
6 Pseudospectral Methods: an Overview

6.1 Introduction

Spectral and pseudospectral (PS for short) methods are a very classical approach for
solving PDEs. In such a framework, one considers approximations of the form

u(x) ≈ uN(x) :=
N∑
j=1

cjφj(x)

to the true solution u built by means of a given (usually very smooth) global orthogonal
basis {φk} of a function space, that we term space of trial functions, and takes in account
exact differentiation of uN .
PS methods are characterized by the following very desirable properties

• for an analytic function u the rate of convergence of the truncated expansion uN
to u is exponential (indeed this is called spectral convergence) instead of linear of
polynomial as for finite differences or finite elements methods.

• Even for non-smooth function this approach reveals to be profitable, provided that
the singularities are not too strong.

• Due to the fast convergence, in the most of applications a relatively coarse computa-
tional grid suffices to achieve a rather good accuracy. This becomes a very beneficial
property when the spatial dimension of the problem grows large.

One of the main features of pseudospectral methods is that the trial (and eventually
the test) functions are global. Consequently, the considered finite dimensional spaces are
rather rigid ; however this turns in a disadvantage only on some classes of problems. The
typical issues we need to consider when choosing or implementing a spectral or PS method
are

• irregular domains: choice of the basis,

• presence of strong shocks,

• variable resolution requirements in different parts of the domain.

Once the functional space F the solution u must belong to is known, in order to build the
method one needs to chose an orthogonal basis {φj} of F . In performing such a choice
the following task should be considered [9, 10]:

1. Rapid convergence. For smooth functions the truncated expansion needs to converge
very rapidly.
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2. Easy differentiation. For any N and any {aj}j=1,...,N ∈ `2 the operation

d

dx

(
N∑
j=1

ajφj(x)

)
=

N∑
j=1

bjφj(x)

should be computed easily and efficiently.

3. Easy evaluation and synthesis. The evaluation of the expansion at a given point
and the computation of the coefficients (synthesis) starting with u(xi), i = 1, . . . ,M
needs to be easy and fast.

4. Simple integration. When considering the weak formulation of differential equations
and complementing boundary conditions one needs to compute integrals over the
domain or its boundary of the basis functions, a fast and accurate computation
algorithm is then required.

5. Boundary conditions. In some methods we will need to easy characterize the func-
tional subspace (spanned by combinations of φj’s) satisfying the boundary condi-
tions.

The result of the above requirements is that the typical choices for {φk} are

• Fourier basis {eikπ} for periodic problems

• Orthogonal polynomials (typically arising from a Sturm-Liouville singular opera-
tor)for non-periodic boundary conditions.

6.2 Classification of Pseudospectral Methods

In this section we review the generalities on pseudospectral methods in a quite general
framework postponing the discussion on specific methods and function spaces to Section
?? and a more detailed discussion on their well posedness and behaviour to Section ??.
In the sequel we will deal with linear problems of the following type{

Lu = f, in Ω

Bu = 0, on ∂Ω
, (6.1)

where Ω ⊂ R is a domain, L is a linear partial differential operator and B is a boundary
operator (as for instance the trace operator on ∂Ω or the trace of normal derivatives on
∂Ω). We work on a Hilbert space H of function defined on Ω but in general L may be
defined only on a dense subset D(L) ⊂ H, also we will consider the (possibly affine)
subspace DB(L) of H where the boundary condition Bu = 0 is satisfied in the appropriate
sense; hence

L : DB(L) ⊂ H → H.
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The mild formulation of the problem (6.1) is then

find u ∈ DB(L) : (Lu, v)H = F (v) := (f, v)H ∀v ∈ H.

More in general, one considers the associated weak formulation

a (u, v) = (u, f) , ∀v ∈ D̃(a),

where a bilinear form a on a (possibly larger than DB(L)) (linear or affine) subspace D̃(a)
of H is introduced starting by L and performing integration by parts.
To illustrate this standard procedure we consider two model problems: the Poisson Equa-
tion with Dirichlet or Neumann boundary conditions in the unit ball B := {x ∈ RN :
|x| < 1}, note that the unit normal on ∂B is x.{

∆u = f , in B

u(x) = 0 ,∀x ∈ ∂B
. (6.2)

{
∆u = f , in B

x · ∇u(x) = 0 ,∀x ∈ ∂B
. (6.3)

For the first integrating by parts we obtain

−
∫

Ω

∇u(x) · ∇φ(x)dm(x) +

∫
∂Ω

x · ∇u(x)φ(x)dσ(x) =

∫
Ω

f(x)φ(x)dm(x), ∀φ ∈ C∞c (Ω).

