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Motivation and aim of the talk

@ Orthogonal Rational Functions are a generalization of
Orthogonal Polynomials (poles at co) and Orthogonal Laurent
Polynomials (poles at the origin and o).
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Motivation and aim of the talk

@ Orthogonal Rational Functions are a generalization of
Orthogonal Polynomials (poles at co) and Orthogonal Laurent
Polynomials (poles at the origin and o).

@ A. Bultheel, P. Gonzélez-Vera, E. Hendriksen and O. Njastad.-
Orthogonal Rational Functions, volume 5 of Cambridge
Monographs on Applied and Computational Mathematics,
Cambridge University Press, Cambridge, 1999.
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Motivation and aim of the talk

@ In the approximation of weighted integrals supported on the
unit circle or the interval, if the integrand is a function with
singularities (possible close to, but) outside the unit circle or
the interval, then rational interpolatory quadrature formulas
are often preferred than interpolatory rules.
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Motivation and aim of the talk

@ In the approximation of weighted integrals supported on the
unit circle or the interval, if the integrand is a function with
singularities (possible close to, but) outside the unit circle or
the interval, then rational interpolatory quadrature formulas
are often preferred than interpolatory rules.

@ A. Bultheel, L. Daruis and P. Gonzalez-Vera.- A connection
between quadrature formulas on the unit circle and the
inteval [—1,1], Journal Computational and Applied
Mathematics, 132(1) 1-14, 2001.
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Motivation and aim of the talk

@ In the approximation of weighted integrals supported on the
unit circle or the interval, if the integrand is a function with
singularities (possible close to, but) outside the unit circle or
the interval, then rational interpolatory quadrature formulas
are often preferred than interpolatory rules.

@ A. Bultheel, L. Daruis and P. Gonzalez-Vera.- A connection
between quadrature formulas on the unit circle and the
inteval [—1,1], Journal Computational and Applied
Mathematics, 132(1) 1-14, 2001.

@ Aim: to present a connection between
rational Gauss-type quadrature formulas
and
rational Szeg6 quadrature formulas.
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@ C: the complex plane.  R: the real line.

e C=CU{oco}: Riemann sphere.
e R = RU{co}: Extended real line.

T ={zeC:|z| =1}: unit circle.
D={zeC:|z| <1}: open disk.

| = [—1,1]: the interval.
Xy ={teX:tg Y} for XCCand Y CC.

Pn: the space of polynomials of degree less than or equal to n.

Although z and x are both complex variables, we reserve the
notation z for the unit circle and x for the interval.
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e For any complex function 7(t), with t = z or t = x we define:

substar conjugate: f.(t) = f(1/t).

super-c conjugate: 7°(t) = f(t).

Consequently, 75(t) = f(1/t).
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e For any complex function 7(t), with t = z or t = x we define:

substar conjugate: f.(t) = f(1/t).

super-c conjugate: 7°(t) = f(t).

Consequently, 75(t) = f(1/t).

@ Note that if 7(t) has a pole at t = p, then
f.(t) has a pole at t = 1/p,
f<(t) has a pole at t = p,

fE(t) has a pole at t = 1/p.
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Spaces of rational functions

o Let a sequence of complex poles A, = {a1,,...,a,} C C,
be fixed.

@ In what follows we will assume that o, € R;.
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Spaces of rational functions

o Let a sequence of complex poles A, = {a1,,...,a,} C C,
be fixed.

@ In what follows we will assume that o, € R;.

@ Define the factors
%
Z =— k=12...
k(X) 1—X/ak’ b ) 7n7
and the basis functions

bo(x) =1, br(x) = bx_1(x)Zk(x), k=1,2,...,n.
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Spaces of rational functions

o Let a sequence of complex poles A, = {a1,,...,a,} C C,
be fixed.

@ In what follows we will assume that o, € R;.

@ Define the factors
%
Z =— k=12...
k(X) 1—X/ak’ b ) 7n7
and the basis functions

bo(x) =1, br(x) = bx_1(x)Zk(x), k=1,2,...,n.

