibrant objects
turn out to be CW-spectra which are Ω-spectra.

The second difficulty is illustrated by the comparison ofΣ∞X andΣ∞X [−1][1], for
X a pointed CW-complex. The canonical morphism Σ∞X [−1][1] → Σ∞X should
be an equivalence in the category SH . However, if X 6= ∗, there is no non-trivial
morphism from Σ∞X to Σ∞X [−1][1], hence these objects cannot possibly be ho-
motopy equivalent.

Boardman’s approach [Ada95, Swi02] is to get around this problem by adding
more morphisms; from a modern point of view, it is more natural to use the meth-
ods of homotopical algebra [Qui67].

Definition 1.41. The stable homotopy functor π∗ : Sp→ Abgr is defined by

πt(E) := lim
k,→

πt+k(Ek),

for t ∈ Z, where the morphisms of the direct system are the composites

πt+k(Ek)→ πt+k+1(ΣEk)
πt+k+1(σk)
→ πt+k+1(Ek+1).

A morphism f : E → F of spectra is a weak stable homotopy equivalence if π∗(f)
is an isomorphism of graded abelian groups. The class of weak stable homotopy
equivalences is denoted Wst.

Remark 1.42. Stable homotopy π∗ takes values in abelian groups.

Lemma 1.43. For k ∈ Z, the natural transformation [−k] ◦ [k] → 1Sp is a natural weak
stable homotopy equivalence.

Remark 1.44.
(1) If X ∈ Ob T•, then there is a natural isomorphism πS

t (X) ∼= πt(Σ
∞X).

(2) The stable homotopy groups πi(S
0) are trivial for i < 0 and π0(S

0) ∼= Z.
This connectivity property is not a formal consequence of the definitions.

The following definition can be formalized and made more explicit using the
theory of model categories.

Definition 1.45. The stable homotopy category SH is the localization Sp[W −1st ].

Theorem 1.46. The categorySH is triangulated and the functorΣ∞ : T• → Sp induces
a functor Σ∞ : H• → SH which is compatible with the suspension functors and which
sends the sequence X → Y → Cf → to a distinguished triangle in SH .

Remark 1.47. The first construction of SH using abstract homotopy theory was by
Bousfield and Friedlander, who constructed a model category structure on a suit-
able category of spectra in pointed simplicial sets; a version of their construction is
given in [GJ99]. A general approach to stabilizing model categories has been given
by Hovey [Hov01]; this clarifies the rôle of the fibrant objects (which are analogues
of Ω-spectra).

Example 1.48. By the isomorphism [S, S]SH
∼= π0(S) ∼= Z, for any natural number

n > 0, there is a morphism n : S → S which induces multiplication by n in
homotopy (or homology). The cofibre of this morphism S/n has the property

HZ∗(S/n) ∼=

{

Z/n ∗ = 0
0 Otherwise

This is an example of aMoore spectrum.
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The construction shows that the stable homotopy functor πn(−) is naturally iso-
morphic to the functor [Sn,−]SH .

Theorem 1.49. The sphere spectra {Sn|n ∈ Z} form a set of compact generators of the cat-
egorySH . Moreover, the categorySH has a canonical t-structure (SH ;SH ≥0,SH <0)
such that

X ∈ SH ≥0 ⇔ πi(X) = 0, ∀i < 0

X ∈ SH <0 ⇔ πi(X) = 0, ∀i ≥ 0.

The heart of the t-structure SH [0,0] is the category Ab and the functor

Ab ∼= SH [0,0] → SH

is the Eilenberg-MacLane functorH : Ab→ SH .

Remark 1.50. This result is essentially the classical theory of Postnikov systems for
SH . For a spectrum X , there is a distinguished triangle:

X≥0 → X → X<0 →

whereX≥0 ∈ SH ≥0 and X<0 ∈ SH <0.
The spectrum X<0 is constructed by attaching cells to kill the non-negative ho-

motopy groups; by the connectivity of SH , this can be done by induction on the
dimension of the cells, starting with cells of dimension zero.

The theorem implies that the objects of the heart SH [0,0] are those spectra with
homotopy groups concentrated in degree zero. This is precisely the definition of
the Eilenberg-MacLane spectra. The Eilenberg-Steenrod axioms for ordinary coho-
mology show that the associated cohomology theory for HA is H∗(−;A).

Example 1.51. The Eilenberg-MacLane spectrum HZ is the spectrum S≤0, con-
structed from S by killing all homotopy groups in degrees > 0.

Theorem 1.52. (Brown representability.) Let E∗ be a cohomology theory on H•; then E∗

is represented by a spectrum E, considered as an object of SH .

Proof. The result is proved by using standard techniques for triangulated cate-
gories. �

Remark 1.53. The functor Σ∞ : H• → SH has a right adjoint Ω∞ : SH → H•.
This is a derived version of the evaluation functor Sp → H•, (E∗, σ∗) 7→ E0. In
particular,

Ω∞E ≃ lim
→

ΩnEn.