Now by the assumption on the support of φ the boundary integral vanishes and we get

−
∫

Ω

∇u(x) · ∇φ(x)dm(x) =

∫
Ω

f(x)φ(x)dm(x), ∀φ ∈ C∞c (Ω).

Notice that the domains of both the bilinear form of the left hand side and the linear
form on the right side of this equation can be extended to the whole H1

0 (Ω); indeed we
take D̃(a) := C∞c (Ω), note that the closure of such a space in H1(Ω) is precisely H1

0 (Ω).
This justifies the following definition of weak solution of the problem (6.2) u ∈ H1

0 (Ω) is
a weak solution of problem (6.2) if

−
∫

Ω

∇u(x) · ∇φ(x)dm(x) =

∫
Ω

f(x)φ(x)dm(x), ∀φ ∈ H1
0 (Ω). (6.4)

In contrast, for the Neumann problem the boundary condition is encoded in the equation,
not in the space; this is a standard way of treating non-homogeneous conditions. After
an integration by parts, the boundary integral term vanishes not only for φ ∈ C∞c (Ω), it
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vanishes for any φ ∈ C1(Ω). Thus we set D̃(a) := C1(Ω), which is dense in H1(Ω). The
weak solution of problem (6.3) is then any u ∈ H1(Ω) such that

−
∫

Ω

∇u(x) · ∇φ(x)dm(x) =

∫
Ω

f(x)φ(x)dm(x), ∀φ ∈ H1(Ω). (6.5)

The spectral approximation of problem (6.1) can be split in three families, namely

• Galerkin

• Tau

• Collocation (pseudospectral)

where only the first arises (at least historically and for second order equations) from the
weak formulation, while the remaining two from the mild one. However, one may think
to this three families of methods as a different consequences of the technique of weighted
residual : starting by an equation (e.g. the mild or the weak formulation of the equation)
one approximately solves it in a finite dimensional subspace VN imposing the (weighted)
residual LuN − f to be orthogonal to each function ψ ∈ VN (or another subspace WN).
In the Galerkin Method we search uN ∈ VN such that

a (uN , v) = F (v), ∀v ∈ VN , (6.6)

here {VN} is a dense nested sequence of subspace of D̃(a) ∩ Z(B), i.e., such that Bv = 0
∀v ∈ VN .
Some variants are available to this scheme: in Petrov-Galerkin method one requires the
condition (6.6) ∀v ∈ WN instead of ∀v ∈ VN , i.e. the test functions space WN and the
trial functions space VN do not necessarily coincide. Instead, in the Galerkin method with
numerical integration (G-NI, for short) the functional F is replaced by an approximate
version FN given by certain quadrature formulas.
In the Tau Method we consider an orthogonal basis {φk} ofH (thus not a priori satisfying
the boundary conditions Bφk = 0) consisting of smooth functions (thus elements of D(L))
and set VN := Span (φ1, . . . , φN) , then we search for uN :=

∑N
k=1 ckφk such that{

(LuN , φk) = (f, φk) , ∀k ∈ IN
BuN = 0

, (6.7)

where IN ⊂ {1, . . . , N} is chosen in a way that makes the above system uniquely solvable.
Finally we introduce the collocation method (PS). Here one requires the approximate
solution uN to satisfy{

LuN(xi) = f(xi), ∀i ∈ IN
BuN(xi) = 0, ∀i ∈ JN .

, (6.8)
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One can regard PS methods as a particular instance of spectral one since they can be
derived starting by the weighted residual and choosing as test ”functions” the Dirac delta
functions centred at the collocation points. Note that

〈LuN , δxi〉 = LuN(xi) = f(xi) = 〈f, δxi〉.

In contrast, most authors use a dedicated terminology for this method to underline a
remarkable practical difference they have with respect to the spectral methods. When
considering a spectral method (both for steady state or evolution problems) we solve
equations in the spectral variables/space ck to determine the solution; instead, when con-
sidering a PS method, we solve equations with respect to the physical variable/space
φk(xi).

6.3 Some Classical Example

To illustrate the construction of the methods we present some classical easy examples
taken from [15] and [4].

6.3.1 Galerkin Method and its Variants

Let us take in account the linear elliptic partial differential operator

Lu := −au′′ + bu′ + cu (6.9)

and, given a periodic function f ∈ L2[0, 2π], solve the problem Lu = f by a pure Galerkin
method.
We define uN as the truncated Fourier expansion uN(x) :=

∑N
k=−N ûke

ikx and we com-

pute the residual RN(x) := LuN − f =
∑N

k=−N ûkLeikx − f . The Galerkin method is
implemented by solving the equations

(
RN , e

ijx
)
L2[0,2π]

=
N∑

k=−N

ûk
(
Leikx, eijx

)
L2[0,2π]

−
(
f, eijx

)
L2[0,2π]

= 0, ∀j = −N, . . . , N.

