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Abstract

We obtain a global version of the Hamiltoniaam theorem for invariant
Lagrangean tori by glueing together loeadM conjugacies with help of a
partition of unity. In this way we find a global Whitney smoatbnjugacy

between a nearly integrable system and an integrable oné |18dds to

preservation of geometry, which allows us to define all neiairgeomet-

ric invariants of an integrable Hamiltonian system (likermadromy) for a

nearly integrable one.

Introduction

Classical Kolmogorov-Arnold-Mosek@&M ) theory deals with Hamiltonian per-
turbations of an integrable Hamiltonian system and prowespersistence of
quasi-periodic (Diophantine) invariant Lagrangean ton.[29] Pdschel proved
the existence of Whitney smooth action angle variables awdere dense union
of tori having positive Lebesgue measure, see also [23, T version of the
KAM theorem can be formulated as a kind of structural stabiéstricted to a
union of quasi-periodic tori, which is referred to@sasi-periodic stability5, 6].
In this context, the conjugacy between the integrable systed its perturbation
is smooth in the sense of Whitney.

Our goal is to establish a global quasi-periodic stabiktyuit for fibrations of
Lagrangean tori, by glueing together local conjugacieaiokd from the classical
‘local’ KAM theorem. This glueing uses a partition of unity [20, 31] ahd t
fact that invariant tori of the unperturbed integrable egsthave a natural affine
structure [1, 12, 17]. The global conjugacy is obtained aagpropriate convex
linear combination of the local conjugacies. This congtaucis reminiscent of
the one used to build connections or Riemannian metricdfierdntial geometry.

In AN appendix we show that the Whitney extension theorem [3422431]
can be globalized to manifolds.
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1.1 Motivation

A motivation for globalizing thexam theorem is the nontriviality of certain torus
fibrations in Liouville integrable systems, for example 8pherical pendulum.
Here an obstruction to the triviality of the foliation by it$ouville tori is given
by monodromy, See [15, 28] for a geometrical discussion lahal obstructions
for a toral fibration of an integrable Hamiltonian system #&thvial. A natural
question is whether (nontrivial) monodromy also can be éefiior nonintegrable
perturbations of the spherical pendulum. Answering thissgjon is of interest
in the study of semiclassical versions of such classicaksys, see [25, 14, 13].
The results of the present paper imply that for an open setoniille integrable
Hamiltonian systems, under a sufficiently small pertudrgtthe geometry of the
fibration is largely preserved by a (Whitney) smooth diffesphism. This im-
plies that monodromy can be defined in the nearly integradde.cin particular,
our approach applies to the spherical pendulum. For a simaklt in two de-
grees of freedom near a focus-focus singularity see [30]eXgect that a suitable
reformulation of our results will be valid in the general Llaggebra setting of
[26, 6].

1.2 Formulation of the global KAM theorem

We now give a precise formulation of our results, where ‘sthomeans ‘of
classC*’. Consider &n-dimensional, connected, smooth symplectic manifold
(M, o) with a surjective smooth map : M — B, whereB is ann-dimensional
smooth manifold. We assume that the magefines a smooth locally trivial fi-
bre bundle, whose fibres are Lagrangeatori. See note 1. In the following
T" = R"/(2nZ"™) is the standard-torus.

By the Liouville-Arnold integrability theorem [1, 12] it ftows that for every
b € B there is a neighbourhodd® C B and a symplectic diffeomorphism

o’ Vb= ﬂ’l(Ub) —T"x A, m— (ab(m),ab(m)),

with A C R™ an open set and with symplectic for’_, da A da} such that

a’® = (ab,d,...,ab) is constant on fibers of. We call (a’, a*) angle action

variables andV’?, ©*) an angle action chart.

Now consider a smooth Hamiltonian functiéh: M — R, which is constant
on the fibers ofr, that is,H is an integral ofr. Then the Hamiltonian vector field
Xy defined byo 1 X; = dH is tangent to these fibers. This leads to a vector

field
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onT" x A with frequency vectow’(a) = (Wb(a),...,wt(a)). We callw® : A® —
R™ the local frequency map. We say thidtis aglobally nondegeneratategral
of 7, if for a collection{(V?*, ")}, of angle action charts whose domairis
cover M, each local frequency map’ : A® — R" is a diffeomorphism onto its

image. See note 2.

Suppose that{ is a globally nondegenerate integral &h If B* C Bis a
relatively compact subset &f, that is, the closure B’ is compact, then there is a
finite subcove{U*},_, of {U"},c5 such that for every € F the local frequency
mapw’ is a diffeomorphism onto its image. Accordingly, let' = 7=~1(B’) and
consider the corresponding bundie: V" — B’.

We shall consider perturbations Bfin the C°°-topology onM. For M = R?*®
this topology is defined as follows. For any compact dom&inC R?", any
m € N ande > 0 consider

Vime ={F M —=R||F|gm<e},

where| F| k., is theC™-norm of F on K. The C*°-topology is generated by all
such setd’k ,,, .. On a manifold this definition has to be adapted by a partitfon o
unity, compare with [20, 27].

We now state our main result.

Theorem 1. (KAM-GLOBAL) Let (M, o) be a smooti2n-dimensional symplec-
tic manifold withw : M — B a smooth locally trivial Lagrangeamntorus
bundle. LetB’ C B be an open and relatively compact subset and let
M’ = m=Y(B’). Suppose thatl : M — R is a smooth integral of, which
is globally nondegenerate. Finally I6t: A/ — R be a smooth function. If
F| - is sufficiently small in the?>°-topology, then there is a subgetC B’
and a magpb : M’ — M’ with the following properties.

1. The subset’ C B’ is nowhere dense and the measur#&b6f C tends
to 0 as the size of the perturbatidntends to zero;

2. The subset—'(C) C M’ is a union of DiophantineX;-invariant
Lagrangeam-tori;

3. The map?d is aC*°-diffeomorphism onto its image and is close to the
identity map in theC>°-topology;

4. The restrictionb = ®|,-1(¢) conjugatesXy to Xy p, that is,

. Xy = Xpir.