If E is an Ω-spectrum, then Ω∞E ≃ E0.
For example, the spaceΩ∞Σ∞X , forX a pointed CW-complex, is the associated

infinite loop space
QX := lim

→
ΩnΣnX.

The functor Q : H• →H• is highly non-trivial.

The Milnor short exact sequence (Proposition 1.27) leads to a method for cal-
culating the group of stable operations between two cohomology theories. (To
simplify the hypotheses, the result is stated for CW-spectra; this corresponds to a
cofibrany condition, which can be ignored here.)

Proposition 1.54. Let E∗, F ∗ be cohomology theories with representing (CW) spectra
E,F respectively and write [E,F ] for the group of stable cohomology operations from E∗

to F ∗ of degree zero. There is a short exact sequence

0→ lim
←,n

1Fn−1(En)→ [E,F ]→ lim
←,n

Fn(En)→ 0.
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Proof. [E,F ] is isomorphic to F 0(E), by Yoneda’s Lemma. The result follows by
writing E as a suitable direct limit, which is equivalent to a homotopy colimit
in the triangulated category SH , and deriving the Milnor exact sequence in the
standard way. �

Example 1.55. The mod p Steenrod algebra, for p a prime, is the graded algebra
[HFp,Σ

∗HFp]. This can be calculated as a graded Fp-vector space by

[HFp,Σ
∗HFp] ∼= lim

←,n
H∗+n(K(Fp, n);Fp),

since the lim1-term vanishes (exercise: why?).
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2. MULTIPLICATIVE STRUCTURES

2.1. The homotopy smashproduct. Recall that (H•,∧, S0) is symmetric monodial.

Theorem 2.1. The category SH has a symmetric monoidal structure (SH ,∧, S) such
that Σ∞ : H• → SH is strictly symmetric monoidal.

There is an elementary definition of a naïve smash product at the level of Sp:
for spectra E = (E∗, σ

E
∗ ) and F = (F∗, σ

F
∗ ), the spectrum E ∧ F is defined by

(E ∧ F )k :=

{

En ∧ Fn k = 2n
Σ(En ∧ Fn) k = 2n+ 1.

The structure map Σ(E ∧ F )2n+1 → (E ∧ F )2n+2 is induced by σE
n ∧ σF

n .

Remark 2.2. This definition does not define a symmetric monoidal structure on the
category Sp: this naïve smash product is certainly not associative. (It is possible
to refine the definition to obtain an associative product, but not a commutative
one.) However, the naïve smash product construction does induce a functor SH ×

SH
∧
→ SH which is symmetric monodial.

For considering the properties of multiplicative cohomology theories, the struc-
ture (SH ,∧, S) is sufficient; however it is not sufficient for the purposes of brave
new algebra. For example, the construction of the theory of topological modular forms
requires a more rigid theory.

2.2. Spanier-Whiteheadduality. The compact objects of SH are easy to describe:

Proposition 2.3. A spectrum E of SH is compact if and only if there exists a finite
pointed CW-complexX and an integer n such that E ∼= Σ∞X [n].

Remark 2.4. The compact objects form a full subcategory SH Cpct of the stable ho-
motopy category SH ; this is equivalent to the Spanier-Whitehead category.

Theorem 2.5. There is a duality functorD : SH
op
Cpct → SH Cpct which defines a strong

duality, induced by the canonical morphisms

S → DX ∧X

DX ∧X → S,

for X ∈ Ob SH Cpct. In particular, for A,B ∈ Ob SH , there is an isomorphism

[A ∧X,B]SH
∼= [A,DX ∧B]SH .

The functorD is strictly monodial andDD is naturally equivalent to the identity functor.

Remark 2.6. The duality functor D has a geometric interpretation (cf. Alexander
duality).

Duality provides a relation between homology and cohomology.

Corollary 2.7. LetX ∈ ObSH Cpct be a compact object andE ∈ ObSH be a spectrum
with associated cohomology theory E∗ and homology theory E∗. Then there are natural
isomorphisms:

En(X) ∼= E−n(DX).

Proof. A formal consequence of the duality and the definitions of the associated
(co)homology theories.

�

Remark 2.8. Taking X = S, this gives the isomorphism En(S) ∼= E−n(S), which
corresponds to the usual identification between homological and cohomological
grading.
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2.3. Multiplicative structures.

Definition 2.9.

(1) The category of (commutative) ring spectra is the category of (commuta-
tive) monoids in (SH ,∧, S): a ring spectrum is a triple (R, µ, η), where
R ∈ Ob SH , µ : R ∧ R → R and η : S → R such that the following
diagrams commute in SH :

R ∧R ∧R

R∧µ

��

µ∧R
// R ∧R

µ

��

R ∧R µ
// R,

R ∼= S ∧R

R
&&MMMMMMMMMMM

η∧R
// R ∧R

µ

��

R ∧ S ∼= R
R∧η

oo

R
xxqqqqqqqqqqq

R.

