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Motivating applications

Series tranformation = possible convergence acceleration
The Takenake-Malmquist and Hambo bases

Convergence theorems: Exponential decay

Numerical experiments
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m 27-periodic functions ~ functions on T = {z € C : |z| = 1}
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The functions

m 27-periodic functions ~ functions on T = {z € C : |z| = 1}

m Suppose f is real then Fourier series

f(z) = E Cka, z=¢e", c =%k
kez

o
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k=0
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m Suppose f is real then Fourier series

f(z) = E Cka, z=¢e", c =%k
kez

o
= Zaj( cos kw + bj sin kw
k=0

mlffe HD), D={zeC:|z| <1}

f(z) = chzk, |z| <1
k=0
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Fourier series

The functions

m 27-periodic functions ~ functions on T = {z € C : |z| = 1}

m Suppose f is real then Fourier series

f(z) = E Cka, z=¢e", c =%k
kez

= Zaﬁ(coskw%—b;(sin kw
k=0
mlffe HD), D={zeC:|z| <1}
f(z) = chzk, |z| <1
k=0

m Mostly symmetric: f(e'*) = "3, a) cos kw
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Fourier series

Motivating applications

m Impulse response (transfer function) of a LTI system

m stable and causal = holomorphic in DU T
m usually real and rational (meromorphic)

Realization theory, model reduction,...
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Fourier series

Motivating applications

m Impulse response (transfer function) of a LTI system
m stable and causal = holomorphic in DU T
m usually real and rational (meromorphic)
Realization theory, model reduction,...
m Identification of a signal

m want f stable, causal, minimal phase, real,. ..

m given the spectrum |f(z)]>, z€ T

m if c_x = Cx then approximating |f(z)|? is like approximating its
real part
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Fourier series

Motivating applications

m Impulse response (transfer function) of a LTI system
m stable and causal = holomorphic in DU T
m usually real and rational (meromorphic)
Realization theory, model reduction,...
m Identification of a signal
m want f stable, causal, minimal phase, real,. ..
m given the spectrum |f(z)]>, z€ T
m if c_x = Cx then approximating |f(z)|? is like approximating its
real part
m Lowest possible number of terms is an important issue

m less delay, lower cost
m rational is easily implemented with circuit loop

The convergence of Fourier-Takenaka-Malmquist series


http://www.cs.kuleuven.ac.be/~ade/

The applications
Different bases
Convergence Theorems

Fourier series

Slow convergence possible

Convergence of power series may be slow if singularity close to T
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Slow convergence possible

Convergence of power series may be slow if singularity close to T

m Consider for example

m If |5 =1—¢ <1, € small, then very slow convergence!
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Fourier series

Slow convergence possible

Convergence of power series may be slow if singularity close to T

m Consider for example

1- 3z =
m If |5 =1—¢ <1, € small, then very slow convergence!
m The error
ok 16"
f(z)— ) 0z <
27 =1
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Fourier series

Slow convergence possible

Convergence of power series may be slow if singularity close to T

m Consider for example

1- 3z =
m If |5 =1—¢ <1, € small, then very slow convergence!
m The error
ok 16"
fz)-) 0z <——
27 =1

m More general, the closest-to-1 pole dictates convergence rate
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Fourier series

Change of basis

m Suppose f belongs to a separable space with bases {ex} and
{et}-
f(z) =) ckex(z) = ) ciek(2)
k k
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Fourier series

Change of basis

m Suppose f belongs to a separable space with bases {ex} and
{et}-
f(z) =) ckex(z) = ) ciek(2)
k k

m For example

f(z) = Re(z) = cosw = Z k)]

k

The basis used is {ex(w) =wk : k=0,..., 00},
which gives infinitely many terms.
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Fourier series

Change of basis

m Suppose f belongs to a separable space with bases {ex} and

{el}.
f2) = ckenlz) = 3 che(2)
k k

m For example

f(z) = Re(z) = cosw = Z

— (2K)!

