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The 9-Neumann problem
TRAN VU KHANH ®)

Abstract. The 0-Neumann problem is probably the most important and natural example of a
non-elliptic boundary value problem, arising as it does from the Cauchy-Riemann system. The
main tool to prove regularity of solution in of study of this problem are L?-estimates : subelliptic
estimates, superlogarithmic estimates, compactness estimates...

In the first part of this note, we give motivation and classical results on this problem. In the second
part, we introduce general estimates for ”gain of regularity” of solutions of this problem and relate
it to the existence of weights with large Levi-form at the boundary.

(MSC: 32D10, 32U05, 32V25. Keywords : g-pseudoconvex/concave domain, subelliptic estimate,
superlogarithmic estimate, compactness estimate, finte type, infinite type.)

1 The O-Neumann problem and classical results

1.1 The O- Neumann problem

Let z1, ..., 2z, be holomorphic coordinates in C™ with x; = Re(z;),y; = Im(z;). Then the
holomorphic and anti-holomorphic vector fields are

0 1,0 \/_—18

o _ L9 0 0o 1
82]' _2 890]- 8y]’

) and  — f(i—i—\/—ili
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).

Let © € C" be a bounded domain with smooth boundary b¢2. Given functions oy, ..., oy,
on €2, the problem of solving the equations

ov

(1.1) a7 =

aj, j=1..n

and studying the regularity of the solution is called the inhomogeneous Cauchy-Riemann
equations.

)PL.D. course, Universita di Padova, Dip. Matematica Pura ed Applicata, via Trieste 63, 1-35121
Padova, Italy; E-mail: khanh@math.unipd.it. Seminar held on 14 October 2009.
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We must assume that the (a;)7_; satisfy the compatibility condition

(30(1' 8aj

82]' 0z;

(1.2) =0 foralli,j=1,...n
Let a = Y a;dz; be (0,1)-form, we rewrite (1.1) and by dv = « and (1.2) by da = 0.
The inhomogeneous Cauchy-Riemann equations are also called the 0-problem.

Question: Is there a solution v € C*°(U N Q) if the datum «; belongs to C>(U N Q) (local
reqularity)?

The regular properties of v in the interior are well known (see next section). Regularity
of v on the boundary is more delicate. Notice that not all solutions are smooth : in fact,
not all holomorphic functions in Q are smoothly extended to €. If h is such a function
and v is a smooth solution, then v + h is also a solution and not smooth on the closed
domain since d(v + h) = dv = a. So we do not look for a solution but for the solution.
The optimal solution (the one of smallest in Lo-norm) is the solution orthogonal to the
holomorphic functions; this is called the canonical solution. It is not known whether the
canonical is smooth even if there is a smooth solution.

Moreover, the regularity of canonical solution of the d-problem has some applications
in SCV such as : Levi problem, Bergman projection, Holomorphic mappings, ...

The aim of the J-Neumann problem is to study the canonical solution of d-problem.

Before stating the O-Neumann problem, we need definition of 9* the Lo-adjoint of 9.
The 0* is defined as follows: Let

u= Zujdij € Dom(9*) N C>=(Q),

and 0*u = g if
(w,g) = (Ow,u) forall w e C>®(Q).

We see that dw = Y g—;f;dij and

5w ) = S (FY .y Stekes Ou; Or
(Ow,u) = Z(agj,u]) = Z(w, azj) —|—/bQZwu] azde.

Hence Zwuj% =0 on b for all w. i.e. uj% =0 on bS2. The condition u € Dom(9*)
J J
impies boundary condition on w.

We now state the 9-Neumann problem : given a € Lo(Q)!, find u € Ly(Q2)* such that
(00* + g*ﬁi)u =a
(1.3) u € Dom(9) N Dom(9”) B
Ou € Dom(9*), 0*u € Dom(0).
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The 0-Neumann problem is a boundary value problem; the Laplfmcialj 0 = 00* +ﬁ(§*5
equation is elliptic, but the boundary conditions (i.e. w € Dom(0*);0u € Dom(0*) )
Iglake the problem not elliptic. If (1.3) has a solution for every a, then one defines the
O0-Neumann operator N := O~!, this commutes both with 0 and 0*.

If o = 0, we define v = 9* N then v is the canonical solution of the J-problem. In fact,
0v=00*Na=00"Na+ 0*0Na =ONa = «
and (v,h) = (0*Na, h) = (Na,0h) = 0 for any h holomorphic. (i.e. v L Kerd).

Question: What geometric conditions on bf) guarantee the existence and regularity of
solution of 0-Neumann problem?

1.2 Existence and regularity

Let us introduce the weighted Lo-norms. If ¢ € C(Q) and u € Ly(2)! define
_9 _
Il = () = ™32 = [ pue-oay

Denote 5:; the adjoint of @ in this weighted inner product. Using integration by part, we
obtain the basic identity:

Theorem 1.1 [Morry-Kohn-Hormander]
_ _ Ou; 0%¢
2 *, 112 12 e
0ully + 105ully = %j ||82j 1% +/Q E aziazjuzuge av

+/ Zﬂu-a-e*MS
b 02;0%; v ’

for any u = Y ujdz; € Dom(9*) N C>= ().

