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1 Intr oduction

In this paper, we introducetracks. A track is a global constraintfor parallelizingthe
executionof task setsin non-preemptive scheduling. We give algorithmsfor bound
aswell as for domainreasoning,we proposeapplicationsin schooltimetabling,and
we report resultsof a large-scaleempiricalstudy. Section2 introducesconceptsand
notationswerely on. Section3 definestracksin termsof syntaxandsemantics.Section
4 givesalgorithmsfor solving tracks. Section5 introducesto schooltimetablingand
section6 shows how to infer tracksin this setting. Section7 proposesapplications
of tracksin schooltimetabling,presentsour experimentaldesign,andreportsresults.
Section8 closeswith perspectivesfor futurework.

2 Preliminaries

Definition 1. A constraint network is a triple
�
X � δ � C � . The singlecomponentsare

specifiedin thefollowing.

� X ����� 1 �
	�	
	
��� n 
 is thesetof problemvariablesthatconstraintsmayreferto.

� δ is calledcomputationstate. It is a functionfrom X to setsof values.δ is called
failed if f � x � X 	 δ � x��� /0. It is calledacompleteassignmentif f � x � X 	�� δ � x�����
1. We saythat δ1 succeedsδ0 if f δ1 is a functionon X, � x � X 	 δ1

�
x��� δ0

�
x� ,

and � x � X 	 δ1
�
x��� δ0

�
x� .

� C is a setof constraints.A constraint c is anobjectthat is definedover a setof
variablesvars

�
c��� X in termsof thecompleteassignmentsthatsatisfyc.

If N � �
X � δ � C � is a constraintnetwork, thensol

�
N � denotesthe setof completeas-

signmentsthat succeedδ andsimultaneouslysatisfy all c � C. Constraintnetworks
N0 � �

X0 � δ0 � C0 � andN1 � �
X1 � δ1 � C1 � arecalledequivalentif f X0 � X1 andsol

�
N0 ���

sol
�
N1 � .

1Theauthoris aPhDstudentfundedby theGermanResearchCouncil(DFG).



3 Syntaxand Semanticsof Tracks

Informally, a track is of a setof rails, whereeachrail is a setof tasks.Theproblemof
solvinga trackconsistsin findingaschedulefor eachrail suchthattheschedulescover
thesamesetof timeslots.

Definition 2. Theexpressiontrack
�
T � is calleda track if f T ��� R1 ��	
	�	�� Rn 
 and

� 1 � i � n 	�� mi � 0 	 Ri ��� ��� i1 �! i1 ����	�	
	
� ��� imi �! imi � 
 	
(Eachpair

���
i j �! i j � of problemvariablesis intendedto modela taskin termsof its start

time
�

i j andits processingtime  i j . Fixedstartor processingtimesmaybemodeledby
meansof variableswith singletondomains.)

Definition 3. Let
�
X � δ � C � bea constraintnetwork suchthattrack

�
T ��� C andδ is not

failed.Let R � T andt � ��� �� "��� R.

1. Valuecovers

(a) vc
�
t � δ ���$#maxδ

��� ��� minδ
��� �"% minδ

�  &�(' 1)
(b) vc

�
R� δ ���+* t , Rvc

�
t � δ �

(c) vc
�
T � δ ��� * R, T vc

�
R� δ �

2. Valuesupplies

(a) vs
�
t � δ ���+* s, δ -/.�0 # s� s % maxδ

�  "�(' 1)
(b) vs

�
R� δ ��� * t , Rvs

�
t � δ �

(c) vs
�
T � δ ���+1 R, T vs

�
R� δ �

3. Earlieststart times

(a) est
�
t � δ ��� minδ

�2� �
(b) est

�
R� δ ��� mint , Rest

�
t � δ �

(c) est
�
T � δ �3� maxR, T est

�
R� δ �

4. Latestcompletiontimes

(a) lct
�
t � δ �3� maxδ

�2� �"% maxδ
�  &�(' 1

(b) lct
�
R� δ �3� maxt , R lct

�
t � δ �

(c) lct
�
T � δ �3� minR, T lct

�
R� δ �

Definition 4. Let
�
X � δ � C � be a constraintnetwork suchthat track

�
T ��� C. If δ is a

completeassignment,track
�
T � is satisfiedby δ if f

�4� vc
�
R� δ � : R � T 
 ��� 1 �

i.e. if f therail schedulescover thesamevalueset.