Note that the Hamiltonia®/ + F' need not be an integral af. See notes
3-7.



Corollary 1. If H is globally nondegenerate ard + F' is integrable, then the
dynamics ofH and H + F are conjugate by a global smooth torus bundle
isomorphism (which in general is not symplectic). See note 6

2 Proof of the global KAM theorem

This section is devoted to proving theorem 1. The idea isue tpgether the local
conjugacies, as obtained by the standard ‘lokak theorem [29, 6, 5], with the
help of a partition of unity. The adjective ‘local’ refersttee fact that this theorem
deals with local trivializations of the globattorus bundle.

2.1 The ‘local’ KAM theorem

In the ‘local’ kKAM theorem the phase spacdlis x A, whereA C R is an open,
connected set. Also

(ov,a) = (ag, ..., Q,a1,...,0a,)

are angle action coordinates @ x A with symplectic formZ;”:1 daj A daj.
Suppose that we are given a smooth Hamiltonian fundtiofi™ x A — R, which

is a nondegenerate integral, thatisloes not depend on the angle variakiesd
then x n matrix (832(9’27_)?j:1 has ranks. In the present local setting we denote
Hamiltonian functions:, h+ f, etc. by lower-case letters. We now define some
concepts needed to formulate the ‘locakm theorem.

The Hamiltonian vector field(; corresponding to the Hamiltonianhas the
form

Xn(a,a) :Zwi(a)a, (1)

with w(a) = 0h/da(a). The nondegeneracy assumption means that the local
frequency map : a € A — w(a) € R™is a diffeomorphism onto its image.

Next we need the concept of Diophantine frequencies.rLetn — 1 and~y > 0
be constants. Set

D, (R") = {w € R" | [(w, k)| = 7|k| ™", forall k € Z"\ {0}}.  (2)

Elements ofD, ,(R") are called(r, v)-Diophantinefrequency vectors. Ldf =
w(A). We also consider the shrunken versiod 'alefined by

I, ={w e '|dist(w,dl') > ~}.



Figure 1. Sketch of the sdd, ., (R?), where the raylike structure is indicated.
Compare with note 10.

LetD.,(I'y) = I'y n D, (R"). From now we takey to be sufficiently small so
thatD, ,(I",) is a nowhere dense set of positive measure. Recall that theures
of I'\ D,,(I',) tends to zero ii" as~ | 0, [29, 6, 5]. Finally define the shrunken
domainA, = w™!(I",) C A as well as its nowhere dense counterfart (A,) =

w (D, (') C A,, where the measure of \ D, ,(A,) tends to zero as | 0.

As said before, we measure smooth perturbationsf in the C'*°-topology on
T" x A, assuming that all functions have smooth extensions to @heighood
of the closurel™ x A.

We now are ready to formulate the standard ‘logalm theorem, [29, 6].

Theorem 2. (KAM-‘ LOCAL’) Suppose that the smooth Hamiltonian function
T" x A — R is a nondegenerate integralof: T" x A — A. Then there
exists aC'*°-neighbourhood’ of h, such that for alh. + f € V THERE IS A
MAP &4 : T" x A — T™ x A with the following properties.

1. &4 is aC*-diffeomorphism onto its image, which is close to the iden-
tity map in theC>°-topology.

2. The restricted maﬁ/yz = @A\TWDM(AW) conjugatesX}, to X, s, that
is, @4, X;, = X4 5. See notes 8-10.

We can rephrase the ‘locatam theorem as follows. B/ is aC>°-neighbour-
hood of Idy~. 4, then there is aCm-neighbourhoocf/ of X}, such that for all
Xnty € V there is a diffeomorphisn® € ¢/ which conjugatesy, to Xpts When
restricted tdI"™ x D, ,(A,).



2.2 Application of the ‘local’ KAM theorem

Let us return to the global problem of perturbiffto H + F' on the relatively
compact sef\/’ = 7~1(B’) C M. Note that, in this global setting we denote the
Hamiltonians by upper-case letters. Recall that we havetlas &§V°, ©°) }ien

of angle action charts o/, whereV? = 7=1(U®) = (©°)~1(T™ x A®). Here
we can ensure that al® C R” are convex. This convexity is independent of
the local coordinates, as long as these are symplectic-acgen variables. See
note 1. For each € B and a sufficiently small constant > 0, the shrunken
domainV’, C V* defined byV, = (¢")~'(T" x A,) is open and nonempty.
This implies that{Vfb}beB still is a covering ofM. Given any choice of an open

relatively compact seB’ C B, there exists dinite subcover{vj; }jej of M' =
7~ 1(B’). Note thath; C V4, j € J.Projection byr gives corresponding subsets

Uj'j c U/, Where{Uij }jej coversB’. See the following commutative diagram
Vi o ELoTnox Al

e
Ui Al

Y

wherey’ = (a7, a’).

In each angle action chaft’’, ¢/) wherey’ : V7 = 7=1(U7) — T" x A7,
we have a local perturbation problem. Indeed, defitihg: Ho(p’)~! andf/ =
Fo(¢7)~1, we are in the setting of the ‘locakam theorem 2 on the phase space
T™ x A7. We fix v = +7 sufficiently small for theorem 2 to be applicable.

We now construct the nowhere dense SetC B’. ConsiderD, . (A,jyj) -
Al C Al InsideD, i (A!,) we define a subsdd: ,(A’,), by eliminating a

measure zero set. Towards this goal, we say;thTéPZ[ R"™ is adensity pointof
D, . (R™), if for every smooth functior’ : R* — R whose restriction t®, ., (R")
vanishes, its infinite jet gt also vanishes. The set of all density points, denoted
D:_(R") € D,,(R"), is a closed subset of full measure, that inherites a raylike
structure. See note 11 and [8]. The inverse image underg¢hedéncy map of the
intersectionD:_(R") N T, is a subseD; _;(A?,) of D.,;(A’,) of full measure.
Next let ‘ ‘

F'={ue U] |d(u) ¢ D] ;(4,)},
then we define

c=nB\JF,

JjeJ



which clearly is a nowhere dense set. Sinceféllhave small measure, also the
finite unionlJ, , F7 has small measure. Accordingly, the set (C') C M’ is
nowhere dense and’ \ 7—!(C) has small measure.

