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1. INTRODUCTION

In 1923 Hardy and Littlewood [4] conjectured that every sufficiently large integer is either
a k-power of an integer or a sum of a prime and a k-power of an integer, for kK = 2,3. Define
an Hardy-Littlewood number (HL-number) to be an integer which is a sum of a prime and
of a k-power of an integer, k € N, k > 2. Let X be a sufficiently large parameter. Denote
by FEj the set of integers which are neither an HL-number nor a k-power of an integer, let
Ey(X)=E;NI[l,X] and E,(X,H) = E, N [X, X + H|, where H = o(X). Hardy-Littlewood’s
conjectures are equivalent to Ej(X) < 1.

The best known result on Ey(X) was independently proved by Briinner-Perelli-Pintz [1] and
A L. Vinogradov [14]:

There exists a (small) positive constant § such that

|Ey(X)| < X170,

In 1992 Zaccagnini [15] proved that such a result holds in the general case k > 2 too.
Concerning short intervals, Perelli-Pintz [10] and Mikawa [6] proved independently:
Let A >0, e > 0 be arbitrary constants and H > X7/?**¢: then
|E5(X, H)| < Hlog * X.
In 1995 Perelli and Zaccagnini [11] proved that such a result holds in the general case k > 2
too.
The aim of this paper is to prove that we can save a power of H in the estimate of |Ey (X, H)],
k €N, k > 2, for H in some suitable range.
Theorem. Let k > 2 be a fixed integer and K = 282, There exists a (small) positive
absolute constant 6 such that for H > X7/12(0=5)+3
|En(X, H)| < H7V/6CK),

To prove our result we follow the circle method setting used by Briinner-Perelli-Pintz [1],
Zaccagnini [15], Perelli-Pintz [10] and Perelli-Zaccagnini [11] to treat the major arcs. So we

estimate the contribution of the zeros of Dirichlet L-functions located in a suitable thin strip
1
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near 0 = 1 as “secondary” main terms. In the body of the proof we will use the zero-density
estimate

S N N(o, T, x) < (P*T)'2/50=) (log PT)*, (1)

q<P X

for o € [1/2,1], see Ramachandra [13], and the log-free zero-density estimate
> N N(o,T, x) < (P*T)@+0=o), (2)

q<P X

for o € [4/5, 1], see Jutila [5], where * means that the summation is over primitive characters
and N(o,T,x) = [{p=B+1iv: L(p,x) = 0,8 > 0 and |y| < T}|.

In the proof we insert a locahzatlon parameter Y = o(X) for the primes and write an HL-
number n € [X, X + Hl as p+mF with X - Y <p < X +Y and Y/4 < mF < Y. The
Theorem is obtained using Y = X7/12+100+¢ and H = Y (=243 The meaning of the previously

mentioned constants 7/12 and (1 — ;) can be explained as follows. In the error term of the

explicit formula we have to choose T > W%QX and, to estimate the contribution of the
secondary main terms using (2), we have to choose T' < X'/27¢=20 " Combining such relations
we get Y > X1/2+99 which is already satisfied since in the centre of the major arcs our
treatment requires (1) and hence Y > X7/12+5+105 N\[oreover, in the mean-square estimates of
the minor arcs and of the periphery of major arcs, we will choose H > ya-2)+3,

The paper is organized as follows: in section 2 we shall define the quantities involved; section
3 will be devoted to arithmetic and analytic lemmas while in section 4 we will prove suitable
mean-square estimates for minor arcs; in section 5 we will treat the contribution of the major
arcs and in section 6 we will study the singular series of this problem. Finally, in section 7, we
will deduce the Theorem.

Acknowledgments. I wish to thank the referee for several remarks that greatly improved a
previous version of this paper. I wish also to thank Professor Zaccagnini for a useful discussion
about the singular series.

2. NOTATIONS AND DEFINITIONS

Let n be an integer,

R(n) = > A(h) and M(n)= > 1,

h+mF=n h+mF=n
X-Y<h<X+Y X-Y<h<X+Y
Y/4<m* <Y Y/4<mF<Y

where A(n) denotes the von Mangoldt function. Defining

S(a) = > Alh)e(ha), Fila)= > e(m*a), e(a)=e",
X—Y<h<X+Y Y/4<mk<y
it is an easy matter to see that S(a)Fi(a) = X x_sy/a<n<xtoy R(n)e(na) and R(n) = I3 S(a)
Fy(a)e(—na)de. Let now Q = 4Y1% and consider the Farey dissection of level Q of [1/Q, 1 +
1/@Q]. Let ¢ be a Farey fraction,

Pt Pt

a
Iclf,a:{q""f?,'flef;}, where ég:(_ﬁ’ﬁ)’
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M= U L, and m=[1/Q1+1/Q)\ M

q<Pa=1

where * means (a,q) = 1 and P < @ will be chosen later. Hence

Rn) = ([ + [ )S(@)F(a)e(-na)da = Ron(n) + R(m) (3)
say.