The basis used is {ex(w) =wk : k=0,..., 00},
which gives infinitely many terms.

m But the basis {coskw : k =0,...,00} requires only one term,
hence extremely fast convergence.
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Fourier series

Change of basis

m A change of the basis from e, (w) = w* to the Fourier basis
e, (w) = cos kw speeds up the convergence.
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Fourier series

Change of basis

m A change of the basis from e, (w) = w* to the Fourier basis
e, (w) = cos kw speeds up the convergence.

m We may consider f(w) also as a (continuous) series expansion
with respect to the basis §(k — w):

fw) = /k F(k)3(k — w)dk
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Change of basis

m A change of the basis from e, (w) = w* to the Fourier basis
e, (w) = cos kw speeds up the convergence.

m We may consider f(w) also as a (continuous) series expansion
with respect to the basis §(k — w):

fw) = /k F(k)3(k — w)dk

m The Fourier transform produces the coefficients for the Fourier
basis, given the “coefficients” f(w) with respect to the basis
Ik —w).
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Fourier series

Change of basis

m A change of the basis from e, (w) = w* to the Fourier basis
e, (w) = cos kw speeds up the convergence.

m We may consider f(w) also as a (continuous) series expansion
with respect to the basis §(k — w):

fw) = /k F(k)3(k — w)dk

m The Fourier transform produces the coefficients for the Fourier
basis, given the “coefficients” f(w) with respect to the basis
Ik —w).

m Acceleration of convergence is by sequence transform ¢, — ¢

with f(z) = >, cker(2) = D24 crer(2).
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Fourier series

The space

m We shall work in a Hilbert space L2([0,27]) ~ L3(T)

(£.8) = 5 | DS

V4
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Fourier series

The space

m We shall work in a Hilbert space L2([0,27]) ~ L3(T)

dz

V4

(£.8) = 57 | F2)EE)

m Note that Fourier basis {z¥}4cz is an orthonormal basis.
While {zk}kzo,L_._ complete in H2(DD).
But it is not unique!
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Fourier series

Other bases for H*(ID)

m Takenake-Malmquist basis = any sequence of poles

{1/ak}k=1.2,...
1 — |ayl?
o0=1, efz) = 1_O|ék§|sz_1(z)
k—1 P
) = 1 (7
t=1

with ay € D if stable and limit points in |z] < r < 1.

The convergence of Fourier-Takenaka-Malmquist series


http://www.cs.kuleuven.ac.be/~ade/

The applications
Different bases
Convergence Theorems
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Other bases for H*(ID)

m Takenake-Malmquist basis = any sequence of poles

{1/ak}k=1.2,...
1 — |ayl?
o0=1, efz) = 1_O|ék§|sz_1(z)
k—1 P
) = 1 (7
t=1

with ay € D if stable and limit points in |z] < r < 1.

m Hambo basis = finite set of poles at 1/ax, k=1,...,p
repeated cyclically

Boesj(z) = Bi(2)[Bo(2)]", 0<j<p—1, £=12,...

with a; € D if stable.
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Fourier series

Other bases for H*(ID)

m Laguerre basis = one pole at 1/a@

\/WZ(Z_O‘)kl

1—az 1—az

e = l, ek(z) =

with @ € D if stable.
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Fourier series

Other bases for H*(ID)

m Laguerre basis = one pole at 1/a@

\/WZ(Z_O‘)kl

=1 el(z)= 1—az 1—az

with @ € D if stable.

m Kautz basis = a complex conjugate pair {1/@,1/a} repeated

VIi—|a | z—a [2D
e =1 ex-1(z) = 1—o|zz| 21 _az
exu(2) VI—[af |z—a |V /g
z) = z
2k 1-az 1-az 1-az

with o € D if stable.
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Fourier series

Convergence

f(w) = F(e“) e G, g>2, ck = (F, pk), pk(z) = TM basis
Then

Fn(z) = 3_jkj<n ckpk(2) converges to F(z) uniformly on T with
rate at least 1/n972,

1 AB & P. Carrette: Algebraic and spectral properties of general Toeplitz
matrices SIAM J. Control Optim, 2003.
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Fourier series

Convergence

f(w):=F(e“)e G, q>4, c = (F,pk),

¢k(z) = z¥ Fourier basis,

®p = [0, 0T, My =[5 [ ®,F®;%L] (Toepliz matrix),
Gp = ®0/||Pnll, ([[®n(2)|> = kn(z, z) = reproducing kernel)
Then for z € T

Fa(2) = G3(2)MnGn(2) = > (1— |l;|)ckg0k(z), (Cesaro sum)
|k|<n

converges to F(z) uniformly on T with rate at least 1/n.

