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Abstract

We consider a reaction-diffusion equation with a nonlinear term of the Fisher-KPP type, depending
on time ¢t and admitting two limits as ¢ — +oo. We derive the set of admissible asymptotic past and
future speeds of transition fronts for such equation. We further show that any transition front which is
non-critical as t — —oo always admits two asymptotic past and future speeds. We finally describe the
asymptotic profiles of the non-critical fronts as t — to0.
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1 Introduction and main results

This paper is concerned with asymptotic dynamical properties of front-like solutions for time-dependent
reaction-diffusion equations of the type

up = Ugy + f(t,u), teR, zeR. (1.1)

We focus here on the case where the reaction term f admits some limits as ¢ — +oco. These limits are in
general different and the medium is thus in general not uniquely ergodic. Actually, even if the limits of f(¢, u)
as t — Foo are equal, the medium is in general truly time-dependent and is not periodic, almost-periodic
or even recurrent. We prove the existence of solutions which move with some — in general different — speeds
as t — oo and we also characterize the set of all admissible asymptotic speeds as ¢ — +oo among all
time-global front-like solutions.

Throughout the paper, the reaction term f : Rx [0, 1] — R is assumed to be uniformly Hoélder continuous,
of class C! and such that 9, f = %5 is bounded in R x [0, 1]. We will further require that

)= f(t,1) =0 forallt € R,
) >0 for all (t,u) € R x [0,1], (1.2)

is nonincreasing with respect to u € (0,1], for all ¢t € R,

and that there are two C! functions fy : [0,1] — R such that

f£(0)=fL(1) =0, fi(u) >0 forall ue (0,1),
[t u)
f(u)

Notice that the hypotheses imply in particular that the functions u — fi(u)/u are nonincreasing with
respect to u € (0,1] and that f7.(0) > 0. We denote

(1.3)

— 1 as t = too, uniformly for u € (0,1).

pt i= f1(0) >0 and p:=min(u_,pq) > 0. (1.4)
In order to derive the existence result, we will also need the following regularity property:
f(t,u) > 0y f(t,0)u — Cul™ for all (t,u) € R x (0,6), (1.5)

for some C' > 0 and §,w € (0,1].
Such nonlinearities f(¢,u) are said to be of the Fisher or KPP type, for Kolmogorov, Petrovski and
Piskunov, by analogy with the time-independent case f(u) which was first considered in [12, 22]. It follows



from assumption (1.3) that f(¢,-) > 0in (0,1) for all |¢| large enough. However, no strict sign assumption
is made on f for intermediate times ¢. In particular, the functions f(¢,-) may well be identically equal to 0
on [0, 1] for some times ¢ belonging to a non-empty bounded set.

A typical example of a function f(¢,u) satisfying all above assumptions is

ftu) = p(t) f(u)

where f : [0,1] — R is of class C*, f(0) = f(1) =0, f > 0 on (0,1), u — f(u)/u is nonincreasing
with respect to u € (0,1], and the function & : R — [0,+00) is of class C' and admits some limits
ft = limy_ oo fi(t) in (0, 400). In this case, fi(u) = iy f(u) for all u € [0,1] and pg = g f/(0).

1.1 Notions of transition fronts and asymptotic mean speeds

Equations of the type (1.1) are known to be good models to describe the propagation of fronts connecting
the steady states 0 and 1, see e.g. [11, 29, 45]. The solution u typically stands for the density of a species
invading an open space and the fronts are known to play a fundamental role in the description of the
dynamical properties of the solutions of (1.1). We will recall a bit later some of the main results about the
existence and dynamical properties of known front-like solutions of particular equations of the type (1.1).

From a mathematical point of view, for problem (1.1), using the same terminology as in [4, 5], the
front-like solutions connecting 0 (say, on the right) and 1 (on the left) are called transition fronts and they
are defined as follows:

Definition 1.1. For problem (1.1), a transition front connecting 0 and 1 is a time-global classical solution
u:R xR —[0,1] for which there exists a function X : R — R such that

u(t, X(t)+z) =1 asxz — —o0
{ (&, X(t) +2) uniformly in t € R. (1.6)

u(t,X(t)+z) -0 asz — 400

Several comments on this definition are in order. First of all, it is actually a particular case of a more
general definition given in [4, 5] in a broader framework. For the one-dimensional equation (1.1), the
transition fronts connecting 0 and 1 correspond to the “wave-like” solutions defined in [40, 41] (see also [28]
for a different notion involving the continuity with respect to the environment around the front position).
Roughly speaking, condition (1.6) means that the diameter of the transition zone between the sets where
u ~ 1 and v ~ 0 is uniformly bounded in time: the fundamental property in (1.6) is the uniformity of
the limits with respect to time ¢ € R. The limits (1.6) imply in particular that, given any real numbers
a and b such that 0 < a < b < 1, there is a constant C' = C(u,a,b) > 0 such that, for every ¢t € R,
{z €R; a<u(t,z) <b} C [X(t)— C,X(t) + C]. Standard parabolic estimates and the strong maximum
principle also easily imply that, for any transition front « connecting 0 and 1, and for every C' > 0,

inf u(t,x) < sup u(t,x) < 1. (1.7)
teR, z€[X (¢)—C, X (t)+C] teR, z€[X (t)—C, X (t)+C]

Notice furthermore that, for a given transition front u connecting 0 and 1, the family (X (¢))ier is not
uniquely defined since, for any bounded function § : R — R, the family (X(¢) 4+ £(¢)):cr satisfies (1.6)
if (X (t))ter does. Hence, one can choose for instance as X (t) one point = such that u(t,z) = 1/2. On the

other hand, if (X (¢))ier and (X (t))icr are associated to a given transition front u connecting 0 and 1 in
the sense of (1.6), then it can be immediately seen that

igﬂ}g | X(t) - )?(tﬂ < +o00. (1.8)

Lastly, it is shown in Proposition 4.1 of [19], in the case of general space-time dependent reaction-diffusion
equations, that for any transition front u connecting 0 and 1, any function X such that (1.6) holds has



uniformly bounded local oscillations, that is,

V7T >0, sup | X (t) — X(s)| < +o0. (1.9)

(t,s)ER2, |t—s|<T
When the function f = f(u) does not depend on the time variable, the most typical exam-
ples of transition fronts connecting 0 and 1 are the standard traveling fronts u(t,z) = ¢(x — ct)

with 0 = ¢(400) < ¢(§) < ¢(—o0) = 1 for all £ € R. Under the Fisher-KPP hypothesis, such travel-
ing fronts exist if and only if ¢ > 2,/f(0) and, for each ¢ > 2,/ f(0), the function ¢ = ¢, is decreasing and
unique up to shifts [2, 22]. Furthermore, these fronts ¢.(z — ct) are known to be stable with respect to per-
turbations in some suitable weighted spaces and to attract the solutions of the associated Cauchy problem
for a large class of exponentially decaying initial conditions, see e.g. [3, 7, 10, 15, 21, 22, 23, 37, 46]. When
the function f = f(t,u) depends periodically on time ¢, the standard traveling fronts do not exist anymore
in general and the notion of traveling fronts is replaced by that of pulsating traveling fronts ¢(t,z — ct),
where ¢ is periodic in its first variable and converges to 1 (resp. 0) as © —ct — —oo (resp. as . —ct — +00).
The existence, uniqueness and stability properties of such pulsating traveling fronts have been established
in [18, 24, 25, 26, 30, 35, 47]. The notions of pulsating traveling fronts can also be extended in time almost-
periodic, almost-automorphic, recurrent or uniquely ergodic media, we refer to [20, 38, 39, 40, 42, 43, 44]
for further existence, qualitative and asymptotic properties in such media.

In the present paper, due to the time-dependence and assumption (1.3), equation (1.1) is not assumed to
be periodic, almost-periodic, recurrent or uniquely ergodic in time and the standard traveling or pulsating
traveling fronts no longer exist in general. The notion of transition fronts satisfying (1.6) provides the
good framework to describe the propagation of more general front-like solutions. This notion has already
been used in various contexts. For instance, particular transition fronts have recently been constructed for
monostable equations (1.1) in [5, 32] (see the comments after Theorem 1.3 below). Recently, transition
fronts for reaction-diffusion equations with general non-periodic monostable x-dependent nonlinearities
f(z,u) have also been constructed in [31, 34, 49, 50].

The time-dependent monostable equation (1.1) considered here, with f(¢,u) having some limits as
t — +00, is one of the simplest examples of heterogeneous equations which are not periodic, recurrent or
uniquely ergodic in time. Nevertheless, equation (1.1) already captures new interesting propagating front-
like solutions. In particular, we will prove the existence of transition fronts which had not been considered
in [5, 32]. We will characterize the set of all admissible rates of propagation, as well as the asymptotic
profiles of the non-critical fronts.

As for the possible rates of propagation, an important notion associated to the transition fronts is that
of their possible speed. Namely, we say that a transition front connecting 0 and 1 for (1.1), in the sense of
Definition 1.1, has a global mean speed ~y if

X(t) — X(s)

; — 7 ast—s— +oo, (1.10)
-5

that is (X (t+7) — X(t))/T — v as T — +o0 uniformly in ¢t € R.! Applying recursively Property (1.9) with,
say, 7 = 1, one readily sees that the function 7 — (X (¢t+7)—X(t))/7 is bounded on [1, +00), independently
of t, whence the global mean speed cannot be infinite.

If a transition front connecting 0 and 1 has a global mean speed <, then this speed does not depend
on the family (X (¢))ter, due to the property (1.8). But the global mean speed, if any, does depend on
the transition front. This is seen already in homogeneous media, where f = f(u). Indeed, any standard
traveling front ¢(x — ct) in a homogeneous medium has a global mean speed equal to ¢, and then the set
of admissible speeds in the class of all standard traveling fronts is equal to [24/f(0), +00). This property
remains true if one considers the whole class of transition fronts, because the global mean speed cannot be

'We point out that this definition slightly differs from the one used in [4, 5], but, in this one-dimensional situation and given
Definition 1.1, it is quite easy to see that the two definitions coincide.



smaller than the spreading speed for the Cauchy problem with compactly supported initial datum, which
is 24/f'(0), see [2]. In the non-homogeneous case considered in the present paper, the picture is more
complicated and may be radically different. Namely, under some slightly stronger assumptions than (1.2)-
(1.3), Corollary 1.6 below asserts that the set of global mean speeds among all transition fronts coincides
with [2,/5—, +00) if py < p—, whereas it is empty if py > p.

It is important to realize at this stage that, in general, a given transition front connecting 0 and 1 may
not have any global mean speed, even for some homogeneous equations (1.1) with f = f(u). More precisely,
it follows from [14], as shown in [19], that for a C? concave f : [0,1] — R such that f(0) = f(1) =0 < f(s)
on (0,1) and for any real numbers ¢; and ¢y such that 24/f/(0) < ¢1 < co, there exist transition fronts u
connecting 0 and 1 such that

t,r)— —cit) =0 t — —o0,
{ ut, ) = dar(z = rt) o > uniformly in z € R, (1.11)

u(t, ) — ¢pey(r — cat) = 0 as t — +oo,

where ¢, (v — c1t) and ¢, (x — cot) are any two given standard traveling fronts connecting 0 and 1 with
speeds c¢; and co respectively. This result implies in particular that, even in a homogeneous medium, the
notion of transition fronts is necessary to describe front-like solutions that are not standard traveling fronts.
Furthermore, the transition fronts satisfying (1.11) for (1.1) with f = f(u) do not have a global mean speed
as soon as ¢; # ¢y since, whatever X (t) may be, one has X (t)/t — ¢; as t - —oo and X(t)/t — c2 as
t — 400 for these transition fronts. Nevertheless, it is natural to say that these fronts have an asymptotic
speed, c1, as t — —oo, and another asymptotic speed, co, as t — 4-00.

These facts lead us naturally to the definition of the notion of possible asymptotic past and future mean
speeds, as t — —oo and as t — 400, for the general time-dependent equation (1.1).

Definition 1.2. We say that a transition front connecting 0 and 1 for the equation (1.1) has an asymptotic
past speed c_ € R, resp. an asymptotic future speed c; € R, if
X(t) X(t)

— e t — —o0, resp. — - e+ as t — +oo. (1.12)

Notice that, for a given transition front, these signed speeds, if any, do not depend on the family
(X (t))ter, due to (1.8) again. Clearly, if a transition front admits a global mean speed v in the sense
of (1.10), then it has asymptotic past and future speeds equal to . It is natural to ask if the reverse
property holds true. Namely, if a front has past and future speeds both equal to some =, does it admit
a global mean speed equal to v 7 We partially answered to this question in Remark 4.1 of [19] in the
homogeneous case: the answer is yes provided v > 24/ f/(0), but it is not known if v = 2,/ f/(0). Here, we
extend this result to (1.1), under some stronger hypotheses on the convergences f — fi ast — +oo, showing
that the answer is yes provided v > 2,/u—. This can be derived from the last statement of Theorem 1.4
below about the convergence of the profile to that of standard fronts, as shown in Section 2.4. We point out
that the answer to the above question in general is no for a nonlinearity f(¢,u) which does not satisfy (1.3),
see Remark 2.2 below.

The asymptotic past and future speeds characterize the rate of expansion of the front at large negative
or positive times. These asymptotic speeds might not exist a priori and one could wonder whether these
notions of speeds as t — 400 would be sufficient to describe the large time dynamics of all transition
fronts for (1.1). As a matter of fact, one of the main purposes of the present paper will be to characterize
completely the set of all admissible asymptotic speeds and to show that the asymptotic speeds exist for all
fronts which are supercritical as t — —o0, in a sense which will be made more precise in Theorem 1.4 below.

1.2 Existence of transition fronts

We first show the existence of some transition fronts with asymptotic speeds ci as t — oo ranging in some
explicitly given semi-infinite intervals.



Theorem 1.3. Under the assumptions (1.2), (1.3) and (1.5), let put be defined as in (1.4), and c+ be any
two real numbers such that

c_ — /2 —4pu_
c_>2/u_ and cy > k+ M—Jr, with k = min (,/,u+, 5 ) > 0. (1.13)
K
Then equation (1.1) admits some transition fronts uw connecting 0 and 1 with asymptotic past and future
speeds cy, that is, such that (1.12) holds. Furthermore, u satisfies u,(t,x) < 0 for all (t,x) € R xR. Lastly,
in all cases, except possibly when py > p— and cy satisfy c— = 2. /p— and c4 = /l— + %, there exists a

bounded function £ : R — R such that
ut, X(t) +£(t) + ) = ¢e in C*(R) ast — oo, (1.14)

where ¢, (v — cxt) are standard traveling fronts connecting 0 and 1 for the limiting equations with nonlin-
earities f4.

Concerning the missing case for the last statement of Theorem 1.3, we show that (1.14) holds as ¢t — —o0,
but we derive the convergence to ¢., only along a particular sequence ¢, — +oo, under the additional
assumption that f, is C? and concave, see Proposition 2.5 below. This allows us to exhibit an example
showing that the profile of the critical front is not stable in general with respect to perturbations of the
coefficients, see Remark 2.6 below.

A first obvious observation following (1.13) is that ¢y > 2,/uy. This relation is not at all surpris-
ing, and is actually immediately necessary, since 2,/1+ is the spreading speed of the solutions u of the
Cauchy problem (1.1) with compactly supported nonzero initial conditions 0 < uy < 1, in the sense that
Maxg\ (—ct,cr) U(t,-) — 0 as t — +oo for every ¢ > 2,/ny and min_¢ o u(t,") — 1 as t — +oo for every
0 < ¢ < 2\/py (this asymptotic result can be easily obtained from the maximum principle and the facts
that u(¢,z) has a Gaussian decay as © — +oo at every time ¢ > 0, and initial conditions with Gaussian
decay spread at the speed 21/ f(0) in the time-independent case [2, 46]). We also refer to Proposition 2.4
below for a direct proof of the bounds c+ > 2,/ux.

A second observation is a comparison between the range of asymptotic past and future speeds provided
by Theorem 1.3 and the sets of admissible speeds for the limiting problems as ¢t - —oo and ¢ — 400, which
are given by [2,/1_,+00) and [2,/pi5, +00) respectively. On the one hand, the range of past speeds in
Theorem 1.3 coincides with [2,/1i_, +00), no matter what the relation between p_ and p4 is. On the other
hand, the range of future speeds coincides with [2,/z7, +-00) if and only if x in (1.13) coincides with \/u}
for some c_ > 2,/u—, and this happens if and only if gy < . Indeed, if gy > p— then the minimal future
speed given by Theorem 1.3 is strictly larger than 2,/u7, namely, it is larger than the spreading speed for
the solutions of the Cauchy problem with compactly supported initial conditions.

The set of asymptotic speeds ¢y provided by Theorem 1.3, that is, satisfying (1.13), can be equivalently
expressed by

c+ = Kkt + z—j K_ € (O,,/,u_], K1 € (O,min(/ﬁ_,w/u )] (1.15)

The admissible pairs (k_, k4) in (1.15) are represented by the shaded region in Figure 1. The expression
(1.15) yields an immediate interpretation of the asymptotic speeds: p4 reflect the characteristics of the
medium as t — +oo, while k1 are the exponential decaying rates (as x — +00) of the asymptotic profiles
¢, of the front as t — +oo. Thus, when ¢ passes from —oo to 400, the rate of decay of the profile of the
fronts in Theorem 1.3 cannot increase. In particular, if g4 > p— then the range of admissible values for x4
is smaller than (0, /], which is the range of admissible decaying rates for standard fronts of the limiting
problem as t — +oo. This can be viewed as the real reason why the set of future speeds is smaller than
that of admissible speeds for the limiting problem as t — 400 in that case.
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Figure 1: The set K of admissible exponential decays.

Based on the formulation (1.15), let us now compare the asymptotic past and future speeds c4 given by
Theorem 1.3 with each other. If py > p_, the decreasing monotonicity of k +— k + p /k in (0, /n] yields

C+=K++Z—12H_+Z—j>ﬁ_+ﬁ—:=c_, (1.16)
whence the transition fronts always strictly globally accelerate, in the sense that the asymptotic future
speed c4 is strictly larger than the past one c_. If uy = p— = p (as for instance if f does not depend on
t), then ¢y = k4 + p/ky > k- + p/k— = c—, whence the transition fronts always globally accelerate in
this case. Lastly, if 4 < p—, then the transition fronts may globally accelerate because c; can be as large
as wanted for a given c_, but they may also strictly decelerate, for any choice of admissible c_: indeed,
for any x_ € (0, /p_], taking sy = min(k_, \/i3) we deduce from the fact that k +— & + p_/k attains its
minimum at k = \/fi_, that ¢y = ky +py /ky <Ky +p_/kp <k +p_ /Ko =c_.