Let now P, = Y%, 0 < 6§ < % According to Lemma 13’ below, applied with P’ = P; and
t| < T = XY~'P/log” X, we denote by £ the Siegel zero, x the Siegel character and by 7 its
modulus. Let now

Poiftr< P/
Py = ,
Py otherwise,

where v = v(k) < 1/2 is a parameter which will be specified later. Now Lemma 13’ remains
true for P’ = P,, with a suitable change in the constant ¢;. Hence 7 < Py, if it exists.

Following [1] and [15], and according to Lemmas 13’-14’ below, we define the Ps-excluded
zeros as the zeros of the functions L(s, x), where x is any primitive character (mod q), ¢ < P,
lying in the region

12k 4 6) loglog X
o>1-— ( +1 ) ;g °8 . |t| < T, if the Siegel zero does not exist, (4)
0g
and, if the Siegel zero exists,
12k + 6) log log X
o1 WHAILBOER o O <, )
log X (1—p)log P

excluding the Siegel zero relative to P,. Then define the Ps-excluded characters as the primitive
characters (mod ¢) for which L(p, x) = 0, p being an excluded zero. The P,-excluded moduli
are the moduli of the excluded characters. Let now

& = {Py-excluded characters}, &' = {Py-excluded zeros},

S = {Siegel character} and S’ = {Siegel zero}.

Let further P = P;.
Now we write

S +1) = Spgq) I @S0 + 000 1),
where
Stom = > AlD)x(De(ln).
X-Y<I<KX+Y
Let now

Tn)= >  e(ln) and T,(n)= > 1" e(ln).

X-Y<I<KX+Y X-Y<I<X+Y

Hence the corresponding approximation for S(«) becomes

S(Z +1n) = ZE;]))T(T]) + D(a,q,n) + E(a,q,n) + O(log” ¢X), (6)
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where

D(a,q,n) = 1)%:7 W(x,n),

S(xo,qm) — T(n) if X = Xo,q:

W(x,n) = SO m) + % peers T,(n) if x = x00x" X" € EUS,
L(p,x*)=0
S(x:m) otherwise,

Blagm = 3y XeWlng,

XEEUS pel’us’ 4,0((])
condx|q L(p,x)=0

cond  is the conductor of x and xg, is the principal character (mod q).
Moreover we define

1
L(Y,n)= Y  Irl= /0 E(m)T,(n)e(—nn)dn
mk—n
X—l}—/i_<l<X+Y
L<mb<y

and
L) = [ En)Tope(—mm)dn

For Fy(a) we use the following approximation (see [15], Lemma 5.1 and p. 409):

a Vi(a,
R+ ) = 2D g ) + Ao,
where
and (see eq. (10) of [11])
a
Vi(a,q) = Y e(m"=) < ¢'7Vx (8)
m (mod q) q

Let further

na

Hi(x,q,n) = iX(G)Vk(G,Q)e(—qL Hi(q,n) = Hp(x0,4:¢: 1),

T(X>Hk(X7r7n) _ M n
o) S = q;% sl O
(gr)=1

Tk(Xa r, TI/) =

Gi(n, R) = Gi(n,R,1) and pi(d,n) = |{h (mod d), h* = n (mod d)}|.
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3. LEMMAS

In the following we denote by ¢ a positive absolute constant, not necessarily the same at each
occurrence.

Arithmetic Lemmas.
We recall some lemmas of Zaccagnini [15] (in the case k = 2 they are due to Briinner-Perelli-
Pintz [1]).

Lemma 1. (Lemma 4.1 of [15]). Let (¢1,¢2) = 1 and x,, be a character (mod ¢;), i = 1,2.
Then

Hk(XQqu27 4142, n) = Xa1 (QQ)XQQ (Q1>H/€(Xq1 » 41, n)Hk(qua 42, n)

Lemma 2. (Lemma 4.2 of [15]). Hy(p,n) = p(pr(p,n) — 1). If u(q) # 0 then |Hy(q,n)| <
)

The next lemma is Lemma 5.2 of Montgomery-Vaughan [7].

