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1 Intr oduction

In this paper we introducetracks. A trackis a global constraintfor parallelizingthe
executionof task setsin non-preemptie scheduling. We give algorithmsfor bound
aswell asfor domainreasoningwe proposeapplicationsin schooltimetabling,and
we reportresultsof a large-scaleempirical study Section2 introducesconceptsand
notationswe rely on. Section3 definegracksin termsof syntaxandsemanticsSection
4 givesalgorithmsfor solving tracks. Section5 introducesto schooltimetablingand
section6 shows how to infer tracksin this setting. Section7 proposesapplications
of tracksin schooltimetabling,presentour experimentaldesign,and reportsresults.
Section8 closeswith perspectiesfor futurework.

2 Preliminaries

Definition 1. A constaint networkis a triple (X,5,C). The single componentsare
specifiedn thefollowing.

e X ={X1,...,Xn} isthesetof problemvariablesthatconstraintsnayreferto.

e Jis calledcomputatiorstate It is afunctionfrom X to setsof values.o is called
failediff Ix € X. 8(x) = 0. It is calledacompleteassignmeniff Vx € X. |d(x)| =
1. We saythatd; succeedsy iff 8, is afunctionon X, ¥x € X. &1(x) C dy(X),
and3x € X. 01(X) C dp(X).

e Cis asetof constraints.A constaint c is an objectthatis definedover a setof
variablesvargc) C X in termsof the completeassignmentthatsatisfyc.

If N=(X,6,C) is a constraintnetwork, thensol(N) denotesthe setof completeas-
signmentsthat succeed® and simultaneouslysatisfyall c € C. Constraintnetworks
No = (Xo,00,Co) andN; = (Xy,01,C;) arecalledequivalentiff Xo = X; andsol(Np) =
sol(Ny).

1Theauthoris a PhD studenfundedby the GermanResearctCouncil (DFG).



3 Syntaxand Semanticsof Tracks

Informally, atradk is of a setof rails, whereeachrail is a setof tasks.The problemof
solvingatrackconsistdn finding a scheduldor eachrail suchthattheschedulesover
the samesetof time slots.

Definition 2. Theexpressiortrack (T) is calledatrad iff T = {Ry,...,Ry} and
V1<i<n 3m >0.R ={(Si1,Pi1),---, (Sim,Pim)}-

(Eachpair (Sij,Pjj) of problemvariabless intendedo modelataskin termsof its start
times;; andits processingimep;;. Fixedstartor processingimesmaybe modeledby
meanf variableswith singletondomains.)

Definition 3. Let (X, d,C) beaconstrainnetwork suchthattrack (T) € C andd is not
failed.LetRe T andt = (S,P) € R

1. Valuecovers
(a) vc(t,0) = [maxd(S),mind(S) + mind(P) — 1]
(b) VC(R7 6) = UteRVC(taé)
(c) ve(T,d) = Uret ve(R, 9)
2. Valuesupplies
(@) vs(t,8) = Uses(s)[S; S+ maxd(P) — 1]
(b) VS(R7 6) = UteRvs(taé)
(C) VS(T,6) = nReT VS(R7 6)
3. Earlieststarttimes
(a) esft,d) = mind(s)
(b) est{R,0) = minicres(t,d)
(c) es(T,d) = maxgeT €S(R,0)
4. Latestcompletiortimes
(@) lct(t,d) = maxd(S) + maxd(P) — 1
(b) Ict(R, 0) = maxerlct(t,d)
(c) lct(T,d) = minget Ict(R,0)

Definition 4. Let (X,5,C) be a constraintnetwork suchthattrack(T) € C. If dis a
completeassignmentirack (T) is satisfiedby & iff

[{ve(R,0) :Re T} =1,

i.e. iff therail schedulesoverthe samevalueset.