(1.4)

Then if Q is pseudoconvex, i.e., > %uiﬂj > 0 on bQ), and ¢ = C|z|? for some suitable
102
constant C. we obtain

(1.5) (O, u) = [|Oull* + [[0%u]® > [lul®,

and hence
1Bul] > flu].

Thus, the O-Neumann problem is solvable in Ly-norm on any smooth, bounded, pseudo-
convex domain.

Denote Q(u,u) = ||0ul|? + ||0*ul|?.

Universita di Padova — Dipartimento di Matematica Pura ed Applicata 12



Seminario Dottorato 2009/10

Regularity in the interior: For u € C§°(2), then ||g—%|\2 = ”5(3971;”2 For ¢ =0, (1.4) implies
that 5 1, 9 5
U2 ( U2 u 2)
u,u) > ||l 7=—II" = =\lla= —
Q) > g2 12 = 5 (I 1P+

Combining with (1.5), we get Q(u,u) > ||u||? (elliptic estimate).

Then we get regularity property in the interior. So our interest is confined to boundary 052.
Regularity at the boundary? The main methods used in investigating of the regularity at

the boundary of the solution of d-Neumann problem consist in non-elliptic estimates :
subelliptic, superlogarithmic and compactness estimates.

Let zg € ). Suppose U is a neighborhood of zy. Consider the local boundary coordi-
nates (defined on U) denote by (t,7) = (t1,....,tan_1,7) € R?"~! x R where r is defining
function of €.

For p € C*®(QNU), the tangential Fourier transform of ¢, defined by

Fuplé,r) = / &) o1, ).

R2n—1

The standard tangential pseudo-differential operator is expressed by
Ag(t,r) = FH (4 632 Fee,m)).

Classes of non-elliptic estimates for the O-Neum. prob. in a neighborhood U of zy € bS)
are defined by

Definition 1.2

(i) Subelliptic estimate: there is a positive constant e such that
1A%l < Q(u, w);
(ii) Superlogarithmic estimate: for any n > 0 there is a positive constant C), such that
[1log Aull* < nQ(u,u) + Cyllull5:

(iii) Compactness estimate: for any n > 0 there is a positive constant C, such that
[Jul > < 1Q(u, u) + Cyllul?4;

for any u € C(Q N U) N Dom(*).

Remark that subelliptic estimate = Superlogarithmic estimate = Compactness estimate.

Let us recall the following results.

Universita di Padova — Dipartimento di Matematica Pura ed Applicata 13



Seminario Dottorato 2009/10

Theorem 1.3

(i) [Folland-Kohn 72| Subelliptic estimate implies local regularity. Moreover, Ou €
H3(V) = u e HP2(V") for V! C V, where € is order of subellipticity.

(ii) [Kohn 02] Superlogarithmic estimate implies local reqularity. Moreover, Ou € H*(V) =
ue H5(V') for V' C V.

iii) [Kohn-Nirenberg 65] Compactness estimate over a covering UU; D bS2, implies global
J

reqularity. Moreover Ou € H*(Q)) = u € H*(Q).
Remark: Compactness estimate % local regularity (see [Ch02]).

1.3  Geometric condition

When € is pseudoconvex, a great deal of work has been done about subelliptic estimates.
The most general results have been obtained by Kohn and Catlin.

Theorem 1.4 [Kohn, Ann. of Math, 63-64] Strongly pseudoconver < %-subelliptic esti-
mate.

Strongly pseudoconvex : d9r > 0, on b2 when u € Dom(9*).
Definition 1.5 Finite type (D’Angelo finite type):

ord, (r(¢))

D(z9) = sup ordog

where supremum is taken over all local holomorphic curves ¢ : A — C™ with ¢(0) = 2.

Examples of finite type :

(a) Strongly pseudoconvex < D(zy) = 2.
(b

r ezn + Y [2]*™ in C", then D(z) = 2max{m;}.

(
(d

r ez3 + |21%® + |25 — 21/2, then D(z0) = 2ab.

)
) R
¢) r=Rezz + |25 — z1]* , then D(zp) = oo , since C : {25 — 21 = 0,23 = 0} C bQ.
) R
) R

(e) r = Rez, + eXp(_IZ]%) in C", then D(zy) = oc.

Theorem 1.6 [Kohn 79, Acta Math.] Let Q be pseudoconvex+real analytic+finite type
at zg € Q). Then subelliptic estimate hold at zg.

Theorem 1.7 [Caltin 84-87, Ann. of Maths| Let 2 be pseudoconve+finite type at zog € €.
Then subelliptic estimate hold at zy. Moreover
1

egD(zo).
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Denote Ss = {z € C": =6 <r < 0}.
One of main steps in Catlin’s proof is the following reduction:

Theorem 1.8 Suppose that Q CC C" is a pseudoconvex domain defined by Q = {r < 0},
and that z, € bQ). Let U is a neighborhood of z,. Suppose that there is a family smooth
real-valued function {@‘5}5>0 satisfying the properties:

|®%) <1 on U,
009° >0 on U,
00D > 672 on U N Sy

Then there is a subelliptic estimate of order € at z,.