The ring spectrum R is commutative if µ ◦ τ = µ, where τ : R∧R→ R∧R
switches the factors. The definition of a morphism of ring spectra is the
evident one.

(2) If R is a ring spectrum in SH , the category of (left) R-modules is the cate-
gory of left modules over the monoid R. Thus, an R-module is a spectrum
M equipped with a structure map ϕ : R ∧ M → M which satisfies the
usual associativity and unit conditions. The definition of a morphism of
R-modules is again standard. (There is an analogous category of right R-
modules.)

Example 2.10.

(1) Let A be an associative ring; then the Eilenberg-MacLane spectrum HA is
a ring spectrum, which is commutative if and only if A is commutative.

The integral Eilenberg-MacLane spectrum HZ is a commutative ring
spectrum; the unit S → HZ is an isomorphism on π0 and induces the
Hurewicz homomorphism

π∗(X) ∼= [S[∗], X ]→ [S[∗], HZ ∧X ] ∼= H∗(X ;Z).

(2) The K-theory spectraKU and KO are both commutative ring spectra; the
multiplication is induced by the tensor product of vector bundles.

(3) Let p be a prime number; then S/p has the structure of a commutative ring
spectrum if p is odd but not for p = 2.

Proposition 2.11. The category of ring spectra has a symmetric monoidal structure in-
duced by ∧, with unit S. This resticts to a symmetric monoidal structure on commutative
ring spectra.

Remark 2.12. The category of R-modules in SH over a ring spectrum R does not,
a priori, have a triangulated structure. This makes it difficult to carry out construc-
tions of new R-modules within this framework; for example, in this framework,
it is necessary to check that the cofibre of a morphism of R-modules f : M → N
has a natural R-module structure. In a good derived category of R-modules, this
should be formal; however, this requires more structure on R.

The smash product induces an evident exterior multiplication for spectra E, F :

π∗(E) ⊗ π∗(F )→ π∗(E ∧ F ).
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Definition 2.13. The coefficient ring of a ring spectrum R is the graded abelian
group R∗ := π∗(R) equipped with multiplication induced by µ and the exterior
multiplication.

Remark 2.14. If R is commutative, then R∗ is a graded commutative ring.

Lemma 2.15. Let R be a ring spectrum and M be a left R-module. Then M∗ := π∗(M)
has the structure of a graded left R∗-module.

Example 2.16. There are a number of products which are induced by anR-module
structure on M , for instance, the following exterior products, natural in X and Y :

R∗(X)⊗R∗ M∗(Y ) → M∗(X ∧ Y )

(X
f
→ R[s])⊗ (Y

g
→M [t]) 7→ X ∧ Y

f∧g
→ R ∧M [s+ t]

ϕ
→M [s+ t];

R∗(X)⊗R∗
M∗(Y ) → M∗(X ∧ Y )

(Sa α
→ R ∧X)⊗ (Sb β

→M ∧ Y ) 7→ Sa+b α∧β
→ (R ∧X) ∧ (M ∧ Y )

ϕ◦τX,M

→ M ∧X ∧ Y.

These satisfy obvious associativity properties.

The exterior products can give rise to internal products in the presence of the
appropriate structure. For instance, the diagonal map U → U × U for U ∈ Ob T

induces U+ → (U ×U)+ ∼= U+∧U+ in T• with counit U+ → S0 induced by U → ∗.

Proposition 2.17. Let R be a commutative ring spectrum. Then the functor U 7→
R∗(U+) takes values in the category of graded commutativeR∗-algebras.

Remark 2.18. This result admits a converse, a version of Brown representability.
In practice, the natural graded commutative ring structure usually comes from an
explicit product at the level of representing objects, so this is not always useful.

2.4. Complex cobordism. For n ∈ N, let γn be the universal n-dimensional C-
vector bundle over the classifying space BU(n). The pullback of the bundle γn+1

via BU(n)→ BU(n+ 1) (induced by U(n) →֒ U(n+ 1)) is isomorphic to γn ⊕Θ1,
where Θ1 is the trivial C-bundle of rank one.

Remark 2.19. If ξ is a C-vector bundle with a Hermitian metric, then there is an
associated disk bundle D(ξ), given by the vectors of norm at most one, and sphere
bundle S(ξ) of vectors with norm one. The Thom space of ξ is, by definition, the
quotient space:

Thom(ξ) := D(ξ)/S(ξ),

which is canonically pointed. If the base space is compact, Thom(ξ) is homeomor-
phic to the one point compatification of D(ξ).

If ξ and ζ are complex vector bundles over X , Y respectively, the exterior sum
is a vector bundle ξ ⊞ ζ over X × Y and there is a homeomorphism:

Thom(ξ ⊞ ζ) ∼= Thom(ξ) ∧Thom(ζ).

