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Abstract

We obtain a global version of the HamiltonianKAM theorem for invariant
Lagrangean tori by glueing together localKAM conjugacies with help of a
partition of unity. In this way we find a global Whitney smoothconjugacy
between a nearly integrable system and an integrable one. This leads to
preservation of geometry, which allows us to define all nontrivial geomet-
ric invariants of an integrable Hamiltonian system (like monodromy) for a
nearly integrable one.

Introduction
Classical Kolmogorov-Arnold-Moser (KAM ) theory deals with Hamiltonian per-
turbations of an integrable Hamiltonian system and proves the persistence of
quasi-periodic (Diophantine) invariant Lagrangean tori.In [29] Pöschel proved
the existence of Whitney smooth action angle variables on a nowhere dense union
of tori having positive Lebesgue measure, see also [23, 10].This version of the
KAM theorem can be formulated as a kind of structural stability restricted to a
union of quasi-periodic tori, which is referred to asquasi-periodic stability[5, 6].
In this context, the conjugacy between the integrable system and its perturbation
is smooth in the sense of Whitney.

Our goal is to establish a global quasi-periodic stability result for fibrations of
Lagrangean tori, by glueing together local conjugacies obtained from the classical
‘local’ KAM theorem. This glueing uses a partition of unity [20, 31] and the
fact that invariant tori of the unperturbed integrable system have a natural affine
structure [1, 12, 17]. The global conjugacy is obtained as anappropriate convex
linear combination of the local conjugacies. This construction is reminiscent of
the one used to build connections or Riemannian metrics in differential geometry.

In AN appendix we show that the Whitney extension theorem [34, 24,27, 31]
can be globalized to manifolds.
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3Università di Padova, Dipartimento di Matematica Pura e Applicata, Via G. Belzoni 7, 35131
Padova, Italy (email: fasso@math.unipd.it)

1



1.1 Motivation

A motivation for globalizing theKAM theorem is the nontriviality of certain torus
fibrations in Liouville integrable systems, for example thespherical pendulum.
Here an obstruction to the triviality of the foliation by itsLiouville tori is given
by monodromy, See [15, 28] for a geometrical discussion of all the obstructions
for a toral fibration of an integrable Hamiltonian system to be trivial. A natural
question is whether (nontrivial) monodromy also can be defined for nonintegrable
perturbations of the spherical pendulum. Answering this question is of interest
in the study of semiclassical versions of such classical systems, see [25, 14, 13].
The results of the present paper imply that for an open set of Liouville integrable
Hamiltonian systems, under a sufficiently small perturbation, the geometry of the
fibration is largely preserved by a (Whitney) smooth diffeomorphism. This im-
plies that monodromy can be defined in the nearly integrable case. In particular,
our approach applies to the spherical pendulum. For a similar result in two de-
grees of freedom near a focus-focus singularity see [30]. Weexpect that a suitable
reformulation of our results will be valid in the general Liealgebra setting of
[26, 6].

1.2 Formulation of the global KAM theorem

We now give a precise formulation of our results, where ‘smooth’ means ‘of
classC∞’. Consider a2n-dimensional, connected, smooth symplectic manifold
(M, σ) with a surjective smooth mapπ : M → B, whereB is ann-dimensional
smooth manifold. We assume that the mapπ defines a smooth locally trivial fi-
bre bundle, whose fibres are Lagrangeann-tori. See note 1. In the following
T

n = R
n/(2πZ

n) is the standardn-torus.
By the Liouville-Arnold integrability theorem [1, 12] it follows that for every

b ∈ B there is a neighbourhoodU b ⊆ B and a symplectic diffeomorphism

ϕb : V b = π−1(U b) → T
n × Ab, m 7→ (αb(m), ab(m)),

with Ab ⊆ R
n an open set and with symplectic form

∑n

j=1 dαb
j ∧ dab

j such that
ab = (ab

1, a
b
2, . . . , a

b
n) is constant on fibers ofπ. We call (αb, ab) angle action

variables and(V b, ϕb) an angle action chart.
Now consider a smooth Hamiltonian functionH : M → R, which is constant

on the fibers ofπ, that is,H is an integral ofπ. Then the Hamiltonian vector field
XH defined byσ XH = dH is tangent to these fibers. This leads to a vector
field

(ϕb
∗XH)(α, a) =

n∑

j=1

ωb
j(a)

∂

∂αb
j

=

n∑

j=1

∂(ϕb
∗H)

∂ab
j

∂

∂αb
j
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onT
n×Ab with frequency vectorωb(a) = (ωb

1(a), . . . , ωb
n(a)). We callωb : Ab →

R
n the local frequency map. We say thatH is aglobally nondegenerateintegral

of π, if for a collection{(V b, ϕb)}b∈B of angle action charts whose domainsV b

coverM, each local frequency mapωb : Ab → R
n is a diffeomorphism onto its

image. See note 2.

Suppose thatH is a globally nondegenerate integral onB. If B′ ⊆ B is a
relatively compact subset ofB, that is, the closure ofB′ is compact, then there is a
finite subcover{U b}b∈F of {U b}b∈B such that for everyb ∈ F the local frequency
mapωb is a diffeomorphism onto its image. Accordingly, letM ′ = π−1(B′) and
consider the corresponding bundleπ′ : M ′ → B′.

We shall consider perturbations ofH in theC∞-topology onM. ForM = R
2n

this topology is defined as follows. For any compact domainK ⊆ R
2n, any

m ∈ N andε > 0 consider

VK,m,ε = {F : M → R | ||F ||K,m < ε},

where||F ||K,m is theCm-norm ofF on K. TheC∞-topology is generated by all
such setsVK,m,ε. On a manifold this definition has to be adapted by a partition of
unity, compare with [20, 27].