We now continue the global perturbation argument. Givenapgeropriate
(equicontinuous) smallness conditions on the collectibpesturbing functions
{f7},c5, by the ‘local’ kam theorem 2 we obtain diffeomorphisnig = A
T" x A7 — T™ x A7, close to the identity in thé'*°-topology, whose restriction
i to D?,(A?,) satisfies

(7). X5 = Xy ps-

Using the above construction we see that edghinvariant Diophantine torus
T C 7 }C) is diffeomorphic by(¢’) 1o ®o’ to an invariant torug7”)? of
Xyyir, 7 € J. This map (locally) conjugates the quasi-periodic dynaroic
with that of X 7, . To proceed further we need the following uniqueness thmore

Theorem 3 (UNICITY) Using the set up of the ‘locakam theorem, Theorem 2,
there existU*°-neighbourhood&-, and), such that ifd € ), is a conjugacy
between the vector fields; and X, , which lie inf,, then the conjugacy
®, restricted tdl™ x D _(A,), is unique up to a torus translation.

Proof: See [8]. O

We now combine the global nondegeneracyibfind the unicity theorem 3
to obtain the following result. For sufficiently smdil the correspondence which
associates the torus to the torusl” is unique, and hence is independent of the
indexj € J used to define the conjugacy. Here we have used the fact #at th
frequency map.’ is a diffeomorphism o’ for all j € 7. Loosely speaking
one might say that on the uniar!(C) of Diophantine tori the action coordinates
match under the transition mapé (¢*)~!. See note 12.

For the angle coordinates matching is quite different.tFHinscases where the
n-torus bundler : M — B is nontrivial, the angle coordinates an'(C') do not
have to match under the transition mags (o). Second, the angle components
of ‘local’ KAM conjugaciesp’ and®’ do not have to match either.

2.3 Affine Structure and Partition of Unity

To overcome the problem of matching the angles we glue thad kaav conjuga-
cies together by taking a convex linear combination on ttegirablen-tori. Here
we use the natural affine structure of these tori and a partdaf unity.



We begin by reconsidering the notion of quasi-periodicitg ahe way this
induces a natural affine structure, compare with [8]. Caardilde constant vector

field
“ 0
X, = T
w ZWJ 80@- ’
Jj=1

on the standard torus” = R"/(277Z") with non-resonant frequency vector=
(w1,ws, ..., wy). The self-conjugacies af,, are exactly the translations @f".
This directly follows from the fact that each trajectoryXf is dense. Note that
these translations determine the affine structurélonFor an arbitrary vector
field X with an invariantr-torus7’, we may define quasi-periodicity of |, by
requiring the existence of a smooth conjugacyl” — T" with a vector fieldX,,
onT",i.e., such thab.(X|r) = X,,. In that situation, the self-conjugacies.®f,
determine a natural affine structure ‘@nNote that the translations dfi and on
T™ are self conjugacies and that therefore the conjugaitself is unique modulo
torus translations.

Finally observe that in the present integrable Hamiltorsase, the (local)
angle-action variable§y, a) give rise toX-invariant tori7,. Also the involutive
integrals give rise to an affine structure [1, 12], that isrtedifor each of the con-
ditionally periodic (or parallel) invariant tori. We notkét on the quasi-periodic
tori T,, the latter structure coincides with the one we introducexabindeed, in
the angle coordinatesthe vector fieldX becomes constant. For details see [8].

Next we introduce a patrtition of unity, to be used for the eipktonstruc-
tion of a convex linear combination. Recall that we are retstig to a relatively
compact subsel/’ of the regulam-torus bundlel/.

Lemma 1. (PARTITION OF UNITY) Subordinate to the coverir{g/fb}beB/ of M’

there is a finite partition of unit{/(ij, §)}jeq by C> functions¢? : M/ —
R such that, for every € J we have

1. The support of’ is a compact subset ij;

2. The functiort’ takes values in the intervél, 1];

3. The functior¢’ is constant on the fibers of the bundle projectidn
M — B’:

4.3 ¢ =lonM'.

The lemma follows by carrying out the standard partition oty construction
[20, 31] onB’ and pulling everything back by.



2.4 Glueing the ‘local’ KAM conjugacies

We now conclude the proof of theorem 1. For egck 7 consider the near-
identity mapW0’/ = (7)1 (®7)"1o’, which takes a perturbed tords to its
unperturbed (integrable) counterp@rand thereby conjugates the quasi-periodic
dynamics. Note that the ‘locakAM conjugacyd’ mapsT” x Al into T" x A7,

Therefore(¥/)~* mapsv,yjj. into V7. We make the following assertions about the
chart overlap maps of/’.

Lemma 2. (OVERLAP) Consider the perturbed Hamiltoniah+ F' of theorem 1.
Assume that the functiof' is sufficiently small in the”>°-topology. Then
on the overlap®* N V7 :

1. The transition mag’. (¥7)~! is close to the identity in th€"> topol-
ogy;

2. For each integrable quasi-periodig¢orusT C V; N ij, which by
(¥")~! and(¥7)~! is diffeomorphic toT”, the mapsvi| and ¥/ |
only differ by a small translation.