Due to orthogonality and the fact that Leikx = (ak2 + ibk + c)eikx, the above equations
turns in

ûk(ak
2 + ibk + c) = 2πf̂k, ∀k = −N, . . . , N.

Note that actually the computation is even more efficient: since we are assuming u to
be a real functions, we need to compute ûk only for k = 0, 1, . . . , N then we can use the
relation û−k = ûk.
It is also worth to notice that, due to assumed periodicity we treated the above problem
without tacking into account any boundary condition; more rigoroursly, when we choose
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as trial and as test function space the space of Fourier characters we are implicitly solving
the problem (6.9) complemented by periodic boundary conditions.
When we introduced the Galerkin method we claimed that it generally arises from the
weak formulation of the differential problem; this is not in contrast with the above compu-
tations. Indeed we could start by the weak formulation (integrate by parts twice the first
member of L and just once the second, then cancel boundary terms thanks to periodicity)

−a
(
u, φ′′j

)
L2[0,2π]

+ b
(
u, φ′j

)
L2[0,2π]

+ (u, φj)L2[0,2π] = (f, φj)L2[0,2π] , ∀j = −N, . . . , N

and this would lead to the same system of equations above due to the differential properties
of φks.
To illustrate the Galerkin method with numerical integration we introduce the
following advection diffusion reaction equation complemented by Dirichlet boundary con-
dition at −1 and mixed Robin condition at 1.

d
dx

(
−ν du

dx
+ βu

)
+ γu = f , in ]− 1, 1[

u(−1) = 0,

−ν du(1)
dx

+ βu(1) = g

. (6.10)

Since we are dealing with non periodic boundary conditions we choose polynomials as
dense subspace of the domain of the differential operator, more precisely we set as basis
of such a space the Legendre orthogonal polynomials {Lk}, i.e. orthogonal polynomials in
[−1, 1] with respect to Lebesgue measure normalized to get Lk(1) = 1; such polynomials
arise as eigenfunctions of the singular Sturm Liouville operator d

dx
((1−x2)v′)+k(k+1)v =

0.
Recall that the N − 1 zeros {x1, x2, . . . , xN−1} of L′N , complemented by the extremal
points x0 = −1 and x1 = 1, form the so called Gauss-Lobatto-Legendre nodes of degree
N , that are the support of a high (polynomial) precision quadrature formula∫ 1

−1

p(x) ∼
N∑
j=0

p(xj)wj, (6.11)

where equality holds for any p polynomial of degree at most 2N + 1.
To implement a ”pure” Galerkin method with numerical integration we should proceed
as follows.

• We enforce the homogeneous boundary condition u(−1) = 0 in a strong sense.

Using the symmetry of the Legendre basis Lk(−x) = (−1)kLk(x), we get Lk(−1) =
(−1)k and thus p(−1) =

∑N−1
k=0 (−1)kck(p). The boundary condition at −1 can be

written 〈ck, zN〉 = 0, where we set zN := ((−1)k)k=0,1,...,N−1.

We can compute the subspace VN of PN−1 satisfying this condition. To solve this
problem and simultaneously compute an orthogonal basis we can use the Gram
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Schmidt procedure or the QR algorithm, ending up with a new basis {φk}k=0,...,N−1

of PN−1 such that the subspace spanned by (φ1, . . . , φN−1) enjoys the homogeneous
boundary condition and φks are orthogonal. This task and its possible generalization
will be treated more rigorously and more in detail in Section ??.

• Starting by the remarkable differential properties (see Subsection 7.2) of the Legen-
dre polynomials one can obtain

x2 − 1

k
L′k+1(x) = (2k + 1)xLk(x)− kLk−1(x)

and expressing the term (x2 − 1) by means of L0, L1(x), L2(x) we derive the coef-
ficients of each L′j with respect to the basis {Lk}. Then, using the same change of
basis that lead from {Lk} to {φk}, we deduce the coefficients of each φ′j with respect
to the basis {φk}. We can arrange such coefficients Di,j := 〈φ′i, φj〉 in the differential

matrix D, so that d
dx

∑N−1
k=1 ckφk =

∑N−1
j=0 Dckφj.

• We consider the mild formulation of the problem: find uN =
∑N−1

k=1 ckφk such that∫ 1

−1

d

dx

(
−ν d

dx
uN(x) + βuN(x)

)
v(x)+dx =

∫ 1

−1

(f(x)−γuN(x))v(x)dx, ∀v ∈ VN .