Lemma 3. If x is a character (mod q) induced by the primitive character x* (mod r). Then
rlq and 7(x) = p(q/r)x*(g/r)r(x") and |7 (x")| = r'/.

Lemma 4. (Lemma 4.4 of [15]). Let x (mod r) be a primitive character. Then

Hy(xrm)| <2 ] (1- Pk@w)) < 32,
p

plr

In the next lemma we cite Lemma 4.5 of [15] and we state also a short interval version of it
whose proof is totally analogous.

Lemma 5. Let A € N. We have
3 A9 <« T(log )4

J<T
Let further Y = o(X). We have
3 A <« Y (log X)L,

X-3y<n<X+42Y
Lemma 6. (Lemma 4.6 of [15]). Let x (mod r) be a primitive character, Y = o(X) and
X—%Y§n§X+2Y. Then
3 | (X0.4%)

| ‘
| Hi(X0,4X: ¢, 1) < (log P)*.
q<P q¢(q) !
rlq
Lemmas on Fi(«).

We first state Gallagher’s famous lemma (Lemma 1 of [3]) which is a fundamental tool to
estimate truncated L? norm of exponentials sums.
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Lemma 7. Let uy,...,uy be arbitrary real numbers. Then for any 6 > 0

z+06-1

0 0
[ IS welm)Pan< [~ 1003 ualdr,

7 n<N

Using Lemma 7 the following lemmas can be proved.

Lemma 8. (Lemma 5.2 of [15]). For any integer s > ck*logk, ¢ being a suitable absolute
constant, we have

1
JROIRUES S
0

Lemma 9. (Lemma 5.4 of [15]). Let 0 < § < Y''/*=1. Then

0
[, 1By < Y2
The next lemma was proved by Perelli-Zaccagnini [11], eq. (39)-(40).

Lemma 10. Let (a,q) =1 and |n| < 1/qQ. Then

1/k—1

Gl

The next Lemma is a modified version of the Lemma proved at page 199 of Perelli-Zaccagnini
[11]. The difference is in the last term and follows from a different estimate of the divisor
function involved in the proof in [11].

a
|Fk(a +n)l <

Lemma 11. Let F(z,y) = x9%y + Z?;& b;(y)z? where g > 2 is a fixed integer and b;(y) are
real-valued functions. Let o — %| < 1/¢% and (a,q) = 1. Then for T, R,q < X and for every
e > 0 we have

>

1<d<T

where K = 2F-2,

Z e(aF(n,d))

n<R

L I R
TR(=+—+ T</K Rlo—D=
s <q R TRH) ’

Analytic Lemmas.

In the following we state several results on the distribution of zeros of Dirichlet L-functions
and on some summations involving such zeros. The following Lemma can be proved following
the line of the proof of Lemma 12 of Briinner-Perelli-Pintz [1].

Lemma 12. Let |y| < X/qQ and 1/qQ < |n| < . Then
X1

Tp(n) <

Now we recall some analytic results on zero-free regions for Dirichlet L-functions.
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Lemma 13. Assume T > 0. There exists a constant ¢; > 0 such that L(o + it,x) # 0

whenever
&1

~ max{log P’ ; (log(T + 3) loglog(T + 3))3/4}’
for all the primitive characters x modulo ¢ < P’, with the possible exception of at most
one primitive character x (mod 7). If it exists, the character \ is quadratic and the (unique)
exceptional zero B of L(s, x) is real, simple and satisfies

ECTNRPRR -
P12 log? 7~ ~ max{log P’ ; (log(T + 3) loglog(T + 3))3/4}"

oc>1 It| <T

The previous form of the zero-free region for Dirichlet L-functions can be found in Prachar
[12], Satz 6.2. In our case we have log T < log P'. Hence (log(T + 3)loglog(T + 3))3/* < log P’
for X sufficiently large. So in fact the zero free-region Lemma 13 becomes

Lemma 13’. Assume T > 0 and log(T + 3) < log P’. There exists a constant ¢; > 0 such
that L(o + it,x) # 0 whenever
(&1
>1-—
7= log P’
for all the primitive characters x modulo ¢ < P’ with the possible exception of at most
one primitive character x (mod 7). If it exists, the character Y is quadratic and the (unique)
exceptional zero (3 of L(s, X) is real, simple and satisfies

| <T

Cy ~ C1
— - - <1-0< .
71/2]og? 7 — = log P’
Concerning again the distribution of the zeros of Dirichlet L-functions, we state the following
form of Deuring-Heilbronn phenomenon. It can be proved using the function max(log P’; (log(7T+
3) loglog(T + 3))*/*) instead of the function log P’ + (log(T + 3) loglog(T + 3))** in the proof
of Lemma 2 of Peneva [8].