As a matter of fact, because of the convergence (1.14) to the limiting fronts ¢., ast — oo, the solutions
constructed in Theorem 1.3 above satisfy more than (1.12). Namely, except possibly when pu; > p_ and
the speeds cy satisfy c. = 2,/u_ and ¢y = \/u_ + py /\/fi—, the solutions u of Theorem 1.3 are such that

lim <sup X(t) - X(t—7) —C_D =0,
lim <su X(t+r) - X(@) —c D =0 ‘
T—+00 tzlg T + 7

see Section 2.3 for the proof of this property. The speeds ci are thus truly asymptotic mean speeds as
t — £oo. In part 1) of Theorem 2.3 of [32], some transition fronts connecting 0 and 1 were constructed
for problem (1.1) under more general assumptions on f (in particular, f(t,-) is not assumed to converge
to the profiles fi as t — +oo and f(t,u)/u decreasing is relaxed to f(t,u) < 9,f(t,0)u for u > 0). With
the assumptions of the present paper, the transition fronts given in [32] are special cases of the ones of
Theorem 1.3 above, namely those for which (1.15) holds with x_ = x4 € (0, /). Thus, on the one hand
the assumptions of [32] are more general but, on the other hand, the choice of possible asymptotic speeds
¢+ provided in the present paper is larger than in [32]. In particular, the speed c_ can here be as close as
wanted to 2,/i— and can even be equal to the critical value 2,/ii—, whereas the corresponding c_ of [32] is
strictly larger than \/fi + p—/,/f (> 2,/p=). Furthermore, once the past speed c_ is assigned, the future
speed c; can be here as large as wanted whereas, in [32], it is uniquely determined by c¢_ through the

formula ¢y = ¢ +2(puy — p—)/(c— — y/c® —4u_). Let us also remark that, here, the future speed c; can



also be equal to the critical speed 2,/p for the limiting problem as ¢t — +o0, provided p4 < p— and c_
is not too large, whereas, in [32], ¢y is always strictly larger than 2,/u7 . Actually, one should think about
the fronts of [32] as the analogues of the standard fronts ¢(z — ct) for homogeneous equations, because they
have constant exponential decaying rate. These fronts are the keystone we use to construct other fronts
which change their exponential decay in time, at least in the supercritical case c+ > 2,/p=x. The analysis of
the critical cases requires a special attention and the method used in the present paper to cover these cases
is actually completely different from [32].

The hypothesis f(t,u)/u decreasing is crucial for our method to work. However, a partial result com-
pared with Theorem 1.3 can be obtained with different arguments when such hypothesis is replaced by
0 < f(t,u) < Ouf(t,0)u for 0 < u < 1. Namely, using Lemma 2.1 of [49] it is possible to construct fronts
with asymptotic speeds cy satisfying ¢ > +/inf; 0, f(¢,0) + p—/+/inf; O, f(¢,0) (which is larger than or
equal to 2,/p—) and cy as in (1.13).

1.3 A priori bounds on the asymptotic speeds, and asymptotic profiles

The second main result is almost the converse of Theorem 1.3: it shows, in general, the existence of the
asymptotic speeds c+ and the optimality of the relations (1.13).

Theorem 1.4. Assume that (1.2) and (1.3) hold, that f_ is of class C* and concave on [0, 1] and that there
exists a continuous function ¢ : (—o00,0) — R such that

f(t;s)
f~(s)

Then, for any transition front u connecting 0 and 1 for problem (1.1), there holds

¢ € L'Y(—00,0) and sup

- 1’ < C(t) for all t < 0. (1.18)
s€(0,1)

X(t X(t
2/p— <c_:= liminfL < lim sup L < 400,
e (1.19)
M+ T . X(t) . X(t) '
k+ — < cq = liminf —= < limsup — < 400,
K t—>too t——+o0o

where Kk is as in (1.13). Furthermore, if c— > 2./u_, then the liminf and limsup in (1.19) are limits, that
is, u has asymptotic past and future speeds cy satisfying (1.13). Lastly, if c— > 2./u— and if there exists a

continuous function E: (0, 400) = R such that

EG LY0,+00) and sup
s€(0,1)

f(tv 5) e
‘ Ar 1’ < C(¢) for allt >0, (1.20)

then there exists a bounded function £ : R — R for which (1.14) holds true.

This result improves Theorem 1.7 of [19], which dealt with homogeneous equations. Two of the main
interests of Theorem 1.4 are to prove the existence of the asymptotic past and future speeds of any transition
front connecting 0 and 1, provided that liminf; , . X (t)/t is not critical (that is, larger than 2,/n_) on
one hand, and to show the sharpness of the bounds (1.13) for the asymptotic speeds on the other hand.
Thus, even if the family of fronts constructed in the proof of Theorem 1.3 does not exhaust the whole
class of transition fronts connecting 0 and 1, it completely covers the range of possible asymptotic past and
future speeds. Therefore the observations and the comparisons between the speeds following the statement
of Theorem 1.3 apply to arbitrary transition fronts connecting 0 and 1 for problem (1.1).

When c_ := liminf; , o X(¢)/t is not critical, Theorem 1.4 excludes in particular the existence of
more complex dynamics for which the set of limiting values of X (t)/t as t — —oo and ¢ — 400 would
not be reduced to a singleton. The only open question is the existence of the asymptotic speeds when
liminf; . o X(t)/t = 2,/u—. We conjecture that the asymptotic speeds still exist in this case, and
that (1.14) holds without any restrictions on c4.



Remark 1.5. The technical conditions (1.18) and (1.20) used in Theorem 1.4 mean that f(t,u) converges
to fi(u) sufficiently fast as t — +oo. We do not know whether (1.18) is necessary or not for the first part
of Theorem 1.4 to hold, and (1.18) and (1.20) for the last part. Actually, as far as (1.19) is concerned, as-
sumption (1.18) is only needed for the first inequality in the second line of (1.19). This inequality is the core
of (1.19), since the other inequalities follow from some independent spreading results and from some proper-
ties related to the definition of transition fronts. Notice that if, in addition to the hypotheses that f and fi
are of class C'! and satisfy (1.2), (1.3) (which imply £} (0) > 0), one assumes that (1) < 0 (which is auto-
matically fulfilled if f_ is assumed to be concave) then the functions Cy : ¢ = sup,e(o) ’f(t, uw)/fr(u) — 1‘
are continuous in R and the conditions (1.18) and (1.20) are therefore equivalent to (+ € L'(R.). This is
immediately seen by noticing that the functions (¢, u) — f(¢,u)/f+(u) are continuously extended at (¢, 0) by
Ouf(t,0)/f.(0) and at (¢,1) by 0y f(¢,1)/f(1). Lastly, a typical example for which these conditions (1.18)
and (1.20) are fulfilled is when f is of the type f(t,u) = fi(t) f(u) with limy_ 10 fi(t) = fix € (0, +00) and
fi — fix € L'(Ry).

1.4 The set of admissible asymptotic and global mean speeds

We derive here an immediate corollary of Theorems 1.3 and 1.4, and of formula (1.17). It is about the
characterization of the set of all admissible asymptotic past and future speeds and global mean speeds of
transition fronts connecting 0 and 1 for problem (1.1).

Corollary 1.6. If (1.2), (1.3), (1.5), (1.18) hold and f_ is of class C? and concave, transition fronts
connecting 0 and 1 and having asymptotic past and future speeds cy exist if and only if c— and cy fulfill (1.13),
or equivalently (1.15). Furthermore, transition fronts connecting 0 and 1 and having a global mean speed ~,
in the sense of (1.10), exist if and only if py < p_ and v > 2,/p_.

Proof. The first sentence is an immediate consequence of Theorems 1.3 and 1.4. Thus, a transition front
connecting 0 and 1 with a global mean speed ~ exists only if ¢y := 7 satisfy (1.13), or equivalently c4 :=
can be written in the form (1.15). If gy > p—, then ci in (1.15) always satisfy ¢y > c_, as already
emphasized in (1.16), and therefore a transition front with a global mean speed cannot exist.

Suppose now that py < p— and take v > 2,/u—. Let us show that cy := 7 can be written in
the form (1.15). The choice of k_ € (0,,/z_] is uniquely determined by the condition c_ = 7, i..,

Kk— 4+ p—/k— = 7. Then, the equation ky + p4+/ky = 7 admits a solution £ € (0, min(k_, /uy)]
because the function I' : k + Kk + py/k is continuous on (0,+0c0) and satisfies T'(0T) = +oo,

L) = b +py/be < ko +p/ke = vand I'(py) = 2y < 2y/u_ < . It then follows from
Theorem 1.3 that there exists a transition front u connecting 0 and 1 and having asymptotic past and
future speeds both equal to . Since pu4 < p—, we know that the fronts given by Theorem 1.3 satisfy
(1.14), which, in turn, yields (1.17), as shown in Section 2.4. This implies that, for the front u, (1.10) holds
whenever s and ¢ have the same sign, whereas, in the case s < 0 < t, one writes

X(t) —X(s) _ | o [X@O =t 1 X(s) =]
t—s - t—s t—s

)

and readily sees that both terms in this sum go to 0 as ¢ — s — 400 because X (t)/t — v as t — +oo
by (1.17), and X is locally bounded by (1.9). The proof of Corollary 1.6 is thereby complete. O

1.5 A sufficient condition for an entire solution to be a transition front

Our last main result provides a sufficient condition for an entire solution of (1.1) to be a transition front.

Theorem 1.7. Assume that f satisfies (1.2), (1.3), (1.18) and (1.20), with f_ concave and in C*([0,1]).
Let 0 < u < 1 be a solution of (1.1) such that

de > 2\/p—, : H|IE‘1X‘ H u(t,-) =0 ast— —oo. (1.21)
—clt|,c|t



Then the limit
Nom— fim 00
T—>+00 xT
exists, satisfies \ € [0, ./u_), and u is a transition front connecting 0 and 1 if and only if A > 0. Further-
more, if A > 0, then the transition front u admits some asymptotic past and future speeds c— and cy. given
by

2/p- <c- :sup{vzo, lim max wu(t,- :O},
g B i )

¢y =min(A, /uy) + ﬁ )

and (1.14) holds for some bounded function £ : R — R.

(1.22)

The above result provides a characterization of transition fronts, in the class of entire solutions 0 < u < 1
satisfying (1.21), in terms of the profile of u at time 0 (or, equivalently after shifting times, at another
arbitrary time tp; as a matter of fact, we show in the proof of Theorem 1.7 that lnu(t,x) ~ —Az as
r — +oo for all t € R, with A € [0, /") independent of ¢). The hypothesis (1.21) is used to apply some
results of [14]. This is not such a restrictive assumption in general, because the limit in (1.21) automatically
holds for any 0 < ¢ < 2,/u—, as an easy consequence of the spreading result.

Remark 1.8. In [34], the authors consider the reaction-diffusion (1.1) with z-dependent KPP type non-
linearities f(x,u), instead of time-dependent ones f(¢,u). Among other things they prove the following
striking result: if, say, fu(x,0) := g—i(m, 0) - m € (0,400) as  — foo and fy,(-,0) — m is nonnegative and
compactly supported, then transition fronts connecting 0 and 1, in the sense of (1.6), do not exist if A > 2m,
where ) is the supremum of the spectrum of the operator 9., + f,(x,0). On the other hand, transition fronts
with global mean speed v exist when 2m > A\(> m) for every speed v € (2y/m, \/v/A —m) (the existence
for the critical speeds is unclear). More general x-dependent equations have been considered in [49] and
more general existence results have been obtained under a similar smallness condition for a quantity which
is similar to A\. The time and space variables obviously play a different role in equations of the type (1.1).
But if we wanted to make an analogy between the transition fronts for x or t-dependent equations, we
could make the following two comparisons. Firstly, transition fronts always exist for our time-dependent
equation (1.1) whereas they do not exist in general for the associated x-dependent one. Secondly, under
the assumption f,(¢,0) = u = pt as t — oo (or more generally when py < p_) in (1.1), transition fronts
with global mean speeds always exist, whatever the temporal range of the transition between the limiting
profiles f1 may be and whatever the amplitude of f(¢,-) for the intermediate times ¢ may be, and the set
of admissible speeds is a closed semi-infinite interval including the critical speed, whereas transition fronts
may not exist in general for the z-dependent equation and, even if they exist, the set of admissible global
mean speeds ¢ a bounded interval.

1.6 Time-dependent diffusivity

We conclude this first section by showing that changing the time-variable, one can extend Theorems 1.3
and 1.4 to equations with time-dependent diffusivities. Namely, we consider the equation

up = o(t)uge + f(t,u), teR, xR, (1.23)

with o € C1(R) being bounded from below away from 0. Writing @(t, z) = u(7~1(t), z), with 7(¢) := fot o(s)ds,
leads to the equation
N (G ORD)
T )
We can apply Theorems 1.3 and 1.4 to this equation, provided the nonlinear term satisfies the hypotheses
there, and then derive a characterization of the asymptotic past and future speeds of transition fronts

teR, zeR. (1.24)
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connecting 0 and 1 for (1.24). Notice that @ is a transition front for (1.24) satisfying (1.6) with X = X if
and only if u(t,x) = a(7(t), z) is a transition front for (1.1) with X (¢) = X (7(t)). Therefore, if @ has past
and future speeds equal to ¢4 then u has past and future speeds equal to

L X(t) - X(T(t))T(t) L 1 [t
o= lim ===l =y Ty /0 o(s)ds, (1.25)

provided the latter exist (notice that 7(¢) — +oo as t — +oo because inf o > 0).
A situation where these arguments apply is when f satisfies the hypotheses (1.2), (1.3), (1.5) and (1.18)
of Theorems 1.3 and 1.4 and o € C'(R) is such that

oc>0inR, o(t) > 0r>0ast—doo and t+— (o(t) —o_) € L'(—o0,0). (1.26)

Indeed, the new nonlinear term f(t,u) = f(7=1(t),u)/o(7~1(t)) satisfies (1.2) and (1.3) with fyi replaced
by fi/o4, as well as (1.5) with C replaced by C/inf o. It also fulfils the hypothesis (1.18) of Theorem 1.4,

since .
8 o | o
a(t71(t)) f-(s) ~info
and this term belongs to L!(—o00,0) because ¢ does and because
0
/.
One can therefore derive the results for (1.23) from the ones for (1.24), noticing that, in virtue of (1.25),

when coming back to the original time-variable, the asymptotic speeds are multiplied by o4. For instance,
applying Corollary 1.6 we can characterize the admissible past and future speeds ¢4 for (1.24) by

SO + |

sup
s€(0,1)

‘i]@) - 1'dt — /0 o — o(2)| dz < oo,

o(r oo

o —\/¢ —4du_Jo
) ) pr . S Ak
¢->2y/p_Jo_ and ¢y > kKk+ ——, where k= min (\/M+/U+, 5 ),
RO+

and thus derive the following:

Corollary 1.9. Assume that f satisfies (1.2), (1.3), (1.5) and (1.18) and that o € C*(R) satisfies (1.26).
Then transition fronts connecting 0 and 1 for (1.23) having asymptotic past and future speeds cy exist if

and only if
c_ — /2 40,u)

2

c_>2\/o_pu_ and cy > K+ U+,5+, where Kk = min( Ot g Z—Jr X
Remark 1.10. Some transition fronts have been constructed in [33] for equations with coefficients depen-
ding in general fashion in ¢ and periodically in x. It is left as an open question there whether such fronts
recover the whole range of admissible speeds for the equation. Corollary 1.9 above shows that the answer
is no in general. Namely, one can check that under the assumptions of Corollary 1.9, with in addition f
independent of ¢, the minimal asymptotic speed among all fronts constructed in [33] (there, the asymptotic
speed is understood in terms of the least mean of the speed, which simply reduces to min(c_,cy) if the
front admits asymptotic past and future speeds cy) is

o
= max(a,,mr)( - +oe).

When o_ > o4, this quantity coincides with the minimal asymptotic (future) speed given by Corollary 1.9.
On the other hand, if o < o4, then the minimal past speed in Corollary 1.9 is 24/o_ f/(0), which is strictly
smaller than c,, and therefore the range of admissible speeds provided by Corollary 1.9 is actually larger
than in [33].
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Outline of the paper. Section 2 is concerned with the proof of Theorem 1.3. More precisely, Section 2.1
deals with the existence of transition fronts of (1.1) for non-critical asymptotic speeds cy, while the critical
cases are considered in Section 2.2. Section 3 is devoted to the proofs of Theorems 1.4 and 1.7: after
recalling in Section 3.1 some known useful results on the transition fronts in the homogeneous case, we
prove in Section 3.2 the a priori bounds on the asymptotic speeds of any transition front connecting 0 and
1 for (1.1), as well as the asymptotic behavior of all non-critical fronts. Lastly, Theorem 1.7 is proved in
Section 3.3.

2 Existence of transition fronts: proof of Theorem 1.3

This section is dedicated to the proof of Theorem 1.3. In Section 2.1, we derive the existence of transition
fronts having supercritical past and future speeds c, that is, such that ¢+ > 2,/u+. Recall that the set of
asymptotic past and future speeds ¢y satisfying (1.13) can be expressed by (1.15), with (k_, k+) belonging
to the set

K:= {(kl,k‘g); 0<k < \//LT, 0< ke < min(k:l,\/,ujL)},

see Figure 1. Supercritical speeds are the ones for which (k—,sy) € K and k+ < \/ux. Actually, the
case ko = Ky < /I = min(/f_, /5 ), that is the oblique open segment in Figure 1, has been treated
in [32]. In Section 2.1 of the present paper, we will construct a supercritical front associated with any choice
of 0 <k < /p” and 0 < Ky < min(k_, /fi1) using two distinct fronts of [32].

In Section 2.2, we deal with the case where at least one between c_ and cy is critical. We start with
c- > 2\/p_ and ¢y = 2,/fi;. Next, we make use of the critical front provided by the recent paper [31],
which, roughly speaking, has the slowest admissible past and future speeds. In particular, being slower
than any front with supercritical speed, its past and future speeds c4 satisfy the equalities in (1.13), namely
c- =2/pu—and ¢y = \/A+pq / /B Finally, using the critical front and the same method as in Section 2.1,
we construct fronts such that c— = 2,/u= and ¢, satisfies the strict inequality ¢y > \/E+ pq/\/f in (1.13).