Then we perform an integration by parts and we impose the condition for v =
φ1, . . . , φN getting

−
∫ 1

−1

(ν
d

dx
uN(x)− βuN(x))φ′j(x) + [(−ν d

dx
uN(x) + βuN(x))φj]

1
−1

=

∫ 1

−1

(f(x)− γuN(x))v(x)dx,∀j = 1, 2, . . . , N − 1

Using the non-homogeneous boundary condition the above equation reduces to

−
∫ 1

−1

(ν
d

dx
uN(x)− βuN(x))φ′j(x) = g +

∫ 1

−1

(f(x)− γ, uN(x))v(x)dx

∀j = 1, 2, . . . , N − 1

Let us rewrite this last equation using Linear Algebra

〈(−νD + βIN−1)c, D:,j〉 = g − γcj + bj , bj :=

∫ 1

−1

fφjdx

∀j = 1, 2, . . . , N − 1,

where IN−1 denotes the identity matrix, c := (c1, . . . , cN−1), D:,j is the jth column
of D and 〈·, ·〉 is the standard RN−1 duality.
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• Here appears the numerical integration. We choose to approximate all the above
integrals bjs by the quadrature rule (6.11). Thus the final formulation of the problem
becomes

〈(−νD + βIN)c,D:,j〉 = g − γcj + bj , bj :=
N∑
h=1

f(xh)φj(xh)whdx

∀j = 1, 2, . . . , N.

6.3.2 Collocation Method

We want to illustrate that Collocation (PS) method may arise as a variation on Galerkin
Method with NI. We consider the same problem (??) above, but we allow the coefficients
ν, β and γ to depend on x.

Starting by the Gauss-Lobatto-Legendre nodes we can form the fundamental Lagrange
interpolating polynomials, i.e., polynomials having degree at most N and satisfying
`k(xj) = δk−j, they can be understood as discrete delta functions. Using the differential
and recursive properties of Legendre polynomials and the nodes set we are considering, it
is possible to prove the following formula

`k(x) =
1− x2

N(N − 1)(xk − x)

L′N(x)

LN(x)
.

We would like to take as trial and test functions the whole set {`k}, but since `0(−1) = 1
we drop it from the basis in order to satisfy the boundary condition u(−1) = 0.

To define a weak formulation of the problem is convenient to introduce the flux operator
F [u](x) := −ν(x) d

dx
u(x) + βu(x), we impose the mild formulation and then we integrate

by parts using the boundary conditions.∫ 1

−1

d

dx
F [u]`jdx+ γ

∫ 1

−1

u`jdx =

∫ 1

−1

f`jdx, ∀j = 1, . . . , N

−
∫ 1

−1

F [u]
d

dx
`jdx+ γ

∫ 1

−1

u`jdx =

∫ 1

−1

f`jdx, ∀j = 1, . . . , N

so we obtain (substituting u by uN)∫ 1

−1

νu′N`
′
jdx− β

∫ 1

−1

uN`
′
jdx+ γ

∫ 1

−1

uN`j = . . .

=

∫ 1

−1

f`jdx+ gδj−N , ∀j = 1, 2, . . . , N.
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Finally we use the numerical integration (6.11) to approximate each integral obtaining
the following system of equations.

N∑
i=0

[(
ν
duN
dx

d`j
dx

)
(xi)−

(
βuN

d`j
dx

)
(xi) + (γuN`j)(xi)

]
wi =

N∑
i=0

(f`j)(xi)wi + gδN−j, ∀j = 1, . . . , N.

(6.12)

Taking in account that uN(x) =
∑N

i=1 `i(x)ci(u) =
∑N

i=1 `i(x)u(xi) and that this implies

u′N(x) =
∑N

i=1 `
′
i(x)ci(u), the system of equations (6.12) may be written in the matrix

form

Kc = b, c := (c1, . . . , cN), b := (b1, . . . , bN),

Kj,l :=
N∑
i=0

[(
ν
d`l
dx

d`j
dx

)
(xi)

]
wi −

(
β
d`j
dx

)
(xl) + γ(xj)wjδ|j−l|

bj := f(xj)wj + gδN−j.

Let us remark that the combination of the choice of the Lagrange basis (approximated
delta functions) and numerical integration leads to a system of linear equation in the
variables u(xi), as we announced for collocation methods. To better interpret this let us
introduce the numerical flux FN(x) :=

∑N
i=0 `i(x)Fu(xi), that is the interpolation of the

flux.
Now we observe that the left side of equation (6.12) can be rewritten as

−
N∑
i=0

(
FN d`j

dx

)
(xi)wi +

N∑
i=0

(γuN`j)(xi)wi. (6.13)

Note that the first term is a quadrature rule of precision 2N + 1 applied to a polynomial
of degree at most 2N − 2, thus it is an exact integral. We perform integration by parts
and we use the boundary conditions to obtain an new formula for the expression in (6.13).