In particular, if Θ1 is the trivial C-vector bundle over ∗, then ξ ⊞Θ1 is the Whitney
sum of ξ with the trivial vector bundle Θ1 overX and, hence,

Thom(ξ ⊕Θ1) ∼= Σ2Thom(ξ),

since the Thom space of Θ1 over ∗ is S2. Hence, Thom spaces can be considered as
twisted suspensions.

Definition 2.20. The complex cobordism spectrumMU is defined by

MUn :=

{

Thom(γd) n = 2d
ΣThom(γd) n = 2d+ 1,

with structure morphism ΣMU2d →MU2d+1 the identity and

ΣMU2d+1
∼= Σ2Thom(γd) ∼= Thom(γd ⊕Θ1)→MU2d+2

∼= Thom(γd+1)
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the map between Thom spaces induced by the morphism of vector bundles γd ⊕
Θ1 → γd+1.

Remark 2.21. The space MU2 is, by definition, Thom(γ1), the Thom space of the
canonical line bundle over CP∞; this is homeomorphic to CP∞ (similarly, the
Thom space of the canonical bundle ηn over CPn is homeomorphic to CPn+1 - see
[KT06, Lemma 3.8] for example).

This defines a canonical cohomology class

xMU ∈MU2(CP∞).

Proposition 2.22. The spectrum MU is a commutative ring spectrum with product in-
duced by the Whitney sum of vector bundles, classified by maps

BU(m)×BU(n)→ BU(m+ n)

corresponding to the usual inclusion U(m)×U(n)→ U(m+n) by block sum of matrices.

Remark 2.23. The homology theory represented by MU has a geometric interpre-
tation in terms of cobordism classes of almost complex manifolds; see Quillen’s
paper [Qui71] for consequences of this interpretation.

2.5. A glimpse of highly-structured spectra. For many purposes, a category of
highly-structured spectra is useful and, sometimes, essential. Such a category S

should have the following properties:

(1) be equipped with a (stable) model structure [Qui67, Hov99] such that the
associated homotopy category is equivalent, as a triangulated category, to
SH ;

(2) admit a symmetric monoidal structure (S ,∧, S) which is compatible with
the model structure (see [SS00]), hence passes to the homotopy category,
where it should coincide with (SH ,∧, S).

Remark 2.24. There are a number of models for highly-structured spectra; the paper
[MMSS01] provides a unified approach via the study of diagram spectra which
allows the study of relations between them. Amongst popular models are:

(1) symmetric spectra [HSS00];
(2) S-modules [EKMM97];
(3) orthogonal spectra [MMSS01].

Each model has its advantages.
The construction of the smash product follows the following recipe: first define

an external smash product to a category of bi-spectra and then use Kan extension
(sometimes known in this setting as the Day convolution product) to get back to
spectra.

Example 2.25. Orthogonal spectra are indexed by finite-dimensional real inner
product spaces, rather than by the natural numbers N; in particular, the automor-
phisms of inner product spaces have to be taken into account.

Namely, let I be the topological category of finite-dimensional real inner prod-
uct spaces and linear isometries, so that I (V,W ) is empty if dimV 6= dimW and is
homeomorphic to the orthogonal group O(V ) ∼= O(W ), if dimV = dimW . There
is a natural continuous functor

S− : I → T•

defined by one point compactification: V 7→ SV .
The category I has a symmetric monodial structure induced by orthogonal

sum ⊥, with unit the zero space. Observe that, if W ⊂ V is a sub inner product
space, then there is an isomorphism W ∼= V ⊥ V ⊥ and SW ∼= SV ∧ SV ⊥

.
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An orthogonal spectrum is a continuous functor I → T•, together with a struc-
ture as a module over the functor S−. This is determined by structure maps

XV ∧ SW → XV⊥W

which are O(V )×O(W )-equivariant and satisfy associativity and unit conditions.
There is a natural notion of external smash product from I -diagram spaces to

I × I -diagram spaces. This induces an internal smash product, by the general
process of topological Kan extension. This smash product then induces a smash
product on the category of orthogonal spectra. This can be given explicitly:

(X ∧ Y )V =

dimV
∨

i=0

O(V )+ ∧O(Vi)×O(V ⊥

i
) XVi

∧ YV ⊥

i
,

where Vi ⊂ V such that dim Vi = i.
There is a model category structure on orthogonal spectra which induces the

structure (SH ,∧, S) on the associated homotopy category.

Example 2.26. Symmetric spectra are indexed by the category Σ of finite sets and
their permutations. The spectra have underlying based spaces Xn, indexed by
natural numbers n, equipped with an action of the symmetric group. The smash
product of two such sequences of spaces is given by

(X ∧ Y )n ∼=
∨

i+j=n

(Σn)+ ∧Σi×Σj
Xi ∧ Yj.