To summarize, the construction of the fronts corresponding to the different portions of the set K in
Figure 1 is derived in:

e [32] (see also Proposition 2.1 below): the oblique boundary portion;

e Section 2.1: the interior of /C;

e Section 2.2.2: the segment (BC] (in the case py < p_), without the point B;
e Section 2.2.3: the point B;

e Section 2.2.4: the segment (AB);

In Section 2.3, we show some exponential lower bounds which are used in the construction of the
transition front with critical asymptotic speeds and which are also of independent interest. Finally, the
slightly stronger properties (1.17) are proved in Section 2.4.

2.1 Interior of K : supercritical speeds

We will make use of the existence result of [32], Theorem 2.3 part 1). That result applies to a general time-
dependent nonlinearity f and it is expressed in terms of the least mean of the function wu(t) := 9,f(t,0),
see Definition 2.2 in [32]. Under the hypotheses (1.3), (1.4) considered in the present paper, the least mean
of p coincides with p = min(u—, u4). This is a consequence of the fact that u(t) — ps as t — £oo, which,
in turn, follows immediately from (1.3), after writing

f(t7u) _ f(t,u) « f:t(u)

u o fi(u) U
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Actually, in [32] it is assumed that f(¢,u) > 0 for v € (0,1). However, it is shown in [36] - where more
general coefficients depending also on x are considered - that the construction in [32] works only requiring
that f(-,u) is nonnegative and has positive least mean for any u € (0,1). Under the hypothesis (1.3), the
least mean of f(-,u) is equal to min(f_(u), f1(u)), and then it is positive for u € (0,1). Thus, Theorem 1.3
in [36] yields the following

Proposition 2.1. Assume that f satisfies (1.2), (1.5), that p(t) = 0, f(t,0) admits positive limits p(+00)
as t — “+oo and that, for every u € (0,1), the least mean of f(-,u) is positive. Then, for every
K € (0, /min(u(—00), u(+00))), there exists a transition front u connecting 0 and 1 such that

X(t):/ot <I£+ij>> ds for allt e R. (2.1)

Furthermore, ug(t,z) <0 for all (t,x) € R xR and
u(t,z+ X(t))e™ — 1 as ¢ — 400, uniformly int € R. (2.2)

Remark 2.2. The fronts constructed in [32] still satisfy (2.1), even when (1.3) does not hold (and u is
bounded). Hence, they admit a global mean speed ~ if and only if

1 s+t
t/ w(t)dr — (y — Kk)k ast— +oo, uniformly in s € R.

S
In order to admit past and future speeds it is instead sufficient that the above limits exist, not necessarily
coinciding, for a given s € R (and then for every s € R because u is bounded). This shows that in the case
of a general time-dependent reaction term, the asymptotic past and future speeds may or may not exist,
and even if they exist and coincide this does not imply the existence of a global mean speed.

We now derive the existence result in the supercritical case.

Proposition 2.3. Under the assumptions (1.2), (1.3) and (1.5), for every (k—,k4+) € K such that
ke < /I, equation (1.1) admits a transition front u connecting 0 and 1 with asymptotic past and fu-

ture speeds
C+ = K+ + M—i.
Ky
Furthermore, ug(t,x) < 0 for all (t,z) € R x R and there exists a bounded function £ : R — R such

that (1.14) holds true.

Proof. The proof is divided into four steps.

Step 1: construction of the transition front. Let (k_, k1) € K satisfy vy < \/p=. If K- = k4, the front
is directly provided by Proposition 2.1. Let us consider the other case, that is, Ky < k_. We introduce the
following symmetrization of f: f(t,u) := f(—|t|,u). The function ji(t) := 8, f(t,0) satisfies fi(+00) = p_.
By Proposition 2.1, there exists a transition front u; for the nonlinearity f such that (1.6) holds with
X = X; given by

' fi(s)
X1(t) == / (m_ + ) ds for all t € R. (2.3)
0 _
In particular, u; is a solution of (1.1) for ¢ < 0. Since 0 < K4+ = min(k_, k1) < \/min(u—_, u4 ), Proposi-
tion 2.1 also provides a transition front us for the original equation (1.1), which satisfies (1.6) with X = X5
given by

Xo(t) = /Ot (M + ’f{f?) ds for all ¢ € R, (2.4)
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By (2.2) we know that u; and ug satisfy
ui(t,x + X1(t))e™* = 1 and ua(t, z + Xo(t))e"t* — 1 as x — 400, uniformly in ¢ € R. (2.5)

Let us set
u(t, ) := max(uq (t, x),uz(t,x)) and u(t,z) := min(ui(t, z) + ua(t,x)),1).

The function w is a generalized subsolution of (1.1) for ¢ < 0. On the other hand, since by (1.2),

D ()= L e 0.y 0.1,
it follows that @ is a generalized supersolution of (1.1) for ¢ < 0. For n € N, let u™ denote the (bounded)
solution of (1.1) for t > —n, with initial datum u"(—n,x) = u(—n, z). The parabolic comparison principle
yields u < v < @ in (—n,0) x R, and, moreover, u™ > wug in the whole (—n,+o00) x R. Using interior
parabolic estimates we see that, up to extraction of a subsequence, the sequence (u"),en converges locally
uniformly to an entire solution u of (1.1) satisfying 0 < u < u <7 <1 in (—00,0) x R, as well as u > uy in
R x R. Furthermore, u is nonincreasing in x because this is true for u whence for the u™ by the comparison
principle.

We now claim that u is a transition front connecting 0 and 1 for (1.1), such that (1.6) holds with

. Xl(t) ift <0
X = {Xg(t) ift>0. (26)

ViteR, VO<a<fB<l-a, f(t,a+p)<

Since pu(+o0) = pi, as seen at the beginning of the section, (2.6) will then imply that u has the desired
past and future speeds ¢+ = k4 + pug/k+. Let us start to check it for large negative times. The inequalities

0< Ky < ke < /p— yield

Xi(t _ _ Xo(t
lim 1():ﬁ_+ﬂ—<m++'u—: lim 2()
K— Ky t=—c0 1

t——o00

Thus, since ua(t,x + Xo(t)) — 0 = infu; as z — +oo0 and u(t,x + X1(t)) — 1 = supug as * — —o0
uniformly in ¢ € R, we infer that

sup |u(t,z) — i (t, x)| —0 and sup|u(t,z) —ui(t,z)] -0 ast— —oc.
zeR TeR

Hence u(t,x) — uy(t,x) — 0 as t = —oo uniformly in x € R, because u < u <% in (—o00,0) x R. It follows
that, for given € > 0, there exist T, < 0 and R, > 0 such that

inf  w(t,x+ Xy(t)) >1—¢ and sup  u(t,z+ X1(t)) <e. (2.7)
t<Te,v<—Rc t<T:,x>Re

We now focus on positive times. Using (2.5) with 0 < k4 < k_ and the limit ug(t,z + Xa(t)) — 1 as
x — —oo, we deduce the existence of M, > 1 such that M. uy(Te, z) > ui (T, x) for all z € R. Consequently,

Vo e R, u(T:,z) <u(T:,x) < min ((M: + 1)ug(T:, ), 1).

As for w, the function min((M +1)usg, 1) is a generalized supersolution of (1.1) by the last hypothesis in (1.2).
Hence, by comparison,

Vt € [Tz, +00), Vo €R, ws(t,z) <u(t,z) <min ((M: + Dug(t, 2),1). (2.8)
Since ug satisfies (1.6) with X = X», we find a constant R. > 0 such that

inf u(t,z + Xo(t)) > 1—¢, su u(t,z + Xo(t)) < e.
e ( 2(t)) ot ( 2(t))
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This and (2.7) prove the claim, because X; and X are locally bounded.

Step 2: uy < 0 in R x R. We know that uy(¢t,2) < 0 for all (¢,x) € R x R. Differentiating (1.1)
with respect to x, we find that the function u, is an entire solution of a linear parabolic equation. Being
nonpositive, the parabolic strong maximum principle implies that it is either strictly negative, or identically
equal to 0. The latter case is ruled out because, as a transition front connecting 0 and 1, w is such that
u(t, —o0) =1, u(t,+o00) = 0 for every t € R.

Step 8: convergence to a standard front ast — 4+o00. We finally need to show that there exists a bounded
function £ such that (1.14) holds when ¢ — +oo, where u, X and cy are defined in Step 1. The function &
is chosen in such a way that u(t, X (¢) + £(¢t)) = 1/2 for t € R. Notice that £ is bounded by (1.6). Let us
first prove here the convergence (1.14) as t — +oo. To do so, consider an arbitrary sequence (t,)nen in R
diverging to +00. As n — +oo, the functions u(t + t,,,x + X (t,) + £(t,)) converge (up to subsequences)
locally uniformly in (¢,2) € R x R to a solution 0 < @ < 1 of (1.1) with f replaced by fy, satisfying
@(0,0) = 1/2 and @, < 0 in R x R.

We now derive the exponential decay of 4. By (2.5) and (2.8), the profile of u decays as + — 400 with
exponential rate k., in the sense that there are R > 0 and M > 1 such that

Vt>0, V>R, M <u(t,z+ Xs(t)e+* < M. (2.9)
For fixed (t,z) € R x R, we want to estimate

w(t,x +cpt) = lm w(t +ty,x + cpt + X (L) + £(t)).
n—-+0o
We know that X (¢,,) = Xa(ty,) for n large enough and, by (2.4) and ¢y = kp+py/ky, cot+Xo(tn)—Xa(t+t,)
as n — 0o. As a consequence, if ¥ > R+ [|{]| Lo (r), We can apply (2.9) and deduce

M~ < a(t,z 4 cit)e™* < M, (2.10)

with M = M er+lélee® | et ¢c, (¥ — c4t) be the standard traveling front for the nonlinearity fy, con-
necting 0 and 1 and moving with speed ¢y = k4 + pu1 /K4 > 2,/1i1, normalized by ¢., (0) = 1/2. We know
from [2] that ¢., has the same exponential decay ri as 4, in the sense that there exists A > 1 such that
Al < be, (y) e"t¥ < Afor all y > 0. It then follows from Proposition 4.3 in [32] that there is a > 0 such
that

V(t,z) eER xR, ¢, (x—cpt+a) < a(t,z) < ¢e, (v —cqt —a).

This allows us to apply a Liouville type result from [4] (Theorem 3.5 there, see also Lemma 8.2 of [16],
adapted here to the homogeneous case) and infer the existence of b € R such that u(t, z) = ¢, (x —c4t —b)
for all (t,2) € R x R. Since @(0,0) = 1/2 = ¢., (0) and ¢, is strictly decreasing, we derive b = 0. We
have shown in particular that (up to subsequences) u(t,,x + X(t,) + £(tn)) = ¢c, (x) as n — 400 locally
uniformly in x € R. Since the limit ¢, (x) does not depend on the particular sequence (t,)nen diverging to
+00, we deduce that u(t,z+ X (t)+£(t)) = ¢, (z) as t = +oo locally uniformly in x € R. The convergence
actually holds uniformly in # € R - whence in C?(R) by parabolic estimates - because 0 < u(t,z) < 1 is
decreasing with respect to € R for any ¢t € R and ¢, (—o0) =1, ¢, (+00) = 0.

Step 4: convergence to a standard front as t — —oo. Consider here a sequence (ty)nen diverging to
—oo and let @ be as in Step 3. In order to apply the previous arguments to show that @ coincides with
the standard traveling front ¢._(x — c_t) for the nonlinearity f_, normalized by ¢._(0) = 1/2, and thus to

conclude the proof, it is sufficient to check that there exists M > 1 such that, for = large enough, (2.10)
holds with ¢4 and k4 replaced by c¢_ and x_. Since u(t,x) — ui(t,z) — 0 as ¢ — —oo uniformly in z € R
and X = X; on R_, for fixed (¢,x) € R x R we see that

w(t,x+ce_t)e™ T = lm u(t+ty,z+c_t+ X(t,) +E&(tn)) e "
n——+00

2.11
= lim Ul(t +tn,z+c-t+ Xl(tn) + £(tn)) -7 ( )

n—-+o0o
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Now, we know from the one hand that c_t + X;(t,) — Xi(t +t,) — 0 as n — +oo by (2.3) and
¢ = k- + p_/k_, and from the other hand that there exists R’ > 0 such that

VteR, VneN, Vy > R/, <up(t+to,y+ Xq(t+t,))e" Y < 2.

1
2
As a consequence, for every t € R and 2 > R’ + [[{|| oo (r), (2.11) yields

e~ =l oo (m)

5 <a(t,z+c_t)e"* < 26”—H§||L0<>(R)7

that is, (2.10) holds with ¢y and k4 replaced by c— and k_. The proof of Proposition 2.3 is thereby
complete. ]

2.2 Critical asymptotic past or future speeds

In this subsection, we construct transition fronts connecting 0 and 1 with either critical past speed c_ or
critical future speed c4, that is, c— = 2,/u_ or ¢4 = 2,/pi+. This will conclude the proof of Theorem 1.3.
Until the end of Section 2.2, we assume that f satisfies (1.2), (1.3) and (1.5).

2.2.1 A lower bound on the asymptotic past and future speeds

We first derive an easy consequence of the spreading result of [2].

Proposition 2.4. Any transition front u connecting 0 and 1 for (1.1) satisfies

limiinf let) > 2/t

t—=o0
In particular, if u has some asymptotic past or future speeds cy, then cx > 2./t

Proof. By hypothesis (1.3), for any € € (0,1/2), there is T, € R such that f(t,u) > (1 —¢)f+(u) for all
t > 1T, and u € (0,1). Let u be a transition front connecting 0 and 1 for (1.1). Hence, u is a supersolution
of the problem

W = Way + (1 — ) fr(w), (2.12)

for t > T,, = € R. It then follows from [2] that
u(t, 24/ (1 —2e)pugt) -1 ast — +oo,

whence, by (1.6), lim inf;—, o0 (X (¢)—24/(1 — 2e) 4 t) > —o0. The desired inequality lim infy_, o X (¢)/t > 2,/f+
then follows from the arbitrariness of € € (0,1/2).

The case t — —oo is similar: take € € (0,1/2) and let 7. € R be such that u is a supersolution of the
problem

Wy = Wy + (1 — &) f—(w), (2.13)

fort < T, x € R. By (1.6), there exists a continuous function v : R — [0, 1] which is not identically equal to
0 and satisfies u(t, X (t)+x) > vo(x) for all t € R and = € R. Let v be the solution of v; = vy, + (1 —¢) f_(v),
t > 0,z € R, emerging from the initial datum vy. By [2] we know that v(t,2+/(1 — 2e)u_t) — 1 ast — +oo.
Therefore, one infers by comparison that, for any s < 75,

1> u(T:, X(s) +2¢/(1 = 2e)pu—(Tz — 8)) > v(Tr — 5,20/ (1 — 2)pu_ (T — s)) — 1 as s — —oo.

It follows then from (1.6) that limsup,_, o, (X(s) + 2y/(1 —2e)u—(T: — s)) < +oo, which concludes the
proof of the proposition due to the arbitrariness of € € (0,1/2). O
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2.2.2 Segment (BC]: supercritical past speed and critical future speed

We now construct fronts with asymptotic speeds cy satisfying (1.15) with the restrictions

Ko < /- and Ky = /p+.

Since /p+ = k4 < k_, this case is allowed only if pus < p—. We know from Proposition 2.1 that, for
k € (0,,/p), there is a transition front u, connecting 0 and 1 satisfying (1.6) with

t
X(t) = Xi(t) == / </{ + u(s)) ds for allt € R,
0 K
and such that u, is decreasing with respect to x. We need some additional properties of the transition
fronts (ux)o<r< it which are derived in their construction in the proof of Theorem 2.3 part 1) of [32] or
Theorem 1.3 of [36]. Let us recall the construction. For s € (0, /i), set

Ui (x) := min(e " 1). (2.14)
For n € N, let u]! be the bounded solution of (1.1) for ¢ > —n, emerging from

—-n
up(—n,z) = Ug(x — xp), where z,:= / (ﬁ + ,uf:)) ds.
0
Then wu,, is the locally uniform limit of (a subsequence of) (u]!)nen.

We claim that, performing the same construction, but taking x = xk_ € [/, \/fi—), one obtains a tran-
sition front with the desired asymptotic past and future speeds c4. Call u := u,_ the function constructed
in such a way. The exponential decay x = k_ is admissible in the construction of [32, 36] if one replaces the
nonlinearity f with f(t,s) := f(—|t|,s). Fort <0, f = f and therefore u coincides with a transition front
connecting 0 and 1 for the nonlinearity f and it satisfies (1.6) with X such that X'(t) = x_ + u(t)/s_ for
t < 0. This implies that u satisfies (1.6) for ¢ < 0, with X such that X (¢)/t - k_ + pu_/k_ ast — —oo. In

particular, u has an asymptotic past speed equal to k— + u_/k_ = c_.
In order to investigate the properties of u for positive times, consider the family (U, )0<,€< N/ + defined
n (2.14). Fix s € (0, /p5) and, for p € R, call Uf the translated of U, by p, that is, UL (z) := Uk(z + p).
Since 0 < Kk < /Iy = k4 < k_, any translated Uf is less steep than U,_(x) := min(e™"~%,1), in the sense

that there is (¥ € R such that
U, >UP in (—00,¢?] and U, < U in (¢P,+00).

Thus, the classical result about the number of zeros of solutions of linear parabolic equations (see [1], and
also [9, 8, 23]) implies that, for any p and t € R, there exists ¢/ € RU {£oo0} for which

u(t,z) > ug(t,z +p) if & < ¢ and u(t,z) < u(t,z+p) if @ > 7. (2.15)

This readily implies that, for any ¢t € R and 0 < @ < b < 1, the diameter of the transition zone
{z € R; a < u(x,t) < b} cannot be bigger than that of {z € R; a < uy(z,t) < b}. Thus, since tran-
sition fronts are characterized by the uniform boundedness in time of transition zones, and 0 < v < 1 by
the strong maximum principle, we deduce that u is a transition front for (1.1), as u, is. Namely, (1.6) holds
for some function X : R — R. Moreover, the second inequality in (2.15) implies that we can choose a large
negative p in such a way that

u(0,z) < uk(0,2 4 p) for all z > 0.