4 Solving Tracks

We may pruneall startandprocessingimesthatentail the covering of valuesthatare
lower thanthe earlieststarttime or greaterthanthe latestcompletiontime of the track
(Propositionl), or that entail the covering of valuesthat are not elementof the value
supplyof thetrack (Proposition2). Comparingboundson the processindimesof rails
may reveal aninconsisteng (Proposition3). Undercertainconditions,a taskmay be
forcedto coveracertainvalue(Propositiord).

Proposition1. LetNp = (X, d0,C) bea constaint networksud thattrack (T) € C and
do is notfailed. LetR e T andlet (S,P) € R. If & = & exceptfor

01(S) = {s€ do(S) : es(T,d0) < s<lct(T,d) —mindo(P) + 1}
and 81(P) = {p€ 8 (P): p<lct(T,dp) —max{mindy(S),es(T,d)} + 1},

thenNp andN; = (X, 81,C) are equivalent.

Proposition2. LetNg = (X, 8p,C) bea constaint networksuc thattrack (T) € C and
dp is notfailed. LetR e T andlet (S,P) € R. If 81 = &y exceptfor

01(S) = {s€ &(S) : Ip € d(P). [s,5+ p— 1] C vs(T,80)}
and 01(P) ={p€ do(P):3Is€ &(S).[s,s+ p—1 Cvs(T,0)},

thenNp andN; = (X, 91,C) are equivalent.

Proposition3. LetN = (X, ,C) bea constaint networksud thattrack (T) € C and
o is notfailed. LetRy,R; € T. Letl,u > 0 sudh that, for all o € sol(N), | is a lower
boundon |vc(Ry, 0)| andu is anupperboundon |vc(Ry, ). If u < 1, thensol(N) = 0.

Proposition4. LetNp = (X, d0,C) bea constaint networksud thattrack (T) € C and
dp isnotfailed. LetRe T andleta e ve(T,dp) sudthata¢ ve(R,8p). Lett = (S,P) € R
sud thata € vs(t,dp) andsupposehat no othertaskin R hasthis property If 8 = &
exceptfor

01(S) = {s€ do(S) : dp € & (P). a€ [s,5+ p—1]}
and 81(P) = {p € 0o(P) : Is€ do(S)- a € [s,s+ p— 1]},

thenNg andN; = (X, 91,C) are equivalent.

5 SchoolTimetabling

The Germangrammarschool (GGS) comprisesnine grades(5-13). In grades5-11,
pupilsaregroupedo form classesIn gradesl2 and13, pupils mustchoosdrom a set
of coursegesultingin amorecollege-like education.In grades9-11, severalbranches
of educationgifferingin curricula,maybeavailable.Frequentlyheterogeneoudasses
with boys andgirls from differentbranchesandwith differentreligiousdenominations
cannotbeavoided.For economicabndeducationateasonsheterogeneoudassesisu-
ally imply theneedto join pupilsfrom differentclassegor physicaleducationreligious



ClasgSubject§ andCouplings
7al K DE LMBGEkKKuMu|Sm Sw
7b| K Ev DE LM BGEkKuMu
7c Ev Eth DE L M B G Ek Ku Mu Sm |[Sw
7d K DEF M BGEkKuMu|Sn Sw
7e¢eK Ev Eth DEF M B G Ek Ku Mu

Tablel: Theserenthgradeof atimetablingproblem

aK/Ev/Eth= ReligiousEducationfor Catholics/Protestantshers, D = German E = English,F = French,
L = Latin, M = MathematicsB = Biology, G = History, Ek = GeographyKu = Art, Mu = Music, Sm/Sw=
PhysicalEducationfor Boys/Girls. If a subjectcodeis printedin italic face,a scienceab, a craft room, or
someotherspecialfacility is required.

ClassSubjectsandTracks
74 K D E L M B G EkK Ku Mu SmSw
7b| K Ev D E L M B G Ek Ku Mu SmSw
7c Ev Eth D E L M B G EK Ku Mu SmSw
7d K D E F M B G Ek Ku Mu SmSw
7¢¢ K Ev Eth D [E [F M B |G Ek Ku Mu SmSw

Table2: Two tracksinferredfrom the couplingsspecifiedby table1

educationandbranch-specifitessons.The resultingneedfor simultaneougducation
of pupilsfrom severalclassess modeledby meansf couplings.A couplingis a setof

lessonghatareto be scheduledor the sametime. Couplingscomplicatetimetabling
considerablydueto simultaneousesourcademands.