4 SolvingTracks

We maypruneall startandprocessingtimesthatentail thecoveringof valuesthatare
lower thantheearlieststarttime or greaterthanthelatestcompletiontime of thetrack
(Proposition1), or that entail the coveringof valuesthat arenot elementof the value
supplyof thetrack(Proposition2). Comparingboundson theprocessingtimesof rails
may revealan inconsistency (Proposition3). Undercertainconditions,a taskmaybe
forcedto covera certainvalue(Proposition4).

Proposition1. LetN0 � �
X � δ0 � C � bea constraint networksuch that track

�
T ��� C and

δ0 is not failed. LetR � T andlet
�2� �� &��� R. If δ1 � δ0 exceptfor

δ1
��� ����� s � δ0

�2� � : est
�
T � δ0 �5� s � lct

�
T � δ0 �(' minδ0

�  &�"% 1 

and δ1

�  &����� p � δ0
�  &� : p � lct

�
T � δ0 �6' max� minδ0

�
S��� est

�
T � δ0 � 
 % 1 
 �

thenN0 andN1 � �
X � δ1 � C � areequivalent.

Proposition2. LetN0 � �
X � δ0 � C � bea constraint networksuch that track

�
T ��� C and

δ0 is not failed. LetR � T andlet
�2� �� &��� R. If δ1 � δ0 exceptfor

δ1
�2� ����� s � δ0

��� � : � p � δ0
�  &�7	8# s� s % p ' 1)9� vs

�
T � δ0 � 


and δ1
�  &����� p � δ0

�  &� : � s � δ0
��� �7	8# s� s % p ' 1)9� vs

�
T � δ0 � 
 �

thenN0 andN1 � �
X � δ1 � C � areequivalent.

Proposition 3. Let N � �
X � δ � C � bea constraint networksuch that track

�
T �5� C and

δ is not failed. Let R0 � R1 � T. Let l � u : 0 such that, for all σ � sol
�
N � , l is a lower

boundon � vc
�
R0 � σ ��� andu is anupperboundon � vc

�
R1 � σ ��� . If u ; l , thensol

�
N �<� /0.

Proposition4. LetN0 � �
X � δ0 � C � bea constraint networksuch that track

�
T ��� C and

δ0 isnotfailed. LetR � T andleta � vc
�
T � δ0 � such thata =� vc

�
R� δ0 � . Lett � ��� �! &�>� R

such thata � vs
�
t � δ0 � andsupposethat no othertaskin R hasthis property. If δ1 � δ0

exceptfor

δ1
��� ����� s � δ0

�2� � : � p � δ0
�  "��	 a �?# s� s % p ' 1) 


and δ1
�  &����� p � δ0

�  "� : � s � δ0
�2� ��	 a �?# s� s % p ' 1) 
 �

thenN0 andN1 � �
X � δ1 � C � areequivalent.

5 SchoolTimetabling

The Germangrammarschool(GGS) comprisesnine grades(5-13). In grades5-11,
pupilsaregroupedto form classes.In grades12 and13,pupilsmustchoosefrom a set
of coursesresultingin a morecollege-like education.In grades9-11, severalbranches
of education,differingin curricula,maybeavailable.Frequently, heterogeneousclasses
with boys andgirls from differentbranchesandwith differentreligiousdenominations
cannotbeavoided.For economicalandeducationalreasons,heterogeneousclassesusu-
ally imply theneedto join pupilsfrom differentclassesfor physicaleducation,religious



ClassSubjectsa andCouplings
7a K D E L M B G Ek Ku Mu Sm Sw
7b K Ev D E L M B G Ek Ku Mu Sm Sw
7c Ev Eth D E L M B G Ek Ku Mu Sm Sw
7d K D E F M B G Ek Ku Mu Sm Sw
7e K Ev Eth D E F M B G Ek Ku Mu Sm Sw

Table1: Theseventhgradeof a timetablingproblem

aK/Ev/Eth= ReligiousEducationfor Catholics/Protestants/others, D = German,E = English,F = French,
L = Latin, M = Mathematics,B = Biology, G = History, Ek = Geography, Ku = Art, Mu = Music, Sm/Sw=
PhysicalEducationfor Boys/Girls. If a subjectcodeis printedin italic face,a sciencelab, a craft room,or
someotherspecialfacility is required.