Proof. The first item follows directly from the equicontinuity catidn regarding
the size of the[fj}jej and by the chain rule. The second item follows from the
fact that a near-identity affine torus transformation isassarily a translation. See
notes 13, 14 and [8]. O

Proof of theorem 1. The global conjugacy of theorem 1 is obtained by taking the
convex linear combination

o= "¢ (3)

jeT

This expression is well-defined on the union of Diophantm® T’ under con-
sideration, and here is a conjugacy betwéén, » and X . Indeed, notice that
by taking inverses we work on the integrable Diophantineo€ =—!(C) with
the canonical affine structure. In each filéof the integrable torus bundle, by
lemma 3, the map¥‘ and ¥/ with i, 5 € 7, only differ by a small translation.
The finite convex linear combinatiah! then is well-defined, implying thak is

a global conjugacy on the nowhere denserse{C'). We now have to show that
® is Whitney smooth and admits a global Whitney extension as@ogh map.

We establish Whitney smoothness of the ndapwhich is characterized by
the local extendability ofb as a smooth map [34]. We check extendability per



action angle chart, considerigge : V70 — T™ x A’0, for a fixedj, € J. A brief
computation yields that, restricted to the Diophanting tor

PPo® o (P70) T =N "o ()T (970 (7)o (@) o (¢Po (7)) (4)
Jj€T

Note that the ‘local’kam conjugaciesh’ (as well as their inversg@b’)~!) can

be extended as smooth maps; in fact, by theorem 2 they weradgligiven as
extensions. Also note that whenever a ‘locaM map(®7)~! is not defined, the
corresponding bump functiogi- (’0)~! vanishes. Now we can extend (4) as a
smooth map fronT™ x A’ to itself, as a convex linear combination, taken on the
productT™ x A% C T" x R", which has a natural affine structure. For exactly
this reason, in section 2.2 we chad® to be convex. In th&™-component we
are dealing with the near-identity maps’)~!,; € J. Since all the ingredients
we have used are smooth, the final result (4) is also.

We still have to prove thab—!, defined by (3), admits a global Whitney exten-
sion. In Theorem 4 in the appendix we prove that the localsioss can be glued
together to obtain a global Whitney extensiondof!, again using a partition of
unity.

Finally, the fact that for smalF’ the map® is C*°-close to the identity map,
follows by Leibniz’s rule. This proves the globehm theorem 1. See note 14l

N

-1

Figure 2: Range of the energy-momentum map of the sphermécalyum.

3 Example: the spherical pendulum

In this section we consider the spherical pendulum [1, 15302 Dynamically,
the spherical pendulum is the motion of a unit mass partedéricted to the unit

10



sphere ifR? in a constant vertically downward gravitational field. Thafigura-
tion space of the spherical pendulum is thephereS? = {q € R? | (¢,q) = 1}

and the phase space its cotangent buddle= 7*S% = {(¢,p) € R® | (g, q) =

1 and {(q,p) = 0}. Hereq = (q1, ¢2,q3) andp = (p1, p2, p3), While (, ) denotes
the standard inner product i®?.

The spherical pendulum is a Liouville integrable system.N®ether’s theo-
rem [1] the rotational symmetry about the vertical axis givise to angular mo-
mentum/ (¢, p) = q1p2 — ¢2p1, Which is a second integral of motion, in addition to
the energyH (¢, p) = % (p, p) + ¢3. The energy-momentum map of the spherical
pendulum is

EM:T*S* - R*: (¢,p) — (I,E) = (Q1p2 — ¢a2p1, % (p,p) + Q3) .

Its fibers corresponding to regular values give rise to atitmaf phase space by
Lagrangiam2-tori. The imageB of EM is the closed part of the plane lying in
between the two curves meeting at a corner, see figure 1. Tloé Segular val-
ues of€ M consists of the two boundary curves and the paint€’) = (0, +1).
The points correspond to the equilibfig p) = (0,0,+1,0,0,0); whereas the
boundary curves correspond to the horizontal periodic onstof the pendulum
discovered by Huygens [22]. Therefore the Bedf regular M-values consists
of the interior of B minus the point/, £') = (0, 1), corresponding to the unstable
equilibrium point(0, 0, 1,0, 0,0). This point is the centre of the nontrivial mon-
odromy. The corresponding fibéM (1, 0) is a once pincheg-torus. Note that
EM: M — Bisa singular foliation in the sense of Stefan-Sussmann33R,

On B one of the two components of the frequency map is single daitele
the other is multi-valued [15, 12]. In [21] Horozov estahksl global nondegen-
eracy ofH on B. Thus the globakam theorem 1 can be applied to any relatively
compact open subsét’ C B. Consequently, the integrable dynamics on 2he
torus bundle€EM’ : M’ — B’ of the spherical pendulum is quasi-periodically
stable.

This means that any sufficiently small perturbation of thkesjgal pendu-
lum has a nowhere dense union of Diophantine invariant tolarge measure,
which has a smooth interpolation by a push forward of thegiatele bundle
EM' : M' — B’ In section 4 we shall argue that this allows for a definition
of (nontrivial) monodromy for the perturbed torus bundle.

Let us briefly return to the case where the perturbation resnaiithin the
world of integrable systems. See note 4. For example, indke of the spherical
pendulum, let the perturbation preserve the axial symmetngnce by Noether’s
theorem [1, 12] the system remains Liouville integrable. sasd before, this
yields global structural stability of th& ;-dynamics on the relatively compact
setM’, where the conjugacy to the perturbed integrable, --dynamics is a’'>

11



isomorphism of2-torus bundles. This statement just uses global nondegener
of H.

4 Monodromy in the nearly integrable case

In this section we show how to define the concept of monodroonyafnearly
integrable nowhere dense torus bundle as obtained in thexp@ur construction,
however, is independent of any integrable approximation.