Lemma 14. Under the same hypotheses of Lemma 13, if B exists, then for all the primitive
characters x modulo ¢ < P', L(o +it, x) # 0 whenever

C1 €Cy
oc>1-—

> log ( = >
f(P,T) (1=pB)f(F,T)
where f(P',T) = max{log P’ ; (log(T + 3)loglog(T + 3))*/*} and 3 is still the only exception.

| < T,

Using the same remark after Lemma 13 we have

Lemma 14’. Under the same hypotheses of Lemma 13’ if (3 exists, then for all the primitive
characters xy modulo ¢ < P', L(o + it, x) # 0 whenever

C1 €C
o>1-— lo = , |t < T,
=1 o P g((l—ﬁ)IOgP’> d

with 3 is still the only exception.

The next lemma is a localized version of Lemma 4.3 of Montgomery-Vaughan [7].
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Lemma 15. Let Y > X7/12+100+e ' — XIH(S log? X and P be as defined in section 2. Then

—2k-1 -1/3
D L L 5 A < Gl 525,
where
* ch:(A(l)—l)ifrzl
AD)x(l) = "=5"
l:xz;h S (ADx()+ X rYifr>1
[=z=h peE’US’

and G — (1-— ﬁ) 1(~)gP if 8 eX1'sts
1 if B does not exist.

Proof. The proof follows the line of Theorem 7 of Gallagher [3] (in its effective form due
to Montgomery-Vaughan [7], Lemma 4.3) in which z is localized near X. The differences here
are that we sum only over the not-excluded zeros, the use of Lemmas 13’-14" above and of the
zero-density estimates (1) and (2). For seek of completeness, we sketch the proof. First we
insert, in the left hand side of (9), the explicit formula, see, e.g., Davenport [2], ch. 19,

B /
> A(m)x(m) =z — 5x7>2x7 - > o + O(—log gz + z/*log z), (10)

m<z pl< P T

where d, = 1 if x is the principal character, §, = 0 otherwise, d, y = 1 if x = xy and d, 3 =0
otherwise. We get that the error term of the explicit formula furnishes a total contribution in

(9) which is

6

P° X
loga:<< log? X < P71,

Y
< P? max max (h+ —)"" v T

X—2Y <a<X+2Y Y/A<h<Y Pt

T

since for our choice of T' the second error term in (10) is negligible. We remark that 2P (z—h)?

<
haP~1 and that maxy sy <,<xioy maxy/4<p<y (h + %)flhxﬁfl < (X —2Y)P1 <« XP~1 since
X -2y > X.

Using the definition of Z#, the explicit formula and the previous remarks we have to

estimate

)OEED DS X61<</ " XUIZ > N(o,T,x)log Xdo

g<P x (mod q) pgE'US’ q<P x(mod g)
XEEUS XEEUS (11)
1
XYY NGLTL),
q<P x (mod q)

where n(P,T) is one of the functions defined in (4)-(5) (according to the existence of the Siegel
Z€ro).
By (1) the second term in (11) is

< X_1/2<

PoX log® X
;g )6/5(10gX)22 < X—1/2P—6/5(X5/12—a/2)6/5(10gX)22 < P (12)



HARDY-LITTLEWOOD’S NUMBERS IN SHORT INTERVALS 9

Now we split the integral according to the range of validity of the zero-density estimates (1)
and (2). For o € [1/2,4/5] we get

v P9X log? X
/ X7ty Y N(o,T,x)log Xdo < (log X)23X_1/5(¢)12/25
1/2 ¢<P x(mod q) v 13)
< (lOg X)23X71/5(X5/127€/2>12/25P712/25 < Pfl/g.

Let now o € [4/5,1 —n(P,T)]. We have

1-n(P,T)
A X' Y N(o,T,y)log Xdo

/5 q<P x(mod q)
1-n(P,T) 9 2
< [T xo10g x (A1 X 200 4 (14)
4/5 Y
<< 1777(P7T) X(1/6+25)(071) log Xdo, << X*(1/6)W(P7T)'
4/5

If the Siegel zero does not exist, than
X~ WOnPT) « oxp(—(1/6)(12k + 6) loglog X) = (log X )21 (15)
If the Siegel zero exists, than

X~WOnPD) « oxp ( — (2k+ 1) log logXlog($))

(1—05)log P
< (1= ) log P exp(—(2k + 1) loglog X) (16)
< G(log X)L,
Lemma 15 now follows from log X =< logY and (11)-(16). O

Using the same argument in Lemma 15 one can obtain the following result on a sum over
the excluded zeros.