On the other hand, u. (0,2 + p) > uk(0,p) > 0 for x < 0 since u, is decreasing with respect to x. As a
consequence, there exists M > 1 such that u(0,z) < Mu,(0,z + p) for all z € R. Hence, by comparison,

u(t,z) < min(Mug(t,z + p),1) for all (t,z) € Ry x R,
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because min(Mu,, 1) is a generalized supersolution of (1.1) by the last hypothesis in (1.2). Therefore, from
the fact that w, admits future speed equal to k + u4 /K, one easily gets that the function X for which u
satisfies (1.6) verifies
X(t
limsupL <K+ Bt
t——4o0 t

(2.16)

Since this holds for all x € (0, /i), we derive limsup,_, ., X (t)/t < 2,/uy. Owing to Proposition 2.4, we
eventually infer that u has a future speed equal to c; = 2,/

It remains to show that u satisfies u,(t,z) < 0 for all (¢,z) € R x R, as well as (1.14) for some bounded
function £. Consider again the family of supercritical fronts (ux)o<x< VT given by Proposition 2.1. These
are the same fronts provided by Proposition 2.3 in the cases where k_ = k., and therefore they satisfy the
same type of properties we want to derive for u. The fact that w satisfies everywhere u, < 0 then follows
immediately from (2.15). Indeed, for a given (t,z) € R x R, let p € R be such that u(t, x) = u. (¢, p). Then
Uy (t,2) > (ug)z(t, p) would violate (2.15), whence u, (¢, x) < (ug)z(t, p) < 0.

The convergence in (1.14) as ¢ — —oo is a consequence of Proposition 2.3. Indeed u coincides for ¢t < 0
with the supercritical front for the nonlinearity f with past and future speeds both equal to c— = k_+pu_/k—
given by Proposition 2.1 or, equivalently, by Proposition 2.3 and such a front satisfies the desired convergence
as t — —oo by the last statement of Proposition 2.3.

We now deal with the convergence as t — +00. Let X be such that u satisfies (1.6). Up to perturbing X
by adding a bounded function, we can assume without loss of generality that u(t, X (¢)) = 1/2 for all t € R.
For given (t,)nen diverging to 4oo, the functions (u(: + t,, - + X (tn)))nen converge (up to subsequences)
locally uniformly to a solution @ of the limit equation with nonlinearity fi. Moreover, 4(0,0) = 1/2. Let
(X )o<r<,my be the family of functions for which the transition fronts (ux)o<s<, /7 satisty (1.6), together
with u,(t, X.(t)) = 1/2 for all t € R (the real numbers X, (¢) are then uniquely defined, since the functions
uy; are continuously decreasing in x). We know by Proposition 2.3 that there exists a family of bounded
functions (£x)o<xk< mr such that

Vi€ (0,ig), we(t, Xp(t) +&(t) + ) = de. in C*(R) ast — +oo, (2.17)

where ¢, = k + py /K and ¢, (z — cxt) is a standard traveling front for the equation with nonlinearity f.
Fix any given k € (0, \/pi+). By adding a constant to &, if need be, we can reduce without loss of generality
to the case where ¢, satisfies ¢, (0) = 1/2. We then have

1

3 = Jim (6. X(0) = I 6 (~6(0),

whence & (+00) = 0 by the strict monotonicity of ¢... It then follows from the uniform continuity of the
uy; and their space derivatives up to order 2, that (2.17) holds with £, = 0. Now, for any £ > 0, we have
u(t, X (t) +¢&) < 1/2 = u(t, Xx(t)) for all t € R and thus, owing to (2.15),

VteR, Ve >0, u(t,z+X(t)+e) <ug(t,z+ Xu(t)).

The arbitrariness of € > 0 implies that u(t,z+ X (t)) < u,(t,x+ X,(t)) for all t € R and = > 0. The reverse
inequality for x < 0 is obtained in analogous way. Using these inequalities at t = t,, and letting n — —+oo,
we eventually derive by (2.17) (with &, = 0),

Ve (0,ypy), u(x,0)> ¢ (x) forx <0 and u(x,0) < ¢, (x) for x > 0.

On the other hand, as k — ,/li+, the standard traveling fronts ¢., converge uniformly in R to the (unique)
critical traveling front ¢o 7+ for the nonlinearity fy, normalized by ¢g z7(0) = 1/2. We infer that

u(z,0) > ¢ mr(z) for z <0, u(z,0) < ¢ mr(x) for x> 0. (2.18)
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This means that @ is steeper than ¢o 77 at time 0. But it is known that ¢o g7 (v —2,/fi+t) is the steepest
entire solution of the equation with nonlinearity f,. Indeed, it is the limit of the solutions v, (¢, z) of the
corresponding Cauchy problems emerging from vy, (—n, ) = 1(_4,) at time —n for some sequence (z,)nen,
where 1(_,,) denotes the characteristic function of the interval (—oo,w,), and the Heaviside function
is steeper than any function ranging in [0,1] (see e.g. [19, 22, 31]). Therefore, the reverse inequalities
of (2.18) hold true as well, because %(0,0) = 1/2 = ¢g z7(0). We have eventually shown that, up to
subsequences, u(ty, X (t,) + ) converges locally uniformly to ¢ AT @s n — +00. Since this holds for any
sequence (,)nen diverging to +oo, we deduce that u(t, - + X(t)) — é2 mr as t — +o0 locally uniformly
in € R. The convergence actually holds uniformly in z € R - whence in C%(R) by parabolic estimates -
because 0 < u(t,-) < 1 is decreasing for any ¢ € R and ¢z 7 (—00) =1, ¢ zr(+00) = 0. This concludes
the proof of Theorem 1.3 in this case.

2.2.3 Point B: minimal past and future speeds

We deal with the case k— = \/p_ and k1 = min(\/u—, \/fiy) = /B, that is, asymptotic speeds c4+ given by

2/p if p > py
c-=2/u_ and cy = VIS + 1z

+ (2.19)
N/

otherwise.

To this aim, we make use of the “critical” transition front u connecting 0 and 1 for (1.1), which can be
constructed as in [31]. Namely, there is a sequence (zp)nen in R such that the solutions w, of (1.1) for
t > —n and emerging from u,(—n,-) = 1(_s4,) at time —n, converge locally uniformly in R x R, up to
extraction of a subsequence, to an entire solution 0 < u < 1 of (1.1) such that «(0,0) = 1/2 and w is
decreasing in x. Furthermore, since the Heaviside function is steeper than any function ranging in [0, 1], it
follows from [1] that u is critical in the following sense: if 0 < v < 1 is any solution of (1.1) coinciding with u
at some (tg, zg) € R x R, then either v = w in R x R, or u(tg, z) > v(tg, z) for z < z¢ and u(ty, z) < v(t, )
for © > xp. In other words, u is steeper than any entire solution 0 < v < 1 of (1.1). Taking as v a
suitable translation of one of the transition fronts (u)o<x< o connecting 0 and 1 for (1.1) provided by
Proposition 2.1, we conclude, as in (2.15), that u is a transition front connecting 0 and 1.

From this one claims that, if X is a function for which the critical front u satisfies (1.6), and v is
transition front connecting 0 and 1 with asymptotic past and future speeds ¢4, then

lim sup & < éi. (2.20)
t—=o0 t

More precisely, the inequality limsup,_, ;. X (t)/t < é4 can be established as in (2.16). On the other hand,
if we assume by contradiction that limsup, , . X(t)/t > ¢ and if X : R — R denotes a function for
which (1.6) holds for the transition front v, then there is a sequence (¢, )nen in R diverging to —oo and such
that X (t,)—X(t,) = —0o asn — +o0. Let p > 0 be any positive real number. It follows then from (1.7) for
X and (1.6) for X that u(tn, X (tn)) < v(tn, X (t,) + p) for n large enough, whence u(t,, z) < v(t,, z 4 p) for
all x > X (t,) by the criticality of u. Since u < 1 in R x R and since inf,<x ) v(tn, z +p) — 1 as n — +oo
by (1.6) for X, one infers that u(ty,,-) < 2v(t,, -+ p) in R for all n large enough. Hence, for n large enough,
u(t, z) < min (2v(t, z + p), 1) for all ¢ > ¢, and z € R by the maximum principle, since min (2v(¢,z + p), 1)
is a generalized supersolution of (1.1) by the last hypothesis in (1.2). By letting n — +o0, one concludes in
particular that 0 < «(0,0) < 2v(0, p) and the limit p — +o0 leads to a contradiction, since v(0, +00) = 0.

As a consequence of (2.20), by considering all fronts v given by Proposition 2.3, one derives

X()

limsup —= < c4,
t—=o0 t

with ¢y given by (2.19). Proposition 2.4 therefore implies that u has the desired asymptotic past speed
c— = 2,/u_, as well as the desired asymptotic future speed cy = 2,/p+ in the case p_ > p4.
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Suppose now that py_ < py. In this case the future speed of u will not coincide with the critical speed
2,/p+ for the limiting problem as ¢t — +o00, and thus the spreading property given by Proposition 2.4 does
not allow us to conclude. In order to show that u has the desired future speed in this case, we make use of
the following lower bound on the exponential decay of the transition front u:

VteR, VA> /u_, iI;% e Mu(t,z) > 0. (2.21)

We postpone the proof of this estimate until the next subsection (see Corollary 2.9 below) and we complete

the proof of the limit
X(t) fit
2 e =+
t FE VIt
By hypothesis (1.3), for € € (0, 1), there exists 7. € R such that f(¢,s) > (1 — &) fy(s) for all ¢ > T, and
s € (0,1). For any given k € (0,+/(1 — €)p+), the homogeneous problem (2.12) admits a standard traveling

front ¢y (2 — cxt) connecting 0 and 1 with speed

as t — 4o0.

(-t

Cre =K+
K

The function ¢ (2 — cxct) is thus a subsolution to (1.1) for ¢ > T., = € R. It is also well known [2,
46] that ¢, . decays like e™"* as © — +oo. Consequently, for all choices of ¢ € (0,1) and & satisfying
ViI— < k< /(1 =¢)py, we deduce from (2.21) that u(T%, x) > ¢n () for x larger than some z, .. Hence,
since infy <z, . w(T:, ) > 0 by (1.6) and the continuity and positivity of u, there exists 0, . € (0,1) such that
w(T:,-) > Ok edre in R. Notice that 6, Py (x — ¢ ct) is also a subsolution to (1.1) for ¢ > T; and z € R, by
the last hypothesis in (1.2). The parabolic comparison principle then yields u(t,z) > 0x cn (v —cr(t—T7))
for all £ > T, and x € R. This eventually implies
liminf 2 > ¢ = 4 LT (2.22)
t—+oo ¢ ’ K
for all 0 < e < 1 and & satisfying /i~ < k < /(1 — €)py, from which the desired result follows by letting
k — /p— and then e — 0.
The convergence to the profile of the critical standard front for the homogeneous nonlinearities f_ as
t — —oo follows from the criticality property, analogously to the convergence as ¢ — 400 in the case of
critical future speed treated above. The same situation holds for the convergence as t — 400 in the case
ty < p4. As mentioned after the statement of Theorem 1.3, in the case puy > p— we derive the following
weaker result.

Proposition 2.5. In addition to the hypotheses of Theorem 1.3, assume that f, is C? and concave and
that py > p—. Then there exists a sequence (tp)nen diverging to +o0o and a bounded function £ : R — R
such that the critical transition front u with asymptotic speeds c— = 2./u— and c4+ = /p— + % given by
Theorem 1.3 satisfies

U(tn, X(tn) +&(tn) + ) = Pc . in CQ(R) as n — +oo.

Proof. We keep the same notation as above. Property (1.9) implies that the linear interpolation of the
function Z > z — X(z) is Lipschitz-continuous and that the difference between such function and X is
bounded on R. Hence, it is not restrictive to assume that u satisfies (1.6) with X Lipschitz-continuous. It
makes then sense to consider the a.e. defined derivative of X, which can be interpreted as an instantaneous
speed of u. We will apply to the function X’ a result quoted from [33] concerning its upper mean. We recall
that the upper mean of a function g € L>(R) is defined by

1 T4+t
[g] == lim Sup/ g(s)ds.

t—>400 cr t
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In order to focus on positive times, we actually define

X'(t) fora.e. t>0
c(t) ==
0 for t <O0.
Applying Proposition 4.4 of [33] to the function ¢ — —c(—t), we infer the existence of a sequence (tp)neN
such that c(t, + ) converges as n — +o00, in the L>(R) weak-x topology, to some function ¢ € L>(R) such
that

1 t
75/ é(s)ds — [e¢] ast — —o0.
0
Since .
1 X(t)—X
[¢] > lim / c(s)ds = lim X(t) = X(©) =cy >0,
t—+oo t Jo t—+oo t

the sequence (tp)nen necessarily diverges to +oo as n — +o0o. As n — 400, (a subsequence
of) u(t, + -, X (tn) + ) converges locally uniformly in R x R to a solution 0 < 4 < 1 of the limiting
equation with nonlinearity fi. We claim that @ is a transition front connecting 0 and 1 for that equation,
satisfying (1.6) with

t
X(t):/o é(s)ds.

Indeed, for any given € € (0,1), let M > 0 be such that u(r, X (1) + ) > 1 — ¢ (resp. u(r, X (1) + z) < ¢€)
forallt € R and x < —M (resp. x > M). Now, for any t € R and x < —M,

. t t

a(t, X(t) +x)= lim u(tn +t, X (tn) —i—/é(s)ds + 3:) = lim u(tn +t, X (tn) +/c(tn+s)ds + x)

n—-+4o0o 0 n—-+o0o 0

But, for n large enough, one has X(tn)+fg c(tp+s)ds = X (tp+t) since t,, — +o0o, whence u(t,+t, X(tn)+fg c(tp+s)ds-
for n large enough. Therefore, @(t, X (t) +2) > 1 — e. Similarly, one can prove that a(t, X (t) + z) < ¢ for
allte Rand z > M.

As a consequence, the transition front @ admits an asymptotic past speed equal to limy_, _oo X (t)/t = [¢],
with [c¢] > cy = \/p— + py /= > 2\/py (remember that 0 < p— < py here). We then know from
Theorem 1.7 of [19] that the transition front @ also admits an asymptotic future speed ¢, = limy_, o0 X (t)/
which is larger than or equal to the past speed, namely, ¢; > [c]. The reverse inequality is a consequence
of the definition of upper mean, and therefore @ has past and future speeds both equal to [¢]. It follows
then from Remark 4.1 of [19] that @ is a standard traveling front of the type (¢, z) = ¢, (z — [c]|t) for the
limiting equation with nonlinearity fy. Since ¢rq(—00) =1, ¢¢(+00) =0 and 0 < u < 1 is decreasing in
x, the (subsequence of) u(tn, X (tn) +&(tn) + ) actually converges to ¢, uniformly in R, and then in C*(R)
by parabolic estimates.

It then only remains to show that [c] = ¢4, i.e., that [c¢] < c;. Consider the same family (ux)o<n<, /=
as in Proposition 2.1. For x € (0, ,/u—), call

t
X(t) := / (H + u(s)) ds for all t € R,
0

R

and let &, be a bounded function such that wu,(t, X, (t) + & (t)) = 1/2 for all t € R. It follows from the
monotonicity in x of w, that wu.(t, Xx(t) + & () +x) > 1/2 for all (t,2) € R x R_. Moreover, letting
L € R be such that u(t, X(t) + L) < 1/2 for all t € R, the steepness property of the critical front u yields
u(t, Xe(t) + €x(t) + ) > u(t, X (t) + L + x) for all (t,z) € R x Ry. Hence,

20 (T, X () + &i(7) +2) > u(r, X(7)+ L+2) forallTeR, x € R.
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The comparison principle then yields
2up(T+t, X (1) +&e(7) +2) >u(r+t, X (1) + L+2x) forallTeR, (t,x) e Ry xR.

From this inequality and the fact that wu, and w fulfil (1.6)-(1.7) with X, and X respectively, one readily
deduces the existence of a positive constant C' such that

T+t
X(t+t)—X(7) §X,{(7'—|—t)—X,{(7')+C:/ (m—l—/ﬁtg)) ds+C forallTeR, t € Ry.

As a consequence, recalling that ¢ = 0 on R_, we derive [¢| < k + py /K, from which [¢] < ¢ follows by

letting k 7 /1i—. O

Remark 2.6. From Proposition 2.5, and under the same assumptions, we deduce that the profile of the
critical transition front u™ for the translation of the equation (1.1) by ¢,, that is, with f(¢,-) replaced by
f(t+tn,-), does not approach as n — +oco the profile ¢ = ¢ it of the critical traveling front ¢(x—2,/pyt)
for the limit equation with reaction term fi. More precisely, if (£,)nen is such that ©"(0,&,) = ¢(0) then

Vo <0 (resp.>0), lim u"(0,2+¢&,) < ¢(x) (resp. > ¢(x)).
n—-+00

This property is readily obtained by noticing that, owing to the criticality property, u™ (¢, z) = u(t+t,, z+E,)

for some &/, € R and all (t,7) € R?, whence

lim u"(0,24&,) = ¢, (x+ ¢c_+1(¢(0)))?

n—-+0o

and we know that ¢, is “less steep” than ¢ = ¢o /- since ¢y > 2, /5.

2.2.4 Segment (AB): critical past speed and non-minimal future speed

It remains to consider the case k— = /p— and 0 < k4 < min(,/u—, \/ii+), that is,

c =2\/p_ and c+:&++u—+with0</£+< \/ﬁ

R4 -
We define the front u as in the proof of Proposition 2.3, taking as u; the front with minimal past and
future speeds of the previous case and as wug the front given by Proposition 2.1 with x = k4. Notice that
u1 has strictly slower asymptotic past and future speeds than uy. Moreover, by the criticality property,
u1(0,2) < ug(0,x) for x larger than some zy, whence there is M > 1 such that u;(0,2) < Mug(z,0) for
all z € R. These are the properties that allow one to apply the arguments of the first step in the proof of

Proposition 2.3 and to conclude that u has the desired past and future speeds.

Property (1.14) is also a consequence of the arguments in the proof of Proposition 2.3. More precisely,
we have seen there that |u(t,z) —ui(t,z)] — 0 as t — —oo uniformly in « € R, and thus the convergence as
t — —oo in (1.14) follows because we know from the previous case that it is satisfied by u;. The convergence
as t — 400 is proved in Step 3 of the proof of Proposition 2.3.

2.3 Exponential behaviour of supersolutions

In this subsection we derive a sharp lower bound on the exponential decay of supersolutions of homogeneous
equations, in the spirit of Lemma 3.1 in [36]. Let us mention that the arguments can be extended to higher
dimensional cases.
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Theorem 2.7. Let u be a nonnegative classical supersolution of
ut:umx+g(u)a t<0, z €R,

with g : R — R of class C* such that g(0) = 0 and ¢’(0) > 0, and assume that there exists a function
X : (—00,0] = R for which

X (t)
inf t X(t 0 d c:=1i — . 2.23
tg(l)flxgou( .o+ X(t) >0 and c im sup — < +o0 (2.23)

Then, either ¢ < 24/¢'(0) and inf;<g zeru(t,x) >0, or ¢ > 24/¢'(0) and

2 _ 44'(0
et C2 g()’ iI;iE)e)‘xu(O,a:)>0.
x>

VA>

Proof. We distinguish the two cases. The interesting case is ¢ > 2,/¢’(0), the other one being a consequence
of the standard spreading result.