N∑
i=0

(
d

dx
FN`j

)
(xi)wi −

(
FN d`j

dx

)
(1) +

(
FN d`j

dx

)
(−1) +

N∑
i=0

(γuN`j)(xi)wi

=
N∑
i=0

(
d

dx
FN`j

)
(xi)wi −

(
FN d`j

dx

)
(1) +

N∑
i=0

(γuN`j)(xi)wi

When we substitute this last expression to the left hand side of (6.12), using the approx-
imate delta function property of the Lagrange basis we simply get(

dFN

dx
+ γuN − f

)
(xj) = 0, ∀j = 1, 2, . . . , N − 1

this is precisely a collocation method for the interpolated flux.
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6.3.3 Tau Method

Lastly we illustrate the Tau Method when applied to the Poisson equation (6.2) with
Dirichlet boundary condition on Q := [−1, 1]2,{

∆u = f , in Q

u(x) = 0 ,∀x ∈ ∂Q
. (6.14)

We pick as basis the tensor product space of polynomials VN := PN ⊗PN with the tensor
product basis

φk,l(x, y) := cos(k arccos(x)) cos(l arccos(y)), k, l = 0, 1, . . . , N.

Note that this basis does not preserve the boundary condition, indeed we enforce them in
a weak form by choosing an additional set of test functions. Namely we set

ψk(x) := cos(k arccos(x))

and impose
uN :=

∑N
k,l=0 ck,lφk,l(x, y),∫

Q
∇uN · ∇φk,l dx dy =

∫
Q
fφk,l dx dy, ∀k, l = 0, 1, . . . , N − 2∫ 1

−1
uN(x, 1)ψj(x) dx =

∫ 1

−1
uN(x,−1)ψj(x) dx = 0, ∀j = 0, 1, . . . , N∫ 1

−1
uN(1, y)ψj(y) dy =

∫ 1

−1
uN(−1, y)ψj(y) dy = 0, ∀j = 0, 1, . . . , N

(6.15)

We stress that, despite the number of equations appearing in (6.15) is (N−1)2+4(N+1) =
(N + 1)2 + 4 = dimVN + 4, four of such conditions are linear dependent on the other and
may be drop out. This phenomena is due to the enforcement of boundary conditions on
the corners: each of them is counted twice.

6.4 Evolution Problems

6.5 Stability and Convergence
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7 Tools from Approximation Theory

7.1 Fourier Series

7.2 Polynomial Approximation, Interpolation and Quadrature
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8 PS Methods for the Stokes Problem

8.1 Fourier-Chebyshev Method with Uzawa Operator

8.2 Fourier-Chebyshev Method by Influence Matrix
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A Finite difference discretization of the convection

diffusion equation.

The finite difference method for the discretization of the constant coefficient convection-
diffusion equation in one dimension proceeds as follows. Consider a uniform partition of
the interval I = [0, 1] into n subintervals of length h and whose endpoints are given by xi
xi+1 = xi + h, i = 0, 1, . . . , n + 1. Let ui be the numerical approximation of the solution
u at point xi: ui ≈ u(xi). Using Taylor series expansions we have:

ui+1 = ui + hu′i +
h2

2
u′′i + . . . (A.1)

ui−1 = ui − hu′i +
h2

2
u′′i + . . . . (A.2)

Summing the two equations and neglecting the higher order terms we recover the following
approximation of the second derivative at the i-th node:

u′′i ≈
−ui−1 + 2ui − ui+1

h2
.

Subtracting the equations (A.1) and (A.2) we obtain a centered approximation for the
the first derivative in xi:

u′i ≈
ui+1 − ui−1

2h
,

Using these to approximation in the differential equation (2.50) we obtain the difference
equation:

D

h2
(−ui−1 + 2ui − ui+1) +

b

2h
(ui+1 − ui−1) = 0,

that can be written for all i = 1, . . . , n. This equation coincides with (2.51) and is an
approximation of order of accuracy O (()h2).

The first derivative can be expressed using a first order approximation that uses the
forward (eq. (A.1)) or the backward (eq. (A.2)) Taylor expansions. We then obtain:

D

h2
(−ui−1 + 2ui − ui+1) +

b

2h
(ui+1 − ui−1) = 0,

D

h2
(−ui−1 + 2ui − ui+1) +

b

2h
(ui+1 − ui−1) = 0.
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