1 A.B & P. Carrette (2003).
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Fourier series

Convergence

f(w):=F(e“)e G, q>4, c = (F,pk),

ok(z) = TM basis

®n = [po,.... 00", My= [ﬁ f¢,,Fd>f,%] (Toepliz matrix),
Gn = ®,/[|®n]l, (|®n(2)]|? = kn(z, z) = reproducing kernel)
Then for z € T and T analytic

Fn(z) = G, (2) T(My)Gn(2)

converges to T(F(z)) uniformly on T with rate at least 1/n.

L A.B & P. Carrette (2003)
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Exponential decay
Meromorphic function Experiments

Preliminary remark

RENEILS

Since we are interested in either F(z) € H2(D) or in f(z) € L?(T)
but real (hence c_x = €k), studying the convergence to

F(z) =Y 2 gckzX orto f(z) = Y32 ckzX is “equivalent”.

f(ei“’) = ReF(ei“’)

Examples

The examples will be stable rational functions with poles
{1/B;:j=1,...,r} and we use the Hambo basis with poles

{1/aj:j=1,...,p}
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Exponential decay
Meromorphic function Experiments

Example

f(w) = (cos2w + )/(4c052w +5)
f(w) = ReF(e™) = (22 +2)71, z = ™. Poles at +iv/2

left: f and £, with random poles; right: |f — fa| and |f — f5| when
ax = i%+10.6
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Example

f(w) = (cos2w + 2) /(4 cos 2w + 5)
f(w) = ReF(e™) = (22 +2)7L. Poles at +i\/2

10° T T T T T T T T 10°

107 el 4 10"
T~ o
0 o o
o
o
0 o
o
°
0 10" °
o
0 10° o
o
0 o
o
0 10 o
°
o
10°! 10

left: ||f — f,]loo with (1) ak random, (2) ax = 0, (3) ax = i24+20.6;
right: Fourier coefs for (3)
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Exponential decay

Fle®)=2_ . _akﬁkz
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Exponential decay

Fe™) =) A G _akﬁkz

k

wo=1 W= [gol,...,app]T, Vi = Vo(Bp)k.
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Exponential decay

Fe™) =) A G _akﬁkz

k

wo=1 W= [gol,...,app]T, Vi = Vo(Bp)k.

F(z) = F(0) + > LeVi(2), Li=(F, Vi)
k=1
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Exponential decay

; — Bkz

wo=1 W= [gol,...,app]T, Vi = Vo(Bp)k.

0) + Z LkVi(z), Lk =(F, Vi)

By orthogonality

_ 2w ~1dz
L= X3 o W@ (ee) S
= YW )(85))"
J
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Exponential decay

F(e') = Fa(e™) = 3321 Lk Vi(2)
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Exponential decay

F(e') = Fa(e™) = 3321 Lk Vi(2)

Thus elementwise:
Ll < S| < |S3V (3)] X A= max|B,(5)

< A =may; )Zj ajVoT(ﬂj)’
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Exponential decay

F(e™) = Fa(e™) = XiZni1 Lk Vi(2)
Thus elementwise:
Ll < S| < |S3V (3)] X A= max|B,(5)
< A =may; )ZJ 3 VOT(ﬂj)’
Therefore

IF = Fallo = 1 22551 Lk Vi(2lloo
< Y A maxzer [Vo(2)]|By(2) [

< AR A= c%, ¢ = ¢ maxt |Vp(2)
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Exponential decay

Eq(e) = F(e") = Fa(e®) = > cpu(2), n=kp, k— oo

p

A= max |B,(8))| = mJaxH bj— o

el B Y ;
e 15,5 (Hambo basis)

k+1
The approximation error behaves like! ||E,||co < c)‘ +>\

'P. Heuberger 1991
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TM basis

With some more work, using the logarithmic potential of the
a-distribution, analog results can be obtained for the TM basis?.

n

1

*
weak star convergence: v = - E Oa; — vV
j=1
X—z
set ANz)= [ lo dv(x
(2) = [ tog| 72 | av()