4.1 A regular union of tori

Let M be a manifold endowed with a (smooth) mewid hen for any two subsets
A, B C M we definep(A, B) = inf,ca e 0(z,y). (Note that in general this
does not define a metric on the set of all subsets.)MetC M be compact and
{T»}en a collection of pairwise disjoint-tori in M. We require the following

regularity properties. There exist positive constantndo such that

1. Forall\ € A, each continuous map, : T\ — T\ with o(x, h(x)) < 2¢ for
all z € Ty, is homotopic with the identity makly, ;

2. Foreach\, X' € A, suchthab(7y,T\) < ¢, there exists a homeomorphism
hy .y : Tx — Ty, such thabo(z, hy x(z)) < %5 forallz € Ty;

3. For each: € M’ there exists\ € A such that({z}, 7)) < 30.

Note that the homeomorphish). ,, as required to exist by item 2, by item 1
is unigue modulo homotopy. We also observe the followingthin situation of
the present paper, we started with a globally nondegenkratwille integrable
Hamiltonian system, such that an open and dense part of tempacd/ is
foliated by invariant Lagrangean-tori. Let M’ be a compact union of such
tori. Then, under sufficiently small, non-integrable pdraition, the remaining
LagrangearkAm tori in M’ as discussed in this paper, form a regular collection
in the above sense.

4.2 Construction of aZ"-bundle

We now construct &"-bundle, first only over the union/” = U,T), which

is assumed to be regular in the sense of section 4.1. For eanhap € T,
the fibre is defined by, = H,(T)), the first homology group of’. Using the
regularity property 2 and the fact thay , is unique modulo homotopy, it follows
that this bundle is locally trivial. Let” denote the total space of this bundle and
7" . E" — M" the bundle projection.

12



The above bundle is extended ovel U M"” as follows. For eaclr € M’
we consider\(z) = {\ € A | o({z},T)) < 30}. Then consider the set of pairs
(A, a), whereA € A(x) anda € H;(T)). On this set we have the following
equivalence relation:

(A a) ~ (N, o) <= (hy )=,

whereh, denotes the action @f on the homology. The set of equivalence classes
is defined as the fibré), atxz. The fibreF), is isomorphic toF,, in a natural (and
unique) way, for any’ € T\ with A € I'(z). This extended bundle again is locally
trivial.

We conclude this section by observing that the monodromiyetdrus bundle
exactly is the obstruction against global triviality ofs#i"-bundle. Moreover, by
the globalkam theorem 1, in the integrable case one obtains the Zim®mindle

as in the nearly integrable case.

5 Conclusions

In this paper, we obtained a global quasi-periodic stabiksult for bundles of
Lagrangean invariant tori, under the assumption of glolmitGgorov nondegen-
eracy on the integrable approximation. We emphasize thraagproach works in
arbitrarily many degrees of freedom and that it is indepahdé the integrable
geometry one starts with. The global Whitney smooth corgugabetween Dio-
phantine tori of the integrable and the nearly integrabltesy can be suitably
extended to a smooth map, which serves to smoothly interpolate the nearly
integrable, only Whitney smooth Diophantine torus bundlie—!(C')), defined
over the nowhere dense gétThe interpolation thereby becomes bundle isomor-
phic with its integrable counterpart : M’ — B’. This means that the global
geometry is as in the integrable case. The reason for thisaisthe extended
diffeomorphisms are sufficiently close to the identity, drahce are isotopic to
the identity, see the appendix. In this sense, the lack dfitynof Whitney ex-
tensions plays no role and we can generalize concepts likodiomy directly

to the nearly integrable case. For a topological discussidhe corresponding
n-torus bundles, see [28, 15].

The present global quasi-periodic stability result disegeneralizes to the
setting of [6, 5], where a general unfolding theory of quaesiiodic tori, based
on [26, 29], is developed. Within the world of Hamiltoniansggms this leads
to applications at the level of lower dimensional isotropd. However, our
approach also applies to dissipative, volume preservingversible systems, see
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[4]. In these cases, the torus bundles live in the producthefsp space and a
parameter space.

As we showed above, classical monodromy also exists in theynategrable
case. As far as we know quantum monodromy only is well-defioethtegrable
systems, explaining certain defects in the quantum spedtt8, 14]. Itis an open
guestion whether quantum monodromy can be defined in neddgrable cases,
and whether the present approach would be useful there. itHgreuld be men-
tioned that in a number of applications [13], the classitaltlis not integrable,
but only nearly so.

6 Notes

1. Often the regulan-torus bundle is part of a larger structure containing sin-
gularities, see section 3 for an example and compare witlars®ussman
[32, 33].

2. According to a remark of Duistermaat [15] there is a ndffane structure
on B. Using the affine structure on the space of actighgor eachb € B
the second derivative df® = (H|V?)o(¢%)~! onT" x A’ is well-defined.
By global nondegeneracy we mean ti#th” has maximal rank everywhere
on VV? for eachb € B. Because of the affine structure &1 it follows that
on overlapping angle action charts the rank is independaheachoice of
chart.

This affine structure (straight lines) also covers the syttt coordinate
independence of local convexity.

Comments on theorem 1
3. The mapd generally is not symplectic.

4. The conclusion of theorem 1 that restrictedrtd (C') the diffeomorphism
® is a conjugacy betweeN and X, 1, is expressed by saying thaty
is quasi-periodically stable oi/’. Note that, by the smoothness &f the
measure of the nowhere dense®gét ! (C')), which is a union of perturbed
tori, is large. Also the set~!(C) has a raylike structure, which is carried
over by®, see [8].

5. The restriction ofb to 7~1(C) C M’ preserves the affine structure of the
quasi-periodic tori, see section 2.3. In the complement\ 7—*(C) the
diffeomorphism® has no dynamical meaning. Still, the push forward of
the integrable bundle’ : M’ — B’ by ® is a smooth-torus bundle which
interpolates the tori id(7~1(C)).
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6.

Itis of interest to consider theorem 1 in the case wherpdhirbationd +

Fis integrable, which leads to corollary 1. Then the prooflcasimplified

by omitting thekAm theory. Indeed, the local conjugacies are given directly
by the nondegeneracy assumption, compare with{®], Hence there is
no need of any Diophantine non-resonance conditions. thdfsed is a
C* diffeomorphism defined on the whole torus bundle, which idaba
conjugacy. It is even an isomorphism of torus bundles. Cqunsetly the
restriction of H to the relatively compact sét/’ = =—'(B’) is structurally
stable under small integrable perturbation. As far as wewmis result is
new.