We now state our main result.

Theorem 1. (KAM- GLOBAL) Let (M, σ) be a smooth2n-dimensional symplec-
tic manifold withπ : M → B a smooth locally trivial Lagrangeann-torus
bundle. LetB′ ⊆ B be an open and relatively compact subset and let
M ′ = π−1(B′). Suppose thatH : M → R is a smooth integral ofπ, which
is globally nondegenerate. Finally letF : M → R be a smooth function. If
F |M ′ is sufficiently small in theC∞-topology, then there is a subsetC ⊆ B′

and a mapΦ : M ′ → M ′ with the following properties.

1. The subsetC ⊆ B′ is nowhere dense and the measure ofB′ \ C tends
to 0 as the size of the perturbationF tends to zero;

2. The subsetπ−1(C) ⊆ M ′ is a union of DiophantineXH-invariant
Lagrangeann-tori;

3. The mapΦ is aC∞-diffeomorphism onto its image and is close to the
identity map in theC∞-topology;

4. The restriction̂Φ = Φ|π−1(C) conjugatesXH to XH+F , that is,

Φ̂∗XH = XH+F .

Note that the HamiltonianH + F need not be an integral ofπ. See notes
3–7.
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Corollary 1. If H is globally nondegenerate andH + F is integrable, then the
dynamics ofH andH + F are conjugate by a global smooth torus bundle
isomorphism (which in general is not symplectic). See note 6.

2 Proof of the global KAM theorem

This section is devoted to proving theorem 1. The idea is to glue together the local
conjugacies, as obtained by the standard ‘local’KAM theorem [29, 6, 5], with the
help of a partition of unity. The adjective ‘local’ refers tothe fact that this theorem
deals with local trivializations of the globaln-torus bundle.

2.1 The ‘local’ KAM theorem

In the ‘local’ KAM theorem the phase space isT
n ×A, whereA ⊆ R

n is an open,
connected set. Also

(α, a) = (α1, . . . , αn, a1, . . . , an)

are angle action coordinates onT
n × A with symplectic form

∑n
j=1 dαj ∧ daj .

Suppose that we are given a smooth Hamiltonian functionh : T
n×A → R, which

is a nondegenerate integral, that is,h does not depend on the angle variablesα and
then × n matrix

(
∂2h

∂ai∂aj

)n

i,j=1
has rankn. In the present local setting we denote

Hamiltonian functionsh, h + f, etc. by lower-case letters. We now define some
concepts needed to formulate the ‘local’KAM theorem.

The Hamiltonian vector fieldXh corresponding to the Hamiltonianh has the
form

Xh(α, a) =
n∑

i=1

ωi(a)
∂

∂αi

, (1)

with ω(a) = ∂h/∂a (a). The nondegeneracy assumption means that the local
frequency mapω : a ∈ A 7→ ω(a) ∈ R

n is a diffeomorphism onto its image.

Next we need the concept of Diophantine frequencies. Letτ > n − 1 andγ > 0
be constants. Set

Dτ,γ(R
n) = {ω ∈ R

n | |〈ω, k〉| ≥ γ|k|−τ , for all k ∈ Z
n \ {0}}. (2)

Elements ofDτ,γ(R
n) are called(τ, γ)-Diophantinefrequency vectors. LetΓ =

ω(A). We also consider the shrunken version ofΓ defined by

Γγ = {ω ∈ Γ | dist(ω, ∂Γ) > γ}.
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Figure 1: Sketch of the setDτ,γ(R
2), where the raylike structure is indicated.

Compare with note 10.

Let Dτ,γ(Γγ) = Γγ ∩ Dτ,γ(R
n). From now we takeγ to be sufficiently small so

thatDτ,γ(Γγ) is a nowhere dense set of positive measure. Recall that the measure
of Γ \ Dτ,γ(Γγ) tends to zero inΓ asγ ↓ 0, [29, 6, 5]. Finally define the shrunken
domainAγ = ω−1(Γγ) ⊆ A as well as its nowhere dense counterpartDτ,γ(Aγ) =
ω−1(Dτ,γ(Γγ)) ⊆ Aγ, where the measure ofA \ Dτ,γ(Aγ) tends to zero asγ ↓ 0.

As said before, we measure smooth perturbationsh + f in theC∞-topology on
T

n × A, assuming that all functions have smooth extensions to a neighbourhood
of the closureTn × A.

We now are ready to formulate the standard ‘local’KAM theorem, [29, 6].

Theorem 2. (KAM-‘ LOCAL’) Suppose that the smooth Hamiltonian functionh :
T

n × A → R is a nondegenerate integral ofπ : T
n × A → A. Then there

exists aC∞-neighbourhoodV of h, such that for allh + f ∈ V THERE IS A

MAP ΦA : T
n × A → T

n × A with the following properties.

1. ΦA is aC∞-diffeomorphism onto its image, which is close to the iden-
tity map in theC∞-topology.

2. The restricted map̂ΦA = ΦA|Tn×Dτ,γ(Aγ) conjugatesXh to Xh+f , that

is, Φ̂A
∗Xh = Xh+f . See notes 8–10.