Lemma 16. Let T < X'/27¢P=2. There exists a positive constant ¢ such that

T Y Y X < GX oxp(— B

),
g<P x (mod q) pe€&’ log P
xX€E

where G is defined as in Lemma 15.

Proof. We argue as in Lemma 15 starting from (11). We have

1—m2(P,T)
XY Y S xflex VXYY N0, T, y) log Xdo

g<P x(mod q) pe€&’ 1=m (P.T) g<P x(mod q)
X€€ X€E (17)

+ X @ED S S N(L— (P, T), T, X),

q<P x (mod q)

where 7;(P,T) is one of the functions defined in (4)-(5) and ny(P,T) is one of the functions
defined in Lemmas 13’ and 14’ (according to the existence of the Siegel zero). Using the density
estimate (2) and integrating, we have that the right hand side of (17) is <« X!=#=(PT) 4
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X1=em(PT) « x1==m(PT) Hence, if the Siegel zero does not exist, we get that the right hand
side of (17) is

log X

X _
< X exp( glogP

).

If the Siegel zero exists, we have that the right hand side of (17) is

log X ecy
<Xexp( —c¢ lo =
p log P g<(1—ﬁ)logP))
~ log X log X
X(1—0)log P — GX —
< X(1—3)log P exp( 810gp)<< exp( clogp)
and Lemma 16 follows. U

The last two lemmas of this section will be useful to evaluate the behaviour of the main term
and of the “secondary” main terms.

Lemma 17. Let n € [X —2Y, X +2Y] and x € S. Then there exists a constant ¢ > 0 such
that L(Y,n) — Lz(Y,n) > cGYV/k,

Proof. By Lagrange’s theorem we have

LY,n)— Ly(Y,in) = Y (1-1Y)>eye(1 - pihy

l+mk=

n
X-Y<I<KX+Y
Y <mk<y

> ch/k(l — B) log P > cGYVE

Lemma 18. Let n € [X — %Y, X + 2Y]. Then there exists an absolute constant ¢ > 0 such
that |L,(Y,n)| < cYV/kXO-L,

Proof. We have

L, (Y, n)| < > n—m'Pt S YVRX Y)YV EXO
n—X-Y<mkF<n—X+Y
Y <mk<y
since X —Y > X. OJ

4. MINOR ARCS

Following the argument of Perelli-Pintz [10], we subdivide [1/Q,1 + 1/Q] in H adjacent
intervals I;, 7 = 1..., H, and we use the estimate K (1) = Y x<<x+me(mn) < min(H, ﬁ)



HARDY-LITTLEWOOD’S NUMBERS IN SHORT INTERVALS 11

Then we obtain, using also the Prime Number Theorem, that
X+H

> Rn(m)f = [ SEF) / S(@)Fi(@) (o - §)dadg

m

5 [ ISORO [ 18 Rel—dode

j=1:=1

< HlogHY (/ |S(a)|2doz>(/lmm|Fk(a)|2doz)

j=1 ZIjnm j

(18)

< HY(logX)Q(jmaX /] ]Fk(a)IQda).
= jNm

Recalling Q) = 4Y'"% and letting H = QQP, we remark that, for 1 < g < P, we have —Q > %
and that, if P < ¢ < @, we have i < % We will prove

—E 1/4Q a
(/ § +/p4 (= +m)Pdy < YYIP72 for 1< g < P,
-1/¢Q e q

(19)
2
/H 1E(E 4 n)2dn < YYF1PY2K for P < g < Q.
~2 My
H

Let 1 < ¢ < P. By Lemma 10 we have

1/¢Q 1 Y2/k71

= 1/4Q 2/k—2
+/ F(E4n)Pdp <Y / dn <
(/_1/qQ n )I k( n)Pdn e n 73

and the first part of (19) follows.
Let now P < ¢ < (). Arguing as in eq. (41)-(43) of Perelli-Zaccagnini [11], we get

7 a 9 9 Yl/k
[ RGP < H? S Y (20)
H

1<d<H/Y1-1/k

where
a k—
Zd = Y e(P(n,d))max( — - Z < )njd J) ,
Yi<n<Ys q
P(n,d) =352, (l;)njdk_j and Yy = (¥ + I)VF Y, = (2Y — Z)1/F Hence by Abel’s inequality
we have

a
>, < H max | %ﬁye(P(n, d) ) (21)