The sphere spectrum is given by n 7→ Sn, equipped with the action of the symmetric
group permuting smash product factors in (S1)∧n and a symmetric spectrum has
structure maps

S− ∧X → X

satisfying the obvious associativity condition. It is the introduction of the action of
the symmetric group on S− which allows the definition of a symmetric monoidal
structure at the level of spectra.

2.6. Brave new algebra. Given a highly-structured category of spectra (S ,∧, S),
it is natural to study

(1) monoids in S (these are a modern formulation of A∞-spectra);
(2) commutative monoids in S (a modern formulation of E∞-spectra).

It is clear that a (commutative) monoid in S defines a (commutative) ring spec-
trum in SH . This begs the following fundamental question:

Question 2.27. Given a commutative ring spectrum R, is it represented by a monoid in
S (resp. a commutative monoid)? If so, is this structure unique?

Similar questions can be asked for morphisms of ring spectra.

This question is highly-non-trivial (see [GH04], for example); their approach
is to study the moduli space of all commutative monoids in S which realize the
commutative ring spectrum R. This moduli space is non-empty if and only if R
can be realized. The homotopy type of the path components of the moduli space
R give important information on the realizations.

There are significant gains in having a multiplicative structure at the level of
spectra. For instance:

(1) commutative monoids in S have amodel structure, hence this facilitates the
construction of new ring spectra;

(2) if E is a monoid in S , the category of E-modules in S has a model cate-
gory structure; the associated homotopy category gives a derived category of
E-modules.
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Example 2.28. The spectra HZ and MU are fundamental examples of commuta-
tive monoids in S .

Example 2.29. The construction of theHopkins-Miller topologicalmodular forms (see
[Hop95] for an early survey using only A∞-structures) requires highly-structured
ring spectra.

Remark 2.30. The spectrum KO can be constructed from KU as follows; complex
conjugation induces an action of Z/2 on KU and there is an associated homotopy

fixed point spectrumKUhZ/2 which is equivalent toKO. This observation has deep
generalizations (the Hopkins-Miller theorem): to construct the appropriate homo-
topy fixed point spectrum, one needs a sufficiently rigid group action on a spec-
trum; this uses highly-structured ring spectra [GH04].
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3. COMPLEX ORIENTED THEORIES AND QUILLEN’S THEOREM

3.1. Complex orientations. Complex projective space CPn has a natural cellular
structure, associated to the decomposition

CPn−1 →֒ CPn ←֓ A
n

where CPn−1 is the hyperplane at infinity. The complex affine space An corre-
sponds to a cell of dimension 2n and the homotopy cofibre of CPn−1 → CPn is
equivalent to S2n (CP 1 is homeomorphic to the sphere S2).

Infinite complex projective space CP∞ is the direct limit of the natural inclu-
sions . . . →֒ CPn →֒ CPn+1 →֒ . . . and hence has a CW-structure with one cell in
each even dimension.

Remark 3.1. The space CP∞ ∈H• is important in homotopy theory; it can be con-
sidered as the classifying space BS1 or as an Eilenberg-MacLane spaceK(Z, 2). In
particular, for X a CW-complex, [X+,CP

∞] ∼= H2(X+;Z) ∼= Pic(X), the topologi-
cal Picard group of complex line bundles overX , with group structure induced by
⊗.

The group structure is induced by the commutative H-space structure of CP∞.
Namely, there is a product

CP∞ × CP∞ → CP∞

which classifies the tensor product of line bundles; this makes CP∞+ an abelian
group object in the category H•.

Definition 3.2. Let E be a commutative ring spectrum.
(1) E is complex oriented if there is a class xE ∈ E2(CP∞) such that the restric-

tion of xE along S2 ∼= CP 1 →֒ CP∞ is the unit 1 ∈ E2(S2) ∼= E0.
(2) A class xE satisfying the above condition is a complex orientation of E.

Example 3.3. The spectra HZ, HFp, KU are complex oriented ring spectra. How-
ever, the spectrum KO is a commutative ring spectrum which is not complex ori-
entable. There is no class inKO2(CP 2)which restricts to the unit, sinceKO detects

the Hopf map S3 η
→ S2, which is the attaching map for the top cell of CP 2.

Lemma 3.4. Let E, F be commutative ring spectra.

(1) If f : E → F is a morphism of ring spectra and xE is a complex orientation of E,
then xF := f∗(xE) is a complex orientation of F .

(2) IfE,F are both complex oriented, the morphisms of ring spectraE → E∧F ← F
induce two complex orientations on E ∧ F .

3.2. Algebraic structure associated to a complex orientation.

Proposition 3.5. Let E be a complex oriented ring spectrum, with orientation xE . Then,
there are isomorphisms of (topological) rings

(1) E∗[[xE ]]
∼=
→ E∗(CP∞+ )

(2) E∗[[x1
E , x

2
E ]]

∼=
→ E∗((CP∞ × CP∞)+).