We can rephrase the ‘local’KAM theorem as follows. IfU is aC∞-neighbour-
hood of IdTn×A, then there is aC∞-neighbourhood̃V of Xh such that for all
Xh+f ∈ Ṽ there is a diffeomorphismΦ ∈ U which conjugatesXh to Xh+f when
restricted toTn × Dτ,γ(Aγ).
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2.2 Application of the ‘local’ KAM theorem

Let us return to the global problem of perturbingH to H + F on the relatively
compact setM ′ = π−1(B′) ⊆ M. Note that, in this global setting we denote the
Hamiltonians by upper-case letters. Recall that we have an atlas {(V b, ϕb)}b∈B

of angle action charts onM, whereV b = π−1(U b) = (ϕb)−1(Tn × Ab). Here
we can ensure that allAb ⊆ R

n are convex. This convexity is independent of
the local coordinates, as long as these are symplectic angle-action variables. See
note 1. For eachb ∈ B and a sufficiently small constantγb > 0, the shrunken
domainV b

γb ⊆ V b defined byV b
γb = (ϕb)−1(Tn × Ab

γb) is open and nonempty.
This implies that{V b

γb}b∈B still is a covering ofM. Given any choice of an open

relatively compact setB′ ⊆ B, there exists afinite subcover{V j

γj}
j∈J

of M ′ =

π−1(B′). Note thatV j

γj ⊆ V j, j ∈ J . Projection byπ gives corresponding subsets

U j

γj ⊆ U j , where{U j

γj}
j∈J

coversB′. See the following commutative diagram

V j ϕj

−→ T
n × Aj

↓ π ↓

U j aj

−→ Aj ,

whereϕj = (αj, aj).

In each angle action chart(V j, ϕj) whereϕj : V j = π−1(U j) → T
n × Aj,

we have a local perturbation problem. Indeed, defininghj = H◦(ϕj)−1 andf j =
F ◦ (ϕj)−1, we are in the setting of the ‘local’KAM theorem 2 on the phase space
T

n × Aj. We fix γ = γj sufficiently small for theorem 2 to be applicable.

We now construct the nowhere dense setC ⊆ B′. ConsiderDτ,γj(Aj

γj ) ⊆

Aj

γj ⊆ Aj . Inside Dτ,γj(Aj

γj ) we define a subsetD∗

τ,γj(A
j

γj ), by eliminating a
measure zero set. Towards this goal, we say thatp ∈ R

n is a density pointof
Dτ,γ(R

n), if for every smooth functionF : R
n → R whose restriction toDτ,γ(R

n)
vanishes, its infinite jet atp also vanishes. The set of all density points, denoted
D∗

τ,γ(R
n) ⊆ Dτ,γ(R

n), is a closed subset of full measure, that inherites a raylike
structure. See note 11 and [8]. The inverse image under the frequency map of the
intersectionD∗

τ,γ(R
n) ∩ Γγ is a subsetD∗

τ,γj(A
j

γj ) of Dτ,γj(Aj

γj ) of full measure.
Next let

F j = {u ∈ U j

γj | aj(u) /∈ D∗

τ,γj(A
j

γj )},

then we define
C = B′ \

⋃

j∈J

F j,
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which clearly is a nowhere dense set. Since allF j have small measure, also the
finite union

⋃
j∈J F j has small measure. Accordingly, the setπ−1(C) ⊆ M ′ is

nowhere dense andM ′ \ π−1(C) has small measure.

We now continue the global perturbation argument. Given theappropriate
(equicontinuous) smallness conditions on the collection of perturbing functions
{f j}j∈J , by the ‘local’ KAM theorem 2 we obtain diffeomorphismsΦj = ΦAj

:

T
n × Aj → T

n × Aj , close to the identity in theC∞-topology, whose restriction
Φ̂j to Dd

γj(A
j

γj ) satisfies

(Φ̂j)∗Xhj = Xhj+fj .

Using the above construction we see that eachXH-invariant Diophantine torus
T ⊆ π−1(C) is diffeomorphic by(ϕj)−1

◦Φj
◦ϕj to an invariant torus(T ′)j of

XH+F , j ∈ J . This map (locally) conjugates the quasi-periodic dynamicsof XH

with that ofXH+F . To proceed further we need the following uniqueness theorem.

Theorem 3 (UNICITY ) Using the set up of the ‘local’KAM theorem, Theorem 2,
there existC∞-neighbourhoodsU2 andV2 such that ifΦ ∈ V2 is a conjugacy
between the vector fieldsXH andXH+F , which lie inU2, then the conjugacy
Φ, restricted toTn × D∗

τ,γ(Aγ), is unique up to a torus translation.

Proof: See [8]. �

We now combine the global nondegeneracy ofH and the unicity theorem 3
to obtain the following result. For sufficiently smallF, the correspondence which
associates the torusT to the torusT ′ is unique, and hence is independent of the
index j ∈ J used to define the conjugacy. Here we have used the fact that the
frequency mapωj is a diffeomorphism onAj for all j ∈ J . Loosely speaking
one might say that on the unionπ−1(C) of Diophantine tori the action coordinates
match under the transition mapsϕj

◦ (ϕi)−1. See note 12.

For the angle coordinates matching is quite different. First, in cases where the
n-torus bundleπ : M → B is nontrivial, the angle coordinates onπ−1(C) do not
have to match under the transition mapsϕj

◦ (ϕi)−1. Second, the angle components
of ‘local’ KAM conjugaciesΦi andΦj do not have to match either.

2.3 Affine Structure and Partition of Unity

To overcome the problem of matching the angles we glue the local KAM conjuga-
cies together by taking a convex linear combination on the integrablen-tori. Here
we use the natural affine structure of these tori and a partition of unity.
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We begin by reconsidering the notion of quasi-periodicity and the way this
induces a natural affine structure, compare with [8]. Consider the constant vector
field

Xω =
n∑

j=1

ωj

∂

∂αj

,

on the standard torusTn = R
n/(2πZ

n) with non-resonant frequency vectorω =
(ω1, ω2, . . . , ωn). The self-conjugacies ofXω are exactly the translations ofT

n.
This directly follows from the fact that each trajectory ofXω is dense. Note that
these translations determine the affine structure onT

n. For an arbitrary vector
field X with an invariantn-torusT, we may define quasi-periodicity ofX|T by
requiring the existence of a smooth conjugacyφ : T → T

n with a vector fieldXω

onT
n, i.e., such thatφ∗(X|T ) = Xω. In that situation, the self-conjugacies ofX|T

determine a natural affine structure onT. Note that the translations onT and on
T

n are self conjugacies and that therefore the conjugacyφ itself is unique modulo
torus translations.