Applying Lemma 11 with ¢ = k — 1, a = ka/q, F(z,y) = P(z,y), T = H/Y'"Vk R =y
into (21), we have, since ka/q = a’/q for some ¢’ > q and (d/,¢') = 1, that
Z ‘ Zd | < H2y2/k71+sP71/K. (22>
1<d<H/Y1-1/k
Now by (20), (22) and H = QP, the second part of (19) follows.
Using (18) and (19) we finally get
X+H HY 2% (oo X)2 Hy2/k
> |Ru(n)? 1/<(20[§) : < B3GR
~ P P2/GK)

(23)
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5. MAJOR ARCS

Using what we have seen in section 2, we can write

o) = X 2400t g.) [ )T e

b aeq)

Y Z Vila,q)e(=n) | Film)Dla,g,n)e(—nn)dn

q<P q

iyl z Vila.e(—n2) [ B o, n)e(—mn)ds (29

q<P q

+ 2 Z*e(—nZ)/g, Ax(a, q, n)S(Z +n)e(—nn)dn

g<P a=1
=51+ 5 + S5+ 94,
say.
Estimate of S,.
Using (7), the Cauchy—Schwarz estimate and the Prime Number Theorem, we have that

ey q(/ (1t by n) ([, 1S+ i)

q<Pa 1

(25)
1/2 (YlogX)l/QPH’/2 Y. i
Y1/2 Z 1/2 / |15 | d < y1/2 < (f) / ’
for 6 > 0 sufficiently small.
Evaluation of S;.
First of all we remark that
1
-5 D ) / F(n) T (n)e(—nm)dn
q<P q)
(26)
u
0% / /P4 EL)T (n) ).
q<P

In the error term we estimate explicitely only the integral over [qT/v 1/2]. The other one can

be estimated in a Completely similar way. Applying Lemma 2, Holder inequality with s as in
Lemma 8, T'(n) < min(Y, m |) and Lemma 5, we get that the error term in (26) is

s 1/2s s/ (25— (2s—1)/2s
< B ) (ﬁﬂ |25/
q<P
Yl/k—l/stl/Qs E— 1)@
< 7 ( ) < Yl/k(logP)kP—?)/Qs < Y'l/k;P—l/s7
pazs = ()

for 6 > 0 sufficiently small. Hence (26) becomes

n) Y g : )Hk g,n) + OV P=1%) = &, (n, P)L(Y,n) + O(Y/*P=Y/5).  (27)

q<P qe

Estimation of S,.
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Using (6), the Cauchy-Schwarz estimate and, for 6 > 0 sufficiently small, Lemma 9, we have
that

S o Z () Hi(x ¢, m /5 \Fk(n)|2d'rz)1/2(/£, W (o, m) )

q<P » -
<YE Y —— <q> (Z I (Xoa%) Hi (0.0, 4, )| ( /ﬁ W (o, mI2dn) . )

r<P q<P qe mod 1)
rlq

We remark, for primitive characters y, condx = r|q, that W(xxo.4,7) = W(x,n)+0((log ¢X)?).
It is easy to see that such an error term is negligible. Using Lemma 6 and the explicit formula
for ¢ (x, x), see (10), we get

1/2 H ,q,
SH<YEY Y / W n)Pdn) (2 |7 (Xo.4X) kEX)O,qX q n)|>
r<P x (mod r) qﬁf qe\q

<<Y2k (log Y)k Z Z /|Wx77)| dn) (29)

r<P x (mod r)

<<Yk IOgY (Z Z X 2Y<a:<X+2YY/4<h<Y ‘Z A D

r<P x (mod r) l=x—h

Choosing now T = %Pf log”? X and using Lemma 15 with Y = X712+ Pl0 we get, from
(28)-(29), that

Yl/k Yl/k(logY)k

Sy K G(l V)R + P/ (30)
Estimate of Ss.
First of all we remark that
X X
-3 Y Y U Hi(xogx.an) Y. / Fo(n)T,(n)e(—nn)dn
r<P Y€EUS q<P a¢(q) pES/US’
condx=r|q r|q
|7 (Xo.X X Pé 2 3
+o(z > 2 M gl (7 flR@T )
r<P x€EUS q<P a¢(q peervs 112

condx=r|q r|q

In the error term we estimate explicitely only the integral over [5—;, 1/2]. The other one can
be estimated in a completely similar way.