Proof. (Indications.) Consider the first case; the second is similar. It is straightfor-
ward to show that there is a natural isomorphism

E∗[xE ]/(x
n+1
E )

∼=
→ E∗(CPn).

The passage to CP∞ follows from the Milnor exact sequence, Proposition 1.27. �

Remark 3.6. The complex orientation xE is not unique in general; xE can be re-
placed by g(xE), where g(xE) ∈ (E∗[[xE ]])

2 is a formal power series with g(0) = 0
and g′(0) = 1. There is a natural morphism of graded commutative rings E∗ →֒
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E∗(CP∞+ ) (induced by CP∞ → ∗) and an augmentation E∗(CP∞+ )→ E∗ (induced
by any choice of a basepoint of CP∞).

If E is complex oriented, then the formal scheme associated to E∗(CP∞+ ) is iso-
morphic to the formal affine line Â1, equipped with a canonical section. The com-
plex orientation corresponds to a choice of isomorphism, or a choice of coordinate.

The only formal groups which are considered here are commutative of dimen-
sion one.

Definition 3.7. A formal group law over a commutative ring R is a formal power
series F (x, y) ∈ R[[x, y]] such that

(1) F (x, 0) = x = F (0, x);
(2) (commutativity) F (x, y) = F (y, x);
(3) (associativity) F (x, F (y, z)) = F (F (x, y), z).

If F,G are formal group laws over R, a morphism of formal group laws F
f
→

G is a formal power series f(x) ∈ R[[x]] such that f(0) = 0 and f(F (x, y)) =
G(f(x), f(y)).

Composition of morphisms corresponds to composition of formal power series;
a morphism f(x) is an isomorphism if f ′(0) is invertible in R and is a strict isomor-
phism if f ′(0) = 1.

Remark 3.8. If F is a formal group law over R, there exists a unique formal power
series i(x) ∈ R(x) such that i(0) = 0 and F (x, i(x)) = x. More generally, for
n ∈ Z, there is a unique formal power series [n]F (x) (the n-series), which is an
endomorphism of F , such that [1]Fx = x and F ([m]F (x), [n]F (x)) = [m + n]F (x),
so [−1]Fx = i(x).

Proposition 3.9. Formal group laws and morphisms over R form a category FGL(R),

which contains the groupoid FGLSI(R) of formal group laws and strict isomorphisms.
Moreover, a morphism of commutative rings ϕ : R→ S induces functors

FGLSI(R)
ϕ∗ //

� _

��

FGLSI(S)
� _

��

FGL(R) ϕ∗

// FGL(S).

Theorem 3.10. (Lazard’s theorem.) There exists a universal formal group law FU defined
over a commutative ring L and L is isomorphic to a polynomial algebra Z[ai|0 < i ∈ N];
moreover, L can be taken to be (homologically) graded with |ai| = 2i, so that FU (x, y) is
homogeneous of degree −2, where |x| = |y| = −2.

Remark 3.11. The set of ring morphisms Hom(L,R) is in bijection with the set of
formal group laws over R, via ϕ 7→ ϕ∗FU .

More generally, the functor R 7→ FGLSI(R), with values in small groupoids, is
represented by an affine groupoid scheme; this structure is usually referred to as a
Hopf algebroid in algebraic topology.

It is useful to consider the associated algebraic stack of formal groups (defined
with respect to the fpqc topology).

The relevance of formal group laws to algebraic topology is explained by the
following result:

Theorem 3.12. Let E be a complex oriented commutative ring spectrum.

(1) A complex orientation xE induces a formal group law FxE
∈ Ob FGL(E∗).

(2) If x′E = g(xE) is a second complex orientation, then g defines a strict isomorphism

FxE

g
→ Fx′

E
.
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Proof. (Indications.) The product CP∞ × CP∞ → CP∞ induces a morphism of
E∗-algebras:

E∗(CP∞+ ) ∼= E∗[[xE ]]→ E∗((CP∞ × CP∞)+) ∼= E∗[[x1
E , x

2
E ]],

which is determined by FxE
∈ E∗[[x1

E , x
2
E ]], the image of xE . The associativity and

the commutativity of the product in H• imply that this is a formal group law.
The naturality statement is straightforward. �

Remark 3.13. In topology, the rings considered are graded commutative. The orien-
tation x has cohomological degree 2 and the formal power series FxE

is homoge-
neous of cohomological degree two. In particular, the coefficients lie in the commu-
tative subring E2∗.

Remark 3.14. Whereas the formal group law associated to a complex oriented com-
mutative ring spectrum depends on the choice of coordinate, the corresponding
1-dimensional commutative formal group GE is canonical.

Example 3.15.