Finally observe that in the present integrable Hamiltoniancase, the (local)
angle-action variables(α, a) give rise toX-invariant toriTa. Also the involutive
integrals give rise to an affine structure [1, 12], that is defined for each of the con-
ditionally periodic (or parallel) invariant tori. We note that on the quasi-periodic
tori Ta the latter structure coincides with the one we introduced above. Indeed, in
the angle coordinatesα the vector fieldX becomes constant. For details see [8].

Next we introduce a partition of unity, to be used for the explicit construc-
tion of a convex linear combination. Recall that we are restricting to a relatively
compact subsetM ′ of the regularn-torus bundleM.

Lemma 1. (PARTITION OF UNITY) Subordinate to the covering{V b
γb}

b∈B′
of M ′

there is a finite partition of unity{(V j

γj , ξ
j)}j∈J byC∞ functionsξj : M ′ →

R such that, for everyj ∈ J we have

1. The support ofξj is a compact subset ofV j

γj ;

2. The functionξj takes values in the interval[0, 1];

3. The functionξj is constant on the fibers of the bundle projectionπ′ :
M ′ → B′;

4.
∑

j∈J ξj ≡ 1 onM ′.

The lemma follows by carrying out the standard partition of unity construction
[20, 31] onB′ and pulling everything back byπ.
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2.4 Glueing the ‘local’ KAM conjugacies

We now conclude the proof of theorem 1. For eachj ∈ J consider the near-
identity mapΨj = (ϕj)−1

◦ (Φj)−1
◦ϕj, which takes a perturbed torusT ′ to its

unperturbed (integrable) counterpartT and thereby conjugates the quasi-periodic
dynamics. Note that the ‘local’KAM conjugacyΦj mapsTn ×Aj

γj into T
n ×Aj .

Therefore(Ψj)−1 mapsV j

γj into V j . We make the following assertions about the
chart overlap maps onM ′.

Lemma 2. (OVERLAP) Consider the perturbed HamiltonianH +F of theorem 1.
Assume that the functionF is sufficiently small in theC∞-topology. Then
on the overlapsV i ∩ V j :

1. The transition mapΨi
◦ (Ψj)−1 is close to the identity in theC∞ topol-

ogy;

2. For each integrable quasi-periodicn-torusT ⊆ V i
γi ∩ V j

γj , which by
(Ψi)−1 and(Ψj)−1 is diffeomorphic toT ′, the mapsΨi|T ′ andΨj|T ′

only differ by a small translation.

Proof. The first item follows directly from the equicontinuity condition regarding
the size of the{f j}j∈J and by the chain rule. The second item follows from the
fact that a near-identity affine torus transformation is necessarily a translation. See
notes 13, 14 and [8]. �

Proof of theorem 1.The global conjugacy of theorem 1 is obtained by taking the
convex linear combination

Φ−1 =
∑

j∈J

ξj · Ψj. (3)

This expression is well-defined on the union of Diophantine tori T ′ under con-
sideration, and here is a conjugacy betweenXH+F andXH . Indeed, notice that
by taking inverses we work on the integrable Diophantine tori T ⊆ π−1(C) with
the canonical affine structure. In each fiberT of the integrable torus bundle, by
lemma 3, the mapsΨi andΨj with i, j ∈ J , only differ by a small translation.
The finite convex linear combinationΦ−1 then is well-defined, implying thatΦ is
a global conjugacy on the nowhere dense setπ−1(C). We now have to show that
Φ is Whitney smooth and admits a global Whitney extension as a smooth map.

We establish Whitney smoothness of the mapΦ, which is characterized by
the local extendability ofΦ as a smooth map [34]. We check extendability per
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action angle chart, consideringϕj0 : V j0 → T
n ×Aj0, for a fixedj0 ∈ J . A brief

computation yields that, restricted to the Diophantine tori,

ϕj0
◦Φ−1

◦ (ϕj0)−1 =
∑

j∈J

ξj
◦ (ϕj0)−1 · (ϕj0

◦ (ϕj)−1)◦ (Φj)−1
◦ (ϕj

◦ (ϕj0)−1). (4)

Note that the ‘local’KAM conjugaciesΦj (as well as their inverses(Φj)−1) can
be extended as smooth maps; in fact, by theorem 2 they were already given as
extensions. Also note that whenever a ‘local’KAM map(Φj)−1 is not defined, the
corresponding bump functionξj

◦ (ϕj0)−1 vanishes. Now we can extend (4) as a
smooth map fromT

n ×Aj0 to itself, as a convex linear combination, taken on the
productTn × Aj0 ⊆ T

n × R
n, which has a natural affine structure. For exactly

this reason, in section 2.2 we choseAj0 to be convex. In theTn-component we
are dealing with the near-identity maps(Φj)−1, j ∈ J . Since all the ingredients
we have used are smooth, the final result (4) is also.

We still have to prove thatΦ−1, defined by (3), admits a global Whitney exten-
sion. In Theorem 4 in the appendix we prove that the local extensions can be glued
together to obtain a global Whitney extension ofΦ−1, again using a partition of
unity.

Finally, the fact that for smallF the mapΦ is C∞-close to the identity map,
follows by Leibniz’s rule. This proves the globalKAM theorem 1. See note 14.�

I0

1

E

−1

Figure 2: Range of the energy-momentum map of the spherical pendulum.