Case ¢ < 24/¢'(0). Call

= inf X
m tg(l)?zgou(t"r + X(t)) >0,

and let v be the solution of the Cauchy problem v; = vy, + g(v), t > 0, z € R, with initial datum
v(0,z) = ml(_yq(r), z € R. Take v € (c,24/¢g'(0)). The spreading result [2] and the fact that v is
nonincreasing in x, because so is its initial datum, imply
m' = liminf ( inf v(t,2)) >0, (2.24)
t—+o00 \z<yt
For any s < 0, the function v=5(¢,z) := v(t — s,z — X(s)) lies below u at time ¢ = s. Then, by the
comparison principle, we derive

Vs<t<0, VxeR, wu(t,x)>v(t—s,z—X(s)).

From this, since for fixed t <0 and z € R, z — X (s) < (¢t — s) for —s large enough, letting s — —oco and
using (2.24) we get u(t,xz) > m'.
Case ¢ > 2,/¢'(0). Take A > (c++/c? —44'(0))/2 > 0. Let (n,)n>2 be the sequence of functions defined
by
x
t =({1-—
"t ) ( In(t + 2n)

For e > 0 and n > 2, calling for short p := 1 —z/In(t + 2n) € (0, 1], we find that 7, satisfies in its domain
of definition

O — Ogatin — (¢ + €)0pnn A 1 2 -2 A -2 -1
= 1 —-1)— A —_— A
M t+2n(np+p ) P +ln(t+2n)p FAlere)p

2
< \p 2 pP=p L —A2p 2 4 Me+e)p
- t+2n  In(t+2n)

Aln(t+2n)
) fort > —n, 0 <z <In(t+ 2n).

For any given n > 2, there exists then h,, > 0 independent of ¢t > —n and x € [0,In(t + 2n)) such that

c+5_)\2—)\hn

8t‘77n - axx'r/n - (C + 5)8x77n <\
— 2 M

T p p
with hy, — 0 as n — +oo. If h,, < A then the right-hand side above is increasing in p € (0,2(A—hy,)/(c+¢)].
Notice that 2\/(c +¢) > 1 for € > 0 small enough, because A > ¢/2. Hence, for ¢ > 0 small enough,
2(A — hy)/(c+¢€) > 1 for n large and thus, since p € (0, 1], under such conditions we find that

t>-—n, 0<z <In(t+2n),

81‘,7711 — Ogzlln — (C + E)a’lf
Tin

T X — A2+ N+ h), t>-n, 0<z < In(t+2n).

23



On the other hand, one has cA — A? < ¢/(0), whence there exist k > 0 and ¢ > 0 small enough, and ng € N
large enough, such that, for all n > ng, the function 7, satisfies

O — Opzin — (¢ + )0 < (¢'(0) — k),  t> —n, 0 <z <In(t+2n).

Notice that 7, is bounded by 1, and thus, for § > 0 small enough independent of n (large enough), the
function wu,, defined by

(t.2) Bn(t,x —(c+e)t) ift>-—n, 0<z—(c+e)t <In(t+2n)
up(t,z) =
0 ift>—n, x—(c+e)t >1In(t+2n).

is a generalized subsolution of vy = vz, + g(v) in the domain —n < ¢t < 0, z > (¢ + &)t. We claim that g
can be chosen in such a way that, for n large enough, wu, lies below u on the parabolic boundary of this
(t, z)-domain. For the initial time ¢t = —n, we see that

Vo> —(cte)n, un(—n, .CC) < B x 1[7(c+5)n,f(c+s)n+lnn](x)a

whereas, at the boundary x = (¢ + ¢)t, un(t, (c+¢)t) = 8 for all —n < ¢t < 0. On the other hand, by (2.23)
there exists T' < 0 such that
inf u(t,z) > 0.
t<T, (cte)t<z<(c+e)t+In(—t)
Lastly, inf_7<;<ou(t, (¢ + €)t) > 0 by the strong maximum principle, and thus the claim follows. We
can therefore apply the comparison principle and infer that, for n large enough, w,(¢,z) < u(t,z) for all
—n <t <0and x> (c+e¢)t. In particular,

Aln(2n)
Va €[0,In(2n)), u(0,z) > Bn,(0,2) = (1 - lnén)) ’

from which we eventually derive u(0,z) > fe™>* for x > 0, by letting n — 4o0. O

Remark 2.8. One cannot expect to get in general a better lower bound for the exponential decay rate
of supersolutions than the one in Theorem 2.7. Indeed, if g is a positive constant, then for all ¢ > 2,/g,
the function v defined by u(t,z) := e 2@~ with A = (¢ + /2 — 4¢)/2, satisfies u; = ugy + gu. In-
stead, if one restricts to transition fronts, the result is far to be optimal: if g is a KPP-type nonlinearity
such that g(0) = g(1) = 0 and 0 < g(s) < ¢'(0)s for all s € (0,1), standard traveling fronts ¢(x — ct)
with speed ¢ decay exponentially as * — +oo with exponent (¢ — \/¢? —4¢’(0))/2 in the sense that
limy s+ oo(Ind(x)) /2 = —(c — \/c? — 44’(0)) /2. This exponent coincides with our bound only in the critical
case ¢ = 2,/¢'(0). The smallest bound /¢’(0) in Theorem 2.7 is provided by the slowest traveling front,
i.e. the critical one, for which the bound is sharp. Then, as shown in Corollary 2.9 below, the property of
the critical front allows one to derive the same bound for all other transition fronts, but it is not sharp in
those cases.

Corollary 2.9. Under the assumptions (1.2) and (1.3), any solution 0 < u < 1 to (1.1) satisfies (2.21).

Proof. Suppose first that u is the “critical” transition front of [31], introduced in Section 2.2.3 for con-
structing a front with minimal past and future speeds. In particular, letting X be the function for which
u satisfies (1.6), the first condition in (2.23) holds by (1.6) and (1.7), and the second one holds with
c = 2,/p—. Moreover, by (1.3), for any 0 < € < 1, there exists 7. € R such that u is a supersolution of
up = Uz + (1 — ) f—(u) for t < T. and x € R. Thus, for 7 < T, we can apply Theorem 2.7 to the function

u(- + 7,-) and, since ¢ = 2,/i— > 2,/(1 — £)f"(0), we infer that inf,>q e’ u(7,2) > 0 for any X such that

s 2\/p— + \/4u2 —40—ep _ (1 + VE) /i

24



It is easy to see that the property inf,>q eMu(T, ) > 0 for such a \ is preserved for 7 > T, by comparing u
with the function ke~** for £ > 0 small enough, on the domain ¢ € (7%, 7), > 0. Indeed, such a function
is a subsolution of (1.1) and k£ > 0 can be chosen in such a way that this function lies below u on the
parabolic boundary ({T.} x [0,4+00)) U ([T¢, 7] x {0}). Due to the arbitrariness of € € (0, 1), this concludes
the proof of the corollary in the case where w is the critical transition front.

Let now 0 < v < 1 be a solution to (1.1). Fix ¢ € R. Up to translating the critical transition front u
in space, it is not restrictive to assume that u(¢,0) = v(¢,0). Hence, the criticality property recalled in the
previous subsection yields v(t,z) > u(t, z) for x > 0, whence v satisfies (2.21) because u does. O

2.4 Proof of (1.17)

In Theorem 1.3, we proved the existence of transition fronts connecting 0 and 1 for (1.1) and having
asymptotic past and future speeds c4 given by (1.13). We prove here the stronger property (1.17), except
possibly when py > p— and the speeds cy satisfy c_ = 2,/u_ and ¢y = \/u_ + py /\/f—. Actually, in the
case where cx > 2,/pi=, the limits (1.17) follow immediately from the definitions (2.3), (2.4) and (2.6) used
in the proof of Proposition 2.3. In the general case, which is treated here, the property will follow from the
convergence (1.14).

Let us only prove the second limit in (1.17), since the first one can be shown similarly. Let u
be a transition front constructed in Theorem 1.3 (in all cases except when py > p— and the speeds
ct satisfy c. = 2,/u" and ¢y = \/p— + py//—) and let £ : R — R be a bounded function such
that u(t, X(t) +£(t) +-) = ¢, in C*(R) as t — +oc. As done in Step 3 of the proof of Proposition 2.3, for
any sequence (t,)nen in R diverging to +o0o, the functions (7,z) — u(t, + 7, X (t,) + £(t,) + x) converge,
up to extraction of a subsequence, locally uniformly in R x R to an entire solution 0 < us(7,2) < 1 of (1.1)
with nonlinearity f, such that u.(0,2) = ¢., (x). By uniqueness of the solution of the Cauchy problem
associated with this limiting equation, one infers that ue(7,2) = ¢c, (r — cy7) for all 7 > 0 and = € R.
Since the limit is uniquely determined, it follows that, for any 7 > 0,

u(t+7,X(t) +E)+x) = dey (v — ) ast — +oo (2.25)

locally uniformly in z € R (and then uniformly in R, by (1.6), (1.9), ¢., (—o0) = 1 and ¢, (+00) = 0).
This limit, together with (1.14) applied with ¢ 4+ 7 and the fact that the function ¢., is decreasing, implies
that, for any 7 > 0,

X(t+7)=X#)+E(t+7)—&(t) = ey ast — +00,2

whence
limsup | X (t +7) — X (t) — c47| < 2[[€]| poo (). (2.26)

t——+o0

Assume now by contradiction that the second property in (1.17) does not hold. Since X is locally
bounded and since X (s)/s — c4 as s — 400, this means that there exist ¢ > 0 and some sequences (ty,)nen
and (7,,)nen of positive real numbers diverging to +oo and such that

Xty + 1) — X(tn)

Tn

—cq|>¢e forallneN. (2.27)

Choose now 7 > 0 such that 2[|[|Lec(r)/T < €/2. By (2.26), let T' > 0 be such that

| X(t+7)— X(t) — 7| <2€|| poo(r) + %T for all t > T,

2Notice that this limit also holds for 7 < 0, by setting ¢’ = ¢ + 7 and writing t = ¢’ + |7|.
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and let ng € N such that t,, > T for all n > ngy. For such n, write 7,, = k,7+ 7], with k, € Nand 0 < 7/, < 7.
It follows that, for all n > ny,

| X (tn + 7)) — X(tn) — c470|
kn—1
<X (4 70) = X(tn + knm) —cymp| + D> [X(tn + (k+1)7) = X(tn + k7) — ¢4.7]
k=0

< |X(tn +knT + 1)) — X(tn + knT) — c+7',’L‘ + <2H§HL°°(R) + %)kn

Since the sequence (7}, )n>n, is bounded and since 7, — +o00 and ky /7, — 1/7 as n — 400, one infers
from (1.9) that

lim sup Xty + 1) — X(tn) — cym

n—+0o Tn

er\ 1 2l¢llew ¢
< oo —_— _—— 7 —
_(2H§||L ®) + 2)><T t5 <5

T

the last inequality being due to the choice of 7. This contradicts (2.27) and the proof is thereby complete. [J

3 A priori bounds and asymptotic limits of transition fronts

This section is chiefly devoted to the proof of Theorem 1.4 (done in Section 3.2) on the optimality of the
bounds (1.13) for the asymptotic past and future speeds c+ as t — £o0o of any transition front connecting 0
and 1 for (1.1). We also show the existence of the asymptotic speeds and the convergence to some asymptotic
profiles for any supercritical front. We first recall in Section 3.1 some useful results of [14, 19] on transition
fronts in the case of homogeneous concave nonlinearities f = f(u). Finally, Section 3.3 is devoted to the
proof of Theorem 1.7.

3.1 Transition fronts in the time-independent case

In this section, we focus on a particular time-independent version of (1.1). Namely, let g : [0,1] — R be any

C? concave function such that g(0) = g(1) = 0 and g(u) > 0 for all u € (0,1). Consider the equation (1.1)
with f(¢t,u) = g(u), that is

U = Uz +g(u), t€R, x€R. (3.1)

For (3.1), standard traveling fronts ¢.(z — ct) such that p.(—o00) =1 > @ > @c(+00) = 0 exist if and

only if ¢ > ¢* :=24/¢'(0), see [2, 22]. Furthermore, the functions ¢, are decreasing, unique up to shifts and
one can assume without loss of generality that they satisfy

(&) ~ e Ak for ¢ > ¢*
Pel€) Y as £ — +o0, (3.2)
per(§) ~ g€ fore=c
where
_ 2 _ 44'(0
A = & 02 IO o o> e (3.3)
Notice in particular that Ao« = /¢’(0) = ¢*/2 =: A\*. With the normalization (3.2), it is known that

©0e(€) < e for all ¢ > ¢* and for all £ € R. Lastly, let # : R — (0,1) be the unique solution of
0'(t) = g(6(t)), t € R such that (t) ~ e9 O as t — —c0.

The standard traveling fronts ¢.(+2 —ct) are entire solutions ranging in (0, 1) and they are the keystones
in the construction of many other solutions. More precisely, following [14], let ¥ be the bijection defined by

U [N N = [-/90),/g(0)] — X i= (R\(—c*, ")) U{oo}
A#£0D — )\+w

A
A=0 — oo

26



and let us endow X with the topology induced by the image by ¥ of the Borel topology of [—A*, A\*]. In
other words, a subset O of X is open if ¥~1(O) is open relatively in [-A*, \*]. Now, let M be the set of all
nonnegative Borel measures p on X such that 0 < p(X) < +oo. It follows then from Theorem 1.2 of [14]
and formula (30) of [14] that there is a one-to-one map

o Uy,

from M to the set of solutions 0 < uw < 1 of (3.1). Furthermore, for each u € M, calling
M = p(X\{—c*,c¢*}), the solution u, satisfies

max (e (& = et = € Wp(e)), e (= @ = et = et Inp(=c")),

Mt @1e ((sgne)z—|elt—|c[In M) du(c) + M~10(t+1In M) ,u(oo))
R\[fc*,c*} (3.4)
< up(t, ) < per (@ =t — ¢ Inp(c*)) + e (— & — ¢t — ¢ Inp(—c*))
+M_1 e—)\|c|((sgn c)z—|clt—|c|In M)du(c) + M—leg’(ﬂ)(t—i-ln M)/L(OO)
R\[—c*,c*]

for all (t,z) € R?, under the convention that the terms involving M are not present if M = 0, that
p(£c*) = p({£c*}) and p(oo) = p({oo}), and that In0 = —oo. The estimate (3.4) reflects differ-
ent types of contributions weighted by u: critical standard fronts, supercritical standard fronts and the
spatially homogeneous solution. The solutions u, are decreasing (resp. increasing) with respect to x if
(=00, —c*] U {oo}) = 0, that is, if u, is a measurable interaction of right-moving spatially decreasing
traveling fronts @c(z — ct) (resp. if p([c*, +00) U {oo}) = 0, that is, if u, is a measurable interaction of
left-moving spatially increasing traveling fronts | (=2 — |c|t)). Lastly, we point out that these solutions
u,, almost describe the set of all solutions of (3.1). Indeed, on the one hand, it follows from [2] that any
solution 0 < u < 1 of (3.1) is such that max_g c u(t,-) = 0 as t — —oo for every ¢ € [0,c"), while,
on the other hand, the following almost-uniqueness result was proved in [14]: if a solution 0 < u(t,z) < 1
of (3.1) is such that
de> ¢, max wu(t,r) =0 ast— —oo, (3.5)
[—clt],clt]]
then there is a measure € M such that u = u,, and the support of x does not intersect the interval (—c, c).
For the one-dimensional equation (3.1), it is conjectured that any solution 0 < u(t,x) < 1 is of the type u,,
even without (3.5).
In [19] (Theorems 1.11 and 1.14), we showed a necessary and sufficient condition for a solution of the
type u, to be a transition front connecting 0 and 1 for problem (3.1), and we characterized the asymptotic
past and future speeds in this case:

Theorem 3.1. [19] Let g : [0,1] = R be any C? concave function such that g(0) = g(1) =0 and g > 0 on
the interval (0,1).

(i) Under the above notations, a solution u,, of (3.1) associated with a measure u € M is a transition front
connecting 0 and 1 if and only if the support of p is bounded and is included in [c¢*,4+00) = [24/9'(0), +00).

(ii) Assume here that the support of p is compactly included in [c¢*,+0c0) and let c— and c4 denote the
leftmost and rightmost points of the support of u. Then w, has asymptotic past and future speeds equal to
ct+ in the sense of (1.6) and (1.12). Furthermore, if c— > c*, then there is a bounded function £ : R — R
such that u,(t, X (t) + &(t) + ) = ey in C*(R) as t — +oo0.

It has also been proved in [19] that, under the assumptions of part (ii) above, there holds
limsup,_, . |X(t) — c_t| < 400 if p(c_) := p({c_}) > 0 and X (t) — c_t = —oco as t = —oc if p(c_) =0,
while limsup,_, , o [ X (t) — c4t| < +oo if p(ey) == p({c4}) > 0) and X(¢) — ¢4t — —o0 as t — +oo if
p(cy) = 0. On the other hand, Theorem 3.1 also implies that not all solutions 0 < wu(¢,z) < 1 of (3.1)
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such that u(t, —oo) = 1 and wu(t,4+00) = 0 for all ¢ € R are transition fronts: namely, any solution of
the type v = u, for which the support of p is included in [c*,4+00) but is not compact satisfies the
above limits (roughly speaking, for such solutions, the transition region between 0 and 1 is not uniformly
bounded in time). As another corollary of Theorem 3.1 (see Theorem 1.6 in [19]), it follows that tran-
sition fronts connecting 0 and 1 for (3.1) and having asymptotic past and future speeds cy exist if and
only if ¢* < c¢_ < ¢y < +00. For further results and comments on the transition fronts for homogeneous
equation (3.1), we refer to [19].

To complete this subsection, we include an additional comparison result (see Proposition 2.1 in [19])
which has its own interest and will be used in particular in the proof of Theorem 1.4 in Section 3.2. It
provides uniform lower and upper bounds of a solution w, of (3.1) on the left and right of its level sets,
when the measure ¢ € M is compactly supported in [c¢*,+00). These bounds say that the v, is steeper
than the standard front associated to any speed larger than its support.