(1) If E = HZ, the coefficient ring is Z, concentrated in degree zero. In this
case, there is a canonical choice of coordinate, and the associated formal
group is the additive formal group Ga, with formal group law

Fa(x, y) = x+ y.

(2) If E = KU , the coefficient ring is Z[u±1], with u ∈ KU−2 the Bott element;
the standard choice of coordinate induces the multiplicative formal group
law:

Fm(x, y) = x+ y − uxy.

(3) The spectrumMU is equippedwith a canonical complex orientation xMU ∈
MU2(CP∞). (For the identification of the coefficent ring MU∗, see Theo-
rem 3.25).

Remark 3.16. Elliptic cohomology theories are (roughly-speaking) oriented cohomol-
ogy theories such that the associated formal group is the formal completion of an
elliptic curve. The theory of topological modular forms is not complex oriented, but is
constructed as the (homotopy) global sections of a sheaf of structured commutative
ring spectra on a moduli stack of generalized elliptic curves, which is constructed
from elliptic cohomology theories.

An important consequence of the existence of a complex orientation is the Thom
isomorphism theorem.

Theorem 3.17. Let ξ be a rank n C-vector bundle over X and E be a C-oriented com-
mutative ring spectrum. Then there exists a Thom class uξ ∈ E2n(Thom(ξ)) such that
E∗(Thom(ξ)) is a free E∗(X+)-module on uξ, where the module structure is induced by
the Thom diagonal:

Thom(ξ)→ X+ ∧ Thom(ξ).

This leads to the construction of Gysin or umkehr maps, by using tubular neigh-
bourhoods.

3.3. Homology calculations. Let E be a commutative ring spectrum; there is a
Kronecker pairing

〈−,−〉 : E∗(Z)⊗E∗ E∗(Z)→ E∗.

This sends (Z
f
→ E[n])⊗ (Sa α

→ E ∧ Z) to the composite:

Sa α
→ E ∧ Z

E∧f
→ E ∧ E[n]

µ
→ E[n],

which gives an element of Ea−n.
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For Z = CP∞+ , and E a complex oriented commutative ring spectrum, the Kro-
necker pairing is perfect. If xE is a complex orientation of E, let βE

i denote the
class which is dual to xi

E .

Proposition 3.18. Let E be a complex oriented commutative ring spectrum, with orien-
tation xE . There is an isomorphism of E∗-modules

E∗(CP
∞
+ ) ∼= E∗〈β

E
i |i ≥ 0〉,

where the right hand side denotes the free module generated by the classes βE
i .

Remark 3.19.
(1) The result generalizes to considerE∗((CP∞)∧n+ ). Indeed,E∗(CP∞+ ) is a flat

E∗-module, so there is a Künneth isomorphism:

E∗(X ∧ CP∞+ ) ∼= E∗(X)⊗E∗
E∗(CP

∞
+ ).

(2) The multiplication CP∞ × CP∞ → CP∞ gives E∗(CP∞+ ) the structure of
a Hopf algebra over E∗.

Notation 3.20. Let E be a complex oriented commutative ring spectrum, with ori-
entation xE . Write bEi ∈ E2iMU , (i ≥ 1), for the image of the class βE

i+1 ∈
E2(i+1)(CP

∞
+ ) under the morphism in homology

E∗(CP
∞
+ )→ E∗−2MU

induced by CP∞ ∼= MU2. (Exercise: give this morphism explicitly.)

Theorem 3.21. Let E be a commutative ring spectrum with complex orientation xE .
Then E∗MU is a commutative graded ring and there is a natural isomorphism of rings

E∗[b
E
i |i ≥ 1]

∼=
→ E∗MU.

Proof. (Indications.) The complex orientation of E gives a Thom isomorphism theo-
rem forE∗. Thus, the structure ofE∗(MU) as anE∗-module can be calculated from
E∗BU(n), which can be calculated by a generalization of the classical calculation
of H∗(BU(n);Z). �

Example 3.22. Taking E = MU , there is an isomorphism of rings MU∗MU ∼=
MU∗[bi|i ∈ Z], where |bi| = 2i.

3.4. Complex orientations and morphisms of ring spectra from MU . By Lemma
3.4, a morphism of commutative ring spectra MU → E induces a complex orien-
tation on E. The converse holds:

Theorem 3.23. Let E be a complex oriented commutative ring spectrum. There is a
bijection between the set of C-orientations of E and

RingSH (MU,E)

the set of morphisms of ring spectra fromMU to E.

Proof. (Indications.) There is an isomorphism

[MU,E]SH
∼= HomE∗

(E∗MU,E∗),

a form of universal coefficients isomorphism, where the right hand side is the group
of E∗-module morphisms. Moreover, the set RingSH (MU,E) identifies with the
set of morphisms of E∗-algebras HomE∗−alg(E∗MU,E∗).