3 Example: the spherical pendulum

In this section we consider the spherical pendulum [1, 15, 12, 30]. Dynamically,
the spherical pendulum is the motion of a unit mass particle restricted to the unit
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sphere inR3 in a constant vertically downward gravitational field. The configura-
tion space of the spherical pendulum is the2-sphereS2 = {q ∈ R

3 | 〈q, q〉 = 1}

and the phase space its cotangent bundleM̃ = T ∗S2 = {(q, p) ∈ R
6 | 〈q, q〉 =

1 and 〈q, p〉 = 0}. Hereq = (q1, q2, q3) andp = (p1, p2, p3), while 〈 , 〉 denotes
the standard inner product inR3.

The spherical pendulum is a Liouville integrable system. ByNoether’s theo-
rem [1] the rotational symmetry about the vertical axis gives rise to angular mo-
mentumI(q, p) = q1p2−q2p1, which is a second integral of motion, in addition to
the energyH(q, p) = 1

2
〈p, p〉 + q3. The energy-momentum map of the spherical

pendulum is

EM : T ∗S2 → R
2 : (q, p) 7→ (I, E) =

(
q1p2 − q2p1,

1
2
〈p, p〉 + q3

)
.

Its fibers corresponding to regular values give rise to a fibration of phase space by
Lagrangian2-tori. The imageB̃ of EM is the closed part of the plane lying in
between the two curves meeting at a corner, see figure 1. The set of singular val-
ues ofEM consists of the two boundary curves and the points(I, E) = (0,±1).
The points correspond to the equilibria(q, p) = (0, 0,±1, 0, 0, 0); whereas the
boundary curves correspond to the horizontal periodic motions of the pendulum
discovered by Huygens [22]. Therefore the setB of regularEM-values consists
of the interior ofB̃ minus the point(I, E) = (0, 1), corresponding to the unstable
equilibrium point(0, 0, 1, 0, 0, 0). This point is the centre of the nontrivial mon-
odromy. The corresponding fiberEM−1(1, 0) is a once pinched2-torus. Note that
EM : M̃ → B̃ is a singular foliation in the sense of Stefan-Sussmann [32,33].

OnB one of the two components of the frequency map is single valued while
the other is multi-valued [15, 12]. In [21] Horozov established global nondegen-
eracy ofH onB. Thus the globalKAM theorem 1 can be applied to any relatively
compact open subsetB′ ⊆ B. Consequently, the integrable dynamics on the2-
torus bundleEM′ : M ′ → B′ of the spherical pendulum is quasi-periodically
stable.

This means that any sufficiently small perturbation of the spherical pendu-
lum has a nowhere dense union of Diophantine invariant tori of large measure,
which has a smooth interpolation by a push forward of the integrable bundle
EM′ : M ′ → B′. In section 4 we shall argue that this allows for a definition
of (nontrivial) monodromy for the perturbed torus bundle.

Let us briefly return to the case where the perturbation remains within the
world of integrable systems. See note 4. For example, in the case of the spherical
pendulum, let the perturbation preserve the axial symmetry, whence by Noether’s
theorem [1, 12] the system remains Liouville integrable. Assaid before, this
yields global structural stability of theXH-dynamics on the relatively compact
setM ′, where the conjugacy to the perturbed integrableXH+F -dynamics is aC∞
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isomorphism of2-torus bundles. This statement just uses global nondegeneracy
of H.

4 Monodromy in the nearly integrable case

In this section we show how to define the concept of monodromy for a nearly
integrable nowhere dense torus bundle as obtained in this paper. Our construction,
however, is independent of any integrable approximation.

4.1 A regular union of tori

Let M be a manifold endowed with a (smooth) metric%. Then for any two subsets
A, B ⊆ M we define%(A, B) = infx∈A,y∈B %(x, y). (Note that in general this
does not define a metric on the set of all subsets.) LetM ′ ⊆ M be compact and
{Tλ}λ∈Λ a collection of pairwise disjointn-tori in M. We require the following
regularityproperties. There exist positive constantsε andδ such that

1. For allλ ∈ Λ, each continuous maphλ : Tλ → Tλ with %(x, h(x)) < 2ε for
all x ∈ Tλ, is homotopic with the identity mapIdTλ

;

2. For eachλ, λ′ ∈ Λ, such that%(Tλ, Tλ′) < δ, there exists a homeomorphism
hλ′,λ : Tλ → Tλ′ , such that%(x, hλ′,λ(x)) < 1

2
ε for all x ∈ Tλ;

3. For eachx ∈ M ′ there existsλ ∈ Λ such that%({x}, Tλ) < 1
2
δ.

Note that the homeomorphismhλ′,λ, as required to exist by item 2, by item 1
is unique modulo homotopy. We also observe the following. Inthe situation of
the present paper, we started with a globally nondegenerateLiouville integrable
Hamiltonian system, such that an open and dense part of the phase spaceM is
foliated by invariant Lagrangeann-tori. Let M ′ be a compact union of such
tori. Then, under sufficiently small, non-integrable perturbation, the remaining
LagrangeanKAM tori in M ′ as discussed in this paper, form a regular collection
in the above sense.