Now we split the interval of integration according to 5—; <n< i and é <n< %

Using the Cauchy-Schwarz inequality, Lemma 10 and Parseval identity, the first integral is

5 o) 12, 1 1/2
L BT, mldn < ([ \EPn) ([ 12,0 )
qY qY
1 (32)
< (/Pq:? Y2/k—2|7]|—2dn)1/2(YXz,B—z)l/2 < p-3/2y1/k A1,
v
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Using Holder inequality with s as in Lemma 8, Lemma 8 and Lemma 12 (since T
XY~1PTog? X < % for § > 0 sufficiently small), the second integral is

[, ol < ([ 1) ( |

q

"“ =

Q|
"" [N

o/ (25— (2s—1)/2s
1T, (/D)

Q

< YUk-1/(25) x6- 1(/

‘*‘ NI

o /(25— (2s—1)/2s
2y

(33)
Q
< Yl/k*l/(Qs)X ( ) /(2s) < Pfl/(ZS)Yl/kXﬁfl.
Hence, using (32)-(33), Lemmas 6 and 16, the error term in (31)
< PHEIYVEXT N " (logP)F > > X°
r<P XEEUS pel'US’ (34)
<P 1/(35)Y1/kX71( IDIDIL & +XB) < YVkp=1/(3s)
r<P x€e& pe&’
since B < 1.
Using Lemmas 1 and 3, the first term in (31) becomes
Hi(x,r,n) XY,
-2 > 700 il WD), (50,5 (r) i xodom ) > L,(Y.n)
r<P x€EUS re(r) J<P/r () peE'US’
X (mod r)
T Hi(x, 7, 1) 3 4%))
= — Z Z —Hy(j,n Z L,(Y,n)
r<P x€EUS ro(r) J<P/r Je() peEIUS! (35)
X (mod r) (] r)=1
=—> > Tilx,r,n)Sk(n ) Y. Ly(Y,n).
r<P x€EUS pEE’US’
X (mod r)

Hence, by (31)-(35), we finally get

P
= - Z Z Tk(Xaran)Gk(T%*?r)
r<P xe&fusS

ST L(Y,n)+ Oy kPTG

) (36)
pEEIUS!
X (mod r)
Hence, from (24), (25), (27), (30) and (36) we get
Ron(n) = G(n, P)L(Y,n) — Z Z Tie(x,r,n)Sk(n, —, 1) Z L,(Y,n)
r<P x€e&US T peEUS’
X (mod r) (37)
1/k p—1/(3s) Y/
+o(y'Ep +G0gk+1y).

6. THE SINGULAR SERIES

Here we follow closely the approach of Zaccagnini [15] and Perelli-Zaccagnini [11]
As in section 12 of Zaccagnini [15], let P* = P*® and write

F ={1}U{r < P*,r is an excluded or Siegel modulus}
In the following we will call the » < P as small moduli and the P*

r < P large moduli.
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Large moduli.

The contribution of the large moduli, i.e. P* < r < P, can be performed as in section 13 of
[15]. We just sketch the main differences.

By eq. (13.1) of [15] we have

Mg(hy?n)? where o(r,x,n) = Z x(f(R)) (38)

Tk (X7 T, ’I’L) =
7”(,0(7“) h (mod )

and f(h) = h* —n. Now we need the following lemma.

Lemma 19. Let x (mod r) a primitive character. Then for all but Hr=®/® integers n €
[X, X + H], we have

o(r,x,n) < =/ Tk
uniformly for r < X/100.
In the proof we have to study
AX Hr)y=|{ne[X,X +H]:(r,n)>r"?} and B(r)=|{n(modr): (r,n) >r/?}|.
Since it is clear that A(X, H,r) < (£ +1)B(r) and B(r) < d(r)r'/?, we get

A(X,H,T) < 7,3%

which is the analogue of eq. (13.8) of [15]. The rest of the proof is the same of Lemma 13.1 of
[15].

Using Lemma 19 we get that for all but H(P*)~'/* integers n € [X, X + H], we have that
o(r,x,n) < 1=/ TE=) (39)
holds for all excluded or Siegel moduli r € (P*, PJ.
From Lemmas 2 and 5, we have, letting R = P/r, that

Gin.Rir) < 3 a H|pk (p,n) — 1] < (log R)*. (40)
(q<)R1 ( plg
q,7)=

Hence we get, by (38)-(40) and Lemmas 18 and 16, that

> > Tkx,rnGkn—r > L,(Y.n)

Pr<r<P )EE&JS) pe&lUS’
x (mod r
< YVEXTY(log PYFH(P)THAE(3 S S XA 4 XP) (41)
P*<r<P (xES )pEg’
x (mod r

< Yk p=1/00(:=1))

holds for all but < HP~'/® integers n € [X, X + H].