Proposition 3.2. [19] Let g : [0,1] — R be any C? concave function such that g( ) ) = 0 and g >0
on the interval (0,1). Let p be any measure in M that is supported in [c*,~] \/ v] for some
v € [¢*,4+00), and let 0 < u, < 1 be the solution of (3.1) that is associated to the measure ,u. Then, for
every (t,y) € R,

{ uu(t,y+ ) > @y (¢;1(u#(t,y)) + ZL‘) for all x <0, (3.6)

uu(t,y +2) < oy (05 uu(t,y) + ) for all >0,

where cp;l : (0,1) = R denotes the reciprocal of the function ..

3.2 Proof of Theorem 1.4

In this section, f: R x [0,1] — R is any function satisfying the assumptions of Theorem 1.4 and u denotes
any transition front connecting 0 and 1 for problem (1.1), satisfying (1.6) for some X : R — R. First of all,
it follows from (1.9) and Proposition 2.4 that

LX) L X()
2/t < ¢t = ltlgfgof " < liriljstgop . < +o0. (3.7)
The general strategy to prove Theorem 1.4 will be to compare u on some time-intervals of the type (—oo, 7]
with the solution v of the homogeneous reaction-diffusion equation (3.1) with g = f_. Then we derive a uni-
form exponential lower bound for v, and hence for u, by applying some results of Section 3.1. Furthermore,
the results on the qualitative properties of solutions of (3.1) with g = f_ will provide the exact exponential
decay rate of u(t,-) at +oo if liminf; , o X(t)/t > 2,/u_. Lastly, by comparing u, for large positive times,
with the solutions of some homogeneous reaction-diffusion equations with nonlinearities close to fi, we get
the bound (1.19) for cy, and some passages to the limits will yield (1.14) in the supercritical case.

3.2.1 Step 1: construction of a solution v of a time-independent equation

For every n € N, let v, be the solution of the Cauchy problem

(vn)t = (Vn)zz + f-(vn), t>—n, z€R,
{ vn(—n,z) = u(=n,z), r eR. (3.8)

Since 0 < u < 11in R? and f_(0) = f_(1) = 0, the maximum principle yields 0 < v, (¢,z) < 1 for all
n € N and (t,z) € [-n,+00) x R. From standard parabolic estimates, it follows that, up to extraction of a
subsequence, the functions v,, converge locally uniformly in R? to a solution v of the homogeneous equation

Uy =Uge + f-(v), teR, z€R (3.9)

such that 0 < v(t,z) < 1 for all (¢,z) € R?.
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3.2.2 Step 2: comparisons between v and u

Let us recall here the existence of a continuous L'(—oo,0) function ¢ such that the assumption (1.18) holds.
Furthermore, since the C'(R x [0, 1]) function f vanishes on R x {0,1} and since f_ is positive in (0,1)
and concave in [0, 1] (one has in particular f/ (0) > 0 > f’ (1)), it follows, as said in Remark 1.5, that the
function (— : ¢ > sup,e(o) } flt, )/ f-(s) — 1’ is continuous. Therefore, even if it means changing ( into
(_ on the whole R, one can assume without loss of generality that there exists a nonnegative continuous
function ¢ : R — R such that (1.18) holds for all ¢t € R, that is

(1—C(t) f=(s) < f(t,s) < (1+¢(t)) f-(s) for all t € R and s € [0, 1], (3.10)

and ¢ € L*(—oo,7) for all 7 € R. Let us now define

= /t ((r)dr forteR. (3.11)

Lemma 3.3. There holds
u(t, ) e PO < u(t,z) < u(t,x) e ®Y  for all (t,2) € R% (3.12)

Proof. For every n € N, let ¢,, be the function defined in [—n, +00) by

on(t) = exp (u_ _tn C(T)dT) for t € [-n, +00).

For the proof of the upper bound in (3.12), denote wy (¢, ) =u(t, z)pn(t) for (t,z)€[—n,+o00) x R. Let us
check that the function wy, is a supersolution for the equation (3.8) satisfied by v, in [—n,+00) x R. First
of all, we observe that wy,(—n,z) = u(—n,z) = v,(—n, z) for all z € R, and that v, < 1 in [-n,+00) x R.
For every (t,z) € (—n,4+00) x R such that w,(¢,z) < 1, there holds

(wn)t<ta .%') - (wn)w$(t7$) - f- (wn(t,a:))

= ug(t fr) en(t) + U(t ) @l (t) — e (t, ) on(t) — f- (ult,z) @n(t))
= f(t,ult,x)) n(t) + - () ult, ) on(t) — f-(ult, ) @n(t)).
) 10)

(t)
But, for such (¢, x), one has f(t,u(t,z)) > (1 — ((t)) f—(u(t,z)) by (3.
P (ults ) () < f-(ult,2) eu(t) and f-(u(t,2)) < f(O)u(t, ) = p_ult,z)

since 0 < u(t,x) < u(t,x)pn(t) <1 and s — f_(s)/s is nonincreasing on (0, 1). Therefore,

, while

(wn)e(t, 2) = (wn)ex(t, ) — f-(wn(t, 2))
> (1-¢@) f ( (&, 2)) pn(t) + p-C(t) ult, z) pn(t) = f-(u(t, ) pn(t)
= (p-u(t,z) — f-(u(t,2))) C(t) en(t)
>0

for every (t,z) € (—n,400) x R such that wy(t,z) < 1. It follows then from the maximum principle that
wp(t, z) > vy (t, x) for all (¢,z) € [—n,+o00) x R, that is

v (t, ) < u(t,x) exp / ¢(r dT for all (¢,z) € [-n,+0o0) x R.

By passing to the limit as n — 400 and using the definition (3.11), one infers that v(t,z) < u(t, z) et~
for all (¢,z) € R?, that is, the upper bound in (3.12) has been shown.
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The proof of the lower bound in (3.12) uses a similar method. Namely, we set 2z, (t,z) = vy, (¢, x) pn(t)
for (t,x) € [-n,+00) x R and we will check that z, is a supersolution for the equation satisfied by u in
[—n,+00) x R. First of all, we note that z,(—n,z) = v,(—n,z) = u(—n,z) for all z € R and that u < 1.
Moreover, for every (¢,z) € (—n,+00) x R such that z,(¢,z) < 1, there holds

(Zn)t(t7 1‘) - (Zn)xw(ta 1‘) _f(t7 Zn(ta x))
= (vn)t<t7 .%') Son(t)+vn(t7 x) (pgz(t)_(vn):ku’ .%') Son(t) - f(ta Un, ( ’ ) @n( ))
= f=(vn(t,2)) @n(t) + u-C(t) va(t, ) ou(t) — f(t, vn(t, x) @n(t)).

But, as it was done for w,, in the last paragraph,

F(t,on(t, @) on(t) < (14 C(2)) f-(unl 790) ( )
< f- (Un (t,z) on(t) t) p—vn(t, ) @n(t)
< f-(valt,z)

whence (z,)¢(t, ) — (2n)zz(t, ) — f(t, 2n(t,2)) > 0 for every (¢,z) € (—n,+00) x R such that z,(t,z) < 1.
It follows then from the maximum principle that z, (¢, z) > u(t, x) for all (¢,z) € [-n,+00) x R, that is,

¢
)+

) on(t) + ()u Un(t, @) n(t),
(t
(t

v (t, ) > u(t, x) exp / ¢(r dT for all (¢t,z) € [-n,+00) x R.

By passing to the limit as n — o0 and using the definition (3.11), one concludes that v(t, z) > u(t, z) e #-©®)
for all (¢,z) € R? and the proof of Lemma 3.3 is thereby complete. O

Remark 3.4. One could wonder whether a comparison similar to that of Lemma 3.3 would hold or not for
the functions u := 1 —u and v := 1 — v. Actually, such a comparison between u and v is not clear. Indeed,
for instance, the function v obeys ¥y = Uy + g—(?) in R? where g_(s) = —f_(1 —s) on [0,1]. But 0 is a
stable point of g_ and the arguments used in the proof of Lemma 3.3 to compare v and v do not work as
such for w and v. As a matter of fact, a comparison of the type (3.12) for 1 — u and 1 — v is not needed,
since only the exponential decay of u(t,xz) and v(t,z) as * — 400 will determine the asymptotic speeds
of u and v, as will be shown in the following steps.

3.2.3 Step 3: v is a transition front for (3.9) in (—oo,7] x R for every 7 € R, with the same
family (X(£))i<r

Since 0 < u < 1 in R? and u(t, +o0) = 0 for every t € R, it follows immediately from Lemma 3.3 that
0 < v(tg,z0) < 1 for at least a point (tg,z¢) € R2. Since 0 < v < 1 in R?, the strong maximum principle
actually implies that 0 < v(t,z) < 1 for all (¢,z) € R?. The estimates (3.12) and the stability of 1 will then
imply that v is a transition front connecting 0 and 1 for (3.9) with the same family (X (¢)) as u in any set
of the type (—oo, 7] X R, in the sense of the following lemma.

Lemma 3.5. For every 7 € R, there holds

v(t, X(t)+x)—1 asx — —o0
{ (&, X(?) ) uniformly in t € (—oo, T].

v(t,X(t)+2) =0 asx— 400

Proof. First of all, since the function © given in (3.11) is bounded in (—oo, 7], it follows immediately
from (1.6) and Lemma 3.3 that v(¢, X (t) + ) — 0 as & — 400, uniformly in ¢ € (—o0, 7].

In order to show the other part of the conclusion, let us assume on the contrary that there are ¢ > 0
and a sequence (t,, Tp)nen in (—00, 7| X R such that x,, - —oc0 as n — 400 and v(t,, X(t,) +zp) <1—¢
for all n € N. Define, for all n € N and (t,z) € R2, 9,(t,2) = v(t + tn, x + X(t,) + x,). Up to extraction
of a subsequence, the functions v, converge locally uniformly in R? to a solution vs, of (3.9) such that
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0 < v < 1in R? and v5(0,0) < 1 —&. On the other hand, since z,, — —oo as n — +oo, it follows
from (1.6) and (1.9) that

u(t 4 tn, 2 4+ X(t,) + 2,) — 1 as n — +oo, locally uniformly in (¢, z) € R2.

Since © is bounded in (—oo, 7], whence © < A, in (—oo, 7| for some A, € R, the first inequality in (3.12)
yields
Voo (t, ) > e H=A7 for all (t,z) € (—00,0] x R.

One infers from the maximum principle that, for every s < ¢t < 0 and z € R, one has vy (t, ) > p(t — s),
where p : R — (0,1) denotes the solution of the ordinary differential equation p’ = f_(p) in R with
p(0) = e #=4r € (0,1). Since p(4+oc) = 1, one concludes, by passing to the limit as s — —oo, that
Voo(t, ) > 1 (and then = 1) for all (¢,x) € (—o0,0] x R. This contradicts v,(0,0) < 1 —¢e < 1. Finally, the
proof of Lemma 3.5 is complete. ([l

3.2.4 Step 4: completion of the proof of Theorem 1.4 in the case c_ = 2,/u_

In this case, remembering (3.7), it only remains to show the second assertion in (1.19), namely

X(t
Cq = liminfi() > K+ it
t—>+oo ¢ K

where £ = min (/a5 (c— — /2 —4p—)/2) = min (a5, /A=) = VB In the case 0 < py < p—, then
k= \/fiy, while ¢y > 2,/py = Kk + py /k by Proposition 2.4. Hence, the proof is done in this case.

Consider now the case 0 < p— < pq. In other words, x = /u_ and one shall show in this case
that ¢ > \/u—+py/\/f—. Let € be any real number such that 0 < e < land (1—¢) puy > p—, andlet 7. € R
be such that f(t,s) > (1 —e)f+(s) for all (¢,s) € [T-, +00) x [0,1]. One makes use of the estimate (2.21)
provided by Corollary 2.9, which, applied with ¢ = 7. and A = & satisfying \/u— < x < /(1 — €)p4, allows
one to derive (2.22), as done in Section 2.2.3. The desired result follows by letting x — /z_ and then
e — 0 in (2.22). To sum up, the proof of Theorem 1.4 is complete in the case c_ = 2,/1i_.

3.2.5 Step 5: completion of the proof of Theorem 1.4 if c_ > 2,/u—

In this case, one has to show that the asymptotic past and future speeds of u exist and are equal to ci, in
the sense that X (t) ~ cit as ¢ — +o00, and that the solution u converges to some well-identified profiles
along its level sets as t — do0o. We assume throughout this subsection that c_ > 2,/u— and that (1.20)
holds. The proof of Step 5 is itself divided into several substeps. Under the notations of Section 3.1, we first
identify a measure p such that v = u, for the equation (3.9), and we show some properties of the support
of . Then, we identify the leftmost point of the support of u and we apply Theorem 3.1 to determine the
asymptotic past speed of w and its asymptotic behavior along its level sets. Lastly, we will compare u at
large positive times to a solution of the homogeneous equation (3.9) with nonlinearity fy instead of f_ and
we will again apply Theorem 3.1 to determine the asymptotic future speed of w.

Substep 5.1: identification and elementary properties of a measure p such that v = u,

Since c— := liminf;, o X(t)/t > 2,/u=, property (1.6) implies that supyy 4.y u(t,-) — 0 as t — —oo for
every 2,/ii— < ¢ < c—. Hence,
sup v(t,) >0 ast — —o0
[ct,+00)
from Lemma 3.3 and the fact that the function © is bounded in, say, (—o0,0]. In particular, v satisfies
(3.5) with ¢* = 2,/ni= = 2,/f7(0) and thus, since it is a time-global solution of (3.9) and f_ is a C?
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concave function such that f_(0) = f_(1) = 0 and f— > 0 on (0,1), it follows from Theorem 1.4 of [14]
that, for problem (3.9), i.e. (3.1) with g = f_, v can be represented as v = u, with u € M supported in
(=00, c]U]c, +00) U{oo} for every 2,/1i— < ¢ < c_. Therefore, i is supported in (—oo,c_JU[c_, +00) U {oo}
and, in this case, the inequalities (3.4) amount to

M_l/ Pl ((sgnc)x — |eft — || In M) dp(c) + M7 (t + In M) p(oo)
(—00,—c—]U[c—,+00)

Sv(t,x)ng/ e
(—o0,c—]U[c— ,+00)

for all (¢,z) € R?, where M = p((—o0,c_] U [c—,400) U {oc}) > 0 and the functions ¢, (z — ct) with
c>c* =2,/ (0) =2,/u_ denote the traveling fronts connecting 0 and 1 for (3.9) with the normaliza-

tion (3.2) and
SN
A= # (3.13)
in place of A. in (3.3). Furthermore, 6~ : R — (0,1) denotes the unique solution of (7)(t) = f_(67(t))
in R such that 6 (t) ~ e#~* as t — —oco. Now, if pu((—o00, —c_] U {oo}) > 0, then Lebesgue’s dominated
convergence theorem implies that liminf, o0 v(t,2) > M1 p((—00, —c_]) + M0~ (t + In M)p(c0) > 0
for every ¢t € R, which is ruled out by Lemma 3.5. Therefore, ,u((—oo, —c_|U {oo}) = 0, that is, the support
of p is included in [c_, +00) and

— A ((sgne)z—left—|c|In M) du(c) + quu_(mnM)M(oo)

Ml/ ©o (x —ct—cln M) du(c) <v(t,z) < Ml/ e~ Ac (z—ct—cln M) du(c) (3.14)
[c—,+00) [c—,+00)

for all (t,z) € R?, with M = p([c—, +00)) > 0.
The following lemma gives an exponential lower bound of u(¢, z) and v(t,z) as * — 400 in terms of the
support of u. It will used several times in the sequel.

Lemma 3.6. If ,u([c, +oo)) > 0 for some ¢ > c_, then

lim inf (e’\;mu(t, z)) >0 and liminf (e’\;””v(t,x)) >0

r—r+00 r—r+00
for every t € R, where A\ is given in (3.13).

Remark 3.7. Lemma 3.6 improves Corollary 2.9 under the additional assumption that « is non-critical as
t — —o0, i.e. c— = liminfy, o X(t)/t > 2,/u—. Indeed the upper bound for the exponential decay rate

given by (2.21) is \/fi_, whereas the one in Lemma 3.6 is A, = (c_ —{/c® — 4u_)/2, which is smaller than
\/Hi— because c_ > 2.,/_.

Proof of Lemma 3.6. From Lemma 3.3, it is sufficient to show the conclusion for the function v. Let
t € R be arbitrary. It follows from (3.14) that

eyt z) > M1 min (e)‘gxgo;(:c —dt—cdInM), 1) du(cd) for all z € R.
[e,+00)
For every ¢ > ¢(> c— > 2,/u_), one has ¢_ (v — 't — /InM) ~ e Ao @t InM) g 3 s 4o with
0 <A, <A (€ A < /fic), whence min (e*®p (z — dt — ' InM),1) = 1 as & — +oc. On the other
hand, min (e _ (z —ct —cln M), 1) — min (ekg(cwdn M) 1) as  — 4o0. Finally, Lebesgue’s dominated
convergence theorem implies that

lim inf (e’\;xv(t,x)) > M~ min (e’\g(CtJ“ClnM), 1) p([e, +00)) > 0,

r—r-+00
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that is the desired conclusion. O

Next, we show that the measure p is compactly supported in [c_, +00).

Lemma 3.8. There is ¢4 € [c—,+00) such that the support of w is included in [c—,¢4]. Furthermore,
without loss of generality, ¢y can be chosen as the rightmost point of the support of w, in the sense that
1((¢4, +00)) =0 and p([c', +o0)) > 0 for every ¢ < ¢,

Remark 3.9. Notice that Lemma 3.8 does not follow immediately from Theorem 3.1, since one does not
know a priori that v = u, is a transition front connecting 0 and 1 for (3.9). We point out that Lemma 3.5
above only shows that the limits (0 and 1) of v(t, X (t) + ) as  — oo are uniform in any time-interval of
the type (—oo, 7] with 7 € R. But the uniformity of the limits may depend on 7 in general. Actually, with
similar ideas as in the proof of Lemma 3.8, it is not complicated to show the existence of solutions 0 < v < 1
of (3.9) satisfying Lemma 3.5 for some family (X (¢));cr and which are not transition fronts. For instance,

consider the function v = uj associated to the measure 1 :NZI:()) 27"8¢y+n, Where ¢ is any real number in
[24/fi—, +00). The solution v satisfies Lemma 3.5 with, say, X (t) = cot for all t € R, but inf _ ., v(t,") = 1
as t — 4oo for every ¢ € R. Roughly speaking, the function v has an infinite asymptotic future speed.

Because of (1.9), it cannot be a transition front for (3.9) in the sense of (1.6), for any family (X (¢))er.