ClassSubjectsandTracks
7a K D E L M B G Ek Ku Mu SmSw
7b K Ev D E L M B G Ek Ku Mu SmSw
7c Ev Eth D E L M B G Ek Ku Mu SmSw
7d K D E F M B G Ek Ku Mu SmSw
7e K Ev Eth D E F M B G Ek Ku Mu SmSw

Table2: Two tracksinferredfrom thecouplingsspecifiedby table1

education,andbranch-specificlessons.Theresultingneedfor simultaneouseducation
of pupilsfrom severalclassesis modeledby meansof couplings.A couplingis asetof
lessonsthatareto bescheduledfor the sametime. Couplingscomplicatetimetabling
considerablydueto simultaneousresourcedemands.

Table1 definestheseventhgradeof aGGStimetablingproblemin termsof classes,
subjects,andcouplings.Couplingsaremarkedup by meansof bold facetypeson gray
backgroundsof varying intensitywhereintensityis usedto distinguishcouplings.We
observe that,with respectto gender, all classesaremixed. In fact,this situationresults
in couplings.For example,the tablespecifiesthatall boys from 7b and7ehave to be
joinedfor physicaleducation.Thesameholdsfor thegirls of 7b and7e.

In GGStimetabling,the assignmentof teachersto lessonsis part of the problem
specification.In contrast,allocatingroomsis part of the timetablingproblem. Qual-
ity criteria includeteacher-specificboundson the daily workloadandsubject-specific
boundson thedaily numberof lessons.Furthermore,tight timeframesareimposed:In
grades5-10,thenumberof acceptableslotsequalsthenumberof lessonsprescribedby
thecurriculum.

6 Infer enceof Tracks in SchoolTimetabling

In schooltimetabling,redundanttrackscanbe inferredfrom couplings.Beforegiving
our algorithmfor inferring tracks,we illustratetheideaby meansof two examples.



Table2 shows two tracksthathavebeeninferredfrom thecouplingsthatarespeci-
fiedby table1. Tracksaremarkedupby meansof graybackgroundsof varyingintensity
whereintensityis usedto distinguishtracks.For thefirst example,considertheclasses
7b and 7e. Sincethe pupils are joined for religious and for physicaleducation,the
remainingsubjectshave to be scheduledfor the remainingslots. This conclusionhas
beenmodeledby a track with two rails. The upperrail containsonly lessonsof class
7b while thelower rail containsonly lessonsof class7e. Eachrail containsall lessons
of its classexceptfor the lessonspupils from bothclassesarejoinedfor. Thus,in this
case,religiousandphysicaleducationaremissing. For the secondexample,consider
theclasses7a,7c,and7d. Sincethepupilsarejoinedfor physicaleducation,weobtain
a trackwith threerailswherephysicaleducationis missing.2

Our generalinferencemethodworksasfollows. Let C bea setof classesandsup-
posethat the following conditionshold. (1) Theclassesin C arejoined for m lessons
wherem � 0. (2) Theclassesin C featurethesametimeframe.Let n bethenumberof
slotsof this timeframe.(3) For eachc � C, thenumberof lessonsprescribedby thecur-
riculum equalsn. If theseconditionshold, theproblemspecificationimplies track

�
T �

whereT containsa rail for eachclassin C andeachrail containsall the lessonsof its
classexceptfor the lessonspupils from all the classesin C arejoined for. Let R � T.
We know that �R�@� n ' m. Furthermore,sincethelessonsof a classmustnot overlap,
vc
�
R� σ ���$�R� in any solutionσ. In consequence,� vc

�
T � σ �����$�R� in any solutionσ.

7 Applications of Tracks in SchoolTimetabling

We exploit tracksin two ways.First, in problemgenerationto avoid infeasibleteacher
allocations.Second,in searchto prunesubtreeswithoutsolutions.

Supposetrack
�
T � hasbeeninferredandlet R � T. We know that � vc

�
T � σ ���A�B�R�

in any solutionσ. It follows thata teachermustnot beassignedmorethan �R� lessons
of T. Otherwise� vc

�
T � σ ��� � �R� becausethelessonsof a teachermustnot overlap.