@ These basis functions generate the nested spaces of rational
functions with poles in A,:

L; =span{bg,...,bj}, 0 <j<n.
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Spaces of rational functions

X
=—- k=12...
Zk(X) 1 —X/ak, 7 ? 7n7
bo(x) =1, bi(x) = bg_1(x)Zk(x), k=1,2,...,n.
L; =span{bg,...,bj}, 0 << n.
@ Define
J
mo(x) =1, mi(x) = H(l —x/ag), 0<j<n.
k=1

Then we may write equivalently L; = {p;/m; : pj € P;}.
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Spaces of rational functions

o Li={f:f €L}
® Ljand L7 are rational generalizations of 7 if all aj = o0,

Zk(x) = Z£(x) = x and by(x) = bS(x) = xk.
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Spaces of rational functions

o Li={f:f €L}
® Ljand L7 are rational generalizations of 7 if all aj = o0,

Zk(x) = Z£(x) = x and by(x) = bS(x) = xk.

o Consider the integral

1
Ju(F) = / F(x)dp(x).

-1

[ a positive bounded Borel measure on /.
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Rational interpolatory quadrature formulas

@ An nth rational interpolatory rule is obtained by integrating
an interpolating rational function of degree n — 1, and is of
the form

Jn(F) =2k i MF (), {xatier €1 {Mk}i—i CR,
Xj 7é Xk lf./ ;é ka

so that J,(F) = Jn(F) for every F € Rpq = Ly L,

p+g<2n—1land0<qg<p<n
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Rational interpolatory quadrature formulas

@ An nth rational interpolatory rule is obtained by integrating
an interpolating rational function of degree n — 1, and is of
the form

In(F) = 2k=1 MF (i), {acdio €1 M= CR,
Xj 7é Xk lf./ ;é k7
so that J,(F) = Jn(F) for every F € Rpq = Ly L,

p+g<2n—1land0<qg<p<n

The weights A, in the quadrature formula J,(F) are real, if and
only ff,

— ©
Rp’q o qu
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Orthogonal Rational Functions and Rational Gaussian

quadrature formula

@ v, € L\ L,_1: nth orthogonal rational function (ORF)
w.r.t. the inner product

1
(F.G), = / F(x) GE(x)du(x).

-1
@ Zeros xj of py(x): all distinct and in (—1,1).
Hence, they can be chosen as nodes for J,(F):
n-point rational Gaussian quadrature formula, which has
maximal domain of validity, i.e. the approximation is exact for
every function F € R, , 1 (taking p=nand g =n—1).

@ From the previous Lemma, the weights are real.
Moreover they are all positive.

Ruyman Cruz-Barroso - rcruzbQull.es Positive rational interpolatory quadrature formulas.



Rational Gauss-type quadrature formula

@ For any other choice of the nodes: the weights may be
non-positive and the quadrature will only be exact in a smaller
set of rational functions.

@ For each node that is fixed in advance: the domain of validity
will generally decrease by one.

Exactness at least for p4+ g =n— 1.
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Rational Gauss-type quadrature formula

Special cases:

o If one node is fixed in advance: the weights are all positive
and the quadrature is exact for every F € R,_1 1.

n-point rational Gauss-Radau quadrature formula.
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Rational Gauss-type quadrature formula

Special cases:
o If one node is fixed in advance: the weights are all positive
and the quadrature is exact for every F € R,_1 1.

n-point rational Gauss-Radau quadrature formula.

@ Whenever two nodes in an (n 4+ 1)-point quadrature formula
are fixed in advance, so that the weights are all positive and
the quadrature is exact for every F € R, ,—1, we obtain the
(n + 1)-point rational Gauss-Lobatto quadrature formula.
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Rational Gauss-type quadrature formula

Special cases:

o If one node is fixed in advance: the weights are all positive
and the quadrature is exact for every F € R,_1 1.

n-point rational Gauss-Radau quadrature formula.

@ Whenever two nodes in an (n 4+ 1)-point quadrature formula
are fixed in advance, so that the weights are all positive and
the quadrature is exact for every F € R, ,—1, we obtain the
(n + 1)-point rational Gauss-Lobatto quadrature formula.