Proof of Lemma 3.8. Assume by way of contradiction that g is not compactly supported. Pick
any ¢ € [c—,400). Then u([c,+00)) > 0 and therefore it follows from Lemma 3.6, together with (1.6)
and the positivity and continuity of u, that for any 7' € R, there is § € (0, 1) such that

Vo eR, u(T,z)>min(3,Be 7). (3.15)

Notice that A, (0 as ¢ = 4+o00. Thus, for ¢ large enough, we have that

N TN ()
Ao <5 +2 ’

whence equation (3.1) with ¢ = f;/2 admits a standard traveling front @(z — 7.t) connecting 0 and 1
satisfying B(£) ~ e ¢ as € — 400, where 7. := A7 + uy/(2\]) = +00 as ¢ — +oo. By (1.3), there
exists T € R such that f(t,s) > fi(s)/2 for all (¢,s) € [T, +00) x [0,1]. This implies that @(z — ~.t) is a
subsolution to (1.1) for ¢ > T', and then the same is true for f@(x — ~.t), for any 8 € (0,1). Furthermore,
by (3.15), 8 € (0,1) can be chosen in such a way that 3p(z — v.T) < u(T, ) for all z € R. It then follows
from the maximum principle that u(t,y.t) > 8(0) > 0 for all t > T', from which, owing to (1.6) or (1.7),
we derive c; = liminf;_, o X (t)/t > 7. Since this inequality holds for all ¢ large enough, letting ¢ — +o0
we eventually get liminf;, . X (¢)/t = 400, which is ruled out by (3.7).

Finally, the support of u is bounded and there is ¢ € [c—,+00) as in Lemma 3.8, that is ¢ is the
rightmost point of the support of p. The proof of Lemma 3.8 is thereby complete. U

Substep 5.2: c_ 1is the asymptotic past speed of w and u converges to . along its level sets as t — —oo

Let us first show here that X (t)/t — c¢_ ast — —oo. We already know by definition that liminf; , _~ X (t)/t = c_.
From part (i) of Theorem 3.1 and from Lemma 3.8, the solution v = u, of (3.9) is actually a transition
front connecting 0 and 1 for this equation. In other words, there is a family (X ())ser of real numbers such
that (1.6) holds for v and (X (t));er. Furthermore, from part (i) of Theorem 3.1, the transition front v has
some asymptotic past and future speeds, which are the leftmost and rightmost points of the support of u.
Having in hand that the measure y is supported in [c_, ¢, ] C (2,/i—, +00) from Lemma 3.8, the leftmost
point ¢_ of the support of u satisfies 2,/u— = ¢* < c. < ¢ < ¢y. Part (ii) of Theorem 3.1 implies in
particular that X’(t)/t — c_ as t — —oo and that there is a bounded function 5: R — R such that

o(t, X (1) + £(t) + z) — @- (x) ast— —oo uniformly in = € R. (3.16)
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But 0 < infier v(t, X (t)) < SUPcRr v(t, X (t)) < 1 from (1.7) applied to the transition front v, whence
0 < liminf; , o u(t,X(t)) < limsup, , . u(t,X(t)) < 1 by Lemma 3.3 and the fact that ©(t) — 0 as
t — —oo. Together with (1.6), one infers that

limsup | X () — X(t)’ < ~00. (3.17)

t——o00
Therefore, X (t)/t — ¢_ as t - —oo. Remembering that ¢ = liminf, , ., X (¢)/t, one gets that

- X(t
c_ =c_ and f)—>c_ast—>—oo.

In other words, u has an asymptotic past speed, which is equal to c_.
Finally, setting

£(t) = X(t) — X(t) + £(t) fort <0, (3.18)
it follows from (3.17), the boundedness of 5 and the local boundedness of X and X that ¢ is bounded in
(=00, 0]. Furthermore,

ut, X(t) +E(t) +2) —p (z) = ult, X(t)+&(t) +x) —v(t, X(t) +£(t) + )
+o(t, X (1) +€(t) + 2) — 97 (2)
— 0 ast — —oo uniformly in x € R,

from (3.16) and Lemma 3.3, together with lim;,_~, ©(¢) = 0. Standard parabolic estimates also imply that

u(t, X(t) + £(t) +-) — oo in C*(R) as t — —oo. (3.19)

Substep 5.3: c4 is the asymptotic future speed of u

Here, we prove the existence of the asymptotic future speed of u. This speed, that will be equal to ¢4, will
be determined obviously by the limiting nonlinearity f; (namely, by p4 = f’ (0)), but also by the rightmost
point ¢4 of the support of . To do so, we will identify the exponential decay rate of u(t,z) and v(t,z) as
x — 400 in terms of ¢y, for some suitably chosen times t.

Lemma 3.10. There holds

X(t ~
f)—>c+:h;+'u~+21<a+'u+ as t — +o0 (3.20)
K K

~ = — 2 _
cr —V/(Cr)? —4dp A

O<T€:min( 5 ,\/;T+>§/<a:min( 5 ,\/;Z)g\/;ﬂ. (3.21)

Proof. The strategy consists in establishing lower and upper bounds of X (¢)/t as t — 400 by comparing
u at large time with some solutions of reaction-diffusion equations with nonlinearities of the type (1 £¢)f,.
In the proof of the lemma, 0 < ¢ < 1 is arbitrary. From (1.3), there is 7. € R such that

with

(1—¢) f+(s) < f(t,s) < (1+¢) fi(s) forallt > T, and s € [0,1].

Let us first prove the upper bound for lim sup,_, .o X (¢)/t. Lemma 3.3 implies that u(T:, z) < v(Ts, x) e#— !

for all € R. On the other hand, since v is a solution of (3.9) of the type v = u, and since the support of
 is included in [c_, ¢4 ] C [2,/p—, +00), it follows from Proposition 3.2 that

(T, x) = uy(Te, ) < gof;r((go )L (w(T,0)) + z) forall z > 0.

ct
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Remember also that, since ¢y > c_ > 2,/u_, one has ©z, (&) < ¢ % for all £ € R, where

~ ~2
C+ — /L —4u_
P * ' (3.22)

E+ - 2

Therefore, there is a real number v, > 0 such that u(7;,z) < min (% e_)‘5+r, 1) for all x € R. Let w® be the
solution of the Cauchy problem

up = Ui, +(1+e¢)fr(@), t>0, xR,
u (

0,z) = min(*yse_/\;rz,l), z € R.

The maximum principle implies that 0 < u(t,z) < u®(t — 1, z) for all (t,z) € [I;,+00) x R. But, by [46],
the function u® spreads to the right with the speed k. + (1 4 €)p4 /ke, where k. = min ()\a, VI +e)ug).
In particular, SUp[(.. 1 (14e)uy /re+n)t,400) U (t:°) = 0 as t — +oo for every n > 0, whence

sup u(t,) >0 ast — +oo.
[(Bet(14e)pug /retn) (t=T=) +00)

It follows then from (1.7) that X(¢) — (ke + (1 + €)us/ke + 1) (t — Te) — —oo as t — +oo, whence
limsup;_, oo X(t)/t < ke + (1 +€)py/ke +n. Since n > 0 and € > 0 can be arbitrarily small, one gets that

X(t)

limsup —= <k + ,u;
t—4o00 K

, (3.23)

where K = min (/\51, Vi+) > 0is as in (3.21).

Let us now prove the lower bound of lim inf;_, ; o, X (¢)/t. For every § > 0, set ¢5 = max(c_,c1—9) (> c_).
Since c¢_ and ¢; are the leftmost and rightmost points of the support of u, one has ,u([c(;, +oo)) > 0 for every
§ > 0 and Lemma 3.6 yields lim inf,_, ;oo €*s%u(T., 2) > 0. Since u(Ty, —o0) = 1 and u(T, ) is positive and
continuous in R, it follows that there is a positive real number p. such that u(7;,z) > min (pg, Pe e Nes® )
for all x € R. Let u® be the solution of the Cauchy problem

up = ug,+(1-¢)fi(w), t>0, zeR,
Q5(07 .’L') - min (péa Pe e—)\%x), S R

The maximum principle implies that 1 > u(t,z) > u®(t—1T¢, z) for all (¢, z) € [Tz, +00) x R. But, by [46], the
function u® spreads to the right with the speed k.5 + (1 — €)p14/ke 5, Where k. 5 = min (/\6_5’ V(- 5),u+).
In particular, inf(_oov(,{676+(1_6)u+/,{675_77) 1) u®(t,-) — 1 as t = +oo for every n > 0, whence

inf u(t,") > 1 ast — +oo.
(—o0y(Re s+ (1—2)ug /me 5 =) (t-T)]

It follows then from (1.7) that X (t) — (kes + (1 — &)y /kes —n) (t — Tz) — +oo0 as t — 400, whence
liminfy 400 X(¢)/t > Kkes + (1 — €)piy /Kes — 1. Since n >0, § > 0 and € > 0 can be arbitrarily small and
since Aj; — A7, as 0 — 0, one gets that liminf; , X(¢)/t > K+ p4 /K with K > 0 as in (3.21). Together
with (3.23), one concludes that

X()

XO) o s
t K
Since ¢y was defined as the liminf of X(¢)/t as t — +oo, this means that ¢y = K + py /K. Fur-

thermore, the inequalities 2,/u— < c_- < ¢; yield 0 < Ao, S AL = (c. — \/c® —4p_)/2 and

as t — +o0.
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0 <k = min(/\a,,/,mr) < min(A; ,/i+) = £ < /ls, where  is as in (3.21). Finally, (3.20) holds
and the proof of Lemma 3.10 is complete. O

Substep 5.4: u converges to a well identified profile go;: along its level sets as t — +00

The proof is based on some comparisons between u and some solutions of the homogeneous equation (3.24)
below with the reaction term exactly equal to fi. A Liouville type result about the classification of solutions
of homogeneous equations which are asymptotically trapped between two shifts of a standard traveling front
will also be used, as in Step 3 of the proof of Proposition 2.3.
First of all, let 0 < 902: (x—c4t) < 1be astandard traveling front connecting 0 and 1 for the homogeneous
equation
Wi = Wey + fr(w), (3.24)

with the speed ¢y = K + py/k > 2\/py = 24/f1(0) as in (3.20)-(3.21). Up to normalization, one can
assume that, as £ — +o00, ¢/, (§) ~ e " if ¢ > 2,/i; while oL, (&) ~ e R = ce VIS if ¢ = 2 /5.
For every t € R, since u(t, ) is continuous and converges to 0 and 1 at +oo, the real number

X7 (t) = max {z € R; u(t,z) = o7 (0)}
is well defined, and u(t, X" (t)) = ¢, (0). Denote
Et)=X*(t)— X(t) fort>0. (3.25)

The function ¢ is bounded in (0, +00), by (1.6). It will be the one used in the desired conclusion (1.14) for
t > 0, together with (3.18) and (3.19) for ¢ < 0.
Let us now introduce some auxiliary functions u™ and v*. From assumption (1.20), there holds

(1=C(t) f(s) < ft,s) < (1+C(1) fo(s) forallt>0andse[0,1].

Set O(t) = f[f () dr for t > 0 and notice that
~ ~ too
0<0O(t) <Oy := / (1) dr < 400 for all t > 0. (3.26)
0
Firstly, let u™ be the solution of the Cauchy problem

’U,?_ = u;x+f+(u+>v t>0, z€R, (327>
ut( '

0,z) = wu(0,z), zeR.

As in the proof of Lemma 3.3, since s — f4(s)/s is nonincreasing on (0,1] and f’ (0) = uy > 0, one can
prove that

0<ut(tm) e O < u(t,x) <ut(t,z) et+6®) for all (t,x) € ]0,400) x R. (3.28)

Secondly, let v be the solution of the Cauchy problem

U;_ = v;_x_'_f-l-(v—i-)? t>0, z€R, (3 29)
vt ( '

0,z) = v(0,2), z€R,
where we recall that 0 < v < 1 solves (3.9). Setting a = e #-9() ¢ (0, 1], Lemma 3.3 yields

0 < av(0,z) <u(0,z) < min (a_lv(O,x), 1) for all z € R,
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that is 0 < av™(0,-) < u™(0,-) < min (e 'v™(0,-),1) in R. Since s — f(s)/s is nonincreasing on (0, 1], it
follows that avv™ is a subsolution and min (oz_lv+, 1) is a supersolution of the equation (3.27) satisfied by
u™. Therefore, the maximum principle yields

0<avt(t,z) <ut(t,z) <min(a vt (t,2),1) forall (t,z) € [0, +00) x R. (3.30)
Gathering (3.26), (3.28) and (3.30) together with the fact that u ranges in (0, 1), one infers that
0< Bot(t,z) <ult,z) <min (8 'vT(t,2),1) for all (t,z) € [0, +00) x R, (3.31)

where f = a e #+O= = ¢=1#-00)=1+O ¢ (0 1].

The following lemma establishes the exact decay rate of v(0,z) as * — 400 (we point out that the same
lemma would actually hold at any fixed time ¢ € R). We recall that the solution 0 < v < 1 of (3.9) is of the
type v = u, and that ¢, € [c_, +00) denotes the rightmost point of the measure p.

Lemma 3.11. For every xg € R, there holds

v((;,(:z(:);):co) e ™ gsx— +00, (3.32)

where Az, is given in (3.22).

We point out that Proposition 3.2 and Lemma 3.6 immediately imply that v cannot have exponential
decay rate respectively smaller and larger than )\E_+ as r — 400, but this is not enough for applying the
results of Uchiyama [46] to v*. The proof of Lemma 3.11 uses the inequalities (3.4) applied to v = u,,. Since
it is a bit technical, we postpone it in the next subsection. We first complete the proof of Theorem 1.4,
that is the proof of (1.14) as t — +o0.

As already mentioned in the proof of Theorem 3.1, the function v = u, is continuously decreasing with
respect to z. In particular, v*(0,-) = v(0,-) is continuously decreasing in R, with v*(0,—00) = 1 and
vT(0,+00) = 0. From the maximum principle, for every ¢ > 0, the function v™(¢,-) is continuous and
decreasing in R and converges to 0 and 1 at +oo. Therefore, for every ¢t > 0, there is a unique real number

Y *(t) such that

vt (Y () = % (3.33)

Owing to the definition of v* in (3.29), it follows then from Lemma 3.11 above and Theorems 8.1, 8.2
and 8.5 of [46] that

sup (ot (6, YT (t) + x) — ¢, (w0 +x)| = 0 as t — 400, (3.34)
TE[-Y T (t),+00)

where zop = (gog;)_l(l/Q) and ¢ = K+ py/k with 0 < K = min (/\E;"//"*‘) < /p+. Further-

more, Y *(t)/t — ¢} ast — +oo. Thus, since 0 < v* < 1 is decreasing with respect to x and ¢, (—o0) = 1,
the convergence (3.34) holds uniformly in x € R, that is

sup [T (¢, Y (t) + ) — gozr (zo + )| = 0 as t — +oc. (3.35)
z€eR

Let (tp)pen be any sequence of real numbers in [0, +00) such that ¢, — 400 as p — 4o00. For every
p € Nand (t,z) € [tp, +00) X R, set vf (t,2) = vt (t, + 1, Y (t,) + ). Up to extraction of a subsequence,

the functions ’Up+ converge in Cllo’g(RQ) as p — +00 to a solution 0 < v} <1 of (3.24) in R2.

Lemma 3.12. One has
vi(tz) = ga;’; (x — eyt +x0) for all (t,x) € R2 (3.36)
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Proof. Since v, (0,0) = v* (t,, YT (t,)) = 1/2 for all p € N, there holds v{(0,0) = 1/2 and 0 < v%, <1 in
R? from the strong maximum principle. For every ¢t € R and p large enough so that t, +t > 0, one has

v (Lt Y (tp+8)+Y (1) =Y T (tp+1)) =0t (tp+8, Y (t)) = v, (,0) — v1,(¢,0) € (0,1)

as p — +oo, while v¥ (t, + 6, Y (t, +1) + YT (t,) = YT (tp + 1) — of, (w0 + YT (tp) =Y T(t, +1)) = 0
as p — +o00, from (3.35). Therefore,

To+ YT (t,) =Y T(t, +t) — (gijr)_l(v:o(t, 0)) as p — +oc. (3.37)
Using again (3.35), with (3.37), one infers that, for every (t,x) € R? (and t, +t > 0)
vy (@) =0T (1, Y (b ) +Y T (1) =V (bp+t)+2) = o, ((0L) 7 (05 (1, 0) +2)

as p — +oo, whence
vh(tx) = of ((ef) 7 (vl (,0) + z). (3.38)

As a consequence, for every s <t € R and z € R, it follows from the uniqueness of the bounded solutions
of the Cauchy problem associated to (3.24) that

vt ) = of, ((0d,) 7 (03(5,0)) + 2 — ei (t = 9)),

whence (7)™ (0 (t,0)) = (£) ™ (455, 0)) — e4.(t — 5). Finally

(P2 W(0.0) = (05) 7 020,00 = et = (62)7(3) = st = w0 — eyt forall 1 € R,
and the desired conclusion (3.36) follows from (3.38). O
Now, call, for p € N and (¢, z) € [—t,, +00) X R,
up(t, ) = u(ty +t,Y " (tp) + z).

Each function w, satisfies (up); = (up)ex + f(tp +t,up) in [—tp, +00) x R. It follows then from standard

parabolic estimates and (1.3) that, up to extraction of a subsequence, the functions u, converge in C’llo’z (R?)
to a classical solution 0 < uy, < 1 of (3.24) in R2.