Then
lim sup |Eq(2)] /" < exp{A(2)}

n—oo

2A.B., Gonzalez-Vera, Hendriksen, Njastad, 1997
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What influences \7

<1

]. — Oétﬂj

m )\ small if all poles are approximated
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What influences \7

<1

]. — Oétﬂj

m )\ small if all poles are approximated

m approximating 1 pole exactly does not speed up cvg
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What influences \7

<1

]. — Oétﬂj

m )\ small if all poles are approximated
m approximating 1 pole exactly does not speed up cvg

m if p poles are approximated, then a dip in the error every p
steps
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What influences \7

<1

]. — Oétﬂj

m )\ small if all poles are approximated
m approximating 1 pole exactly does not speed up cvg

m if p poles are approximated, then a dip in the error every p
steps
m the poles closest to the circle matter most
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Exponential decay
Meromorphic function Experiments

Example

f = ReF, F(e“) = (2% + $%)7L. Poles at +i,/9/10 ~ +i0.95

left: ||f — fy|loo vs. n with right: f(w)
ay =0,
ax = 0.8i(—1)k,
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Example

f(w) = ReF(e), F(z) = (2% + 3%)~1. Poles at
+i/v/2 ~ +i0.707

) 5 10 15 20 0 1 2 3 4 5 6

left: ||f — fy]loc vs n with right: f(w)
o, =0,
ax = 0.8i(—1)k,

The convergence of Fourier-Takenaka-Malmquist series


http://www.cs.kuleuven.ac.be/~ade/

Exponential decay
Meromorphic function Experiments

Example

f(w) — Re(|g(eiw)|2)’ g(z) = % Poles in {05, *02}

0 0.11
0.105
sl 01
0.095
0.09
o 0.085
0.08
2 0 5 10 15 20 O‘0750 1 2 3 4 5 6
left: ||f — f,|loc vs n with right: f(w)
o = O,
Qo = 0.4, Q41 = *0.3,
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Meromorphic function

Example

Exponential decay
Experiments

z—1.1e~/"/4

f(w) =Re(|g(e™)?). g(2) = ¢
{0.9,-0.25, —0.8333i}

z—0.9)(z+1.27)(z+4

y: Poles in

0
1
-1 0.8
0.6
-2
0.4
-3
0.2
o ‘ ‘ ‘
0 5 10 15 20 0 1 2 3 4 5 6
left: ||f — fy||co VS 1 with right: f(w)
ay =0, error Epg,
Qo = 08, Qok+1 = —0.8i, error Ez(),
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Example

. 2—0.9e7/4)(z—0.9e—i7/4 c
f(w) = Re(F(e'”)), F(z) = (zEO.9(;(926—0.83)((2-&-00.9;)(2—%3.5)' Poles in
{0.9,+0.8i, —0.5}

1

-

0 5 10 15 20 0 1 2 3 4 5 6
left: ||f — fy||co VS 1 with right: f(w)
o =0, error Exg
144k = 09, Q4K = —0.4/, error Ezo
Q344K = 0.4i, Qg4 4k = —0.7,
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Example

() = Re(F(e)), F(z) = £ E-00e T(2105) poeg iy
{0.9,+0.8/}

/\
\ s

BRSNS W\

0 5 10 15 20 0 1 2 3 4 5 6

left: ||f — fy||co VS 1 with right: f(w)
ax =0, error Epg
ar =0.9, error Exg
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Example

F(w) = Re(F(e)), F(z) = R0l Gin e . Poles in

{0.8,0.8,£0.5}

-4 L L H
0 5 10 15 20

left: ||f — fylloc vs n with right: f(w)
ar =0, error Exg
143k = 0.7, error E20
Qo4 3K = 0.7i, Q43K = —0.7i
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Example

f(w) = Re(F(e)), F(2) = Zosaraoy- Poles in {0.93,0.2}

left: ||f — fylloo VS N with right: f(w)
ayg =0, error Epg
ax = 0.97, error Exg—=
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The end

Thank you
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10

10°F E
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0.11¢

0.105¢

0.1r

0.095

0.09¢

0.085

0.081

0.075¢ w s \ s ‘
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