. There are direct generalizations of theorem 1 to the wafrl@*-systems

endowed with the (weak) Whitney*-topology fork sufficiently large, see
[20]. For C*-versions of the classicalam theorem, see [29, 6, 5]. Here
also formulations can be found for real-analytic systemdpeed with the
compact-open topology on holomorphic extensions [9].

Comments on theorem 2

8.
9.

10.

Observe thab* mapsT™ x A, intoT" x A.

In general, the map“ is not symplectic. Notice that theorem 2 asserts that
the integrable system is quasi-periodically stable.

The nowhere dense det ., (R") has a raylike structure, also called ‘closed
half line structure’ [8]. Indeed, whenever € D, (R"), we also have
sw € D;,(R™) for all s > 1, see figure 1. In the ray direction of, the
map ®* is smooth. Moreover, smooth dependence on extra paranmsters
preserved in the following sense: if this smooth dependaotas forh + f,
then it also holds fod4.

The seD, (A, ), by the (inverse of) the frequency map, inherits the raylike
structure ofD. ,(R") up to a diffeomorphism. Similarly, for the perturbed
tori, this raylike structure is carried over by tkem diffeomorphismd4.

Other comments

11.

The raylike structure db.,(R"), see note 10, largely carries over to the
setC' C B’ of theorem 1 and thus, by the globeAm diffeomorphism,
automatically also to the perturbed torus bundle. To seecttmsiderj, ¢ €

J such tha‘U?Y'j N U,fp, # () and consider the corresponding frequency maps

w U7 — A andw’ : Uf — A’ Foru € U, N U, itis well-known that
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12.

13.

14.

15.

wi(u) = Sw(u), for a matrixS € Gl(n,Z), whereS is locally constant.
See notes 13, 14 and [8].

When considering (2), it follows that, i € R™ is (7, v)-Diophantine, then
Swis (,+')-Diophantine, where’ = c(n)| S|+, for a positive constant
c¢(n), only depending om and whereS? is the transpose of. Indeed, for

anyw € D, ,(R") one has

[(Sw, k)] = [{w, STR) > [ST|™" > c(n) ST~ [k] ",

forall k € Z \ {0}.

Our claim now follows from the fact that we can take tfie j € 7, suffi-
ciently small and that/ is finite.

In ‘matching the actions’, we have used the fact that tivalver of actions
equals the number of frequencies. In the more general gettif6, 5], for

example, in the case of lower dimensional isotropic tos,iamber of ‘pa-
rameters’ exceeds that of the frequencies and the corrdsgpfrequency
map is just required to be a submersion. In this situatiorrtaching of

the actions’ requires more attention.

The affine transformations of the standartbrusT" are all of the form
x — Sz + ¢, whereS is an integen x n-matrix withdet S = +1 andc €
T", see[1, 12, 17]. It follows that near-identity affine torustsformations
are small translations. This plays a role in transitionsvieen angle-action
charts.

On an overlafi’ C V; N ij, i # 7, consider the angle componentsand

o’ of the chart maps* andy’, both taking values in the standard tofilis
Herea? = S; ;o' + ¢; ; for S; ; integern x n-matrices withdet S; ; = +1

andc; ; € T", see above. In the case of nontrivial monodromy we do not

always have5; ; = Id, since the transition map’- (¢7) ! between the local
angle action charts is not close to the identity map. We hswalad this
problem by considering the near-identity malpsinstead.

The asymptotic considerations of Rink [30] near foaus46 singularities
(that is, complex saddles) in Liouville integrable Hanmlian systems of
degrees of freedom, imply that our results on the spherigatiplum hold
when B’ is a small annular region around the point £) = (0, 1).

The present approach differs from that of [30] in the follogsway. The
latter method interpolates the ‘locadAm conjugacies by the identity map,
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which may damage the raylike structure of the ‘Cantor setir &proach
using convex combinations does not. See note 11.

In future work we aim to apply the same methods to deal withaggu
periodic) bifurcation problems, see [2, 3, 5, 6, 11, 16, W8Jere more gen-
eral (and more complicated) Whitney smooth ‘Cantor straifons’ occur.
Here, apart from half lines, also higher dimensional ha#cgs do occur.
For more references see [7].

Acknowledgements

The authors are grateful to Jan van Maanen, Marco Martens Rk, Khairul
Saleh, Michael Sevryuk and Carles Simo for helpful dismrss Also the first
author (HWB) acknowledges the hospitality of the Univextsite Barcelona and
partial support of the Dutch FOM program Mathematical Pty$MF-G-b). The
authors were partially supported by European Communitgifun for the Re-
search and Training Network MASIE (HPRN-CT-2000-00113).

References

[1] V.I. Arnold, “Mathematical Methods of Classical Mechesi’, GTM 60
Springer-Verlag, New York, 1978.

[2] H.W. Broer, H. Han3mann and J. Hoo, The quasi-periodimbtanian Hopf
bifurcation, with applications to the Lagrange top with guperiodic
forcing. Preprint University of Groningen 2004.

[3] H.W. Broer, J. Hoo and V. Naudot, Normal linear stabilitiiquasi-periodic
tori, J. Differential Equationgto appear).

[4] H.W. Broer and G.B. Huitema, Unfoldings of quasi-petimodori in re-
versible systemsJournal of Dynamics and Differential Equatiorns
(1995) 191-212.

[5] H.W. Broer, G.B. Huitema and M.B. Sevryuk, Quasi-Periolotions in
Families of Dynamical Systems, Order amidst Cha@sture Notes in
Mathematicsvol. 1645 Springer Verlag, New York, 1996.

[6] H.W. Broer, G.B. Huitema, F. Takens and B.L.J. Braakstdafoldings and
bifurcations of quasi-periodic tori”, Memoir AMS, nd21, Amer. Math.
Soc., Providence, R.I. 1990.