4.2 Construction of aZ
n-bundle

We now construct aZn-bundle, first only over the unionM ′′ = ∪λTλ, which
is assumed to be regular in the sense of section 4.1. For each point x ∈ Tλ

the fibre is defined byFx = H1(Tλ), the first homology group ofTλ. Using the
regularity property 2 and the fact thathλ′,λ is unique modulo homotopy, it follows
that this bundle is locally trivial. LetE ′′ denote the total space of this bundle and
π′′ : E ′′ → M ′′ the bundle projection.
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The above bundle is extended overM ′ ∪ M ′′ as follows. For eachx ∈ M ′

we considerΛ(x) = {λ ∈ Λ | %({x}, Tλ) < 1
2
δ}. Then consider the set of pairs

(λ, α), whereλ ∈ Λ(x) and α ∈ H1(Tλ). On this set we have the following
equivalence relation:

(λ, α) ∼ (λ′, α′) ⇐⇒ (hλ′,λ)∗ α = α′,

whereh∗ denotes the action ofh on the homology. The set of equivalence classes
is defined as the fibreFx at x. The fibreFx is isomorphic toFx′ in a natural (and
unique) way, for anyx′ ∈ Tλ with λ ∈ Γ(x). This extended bundle again is locally
trivial.

We conclude this section by observing that the monodromy of the torus bundle
exactly is the obstruction against global triviality of thisZ

n-bundle. Moreover, by
the globalKAM theorem 1, in the integrable case one obtains the sameZ

n-bundle
as in the nearly integrable case.

5 Conclusions

In this paper, we obtained a global quasi-periodic stability result for bundles of
Lagrangean invariant tori, under the assumption of global Kolmogorov nondegen-
eracy on the integrable approximation. We emphasize that our approach works in
arbitrarily many degrees of freedom and that it is independent of the integrable
geometry one starts with. The global Whitney smooth conjugacy Φ̂ between Dio-
phantine tori of the integrable and the nearly integrable system can be suitably
extended to a smooth mapΦ, which serves to smoothly interpolate the nearly
integrable, only Whitney smooth Diophantine torus bundleΦ(π−1(C)), defined
over the nowhere dense setC. The interpolation thereby becomes bundle isomor-
phic with its integrable counterpartπ′ : M ′ → B′. This means that the global
geometry is as in the integrable case. The reason for this is that the extended
diffeomorphisms are sufficiently close to the identity, andhence are isotopic to
the identity, see the appendix. In this sense, the lack of unicity of Whitney ex-
tensions plays no role and we can generalize concepts like monodromy directly
to the nearly integrable case. For a topological discussionof the corresponding
n-torus bundles, see [28, 15].

The present global quasi-periodic stability result directly generalizes to the
setting of [6, 5], where a general unfolding theory of quasi-periodic tori, based
on [26, 29], is developed. Within the world of Hamiltonian systems this leads
to applications at the level of lower dimensional isotropictori. However, our
approach also applies to dissipative, volume preserving, or reversible systems, see
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[4]. In these cases, the torus bundles live in the product of phase space and a
parameter space.

As we showed above, classical monodromy also exists in the nearly integrable
case. As far as we know quantum monodromy only is well-definedfor integrable
systems, explaining certain defects in the quantum spectrum [13, 14]. It is an open
question whether quantum monodromy can be defined in nearly integrable cases,
and whether the present approach would be useful there. Hereit should be men-
tioned that in a number of applications [13], the classical limit is not integrable,
but only nearly so.

6 Notes

1. Often the regularn-torus bundle is part of a larger structure containing sin-
gularities, see section 3 for an example and compare with Stefan-Sussman
[32, 33].

2. According to a remark of Duistermaat [15] there is a natural affine structure
on B. Using the affine structure on the space of actionsB, for eachb ∈ B
the second derivative ofhb = (H|V b)◦ (ϕb)−1 on T

n × Ab is well-defined.
By global nondegeneracy we mean thatD2hb has maximal rank everywhere
on V b for eachb ∈ B. Because of the affine structure onB, it follows that
on overlapping angle action charts the rank is independent of the choice of
chart.

This affine structure (straight lines) also covers the symplectic coordinate
independence of local convexity.

Comments on theorem 1

3. The mapΦ generally is not symplectic.

4. The conclusion of theorem 1 that restricted toπ−1(C) the diffeomorphism
Φ is a conjugacy betweenXH andXH+F , is expressed by saying thatXH

is quasi-periodically stable onM ′. Note that, by the smoothness ofΦ, the
measure of the nowhere dense setΦ(π−1(C)), which is a union of perturbed
tori, is large. Also the setπ−1(C) has a raylike structure, which is carried
over byΦ, see [8].

5. The restriction ofΦ to π−1(C) ⊆ M ′ preserves the affine structure of the
quasi-periodic tori, see section 2.3. In the complementM ′ \ π−1(C) the
diffeomorphismΦ has no dynamical meaning. Still, the push forward of
the integrable bundleπ′ : M ′ → B′ by Φ is a smoothn-torus bundle which
interpolates the tori inΦ(π−1(C)).

14



6. It is of interest to consider theorem 1 in the case where theperturbationH +
F is integrable, which leads to corollary 1. Then the proof canbe simplified
by omitting theKAM theory. Indeed, the local conjugacies are given directly
by the nondegeneracy assumption, compare with [6],§3. Hence there is
no need of any Diophantine non-resonance conditions. In this caseΦ is a
C∞ diffeomorphism defined on the whole torus bundle, which is a global
conjugacy. It is even an isomorphism of torus bundles. Consequently the
restriction ofH to the relatively compact setM ′ = π−1(B′) is structurally
stable under small integrable perturbation. As far as we know this result is
new.

7. There are direct generalizations of theorem 1 to the worldof Ck-systems
endowed with the (weak) WhitneyCk-topology fork sufficiently large, see
[20]. For Ck-versions of the classicalKAM theorem, see [29, 6, 5]. Here
also formulations can be found for real-analytic systems, endowed with the
compact-open topology on holomorphic extensions [9].

Comments on theorem 2

8. Observe thatΦA mapsTn × Aγ into T
n × A.

9. In general, the mapΦA is not symplectic. Notice that theorem 2 asserts that
the integrable system is quasi-periodically stable.