Remark 1.9 Superlogarithmic estimate for the -Neumann problem was first intro-
duced by [Koh02]. Supperlogarithmic estimate might hold on some class of infinite type
domains.

Remark 1.10 A great deal of work has been done on pseudoconvex domains, however,
not much is known in the non-pseudoconvex case except from the results related to the
celebrated Z(k) condition [Hor65], [FK72] and the case of top degree n — 1 of the forms
due to Ho [Ho85].

2 f-estimates on g-pseudoconvex/concave domain

2.1 The g-pseudoconvex/concave domain
Let Ay < --- < \,_1 be the eigenvalue of 90r on bS2, for a pair of indices o, ¢ (g0 # q)
suppose that

(2.1) )‘j - ZTJ‘J‘ Z 0 on bS).

q 0
=1 j=1

J

Definition 2.1
(i) If ¢ > qo, we say that § is g-pseudoconvex at 2.

(ii) If ¢ < qo, we say that 2 is g-pseudoconcave at z.

Special case:
(a) o =0,q=1:\; >0, this means d0r > 0, that is, 1-pseudoconvex = pseudoconvex.

(b) go =n — 1,9 =n — 2, then (n-2)-pseudoconcave = pseudoconcave.

Universita di Padova — Dipartimento di Matematica Pura ed Applicata 15
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2.2 Main Theorem

Theorem 2.2 Let Q be g-pseudoconver (resp. q-pseudoconcave) domain at zy. Let U
is a neighborhood of zy. Assume that there exists a family function {®°}s-q, satisfying
properties

[®°] <1 g
q oo q ) 132 on S
im0 ] — 2oiu1 @y > f(3)

Then the estimate
(2.2) 1 (M)ul? S Q(u,u)

holds for any form with degree k > q (resp. k < q) where f(A) is the operator with symbol
f((1+ \£|2)%) . Moreover,

1
() of Timgoso {1}

~

> C >0 then (2.2) implies e-subelliptic estimate;

€

~—

-

(ii) if limg o % = +oo then (2.2) implies superlogarithmic estimate;
B

(iii) 4f limg_yo f(%) = +oo then (2.2) implies compactness estimates.

Remark 2.3 Superlogarithmic estimates were never handled in this way, but by Kohn’s
subelliptic multipliers

Remark 2.4 Catlin only used his weight on finite type domains.

Remark 2.5 We get a generalization : Pseudoconvex ~» ¢g-Pseudoconvex/concave

2.3 Construction of the Catlin's weight

Strongly pseudoconvex domain: Let 2 be strongly pseudoconvex at zy then 99r > 0
in a n.b.h. of zy. Define
,
0 = —log(—g +1)

Then ]
0999 > 500 > 5% ze S

We get %—subelliptic estimates on this class of domain.

Universita di Padova — Dipartimento di Matematica Pura ed Applicata 16
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Domain satisties Z (k) condition:

Definition 2.6 [Z(k) condition] € satisfies Z(k) condition if 99r has either at least
(n — k) positive eigenvalues or at least (k + 1) negative eigenvalues.

Theorem 2.7 Let Q2 be a domain of C" which satisfies Z(k) condition, then

Il s < Qu,w)
holds for any u of degree k.

This is classical result of non-pseudoconvex domain. This theorem can be found in [FK72].
We give a new way to get %—subelliptic estimates by construction the family of Catlin’s
weight functions.

If Q satisfies Z (k) condition, then €2 is strongly k-pseudoconvex or strongly k-pseudoconcave.
We define

o = —log(% +1).

Similarly in the case strongly pseudoconvex, we get %—subelliptic estimates for any form
of degree k.

Decoupled domain:

Theorem 2.8 Let Q € C? be defined by
r = Rew+ P(z) <0

where P is a subharmornic non-harmonic function. Further, suppose that there is an

iwertible function F with Fl(zllz\) increasing such that
5 (=)
O00P(z) > .

(2) > BE

Then, f-estimate holds with f(6~1) = (F~1(8))~1 .

Example 2.1 If P(z) = |2|*™ then F(6) = 6°™ = f(6~1) = - 2m = 7--subelliptic
estimate.

Example 2.2 If P(z) = exp(— ), then F(0) = exp(—5) = f(671) = <log %)1/5 = f-

IRER 3
estimate holds for this f. So,if 0 < s < 1 then lim¢_, 1{) gi)‘ = 00, we get superlogarithmic

estimate. Furthermore, we obtain compactness estimate for any s > 0.

Sketch of the proof of Theorem 2.8. Define

@7 = % +log(|2* + F(671) ).

Universita di Padova — Dipartimento di Matematica Pura ed Applicata 17
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Then on S,

(), 67
R L G RE

00P° > 6~

If || > f(6~ Y7 (ed = f(671) "t = F~1(§) ) then

Otherwise, if [z| < f(6~1)~!, then

(11) > f(51)?

So that 00®° > f(6~1)% on Ss.
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