@ The existence depends on the choice of the prefixed nodes.
Polynomial case characterized in
A. Bultheel, R. C.-B., M. Van Barel.- On Gauss-type
quadrature formulas with prescribed nodes anywhere on
the real line, Calcolo. To appear (2009).
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Another sequence of basic functions for the unit circle

@ Given a sequence of complex numbers

Bn — {/817/323' . 'aﬁn} C Da with /Bn € (_13 1)3

we define the Blaschke factors for 5, as

z— B e B #£0
z) =1 = = Bk’ Ck=1.2.....n,
M= G ™ {1, =0 T

and the corresponding Blaschke products for B, as

Bo(Z) = 1, Bk(Z) = kal(Z)Ck(Z)a k = 1,2, Lee gy N
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Another sequence of basic functions for the unit circle

@ These Blaschke products generate the nested spaces of

rational functions: on = span{By,...,Bj}, 0 < <n.
@ Define
j J—
fo(z) =1, #j(z) = [[(1 - Bxz), 0<j<n.
k=1
Then, we may write equivalently
() d
oy d —
Bj(z) = vj 7°TJ'(Z) , U= gnk e T,

where 7¥(z) = zj7°rj*(z), and

J
Lj={pj/#j: p € Pj}.
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Another sequence of basic functions for the unit circle

o Now,
Ej*:{f:f*E,Cj}, Ef:{f:fCELj}and
LS, ={f:fe e Lj}.
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Another sequence of basic functions for the unit circle

o Now,
Ej*:{f:f*E,Cj}, Ef:{f:fCE,Cj}and
LS, ={f:fe e Lj}.
£; and EOJ? are rational generalizations of P; too:

if all Bx =0, then
Ck(z) = ¢E(2z) = z and By(z) = Bg(z) = zk.
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Another sequence of basic functions for the unit circle

o Now,
Ej*:{f:f*E,Cj}, Ef:{f:fCE,Cj}and
LS, ={f:fe e Lj}.
£; and EOJ? are rational generalizations of P; too:

if all Bx =0, then
Ck(z) = ¢E(2z) = z and By(z) = Bg(z) = zk.

o Consider the integral

I.(F) = /7r F(z)df(0), z = €“.

—T

/12 a positive bounded Borel measure on T.
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Rational interpolatory quadrature formulas

@ Approximation of /;(F):

(F) = Yoy MF(z0), {z = €%, C T, {fu}j, CR,
7 # 2 ifj # k,

so that /5(F) = I,(F) for every FeRpg="Lp L
withn—1<p+g<2n—2and0<g<p<n-1.
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Rational interpolatory quadrature formulas

@ Approximation of /;(F):

I”(F) - ZZ:l S\kF(Zk)7 {Zk — eiak}Z:1 - T? {S\k}2:1 C R’
g # 2 i) # k.

so that /5(F) = I,(F) for every FeRpg="Lp L
withn—1<p+g<2n—2and0<g<p<n-1.

implying that p = q.

The weights are real now iff7°2p7q = 703(

p,q)*
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Orthogonal Rational Functions and Rational Szegé

quadrature formula

o ¢, L, \ L, 1: nth ORF with respect to the inner product

(RGMZ/WHﬂ@&MMﬁ

—T

o Leading coefficient iy, i.e. the coefficient of B,(z) in the
expansion of ¢,(z) in the basis {By,..., B,}, is then given by
fin = §3(Bn), where 5(2) = Bo(2)gne(2).

We will assume the ORF is monic, i.e. ¢%(5n) = 1.
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Orthogonal Rational Functions and Rational Szegé

quadrature formula

o ¢, L, \ L, 1: nth ORF with respect to the inner product

(F.6) = [ F@G.()di(o).
o Leading coefficient iy, i.e. the coefficient of B,(z) in the
expansion of ¢,(z) in the basis {By,..., B,}, is then given by
fin = ¢3(Bn), where ¢(2) = Bn(2)¢ns(2).
We will assume the ORF is monic, i.e. ¢%(5n) = 1.

@ Para-orthogonal rational function (pORF):
énfr(z) = ¢n(z) + quSf,(z), TeT.
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Orthogonal Rational Functions and Rational Szegé

quadrature formula

@ Zeros z; of CO),,J(Z): all distinct and on T.
Hence, can be chosen as nodes for /,(F):
n-point rational Szegd quadrature formula, which has maximal
domain of validity F € 7°2p,q =Ln -Zi(,,,l)* (p=qg=n-1).
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Orthogonal Rational Functions and Rational Szegé

quadrature formula

@ Zeros z; of CO),,J(Z): all distinct and on T.
Hence, can be chosen as nodes for /,(F):
n-point rational Szegd quadrature formula, which has maximal
domain of validity F € 7°2p,q =Ln -Zi(,,,l)* (p=qg=n-1).