To investigatethe operationalimpact of tracks,we performeda experiment. To
ensurethe practicalrelevanceof results,the problemset hasbeengeneratedon the
basisof schoolprofiles.A schoolprofilecontainskey featuressuchasbranches,rooms,
boundson thenumberof pupils,boundson classsizes,theequipmentlessonsrequire,
anddistributionsover the featuresof pupils and teachers.Table3 characterizesour
schools.

Our basicmodel featuresthreefinite-domainproblemvariablesfor eachlesson:
Thedomainof theperiod-level (day-level) slotvariableinitially containsall theperiods
(days)of theprescribedtimeframe.Thedomainof theroomvariableinitially contains
all the roomsthat areacceptablefor the lesson.To avoid double-bookingof teachers
andclasses,themodelfeaturesa period-level, non-preemptive,disjunctive scheduling
problemfor eachteacherandfor eachclass.To enforcequality criteria,themodelfea-
turesaday-level,non-preemptiveschedulingproblem(eitherdisjunctiveor cumulative)
for eachteacherandfor eachsubjectof eachclass.Furthermore,for eachlesson,the
modelspecifiesa squarethat is to be placedin a two-dimensionalspacespannedby

2At thefirst glance,this tracklooksweird becauseit involvesreligiouseducationof 7b and7e,too. This
is causedby thecouplingin religiouseducationthatinvolveslessonsof 7band7e.



Feature SchoolA SchoolB SchoolC SchoolD
Numberof Branches 2 5 3 3
Numberof Labs,etc. 13 13 24 11

Numberof Pupils 350– 490 610– 680 940– 1010 565– 655
ClassSize 13 – 25 16 – 32a 16 – 32 16– 32

Numberof Classes 14 – 21 23– 25 33 – 36 22– 23

Table3: Characteristicsof schools
aIn grade11: 13– 25

Problem Model SchoolA SchoolB SchoolC SchoolD
WithoutTracks 98.2% 43.7% 49.6% 60.1%

With tracksa Without tracksb 98.6% 64.1% 68.2% 77.0%
With tracksa With tracksc 98.6% 81.1% 65.0% 77.7%

Table4: Results
a Trackshavebeenconsideredin teacherallocation.
bTrackshave notbeenusedto prunethesearchspace.
cTrackshave beenusedto prunethesearchspace.

thesetof periodsandby thesetof rooms.Thepositionof thesquareis determinedby
the periodthe lessonis scheduledfor andby the room that is assignedto the lesson.
To avoid double-bookingof rooms,themodelrequiresthat thesquaresmustnot inter-
sect. In addition,symmetriesareeliminatedby precedencesamonglessons.For each
classandfor eachsubjectof thatclass,a totalorderamongthelessonsof thesubjectis
establishedbecause,from a practicalpointof view, thelessonsareequivalent.

Our solver embedsconstraintpropagationinto chronologicalbacktracking.Con-
straintpropagationtakesplaceat eachnodeof thesearchspace.Theschedulingprob-
lemsarepropagatedby meansof edgefinding [3] andnetwork-flow techniques[4, 5].
Thegeometricplacementproblemis propagatedby valuesweeppruning[1]. Tracksare
propagatedby meansof thedomain-reasoningmethoddescribedby Proposition2. The
searchspaceis unfoldedasfollows. First, a period-level slot variableis selected.If a
deadendwasencounteredrightbefore,thesearchprocedurewill preferthevariablethat
wasselectedright beforedetectingthe deadend. Otherwise,oneof thevariablesthat
have smallestdomainsis selected.Periodsareassignedin ascendingorder. To maxi-
mizetheutilizationof scarceresources,doublelessonsarepreferablyplacedfollowing
a grid. After thelessonhasbeenplaced,a roomis assigned.Thesolver prefersrooms
that areassmall or supplyas few equipmentaspossible. The solver hasbeenbuilt
on top of a finite-domainconstraintsolver [2] which itself is partof a constraint-logic
programmingenvironment.

Table4 reportsthe percentageof solved problems(out of 1000)for eachclassof
problemsandmodels.Thesolverwasconstrainedto abortafter1000deadends.



8 Futur eWork

Futurework includestheextensionof theproblemset,the identificationandexploita-
tion of redundantconstraints,the optimizationof timetableswith respectto the num-
ber of idle periodsby introducing a suitableglobal constraint,the investigationof
discrepancy-basedsearchmethods,andtherelaxationof unsolvableproblems.
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