Small moduli.
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The contribution of the small moduli follows the line of the Corollary in section 3 of Perelli-
Zaccagnini [11]. We just sketch the main differences. Let R = P/r and

(9)
A, q.r) = B8 1((q, 7)) T (ox(p,m) — 1).
q o) gpk P
Then
Anpr) = ———u((:?) X x) = ¥ cbxn)
p X (er;OSOQ) x€A(p)

say, where |A(p)] < k — 1 and |c(x)| < ¢(p)~!. We approximate

Suln Ror) = 3 ;jﬁgir'[w(p, n) 1)
(g,r)=1 e

by
I(n,R,r) =[] 1+ A(n,p,1)),

p<R'

say, where R’ = RY2. Let D(R') = {q € N\ {0} : u(q) # 0,p|g = p < R'}. Hence
Si(n, R,r) —I(n, R, ) Z A(n,q,r) Z A(n,q,r) —Z +ZQ, (42)

R'<g<R
q¢D(R') qED(R’)

say.
To estimate Y, we argue as in equations (12.10)-(12.12) of [15]; we just choose differently
the parameter A there. We choose A = (log P)~'/2 to obtain

ZQ < exp(—c(log P)'/?). (43)

To estimate the mean square of >, we argue as in eq. (53) of [11]. We finally get

H . H
> 1P (EJFR)UO%X) < pim

X<n<X+H
and hence, for all but < H'=%/40 integers in [X, X + H], we have
~1/20
Yo, < PR (44)
Using (42)-(44) we have, for all but H'=%/4" integers in [X, X + H] and all r € F, that
Si(n, R,r) = ] (1+ A(n,p,r)) + Oexp(—c(log P)'/?))

p<R/
_ p — pe(p,n) p—1 ext(—c(lo 1/2 (45)
= IS0 TG ) + oslcllog P)2)

plr

Before ending this section we state other two lemmas on the singular series that we will use
to finish the proof of the Theorem.



HARDY-LITTLEWOOD’S NUMBERS IN SHORT INTERVALS 17

Lemma 20. For all but < H'7%/40 integers n € [X, X + H] and all r € F \ {1}, we have
P —olpin
T (x, 7, 1) S (n, ?77‘)| <c]l (ppi(Zi)) + O(exp(—c(log P)'/?)).
p<P

The proof of Lemma 20 is essentially the same of Lemma 14.1 of [15].
Lemma 21. (Lemma 14.2 of [15]).

H (p _ pk(]; n)) > (log P)—k

p<P o

7. PROOF THE THEOREM

Now we are ready to finish the proof.
From (23) we get
|Rm(n)| < Yl/kzp—l/(lOK) (46)
for all but < HP~Y®K) integers n € [X, X + H|. Let C(X, H) the union of all the exceptional
set encountered in (41), (45), Lemma 20 and (46). It is clear that
|C(X, H)| < HP~V/GK),
Now, from (37) and (41), we have, for every n € [X, X + H] \ C(X, H), that
- Z Z Tk(X7r7n)6k’(na P/T’,T) Z L,O(Y7n)

r<P* & &
X (glf)d r) re (47>

Yl/k
logk+1 Y)
Now by (45), Lemmas 20 and 21 we obtain that

+O(Yhpt e @

S, P) > & Hp pkp,) (48)
p<P b—
and . (0.1)
T rom) e, —. 7)) < 26 [T (F=LERE, (49)
" p<p P
for r € F\ {1}, if P is sufficiently large.
Now, by Lemma 17 and (47)—(49) we have
p<P p r<P* x€& pe&’
X (mod 7) (50)
Yl/k
+0(G _i_Yl/k:Pfl/(ZSs) )
( longY )

By Lemmas 18 and 16 we get

Yo YL <dYYEYT 3 XTI < (§)GYYE, (51)
r<P* xe& pe&’ r<P* xe& pe&’
x (mod r) X (mod )
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where ¢(d) can be chosen arbitrarily small.
Recalling Lemma 13" and the definition of G we obtain
G ~ C/”
=1-0>—=———.
log P Pr/2log X
Letting v = v(k) = 1/(3s), from (47)-(51) and Lemma 21, we finally get
Gyl/k
(logY)k

for every n € [X, X + H|\ C(X, H).
Now, from (3), (46) and (52), we have that

R(n) > GY'Y*(log V)7,

for every n € [X, X + H| with at most O(H'~%/(%)) exceptions. The Theorem follows.

(52)
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