Tablel definegheseventhgradeof a GGStimetablingproblemin termsof classes,
subjectsandcouplings.Couplingsaremarked up by meansf bold facetypeson gray
background®f varying intensitywhereintensityis usedto distinguishcouplings.We
obsenethat,with respecto genderall classearemixed. In fact, this situationresults
in couplings. For example,the table specifiegthatall boys from 7b and7e have to be
joinedfor physicaleducation.The sameholdsfor thegirls of 7Tband7e.

In GGStimetabling,the assignmenbf teacherdo lessonds part of the problem
specification.In contrast,allocatingroomsis part of the timetablingproblem. Qual-
ity criteriaincludeteacherspecificboundson the daily workloadand subject-specific
boundson the daily numberof lessons Furthermoretight timeframesareimposed:In
gradess-10,the numberof acceptablelotsequalsthe numberof lessongprescribedy
thecurriculum.

6 Inferenceof Tracks in SchoolTimetabling

In schooltimetabling,redundantrackscanbeinferredfrom couplings. Beforegiving
our algorithmfor inferring tracks,we illustratetheideaby meansof two examples.



Table2 shavs two tracksthathave beeninferredfrom the couplingsthatarespeci-
fiedby tablel. Tracksaremarkedup by meanf graybackgroundsf varyingintensity
whereintensityis usedto distinguishtracks.For thefirst example,considerthe classes
7b and 7e. Sincethe pupils are joined for religious and for physicaleducation,the
remainingsubjectshave to be scheduledor the remainingslots. This conclusionhas
beenmodeledby a track with two rails. The upperrail containsonly lessonf class
7b while the lower rail containsonly lessonf class7e. Eachrail containsall lessons
of its classexceptfor thelessongupils from both classesrejoinedfor. Thus,in this
case religiousandphysicaleducationare missing. For the secondexample,consider
theclassega,7c,and7d. Sincethe pupilsarejoinedfor physicaleducationwe obtain
atrackwith threerails wherephysicaleducatioris missing?

Our generalinferencemethodworks asfollows. Let C be a setof classesandsup-
posethatthe following conditionshold. (1) The classesn C arejoinedfor m lessons
wherem > 0. (2) Theclassesn C featurethe sametimeframe.Let n be the numberof
slotsof thistimeframe.(3) For eachc € C, thenumberof lessongrescribedy thecur-
riculum equalsn. If theseconditionshold, the problemspecificationmpliestrack (T)
whereT containsa rail for eachclassin C andeachrail containsall the lessonf its
classexceptfor thelessongupils from all the classesn C arejoinedfor. LetRe T.
We know that|R| = n— m. Furthermoresincethe lesson®f a classmustnot overlap,
vc(R,0) = |R] in ary solutiona. In consequenceyc(T,o)| = |R| in ary solutiono.

7 Applications of Tracks in SchoolTimetabling

We exploit tracksin two ways. First, in problemgeneratiorio avoid infeasibleteacher
allocations.Secondijn searcho prunesubtreesvithout solutions.

Supposerack (T) hasbeeninferredandlet R e T. We know that|vc(T,0)| = |R)|
in ary solutiona. It follows thatateachemustnot be assignednorethan|R| lessons
of T. Otherwiselvc(T,0)| > |R| becausehelessonf ateachemustnotoverlap.

To investigatethe operationalimpact of tracks,we performeda experiment. To
ensurethe practicalrelevanceof results,the problemset hasbeengeneratedn the
basisof schoolprofiles. A schoolprofile containskey featuresuchasbranchestooms,
boundson the numberof pupils, boundson classsizes the equipmentessongequire,
and distributions over the featuresof pupils andteachers.Table 3 characterizesur
schools.