@ Again, it is well known that in this case the weights A are all
positive.
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Rational Szego-type quadrature formulas

@ Unlike in the case of the interval: nodes and weights in an
n-point rational Szeg6 quadrature formula are not unique.

@ Consequently, an n-point rational Szegé-Radau quadrature
formula (one fixed node) always has positive weights and
maximal domain of validity too.

@ An n-point rational Szegé-Lobatto quadrature formula (two
fixed nodes) is at least exact for every F € R,_5 > and
again always has positive weights.
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Rational Szego-type quadrature formulas

@ Unlike in the case of the interval: nodes and weights in an
n-point rational Szeg6 quadrature formula are not unique.

@ Consequently, an n-point rational Szegé-Radau quadrature
formula (one fixed node) always has positive weights and
maximal domain of validity too.

@ An n-point rational Szegé-Lobatto quadrature formula (two
fixed nodes) is at least exact for every F € R,_5 > and
again always has positive weights.

Propaganda for Pablo’s talk in &= 45 minutes!
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Joukowski Transformation

We denote x = 3(z+z 1) by x = J(z2), mapping the open
unit disc D onto the cut Riemann sphere C; and the unit
circle T onto the interval /.

When z = €', then x = J(z) = cos¥.

In what follows we will assume that x and z are related by
this transformation.

Inverse mapping: z = J""(x), chosen so that z € D if x € C;.

With the sequence A, = {a1,az,...,a,} C C; we associate
a sequence By = {1, B2,...,Bp} C D, so that S = J™ (o),
and an = {51, .. ,32,,} C ID with

BQk:B2k—1:6ka k:]-a"'an'
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Positive rational interpolatory quadrature formulas

@ In what follows, the measures 1 and [i are related by
i'(0) = p'(cos ) |sin ] .

nsforms into

e By the Joukowski Transform, a function F(x) tra
= F(z7') and

a function Ii_({) = (F 0 J)(2), so that F(z)
Ju(F) = 31a(F).

e Moreover, every function F € Ly \ L, 1 transforms into a
function F € (Lf - L) \ (L5 1+ Lik—1)4)-
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Positive rational interpolatory quadrature formulas

Lemma |

Suppose the numbers {f31,...,[n_1} are real or appear in complex
conjugate pairs. Then,

Q the zeros of an nth pORF (o?,m(z) w.r.t [i appear in complex
conjugate pairs iff T = £1.

Q the nth pORF Q,.,(z) w.r.t. /i has a zero in

o z=1iffr, = —v,,
o z=—1iffr, = (-1)""o,,
where v, € {x1} is defined as before.

Q if I,(F) = 27_, \F(z«) is an n-point rational Szegé
quadrature formula for I;,(F), based on the zeros of the pORF
énil (2), then for k =1,...,n, the weight \; corresponding
to the node zy is equal to the weight 5\1- corresponding to the
node zj = zy.

Ruyman Cruz-Barroso - rcruzbQull.es Positive rational interpolatory quadrature formulas.



Generalization of Szegd's relation to the rational case

@ v, € L\ Ly—1: an nth ORF with respect to the measure u
on /,
¢n € L\ L,_1: the nth monic ORF with respect to the
measure  on T.

@ There exists a nonzero constant C, so that

#n(x) = CoBas(2) { 550(2) + B50(2) } = CoBre(2) Qana (2).

In what follows, the hat refers to the sequence of numbers
defined before.

@ Generalization of the connection between Orthogonal
Polynomials with respect to the measure i on T and
Orthogonal Polynomials with respect to the measure p on the
interval /.
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Positive rational interpolatory quadrature formulas

Theorem (Connection between Gauss q.f. and Szegd q.f.)

Let [i and v be positive Bounded Borel measures on T and |
respectively and related as before. Let lh,(F) = 57" | A\ F(z) be
a 2n point rational Szegé quadrature formula for

= |7 _F(z)d[i(6), based on the zeros of the pORF

Q2n,1(z) = ¢2n(z) + ¢2n(z)'

Suppose z; # zZj for every 1 < k < j < n and set z, = el% for
k=1,...,n. Then, when taking xy = cosfy and \y = S\k for
k=1,...,n, the formula J,(F) = >"] | \cF(xx) coincides with
the n- pomt rational Gaussian quadrature formula for

— [1, F(x)du(x), based on the zeros of an nth ORF
SDn S »C \Ln 1-
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Positive rational interpolatory quadrature formulas

In the opposite direction,
Theorem (Connection between Gauss q.f. and Szegd q.f.)