10. The nowhere dense setDτ,γ(R
n) has a raylike structure, also called ‘closed

half line structure’ [8]. Indeed, wheneverω ∈ Dτ,γ(R
n), we also have

sω ∈ Dτ,γ(R
n) for all s ≥ 1, see figure 1. In the ray direction ofAγ the

mapΦA is smooth. Moreover, smooth dependence on extra parametersis
preserved in the following sense: if this smooth dependenceholds forh+f ,
then it also holds forΦA.

The setDτ,γ(Aγ), by the (inverse of) the frequency map, inherits the raylike
structure ofDτ,γ(R

n) up to a diffeomorphism. Similarly, for the perturbed
tori, this raylike structure is carried over by theKAM diffeomorphismΦA.

Other comments

11. The raylike structure ofDτ,γ(R
n), see note 10, largely carries over to the

setC ⊆ B′ of theorem 1 and thus, by the globalKAM diffeomorphism,
automatically also to the perturbed torus bundle. To see this considerj, ` ∈
J such thatU j

γj ∩ U `
γ` 6= ∅ and consider the corresponding frequency maps

ωj : U j → Aj andω` : U ` → A`. Foru ∈ U j

γj ∩ U `
γ` , it is well-known that
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ωj(u) = Sω`(u), for a matrixS ∈ Gl(n, Z), whereS is locally constant.
See notes 13, 14 and [8].

When considering (2), it follows that, ifω ∈ R
n is (τ, γ)-Diophantine, then

Sω is (τ, γ′)-Diophantine, whereγ′ = c(n)||ST ||−τγ, for a positive constant
c(n), only depending onn and whereST is the transpose ofS. Indeed, for
anyω ∈ Dτ,γ(R

n) one has

|〈Sω, k〉| = |〈ω, STk〉| ≥ |ST k|−τ ≥ c(n)||ST ||−τγ|k|−τ ,

for all k ∈ Z \ {0}.

Our claim now follows from the fact that we can take theγj , j ∈ J , suffi-
ciently small and thatJ is finite.

12. In ‘matching the actions’, we have used the fact that the number of actions
equals the number of frequencies. In the more general setting of [6, 5], for
example, in the case of lower dimensional isotropic tori, the number of ‘pa-
rameters’ exceeds that of the frequencies and the corresponding frequency
map is just required to be a submersion. In this situation the‘matching of
the actions’ requires more attention.

13. The affine transformations of the standardn-torusT
n are all of the form

x 7→ Sx + c, whereS is an integern × n-matrix withdet S = ±1 andc ∈
T

n, see [1, 12, 17]. It follows that near-identity affine torus transformations
are small translations. This plays a role in transitions between angle-action
charts.

14. On an overlapT ⊆ V i
γi ∩ V j

γj , i 6= j, consider the angle componentsαi and
αj of the chart mapsϕi andϕj, both taking values in the standard torusT

n.
Hereαj = Si,j αi + ci,j for Si,j integern × n-matrices withdet Si,j = ±1
andci,j ∈ T

n, see above. In the case of nontrivial monodromy we do not
always haveSi,j = Id, since the transition mapϕi

◦ (ϕj)−1 between the local
angle action charts is not close to the identity map. We have avoided this
problem by considering the near-identity mapsΨi instead.

15. The asymptotic considerations of Rink [30] near focus-focus singularities
(that is, complex saddles) in Liouville integrable Hamiltonian systems of2
degrees of freedom, imply that our results on the spherical pendulum hold
whenB′ is a small annular region around the point(I, E) = (0, 1).

The present approach differs from that of [30] in the following way. The
latter method interpolates the ‘local’KAM conjugacies by the identity map,
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which may damage the raylike structure of the ‘Cantor set’. Our approach
using convex combinations does not. See note 11.

In future work we aim to apply the same methods to deal with (quasi-
periodic) bifurcation problems, see [2, 3, 5, 6, 11, 16, 18],where more gen-
eral (and more complicated) Whitney smooth ‘Cantor stratifications’ occur.
Here, apart from half lines, also higher dimensional half spaces do occur.
For more references see [7].
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Appendix: The global Whitney extension theorem
The Whitney extension theorem [34, 24, 27, 20] deals with smooth real func-

tions defined on closed subsetsK ⊆ R
n. Smoothness, in the sense of Whitney, is

characterized completely in terms of the setK. The Whitney extension theorem
says that this characterization of smoothness is equivalent to having an extension
to a neighbourhood ofK that is smooth in the usual sense.

Our present aim is to show that this result carries over to thecase whereM
is a smooth manifold andK ⊆ M is a closed set. In the case of real functions,
the above construction withK ⊆ R

n, provides us with local Whitney extensions.
Then a partition of unity argument [27, 20, 31] gives a globalWhitney extension
by gluing together local extensions. Compare with similar arguments in section
2.

This construction directly generalizes to mappingsM → R
n and thereby

to sections in a vector bundle overM. Finally by using the exponential map
Exp : T (M) → M of a smooth Riemannian metric, we generalize the Whitney
extension theory to near-identity maps.

Remark. In this paper, the term ‘Whitney smooth’ is only used when no ordinary
smoothness is in order; in our case this applies especially for maps defined on
nowhere dense setsC. Whitney smoothness onC then means local extendability
as a smooth map. Also we speak of Whitney smoothness with regard to torus bun-
dles over (nowhere dense) setsC, which again means that we can locally extend
(or interpolate) such bundles as smooth torus bundles.