Lemma 3.13. There is a real number xo, such that
Uso(t, ) = goil (x — cit 4 200) for all (t,z) € R?. (3.39)

Proof. It follows from (3.31) that 0 < Suf(t,z) < up(t,z) < min (87 vl (¢,2),1) for all p € N
and (t,z) € [—tp, +00) x R. Therefore,

0 < Boi(t,2) < uso(t,z) <min (8 1oL (¢, 2),1) for all (t,z) € R?, (3.40)

by passing to the limit as p — +o00. Since infg2 v = 0 by (3.36), the function u, cannot be identically
equal to 1. Finally, 0 < us < 1 in R? from the strong maximum principle. Furthermore, (3.36) and (3.40)
imply that inf,_., 1<o uso(t, ) > 0 and, as in the proof of Lemma 3.5, one can then show that u(t,z) — 1
as  — ¢yt — —00. On the other hand, it also follows from (3.36) and (3.40) together with ¢f, (£) ~ e FEif

cy > 2. /pi+ (resp. g0j+ (€) ~ Ee ™ if ¢, =2, /ii7) as € — +oo, that there is A > 0 such that

goéﬁr (r—cit+ A) Suxl(t,z) < 90;r+ (x —cyt — A) for all (¢t,2) € R? with 2 — ¢4t > 0.
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As a consequence, as in Step 3 of the proof of Proposition 2.3, by combining Proposition 4.3 in [32] and
Theorem 3.5 of [4] (see also Lemma 8.2 of [16], adapted here to the homogeneous case), the conclusion (3.39)
follows, for some real number £, € [—A, A]. O

We are finally able to complete the proof of the limit (1.14) as ¢t — +oo, that is the convergence
of u to gp;tr along its level sets as ¢ — +4o00. Remember that the function { was defined by (3.25)

for t > 0. In particular, u(ty, X(t,) + £(ty)) = u(ty, X*(tp)) = @f (0) for every p € N, while
u(ty, YT (tp)) = up(0,0) = use(0,0) = ¢, (200) € (0,1) as p — +oo, from (3.39). Therefore, (1.6) im-
plies that the sequence (X (t,) + £(tp) — YT (¢,))pen is bounded, whence

up (0, X (tp) + &(tp) — YT (tp)) — oo (0, X (tp) + &(tp) — Y (tp)) — 0 as p — +oo.
But, for all p € N,

Up (O7X(tp) +&(tp) — Y+(tp)) = “(th(tp) + f(tp)) = %0;: (0),
Uoo (0, X(tp) + g(tp) - Y+(tp)) = 90;: (X(tp) + f(tp) - Y+(tp) + ﬂfoo)-

One infers that X (¢,) +&(tp) — Y1 (¢p) + Too — 0 as p — +00. As a consequence,

“(tp» X(tp) + 5(tp) +x) = up(oa X(tp) =+ g(tp) - Y+(tp) + x) pjoo Uoo (0, — Too) = 902; (v)
from (3.39), and the convergence holds locally uniformly with respect to x. Furthermore, since u(tp, X (tp)—i—:c) —1
(resp. 0) as x — —oo (resp. © — +o00) uniformly in p € N by (1.6), since & : (0,400) — R is bounded and
since @, (—o0) = 1 and ¢/, (+00) = 0, one gets that

u(tp, X(tp) + &(tp) +3) — <p;: (z) as p — +oo uniformly in z € R.

But the limit does not depend on the sequence (,)pen converging to +o0o. From the compactness arguments
used in the above proof, one concludes that u(t, X (t) +£(t) + ) — ¢ () as t — 400 uniformly in z € R,
and standard parabolic estimates also imply that the convergence holds in C%(R).

Finally, by defining ¢ : R — R by (3.18) in (—o0, 0] and by (3.25) in (0, +00), the function £ is bounded
and the conclusion (1.14) holds with ¢, (z) = ¢Z (z). The proof of Theorem 1.4 is thereby complete. [

3.2.6 Proof of Lemma 3.11

We recall from Substeps 5.1 and 5.2 above that 0 < v = u, < 1 obeys (3.9), where the measure p € M is
supported in [c_,cy] C (24/—, +00), and c_ and ¢ are the leftmost and rightmost points of the support
of p. Here, M = p([c—,¢4]) > 0 and the inequalities (3.4) amount to

Mt ¢, (x—cIn M) du(c) < v(0,z) < Mt e~ Ae @=eln M) g, () (3.41)

[C* 7E+] [C* ’EJr]

for all z € R. If c_ = ¢y, then = M d._ and v(0,2) = ¢, (z — c_In M) for all z € R, hence the desired
conclusion (3.32) is immediate since ¢ (£) ~ e =& = e %" as £ — +o0.
Let us now consider in the sequel the case c_ < ¢;.. We first show that, for every ¢’ € (c_,¢4),

v(0,2) ~ M1 e~ @=enM) () as & — +oo. (3.42)

[C,’E-F}
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To do so, let ¢ be arbitrary in the open interval (c_,cy) and let ¢ be such that c— < ¢ < " < ¢;. It
follows from (3.41) that

[c’,E+]

M o (w—cln M)dpu(c) < v(0,2) < M—l/ oA (e ) g
o)

=:I1(z) =:I5(x) (3 43)

_’_Mfl efz\g(acfclnM)d'u(C)

[CI 7E+]

=:I3(x)

for all z € R. We shall show that v(0,z) ~ I3(x) as x — +o0. Since Ay > A, > A, > 0 for all c € [c_, (),

one gets from one hand that Ir(z) = O(e ") = o(e ") as 2 — +o0, while, from the other, that

lim inf (GA;”xlg($)) > liminf (eA(s”JCM_l [ e_’\c_(z_cmM)du(c)> > M_l/ ere My (e,

T——+00 T—400 c”,'5+} [c”,E+}

which is positive because p([¢”, ¢1]) > 0 by definition of ¢;.. As a consequence, Ir(z) = o(I3(x)) as x — +0o0
and
Iy(x) 4+ I3(z) ~ Is(x) as z — 4o0. (3.44)

As far as the left-hand side of (3.43) is concerned, we claim that
Vn>0, 34, R, Vo> A, Vee[d,E], po(x)>(1—n)e ™ (3.45)

Let us assume temporarily this claim and finish the proof of Lemma 3.11. It follows from (3.45) that, for
every n > 0, there holds I;(x) > (1 —n) I3(x) for x large enough. Together with (3.43) and (3.44), one
infers that v(0,z) ~ I3(x) as * — +o00, that is (3.42).

In the final step, let zp € R be fixed. We want to show that v(0,z + z¢)/v(0,z) — e 5™ as & — +oo.
Let € € (0,1) be arbitrary. Since the map ¢ — A_ is continuous on [2,/n_, +00), it follows that there is
d € (c—,¢4) such that

o

(1—¢) R (1+¢) e "™ forall c e [, cy].

From (3.42), there is A € R such that, for all z > A,
(1 _ 6) ML . e—)\c_(x—clnM)d'u(c) < U(O,l‘) < (1 +€) M—l/ ) 6_/\6_(I_CIHM)d,u(C)
[CIVCJF] [Clchr]
and
(=) M| e elrtmomemMgy ) < (0,2 +2) < (1 4+2) M / e lotmomemM gy ),
[C,»C-F] [C',C+]
Putting together the previous three displayed formulas leads to

(1—¢)? SN

2 _
1+ (L+e)f e,
€

1—¢

v(0,2) < v(0,x 4 z9) <

(0,z) forall z > A.

Since € € (0,1) was arbitrary, the desired conclusion (3.32) follows and the proof of Lemma 3.11 is com-
plete. 0
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Proof of (3.45). More generally, we fix any two real numbers a and b such that 2,/u— < a < b. We

recall that, for every ¢ € (2/fi_, +00), o, (z) ~ e as x — 400, where \] = (¢ — \/c? — 4p_)/2 solves

(As)? —cAZ + p— =0, and we want to show that, for every n > 0, there exists a real number A, such that

oo (x) > (1 —n)e <% for all ¢ € [a,b] and = > A,. (3.46)

In other words, we want to show that the asymptotic exponential decay of ¢, at +oo is uniform with
respect to ¢ € [a, b].
To do so, notice first that, for every ¢ € [a, b],

_ _ _ ~ c+/c?—4u_
0< X <A <A <1W_</\c::%.

Since, for every ¢ € [a,b], \] < XC are the two roots of the equation X2 —¢cX + p_ =0, there are a € (0,1)
and S > 0 such that A7 < (14 a)A; < A for all ¢ € [a,b] and

A+a) A ) —c(l+a)\] +pu_ <-4 forallc€ [a,b). (3.47)
Now, since f_ is of class C2([0,1]) with f_(0) = 0 and f’(0) = pu_, there is so € (0,1) such
that f_(s) > pu_s — s+ for all s € [0, s9]. Next, it is straightforward to check that there is a positive real
number B such that

fB>1 and w.(z):=max (e_’\;“” — Be (t@Aew, 0) < s for all ¢ € [a,b] and z € R. (3.48)

For every ¢ € [a,b] and = € R such that u,(x) > 0, there holds

0<u.(z)= e Ae? _ Be (It < min (50, e e z),

whence

—poe™ T = B((140)2 (A7) — o1 + )A7 e (ol
f- ()

—pe " 4+ Bp + B)e” TN 4 f (u(x))
—p-uo(x) + uet (@) + f-(u(x))

0

g (7) + cue(r) + - (u(x))

AVARAVALY,

from (3.47) and (3.48). In other words, since f_(0) = 0, the functions u, are subsolutions of the equations
()" 4+ clps) + f-(pc) = 0 satisfied by the functions ¢ .

In this paragraph, c is a fixed real number in [a,b]. We want to show that u.(z) < ¢ (x) for all z € R.
Notice that both functions u, and ¢, have the same exponential decay, namely e~ %, as x — +o0, but
one cannot directly apply the maximum principle as * — o0 since f’ (0) = u— > 0. However, we are
going to use a sliding method. Remember that u.(z) < min (e=*?, so) for all « € R, that ¢, (z) ~ e e ?
as © — +oo, and that the positive continuous function ¢, converges to 1 (> sg) at —oo. Therefore, there
is g > 0 such that u.(z) < ¢, (z — x¢) for all z € R. Define

2, =min {2’ >0, u.(z) < ¢; (x — ') for all z € R}.

The real number z, is well defined, with 0 < z, < 2o, and u.(z) < ¢_ (x — z,) for all x € R. Assume, by
contradiction, that x, > 0. Then there are some sequences (zp)pen in (0,24) and (yp)pen in R such that

Tp — T as p— oo and u.(yp) > ¢, (yp — xp) for all p € N.
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Since z, > 0 and u.(z) < e ¢ ~ @ () as & — +00, one infers that limsup,, , |, yp < +00. Furthermore,
liminf, 4o yp > —00 since u.(—00) = 0 < 1 = ¢ (—00). Therefore, the sequence (y,)pen is bounded and
converges, up to extraction of a subsequence, to a real number yoo. It follows that u,(yeo) > ¥z (Yoo — Tx),
while u.(z) < ¢ (z — x4) for all x € R (hence, u.(Yo) = ¢z (Yoo — ) > 0). But u, is a subsolution
of the equation satisfied by ¢-. It follows from the strong maximum principle that u.(z) = ¢_ (v — )
for all x belonging to any interval (z1,22) containing y~, and where u, is positive. By definition of u,,
there is x_ € (—00,¥Yoo) such that u.(xr) > 0 on (z_,ys] with u.(z_) = 0. It follows by continuity
that ¢, (x— — z) = u.(r_) = 0, which is a contradiction since ¢ is positive in R. Consequently, x, = 0
and u.(x) < ¢ (x) for all z € R.

Finally, for all ¢ € [a,b] and x € R, there holds ¢ (z) > e~ #(1— B e~ ) where a > 0 and B defined
in (3.47) and (3.48) are independent of ¢ € [a,b]. Since Ay > A, > 0 for all ¢ € [a, b], the conclusion (3.46)
follows immediately. The proof of the claim (3.45) is thereby complete. O

3.3 Proof of Theorem 1.7

Let f and u be as in Theorem 1.7. In order to show that u(¢,z) has a exponential decay rate as x — 400,
the method is, as in the proof of Theorem 1.4, to compare u with a solution v of (3.9). By using (1.21), it
will follow that v is of the type v = u, for some measure ;1 € M. Since such solutions u, turn out to have
an exponential decay rate A > 0 as x — 400, so does u. Lastly, we distinguish the two cases A > 0 and
A = 0 and we show in the former that w is then a transition front connecting 0 and 1 and we identify its
asymptotic past and future speeds by comparison arguments.

First of all, observe that Steps 1 and 2 of the proof of Theorem 1.4 can be reproduced word by word,
since they did not use the fact that u was a transition front connecting 0 and 1. Therefore, by defining the
sequence (vn)nen and the function v as there, there is then a solution 0 < v < 1 of (3.9) such that (3.12)
holds, that is,

u(t, ) e PO <ot z) < ult,z)e"°® for all (¢, z) € R?, (3.49)

where O (and () are as in (3.11) (and (3.10)). Since © is bounded in, say, (—oo, 0], it follows then from
the assumption (1.21) that maxp_y e v(t,-) — 0 as t = —oo with ¢ > 2,/u— = 2,/ (0) (whence, in
particular, v(¢,z) < 1 for all (t,z) € RxR, from the strong maximum principle). Furthermore, Theorem 1.4
of [14] implies that the solution v of (3.9) is then of the type v = u, for some measure p € M (associated
with the function f_) whose support satisfies

supp(p) C (—o0, —c] U [e, +00) U {oo}. (3.50)

As a consequence, one infers from Theorem 1.9 of [19] applied to the function v” defined in R x R by
v7(t,z) = v(t + 7,2) for an arbitrary 7 € R that \; := —lim;  o(Inv(7,2))/2 exists in [0, /n_).
Furthermore, as explained after the statement of Theorem 1.9 in [19], the real numbers A; do not depend
on 7 € R. Finally, by using (3.49), there is A € [0, \/_) such that —(Inu(t,z))/x — X as x — 400 for all
t € R. We will then consider separately the cases A > 0 and A = 0.

Case 1: X > 0. In this case, Theorem 1.9 of [19] implies that v = u, is a transition front connecting 0
and 1 for (3.9), with a function X, : R — R satisfying (1.6). We get then from part (i) of Theorem 3.1 and
from (3.50) that the support of y is a compact subset of [¢, +-00) (C (2/f—, +00)). Furthermore, by part (ii)
of Theorem 3.1, the transition front v has then an asymptotic past speed c_ € [c, +00) C (2,/p1—, +00) and
an asymptotic future speed ¢y € [c—,4+00). On the other hand, by (1.6) and (1.7) applied with X, and v,
the past speed c_ satisfies

c_ =su { >0, lim max wv(t,- :0}, 3.51
Py t=r—00 [—y[t],ylt]] (&) ( )

while Lemma 3.11 implies that lim,_, y o v(0, z4+x0) /v(0, ) = e " for all zo € Rwith A7 = (ch—1/c2 —4p_)/2.
Since one already knows that In v(0, z) ~ —Az as * — 400, one gets A = Az, » whence limg; o v(0, z+x0)/v(0,x) = e
for all zg € R.
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Define now X (t) = X,(¢) for all ¢ < 0. One has lim;—,_o X(t)/t = c— > ¢ > 2,/pu_ and, by (3.49)
and (3.51), there holds
c_ =su { >0, lim max w(t,- :0}.
P t=—00 [—t],y]tl] (&)
By using again (3.49) and by interchanging the roles of u and v in the proof of Lemma 3.5, it also follows
that

uniformly in ¢ € (—o0,0]. (3.52)

u(t, X(t)+z) > 1 asx — —o0
u(t, X(t)+x) -0 asx — 400

As in Substep 5.4 of the proof of Theorem 1.4, one can then define u™(t,z) and v*(¢,x)
for (t,z) € [0,400) x R as in (3.27) and (3.29) and notice that, as in (3.31), there is 5 € (0, 1] such
that

0 < Bot(t,z) <ult,z) <min (8 1o (t,z),1) for all (t,z) € [0, +00) x R. (3.53)

The function v (0, -) = v(0, -) = u,(0, -) is continuously decreasing in R with v (0, —c0) = 1, v1(0, +00) = 0
and we know that lim, 1 v (0,2 + 20) /v (0, 2) = e for all x5 € R. Therefore, by defining Y *(¢t) for
t > 0 as in (3.33), we get from [46] as in Substep 5.4 of the proof of Theorem 1.4 that Y (t)/t — cy as
t — 400 and that (3.35) holds, that is,

sup ‘U’L (&, YT () + ) — 80(: (o + x)} —0 ast — o0, (3.54)
Tz€R

where & = (¢, )71(1/2) and ¢, (x — c4t) is a standard traveling front connecting 0 and 1 for (3.24), with
speed

- it
= A/ _
C+ mln( 3 /.L+) + min()\, ,—M+)
Set X (t) = Y™ (t) for t > 0. Let us finally prove that u is a transition front connecting 0 and 1 for (1.1)
with the function X : R — R (remember that we already know that (3.52) holds). Let £ > 0 be arbitrary.
By (3.53) and (3.54), there are T, > 0 and M, > 0 such that

0<u(t,X(t)+xz)<eforallt>T,and x > M.. (3.55)

Using again (3.53) and (3.54) and arguing as in the proof of Lemma 3.5, one gets the existence of T, > 0
and M, > 0 such that

l—e<u(t,X(t)+z)<1lforallt>T and z < —M.. (3.56)

Since u(0, —o0) = 1 and u(0,+00) = 1 as a particular consequence of (3.52), standard parabolic estimates
imply that u(t, —oo) = 1 and u(t, +00) = 0 locally uniformly in ¢ € R. On the other hand, Yt (t) (= X (¢)
for t > 0) is locally bounded in [0,+00) since v* (¢, —00) = 1 and vt (¢,4+00) = 0 locally uniformly in
t > 0. These properties together with (3.55) and (3.56) imply that u(¢, X(¢) +z) — 1 as © — —oo and
u(t,X(t) + x) — 0 as x — o0, uniformly in ¢ > 0. Thanks to (3.52), one infers that u is a transition
front connecting 0 and 1 for (1.1), with the function X : R — R satisfying (1.6). It also follows from the
previous properties of X, and Yt that X (t)/t — c4 as t — F00, where cy are given as in (1.22). Finally,
by Theorem 1.4, (1.14) holds with ¢., = gpfi, for some bounded function £ : R — R. The proof is therefore
complete in the case A > 0.

Case 2: A = 0. We know in this case that (Inu(7,x))/x — 0 as x — +oo for every 7 € R. Suppose
by contradiction that w is a transition front connecting 0 and 1 for (1.1). Take 7 large enough so that
f(t,s) > fr(s)/2 for all (t,s) € [r,400) x [0,1]. For any v > /2uy = /2 (0), consider the standard
traveling front @, (z — yt) connecting 0 and 1 for the equation (3.1) with ¢ = f,/2. Since ¢, decays
exponentially at +oo, therefore faster than u(r,-), and (7, -) is positive, continuous and tends to 1 at —oo,
we can find § € (0,1) such that @, (z —y7) < u(r,z) for all z € R. Furthermore, S¢(z — 7t) is a
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subsolution to (1.1) for ¢ > 7. It then follows from the maximum principle that u(¢,~vt) > S@(0) > 0 for
all t > 7, from which, owing to (1.6) or (1.7), we derive liminf; , . X (¢)/t > . Since this is true for all
v > /2u+, we obtain a contradiction with (3.7). Therefore, u is not a transition front connecting 0 and 1
and the proof of Theorem 1.7 is thereby complete. O
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