Let Jo(F) =3 1>\kF(xk) be the n-point rational Gaussian
quadrature formula for J,,( j F(x)du(x), based on the
zeros of the nth ORF ¢, E En \ En 1. Set x, = cosf and define
{zx}2", and {A(}32", by means of

z = e, Ak = Ak } k — n
_. g -_ §ooog .
Znyk =€ Uk, A Ak

Then Ton(F) = 3321 MF(z) = Sig MelF(2k) + F(2)]
coincides with a 2n- point rational Szeg6 quadrature formula for
f F(z)dji(0), when taking as nodes the zeros of the

PORF QQn,l( ) ¢2n( )+g’b\§n(z)
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Positive rational interpolatory quadrature formulas

@ Consider the complex varying measure u,_1 defined by

— x2
d/Ln_l(x)=;<ﬂn_1—1> 21— =) g0

Ba 1 (@n—1 — x) |an — x|

o Let ¢, 1(x) denote an (n— 1)th ORF on [ w.r.t pp-1,
associated to the sequence A,_1 C C,.

o Further, let ¢, € £, \ £, 1 denote the nth monic ORF with
respect to the measure i on T.

Ruyman Cruz-Barroso - rcruzbQull.es Positive rational interpolatory quadrature formulas.



Positive rational interpolatory quadrature formulas

@ There exists a nonzero constant C,_1 so that

R Ba.(2)
Pl = ) )

= Cp1(1 = Bnz)*B(n-1):(2) {

p Cnfl
TR

{#0(2) = d30(2)}
é2n,1(z)} ’

z2 -1

o Rational generalization of the connection between OPs with
respect to the measure ji on the unit circle and OPs with
respect to the measure /i, with dji(x) = (1 — x?)du(x), on
the interval, which has been established by Szegé too.
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Positive rational interpolatory quadrature formulas

Theorem (Connection between Gauss-Lobatto q.f. and Szeg6 q.f.) |

Let lhn(F) = 2AF(—1) + 2BF(1) + Zi”_f Ak F(z«) be a 2n- point
rational Szeg6 quadrature formula for I, f F(z)dp(60

based on the zeros of the pORF Cg?g,,,_l(z) = don(z) — ¢2n(z).

Suppose zi # zj for every 1 < k < j < n—1 and set z = el for

k=1,...,n—1. Then, when taking xx = cos 0 and A\ = A\« for

k=1,...,n—1, the formula

Jny1(F) = AF(-1) + BF(1) + ZZ; Ak F(xk) coincides with the

(n + 1) point rational Gauss-Lobatto quadrature formula for
f F(x)dp(x) with fixed nodes in 1 and —1 and based

on the zeros ofgo,, 1(x).
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Positive rational interpolatory quadrature formulas

In the opposite direction:
Theorem (Connection between Gauss-Lobatto q.f. and Szegé q.f.) |
Let Jpi1(F) = AF(=1) 4+ BF(1) + Y771 McF(xk) be the
(n + 1) point rational Gauss-Lobatto quadrature formula for
f F(x)du(x) with fixed nodes in 1 and —1. Set
xx = cos Oy and define {zk}2” % and {S\k}i';f by means of
_ l9k _
Z=e . :\k—Ak }k:l,...,n—l.

Zn1pk = €70 Np_1gk = Ak

Then, hy(F) = 2AF (1) + 2BF( )+ 0P Ak F(z) =
2AF(—1) 4 2BF(1) + Xi_1 Ak[F(z}) + F(z;)] coincides with a
2n point rational Szegé quadrature formula for

f F(z)d[i(6), when taking as nodes the zeros of the

pORF Qon,-1(2) = Pan(2) — P3(2)-
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Positive rational interpolatory quadrature formulas

Let ¢, denote the monic ORF with respect to the measure fi on T
and define ¢, 1 € L,_1 by

B ~
Fral) = s {era(a) £ mds, ()]
B SV (2), 1o = Don_1 € {£1}
-1 i"]nCn(Z) 2n—1,+n, y Tln = U2p—1 .