17



[7] H.W. Broer and M.B. SevryukkAM Theory: quasi-periodic dynamics in
dynamical systems. In: H.W. Broer, B. Hasselblatt and Fehakeds.),
“Handbook of Dynamical Systems”, Vol. 3, North-Holland éppear).

[8] H.W. Broer and F. Takens, Unicity efam tori, Ergod. Th. & Dynam. Sys.
2007 (to appear).

[9] H.W. Broer and F.M. Tangerman, From a differentiable toeal analytic
perturbation theory, applications to the Kupka Smale thes; Ergod.
Th. & Dynam. Sys6 (1986) 345-362.

[10] L. Chierchia and G. Gallavotti, Smooth prime integrfals quasi-integrable
Hamiltonian system$\uovo Cimento B.1) 67(2) (1982) 277-295.

[11] M.C. Ciocci, A. Litvak-Hinenzon and H.W. Broer, Surveyn dissipative
KAM theory including quasi-periodic bifurcation theoryd® on lec-
tures by Henk Broer. In: J. Montaldi and T. Ratiu (ed&gometric Me-
chanics and Symmetry: the Peyresq Lectuld4S Lecture Notes Series
306 Cambridge University Press, (2005), 303-355.

[12] R.H. Cushman and L. Bates, “Global aspects of classitayrable sys-
tems”, Birkhauser, Basel, 1997.

[13] R.H. Cushman, H.R. Dullin, A. Giacobbe, D.D. Holm, My&aix, P. Lynch,
D.A. Sadovskii and B.I. ZhilinskiiCO, molecule as a quantum realiza-
tion of thel : 1 : 2 resonant swing-spring with monodronBhysical
Review Letters93(2) (2004) 024302(4).

[14] R.H. Cushman and D. A. Sadovskii, Monodromy in the hygno atom in
crossed fieldsPhysica D142 (2000) 166-196.

[15] J.J. Duistermaat, On global action-angle coordina@smm. Pure Appl.
Math. 33 (1980) 687-706.

[16] K. Efstathiou, Metamorphoses of Hamiltonian Systenith@ymmetries,
Lecture Notes in Mathematicgol. 1864 Springer-Verlag, Berlin, 2005.

[17] F. Fasso, Hamiltonian perturbation theory on a mddifGelest. Mech. and
Dyn. Astr.62(1995) 43-69.

[18] H. HanBmann, Local and Semi-Local Bifurcations in Hiéomian Dy-
namical Systems — Results and Examples, “Habilitatiomr#scRWTH
Aachen”, 2004; Lecture Notes in Mathematics (to appear).

[19] F. Hausdorff, “Set Theory” (2nd edition), Chelsea, 2985erman original:
Veit (Leipzig), 1914.]

[20] M.W. Hirsch, “Differential Topology”, Springer Vertga New York, 1976.

18



[21] E. Horozov, Perturbations of the spherical pendulunmd aabelian
integrals Journal fir die Reine und Angewandte Mathemdiil8 (1990)
114-135.

[22] Chr. Huygens, Appendix | to “De vi centrifuga” (1659)3311. In: Euvres
Compktes de Christiaan Huygens, pud#s par la Soété Hollandaise
des Sciences6, (1929) 306-309, Martinus Nijhoff, The Hagte.

[23] V.F. Lazutkin, Existence of a continuum of closed ingat curves for a con-
vex billiard. (Russianlspehi Mat. NaukR7 no.3 (1972) 201-202.

[24] B. Malgrange, “ldeals of Differentiable Functions”,xford University
Press. 1966.

[25] R. Montgomery, The connection whose holonomy is thesitzl adiabatic
angles of Hannay and Berry and its generalization to theintmgrable
case Commun. Math. Phy4.20(1989) 269-294.

[26] J.K. Moser, Convergent series expansions for quasieqtie motions Math.
Ann.169(1967) 136-176.

[27] J.R. Munkres, “Elementary Differential Topology”, iRteton University
Press, 1963.

[28] N.N. Nekhorosev, Action angle coordinates and theiregalizationsTrans-
lations of the Moscow Mathematical Socie2$ (1972) 180-198.

[29] J. Poschel, Integrability of Hamiltonian systems oan®r setsCommun.
Pure Appl. Math35(1982) 653-696.

[30] B.W. Rink, A Cantor set of tori with monodromy near a fgefocus singu-
larity, Nonlinearity17 (2004) 347-356.

[31] M. Spivak, “A Comprehensive Introduction to DifferéaitGeometry”, Vol
I. Publish or Perish, Berkeley, 1964.

[32] P. Stefan, Accessible sets, orbits and foliations witigularitiesProc. Lon-
don Math. Soc29(1974) 699-713

[33] H. Sussmann, Orbits of families of vector fields and gnédbility of distribu-
tions, Trans. Amer. Math. Sod80(1973) 171-188.

[34] H. Whitney, Analytic extensions of differential funahs defined in closed
sets,Trans. Amer. Math. So86 (1943) 63-89.

4The text “De vi centrifuga” was published posthumously i®47but the appendix remained
unpublished until the edition of th@&uvres So, during Huygens’s lifetime thdorologium Oscil-
latorium of 1673 was the publication which came nearest to his knayded circular motion and
centrifugal force.

19



Appendix: The global Whitney extension theorem

The Whitney extension theorem [34, 24, 27, 20] deals withaimeeal func-
tions defined on closed subsé&sC R™. Smoothness, in the sense of Whitney, is
characterized completely in terms of the $&tThe Whitney extension theorem
says that this characterization of smoothness is equitveddraving an extension
to a neighbourhood oK™ that is smooth in the usual sense.

Our present aim is to show that this result carries over tactse wherel/
is a smooth manifold an& C M is a closed set. In the case of real functions,
the above construction witR® C R™, provides us with local Whitney extensions.
Then a patrtition of unity argument [27, 20, 31] gives a glolditney extension
by gluing together local extensions. Compare with similguanents in section
2.