Our basic model featuresthree finite-domainproblemvariablesfor eachlesson:
Thedomainof the period-level (day-level) slotvariableinitially containsall the periods
(days)of the prescribedimeframe.The domainof the roomvariableinitially contains
all the roomsthat areacceptabldor the lesson. To avoid double-bookingof teachers
andclassesthe modelfeaturesa period-level, non-preemptie, disjunctive scheduling
problemfor eachteacheiandfor eachclass.To enforcequality criteria,the modelfea-
turesaday-level, non-preemptie schedulingoroblem(eitherdisjunctive or cumulative)
for eachteacherandfor eachsubjectof eachclass. Furthermorefor eachlessonthe
model specifiesa squarethatis to be placedin a two-dimensionakpacespannecy

2At thefirst glance this tracklooks weird becausét involvesreligiouseducatiorof 7b and7e, too. This
is causecy thecouplingin religiouseducatiorthatinvolveslessonof 7band7e.



Feature| SchoolA | SchoolB SchoolC SchoolD
Numberof Branches 2 5 3 3
Numberof Labs,etc. 13 13 24 11
Numberof Pupils | 350—490 | 610—-680 | 940—1010 | 565- 655
ClassSize | 13-25 16—-322 16-32 16-32
Numberof Classes| 14-21 23-25 33-36 22-23

Table3: Characteristicef schools

8n gradell: 13— 25

Problem | Model | SchoolA | SchoolB | SchoolC | SchoolD
Without Tracks 98.2% 43.7% 49.6% 60.1%
With tracks' | Withouttrack$ | 98.6% | 64.1% | 68.2% | 77.0%
With tracks' With tracks 98.6% 81.1% 65.0% 77.7%

Table4: Results

@ Trackshave beenconsideredn teachemllocation.
bTrackshave notbeenusedto prunethesearchspace.
“Trackshave beenusedto prunethe searctspace.

the setof periodsandby the setof rooms. The positionof the squards determinedy

the periodthe lessonis scheduledor andby the roomthatis assignedo the lesson.
To avoid double-bookingf rooms,the modelrequiresthatthe squaresnustnotinter-

sect. In addition,symmetriesare eliminatedby precedenceamonglessons.For each
classandfor eachsubjectof thatclassatotal orderamongthelessonof the subjectis

establishedbecausefrom a practicalpoint of view, thelessonsareequialent.

Our solver embedsconstraintpropagatiorinto chronologicalbacktracking. Con-
straintpropagatiortakesplaceat eachnodeof the searchspace.The schedulingprob-
lemsarepropagatedy meansof edgefinding [ 3] andnetwork-flow techniqueg4, 5].
Thegeometrigplacemenproblemis propagatedby valuesweeppruning[1]. Tracksare
propagatedby meansof thedomain-reasoningnethoddescribedy Proposition2. The
searchspaces unfoldedasfollows. First, a period-level slot variableis selected.If a
deadendwasencounteredght before thesearctprocedurewill preferthevariablethat
wasselectedight beforedetectingthe deadend. Otherwise oneof the variablesthat
have smallestdomainsis selected.Periodsareassignedn ascendingrder To maxi-
mizethe utilization of scarceesourcesgoublelessonsarepreferablyplacedfollowing
agrid. After thelessonhasbeenplaced,aroomis assignedThe solver prefersrooms
that are as small or supply asfew equipmentas possible. The solver hasbeenbuilt
on top of a finite-domainconstraintsolver [2] which itself is part of a constraint-logic
programmingervironment.

Table 4 reportsthe percentagef solved problems(out of 1000)for eachclassof
problemsandmodels.The solverwasconstrainedo abortafter1000deadends.



8 FutureWork

Futurework includesthe extensionof the problemset,the identificationandexploita-
tion of redundantonstraintsthe optimizationof timetableswith respecto the num-
ber of idle periodsby introducinga suitableglobal constraint,the investigationof
discrepang-basedsearchmethodsandthe relaxationof unsohableproblems.
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