Then it holds that
1+x .
000 = (o) a0

1—x/ap

(1-x/n)pn_2(x)
Tn—1(x)

is orthogonal to L, 1(a,) = { i Pppo € 73,,,2} with

respect to the measure y on .

V.
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Positive rational interpolatory quadrature formulas

o QF(x) orthogonal to £,_1(a,) means that Q;°(x) is a
quasi-orthogonal rational function of the form

Zy(x)
0; () = cofn) + 7 72 pna() | cre o
where @i(x), k = n—1,n, denotes a kth ORF with respect to
the measure p on /, and

@ Previous Theorem is also a generalization of OPs with respect
to the measure /i and OPs with respect to the measure
dut(x) = (1 £ x)du(x) on the interval.
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Positive rational interpolatory quadrature formulas

Theorem (Connection between Gauss-Radau q.f. and Szegé q.f.)

Suppose € € {#1}. Let hy(F) = 2AF(€) + 22772 \eF(24) be a
(2n — 1)-point rational Szeg6 quadrature formula for
= |7 _F(z)dji(0), based on the zeros of the pORF

an—17—§nn(2) = ban-1(2) — Ennds_1(2).

Suppose zi # Zj for every 1 < k <j < n—1 and set z = el for
k=1,...,n—1. Then, when taking xx = cosfy and A\ = S\k for
k=1,...,n, the formula Jo(F) = AF(€) + Y771 McF(xx)
coincides with the n- pomt rational Gauss-Radau quadrature
formula for J,,( f F(x)du(x) with fixed node in §.
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Positive rational interpolatory quadrature formulas

In the opposite direction:
Theorem (Connection between Gauss-Radau q.f. and Szegé q.f.)

Suppose ¢ € {+1}. Let J,(F) = AF(€) + 023 AcF(xx) be the
n- pomt ratlonal Gauss-Radau quadrature formula for
f F(x)du(x) with fixed node in &. Set xx = cosfy and

def/ne {zk}z" 2 and {\¢}2"% by means of

_ Aifg Y
Ze=e" A= }k:l,...,n—l.

Zn_1pk = €70 Ap_1gk = Ak

Then 72,7,1(/:) = 2AF(E) aF Zil}z S\kF(Zk) =

DAF (&) + 071 AklF (zx) + F(Z4)] coincides with a (2n — 1) -point
rational Szeg6 quadrature formula for I, f F(z)dp(60

when taking as nodes the zeros of the pORF

Q2n—1,—¢n,(2) = P2n—1(2) — Ennds,_1 (2).-

.
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A result for 7 # +1

@ For 7 # £1 and under the condition that £,_; = L, ;, the
n-point rational Szeg6 quadrature formulas transform into
n-point rational interpolatory quadrature formulas on the
interval with positive weights, which are only exact in £, 1
unless some particular choice of 7 is made.

@ Generalization to the rational case a result obtained in
A. Bultheel, L. Daruis and P. Gonzalez-Vera.- Positive
interpolatory quadrature formulas and para-orthogonal
polynomials, Journal Computational and Applied
Mathematics, 179(1-2):97-119, 2005.
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A result for 7 # +1

Theorem

Suppose the poles {a, ..., a1} (and hence, the numbers
{P1,---,Bn-1}) are real or appear in complex conjugate pairs, i.e.
Lo1=L_yand L, 1= 1 Let I,(F) =Y0_ 1)\kF(zJ) be an
nth rational Szegé quadrature formula with respect to [i, where
the nodes {zx = €'’ }7_, are the zeros of the pORF

Qnr(2) = ¢u(z) + T¢%(2) with T # £1. Set x; = cos by,
k=1,....,nand \y = S\k/2 > 0, and consider the n-point rational
interpolatory quadrature formula based upon these nodes and
weights JT(F) = 37 _1 AF (xx) for Jy( f F(x)du(x

Then this rational interpolatory quadrature formula is exact for
every F € L, 1. Furthermore, it is exact in L, iff

T = Toptimal = _(ﬁn(b}n) +iy/1-— (ﬁ%(ﬁn)
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Research in progress

@ Numerical experiments.

@ Error bounds for the quadrature rules considered in the talk.
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Research in progress

@ Numerical experiments.

@ Error bounds for the quadrature rules considered in the talk.

Thanks for your attention!
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