This construction directly generalizes to mappings — R™ and thereby
to sections in a vector bundle ovéd. Finally by using the exponential map
Exp : T(M) — M of a smooth Riemannian metric, we generalize the Whitney
extension theory to near-identity maps.

Remark. In this paper, the term ‘Whitney smooth’ is only used when rdirary
smoothness is in order; in our case this applies especiallynfps defined on
nowhere dense sefs Whitney smoothness ofi then means local extendability
as a smooth map. Also we speak of Whitney smoothness withdégérus bun-
dles over (nowhere dense) sétswhich again means that we can locally extend
(or interpolate) such bundles as smooth torus bundles.

6.1 Whitney smooth functions and extensions

Let M be a smooth manifold andd® C M a closed subset. A Whitney™-
function ' on K assigns to each point € K them-jet F'(x) of a function on
M. A main question is: under what condition éhcan one find & -function
f: M — R (inthe usual sense) such that for each K them-jetof f in x equals
F(z), that is, such thaj*(f) = F(z). Such anf is called a smooth extension
of f. This problem was treated by Whitney in [34]; our referencR4. (In the
original treatment it was assumed thatis compact and that/ = R™.) We now
show that, whenever smooth extensions exist locally, thése exists a global
extension.

Theorem 4. (GLOBAL WHITNEY EXTENSION) Let M be a smooth manifold
and K C M a closed set. Lef’ be aC™-function omnK in the sense of
Whitney. Assume thaf’ has locally smooth extensions, in the sense that
for eachr € K there exist

1. Open neighbourhoods C V, C U, of z in M;
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2. Acompactsubsét, C K suchthat NV, = K,NV, andK, C U,;
3. A C™-function f, onU, such that for eaclh € K, them-jet of f, in
y equalsF(y), thatis,j;"(f.) = F(y).

Then, there exists @™-function f : M — R such thaty™(f) = F(x) for
all z € K, thatis, f is a globally smooth extension &t

Proof. First we claim that there is a countable and locally finiteropaver{V;}3°,
of a neighbourhood of in M such that there are compact subs€fsC K and
open subsets; C M such that:

1. V; c U; andU; is compact;

3. There exists &™-function f; : U; — R, such thay™(f;) = F(z), for each
T € Ki-

This cover is obtained from the covéi/. }.cx by the fact that this cover has
a locally finite refinement (because = (J,., V., is paracompact). Since the
topology of V' has a countable basis, such a locally finite cover is autcaibti
countable. We can extend this cover of a neighbourhodd @ a cover of all of
M by addingVy = M \ K. Let{¢;}2, be a partition of unity for this cover a¥/,
that is:

1. The support of; is contained in/;;
2. Each functiorg; takes values in the intervdl, 1];
3. Foreachr € M we have)_~ & (z) = 1.

For details about the existence of locally finite covers aadifions of unity, com-
pare with [27, 20, 31]. For similar arguments in a simpletisgt see section 2.3.

Finally, we define the global extension by
fl)=> &) - filz)forz e M, (5)
=0

where we takefy(z) = 0 and f;(z) = 0 for z ¢ U;. Since the covefV;}:, is
locally finite, the infinite sum, defining, is well-defined.

To prove thatf is a smooth extension df, we have to show that the-jet of
f, defined by (5), at each pointe K, equalsF'(z). So letx € K and let

J.={ilze KNV} ={i|z e V;}.
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Then, in a small neighbourhood ofwe have thaff = > .., & - fi. Them-jet of
this function is determined by the functiofisand them-jets of f; in = fori € J,.
By construction, then-jets ;7*( f;), for i € J,, are all equal. This means that, for
the calculation of then-jet j7*( f), we may replace all th¢ by one and the same
fi, for someiy € J,. Then we make use of the fact that nedhe sumzl.er & s
identically equal to 1. S¢*(f) = j2*(fi,) = F(x) by construction. This means
that f is indeed a smooth extension Bfas desired. O

6.2 Near identity maps

Again let M be a smooth(C**) manifold. For the following construction we
need to fix a smooth Riemannian metric dh(not necessarily complete). With
such a metric the exponential map Expl’(M) — M is defined, at least in
a neighbourhood of the O-section T A/). The definition is as follows: For
v € T,(M) one considers the (maximal) geodesijc: (—a,b) — M such that
v:(0) = z and~,(0) = v. Forv small enough, 1 is in the domair-a, b). Then
we define Expv) = v,(1).

It is well-known [31] that Exp is smooth and that Exp inducedifleeomor-
phism from a neighbourhood of the 0-sectiorfii}/) to a neighbourhood of the
diagonal inM x M by mappingv € T, (M) to the pair(z, Exp(v)). We denote
such a the neighbourhood of the 0-sectioff’id/) by W; and the corresponding
neighbourhood of the diagonal ™ x M by W,. Without loss of generaliy we
may assume that for eaafthe intersectiod’, (M) N W is convex. We say that a
map® on M is near the identityf for eachz € M the pair(z, ®(x)) belongs to
Ws,. In fact this definition fixes &°-neighbourhood of the identity in the strong
Whitney topology [20, 27]. We say that a secti&nin 7'(M) is small if, for each
x € M, X(z) belongs tdd;. From this construction it follows that there is a one
to one correspondence between small sectioms 7'(M ) and near identity maps
on N: to X corresponds the map— Exp(X (z)).

In section 6.1 we dealt with Whitney extensions of functioRsom this we
obtain a direct generalization to mappings with value®Rin and subsequently
to sections in a vector bundle ovéf. By the above construction the Whitney
extension theorem then generalizes to near identity mapesofily observation to
justify the latter generaliztion is that due to the conweriteachT (M) N W, as
above, a sectioX (z) = ), & (x) - X;(x), where the; form a partition of unity
as described before, is small whenever all the sectigrese small.

22