6.1 Whitney smooth functions and extensions

Let M be a smooth manifold andK ⊆ M a closed subset. A WhitneyCm-
function F on K assigns to each pointx ∈ K the m-jet F (x) of a function on
M . A main question is: under what condition onF can one find aCm-function
f : M → R (in the usual sense) such that for eachx ∈ K them-jet off in x equals
F (x), that is, such thatjm

x (f) = F (x). Such anf is called a smooth extension
of f. This problem was treated by Whitney in [34]; our reference is[24]. (In the
original treatment it was assumed thatK is compact and thatM = R

n.) We now
show that, whenever smooth extensions exist locally, therealso exists a global
extension.

Theorem 4. (GLOBAL WHITNEY EXTENSION) Let M be a smooth manifold
andK ⊆ M a closed set. LetF be aCm-function omnK in the sense of
Whitney. Assume thatF has locally smooth extensions, in the sense that
for eachx ∈ K there exist

1. Open neighbourhoodsVx ⊆ V̄x ⊆ Ux of x in M ;
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2. A compact subsetKx ⊆ K such thatK∩Vx = Kx∩Vx andKx ⊆ Ux;

3. A Cm-functionfx onUx such that for eachy ∈ Kx them-jet of fx in
y equalsF (y), that is,jm

y (fx) = F (y).

Then, there exists aCm-functionf : M → R such thatjm
x (f) = F (x) for

all x ∈ K, that is,f is a globally smooth extension ofF.

Proof. First we claim that there is a countable and locally finite open cover{Vi}
∞
i=0

of a neighbourhood ofK in M such that there are compact subsetsKi ⊆ K and
open subsetsUi ⊆ M such that:

1. V̄i ⊂ Ui andŪi is compact;

2. K ∩ Vi = Ki ∩ Vi andKi ⊆ Ui;

3. There exists aCm-functionfi : Ui → R, such thatjm
x (fi) = F (x), for each

x ∈ Ki.

This cover is obtained from the cover{Vx}x∈K by the fact that this cover has
a locally finite refinement (becauseV =

⋃
x∈K Vx is paracompact). Since the

topology ofV has a countable basis, such a locally finite cover is automatically
countable. We can extend this cover of a neighbourhood ofK to a cover of all of
M by addingV0 = M \K. Let{ξi}

∞
i=0 be a partition of unity for this cover ofM ,

that is:

1. The support ofξi is contained inVi;

2. Each functionξi takes values in the interval[0, 1];

3. For eachx ∈ M we have
∑∞

i=0 ξi(x) = 1.

For details about the existence of locally finite covers and partitions of unity, com-
pare with [27, 20, 31]. For similar arguments in a simpler setting, see section 2.3.

Finally, we define the global extension by

f(x) =
∞∑

i=0

ξi(x) · fi(x) for x ∈ M, (5)

where we takef0(x) ≡ 0 andfi(x) = 0 for x /∈ Ui. Since the cover{Vi}
∞
i=0 is

locally finite, the infinite sum, definingf , is well-defined.

To prove thatf is a smooth extension ofF, we have to show that them-jet of
f , defined by (5), at each pointx ∈ K, equalsF (x). So letx ∈ K and let

Jx = {i | x ∈ Ki ∩ Vi} = {i | x ∈ Vi}.
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Then, in a small neighbourhood ofx we have thatf =
∑

i∈Jx
ξi · fi. Them-jet of

this function is determined by the functionsξi and them-jets offi in x for i ∈ Jx.
By construction, them-jetsjm

x (fi), for i ∈ Jx, are all equal. This means that, for
the calculation of them-jet jm

x (f), we may replace all thefi by one and the same
fi0 for somei0 ∈ Jx. Then we make use of the fact that nearx the sum

∑
i∈Jx

ξi is
identically equal to 1. Sojm

x (f) = jm
x (fi0) = F (x) by construction. This means

thatf is indeed a smooth extension ofF as desired. �

6.2 Near identity maps

Again let M be a smooth(C∞) manifold. For the following construction we
need to fix a smooth Riemannian metric onM (not necessarily complete). With
such a metric the exponential map Exp: T (M) → M is defined, at least in
a neighbourhood of the 0-section inT (M). The definition is as follows: For
v ∈ Tx(M) one considers the (maximal) geodesicγv : (−a, b) → M such that
γx(0) = x andγ′

x(0) = v. Forv small enough, 1 is in the domain(−a, b). Then
we define Exp(v) = γv(1).

It is well-known [31] that Exp is smooth and that Exp induces adiffeomor-
phism from a neighbourhood of the 0-section inT (M) to a neighbourhood of the
diagonal inM × M by mappingv ∈ Tx(M) to the pair(x, Exp(v)). We denote
such a the neighbourhood of the 0-section inT (M) by W1 and the corresponding
neighbourhood of the diagonal inM × M by W2. Without loss of generaliy we
may assume that for eachx the intersectionTx(M)∩W1 is convex. We say that a
mapΦ on M is near the identityif for eachx ∈ M the pair(x, Φ(x)) belongs to
W2. In fact this definition fixes aC0-neighbourhood of the identity in the strong
Whitney topology [20, 27]. We say that a sectionX in T (M) is small if, for each
x ∈ M , X(x) belongs toW1. From this construction it follows that there is a one
to one correspondence between small sectionsX in T (M) and near identity maps
onN : to X corresponds the mapx 7→ Exp(X(x)).

In section 6.1 we dealt with Whitney extensions of functions. From this we
obtain a direct generalization to mappings with values inR

n, and subsequently
to sections in a vector bundle overM. By the above construction the Whitney
extension theorem then generalizes to near identity maps. The only observation to
justify the latter generaliztion is that due to the convexity of eachTx(M) ∩ W1 as
above, a sectionX(x) =

∑
i ξi(x) · Xi(x), where theξi form a partition of unity

as described before, is small whenever all the sectionsXi are small.

22