The proof is completed by showing that the latter is in bijection with the set
of complex orientations of E, using E∗MU ∼= E∗[b

E
i ] as E∗-algebras, where the

generators bEi come from E∗(CP
∞). The result follows from the corresponding

universal coefficients isomorphism

E2(CP∞) ∼= HomE∗
(E∗+2(CP

∞), E∗).

�
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Example 3.24. The integral Eilenberg-MacLane spectrum HZ admits a canonical
complex orientation. This corresponds to the Thom orientation:

MU → HZ

which is a morphism of ring spectra, which induces an isomorphism on homotopy
groups πn, for n ≤ 0.

3.5. Quillen’s theorem. The spectrum MU has a canonical complex orientation,
hence there is an induced formal group lawFMU which is classified by amorphism
of rings L→MU∗, where L is the Lazard ring.

Theorem 3.25. (Quillen’s theorem.) The morphism L → MU∗ is an isomorphism of
rings.

Proof. (Indications.) There are two aspects of this theorem; the statement that the
coefficient ringMU∗ is a polynomial ring isomorphic to the Lazard ring (as graded
rings) and the assertion that the formal group law FMU is universal.

The classical approach to the calculation of MU∗ uses the Adams spectral se-
quence; this establishes, in particular, that the ring MU∗ has no additive torsion,
which implies that the Hurewicz morphism

MU∗ → HZ∗MU

is a monomorphism of rings.
The homology HZ∗MU is the coefficient ring of the spectrumHZ∧MU , which

has two orientations, by Lemma 3.4. The ring HZ∗MU represents the strict iso-
morphisms between the additive formal group law and a second formal group
law.

The proof of the theorem depends on an analysis of the Hurewicz morphism on
the modules of indecomposables. �

Remark 3.26. Quillen [Qui71] gives a direct proof of this theorem, which exploits a
geometric interpretation of the (co)homology theory induced by MU .

Corollary 3.27. Let R be a graded commutative ring equipped with a morphism of graded
rings MU∗ → R (equivalently, a graded formal group law G over R). Then there is a
bijection between

HomMU∗−alg(MU∗MU,R)

and the set of strict isomorphisms of formal group laws of the form G→ G′.

Proof. (Indications.) Combine the algebraic statement used at the end of the proof
of Theorem 3.23 with Quillen’s theorem, Theorem 3.25. �

Remark 3.28. The previous result can be made more precise: (MU∗,MU∗MU) is
naturally equipped with the structure of an affine groupoid scheme, which repre-
sents the functor R 7→ FGLSI(R).

This is a case of a general construction. A commutative ring spectrum E is
said to be flat if E∗E is a flat left E∗-module: if E is flat, then there is a natural
isomorphism

E∗E ⊗E∗
E∗X

∼=
→ E∗(E ∧X),

for any spectrum X , in particular forX = E and X = E ∧ E.
The structure morphisms of the affine groupoid scheme are induced by the fol-

lowing morphisms:

(1) E ∼= S ∧ E
η∧E
→ E ∧ E

E∧η
← E ∧ S ∼= E, inducing the left and right units

ηL, ηR : E∗ ⇆ E∗E;
(2) µ : E ∧ E → E, inducing the augmentation ǫ : E∗E → E∗;
(3) τ : E ∧ E → E ∧ E, inducing the conjugation χ : E∗E → E∗E;
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(4) E ∧ η ∧ E : E ∧ E ∼= E ∧ S ∧ E → E ∧ E ∧ E, inducing the diagonal
E∗E → E∗E ⊗E∗

E∗E.
The structure (E∗, E∗E) is referred to as the homology cooperations for the flat com-
mutative ring spectrum E.

Example 3.29. If E = HZ/p, for a prime p, then HZ/p∗ ∼= Fp, concentrated in de-
gree zero, and the associated structure is a Hopf algebra HZ/p∗HZ/p, which is the
dual of the Steenrod algebra A ∼= [HZ/p,HZ/p]∗ of graded stable cohomology
operations. For p = 2, HZ/2∗HZ/2 is simply the automorphisms of the additive
formal group over F2-algebras (a similar interpretation is available for p odd, tak-
ing into account graded commutativity).

3.6. Consequences ofQuillen’s theorem. As observed byMorava [Mor85], Quillen’s
theorem implies that the geometry of the stack of one dimensional commutative
formal groups has profound implications in topology. In particular, working p-
locally, the stratification of the moduli stack by height leads to the chromatic filtra-
tion of stable homotopy theory.

Example 3.30. For n a positive integer and p a prime, there exists a complex ori-
ented commutative ring spectrumK(n)with coefficient ring Fp[v

±1
n ], where |vn| =

2(pn − 1) and the associated formal group is the Honda group law with p-series
[p](x) = vnx

pn

.

Remark 3.31. Since MU is a highly structured commutative ring spectrum, it is
straightforward to construct K(n) as an MU -module, by killing the appropriate
elements of the coefficient ring of MU and localizing.
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