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General aim

Approximate calculation of integrals on the unit circle.

L) = [ F@)w(6)d ~ Af(za)+Bf(z5) +ZA £(z) = Inga(f)
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I,(f) = I,+2(f) with f in a subspace of rational functions with
prescribed poles at « and 1/a@y of as high dimension as possible.
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| Introduction: Gauss, Gauss-Radau and Gauss-Lobatto
formulas.

Il Periodic integrands: Szeg6-type quadrature formulas.
Il Rational quadratures on the unit circle.
IV Rational Szegé-Lobatto formulas.

V' Error and convergence.
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Gauss, Gauss-Radau and Gauss-Lobatto formulas

b
Ig(f):/ f(z)o(z), —co<a<b< +oo

There exist n distinct nodes {z;}"_; C (a,b) and positive weights
{A;}j—1 such that,

I,(P) = I(P) = ) _ A;P(x;),7P € Pan
j=1

Py, 1 = span{z® : 0 <k <2n — 1}, P = span{z* k =0,1,...}

4

Gauss, Gauss-Christtophel or Gaussian quadrature formulas.
@ Maximal domain of validity
@ Positivity of the weights = Stability and convergence.

o Efficient computation in terms of an eigenvalue problem
involving certain tridiagonal Jacobi matrices.
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Gauss, Gauss-Radau and Gauss-Lobatto formulas

[a, b] finite. [a,b] = [—1

—1
Theorem

() A(r)

Given r,s € {0,1} there exist positive We/ghts AL and

{Agr “)yn_ along with n distinct nodes {:L' "V (=1,1) such
that,
Inirys(f) =AD" (1) 4547 +Z AP p(27)) = I, (f)
Vf € P2n+r+s—1

@ r+s =0 = Gauss Formulas.

@ r + s =1= Gauss-Radau Formulas.

@ 7+ s =2 = Gauss-Lobatto Formulas.

4

Gauss type Formulas

v
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Szeg6-type quadratures

L) = [ 1@

f: 2m-periodic. w(#): 2m-periodic weighted function.
L(f) = Y Af(0); {05} C[-m,m), 0; # 0, if j # &
j=1

N
I,(T) = I(T): T(0) = _ (axcoskd + bk sin ko)
k=0

T trigonometric polynomial with as high degree as possible.

N =n — 1 = Quadrature formulas with the highest trigonometric
precision degree.
(Bi-orthogonal systems of trigonometric polynomials)
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Szeg6-type quadratures

Alternative approach

Passing to the unit circle T = {z € C: |z| = 1}.

Some notations
D={ze€C:|z|=1}, E={2€C:|z| >1}.
P, g €EZ, p<gq, Npg=span{z* :p <k < g} (Laurent polynomials)

A = space of all Laurent polynomials.
m

T(6) = Z(ak coskf + by sinkf) = L(e), L € A_ppm
k=0

L(f) = In(f), Vf € A_(n—1),(n-1)-




Szeg6-type quadratures

Some notations

{pK}5°: monic Szegd polynomials associated with (9) ie.
po(z) =1,pp(2) = 2"+ - +5n,n—12....z—e,n21,
(pn(2), 250 = [T pn(2)z*w()dd =0, k =0,1,...,n — 1.
pi(z) = 2"pn(1/Z) (Reverse polynomial)

Given I,(f) = [™_f(e?)w(0)d0, then I,,(f) = 21 A f(z) =
= I,(f), Vf € A_(n—1),(n—1), if and only if,

© The nodes {z] };‘:1 are the zeros of:

Bn(2,7) = 2pn-1(2)+7pp-1(2), 7] = L.

n—1 27
0 ) — [Z i ()

J=1
k=0 <pk7pk>w

yeeey T
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Szeg6-type quadratures

@ Szegd quadrature formulas (

)

o Efficient computation in terms of an eigenvalue problem
involving Hessemberg Matrices whose entries essentially

depend on the numbers:
514: :Pk(0)> PO = 17 |5k| < 17 k= 1727"'

(Verblunsky coefficients, Schur parameters, Reflection
coefficients).
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Szeg6-type quadratures

Szeg6-Lobatto Quadrature rules

L) = [ F)w(6)ds

—T
Given: zq # z5 on T, find n distinct nodes {z;}_; C T,
zj & {za; 25} and n + 2 positive weights A, B and {);}"_; such
that:

Iw(f) = n+2(f) = Af(za) + Bf(Zﬁ) T Z)\jf(Zj), Vf € A,n,n.

Jj=1
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Szeg6-type quadratures

Basic approach

w(#) ~ {pr}5° ,

Available information: yy, = [* e~ *0w(0)d6, k = 0,+1,+2,. ..
Recursion: py(2) = zpr—1(2) + dkpf_1(2), po = 1, 6 = pi(0),
k=1,2,.... (Levinson algorithm ).

From p,(2) and given 6,11 € D. (|6n11] < 1).

Define pp11(2) = 2pn(2) + dn+197(2).

Now take 7,12 € T, (|7+2| = 1) and consider

Bn2(2) = 2pn+1(2) + Tnt2Pps1(2)

B,,L+2(z) has n + 2 distinct zeros on T.

Determine 5n+1 € D and 7,42 € T such that

Bpi2(2a) = Bny2(28) =0
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Rational Quadrature Formulas on the Unit Circle

o Gauss-type Formulas: Exact integration of polynomials (all
the poles at infinity)

@ Szeg6-type formulas: Exact integration of Laurent
polynomials (all the poles at the origin and infinity)

4

Given f f(e)w(0)dh = quadrature formulas exactly integrating
more general rational functions with prescribed poles not on T.

The poles: {a;} C D; {1/ax} CE

4

Theory on Orthogonal Rational Functions
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Rational Quadrature Formulas on the Unit Circle
The spaces of rational functions

{ak}‘f" cD

Blaschke Factors

Ei(2) = it mi = 2y if 0y £ 0y = —11if 0 = 0, i=1,2,. ..

Blaschke Products '

BO =1, Bn — Bn—lfnr n > 1.
Set £,, = span{By : kkzo,l,...,n}

wp =T = 1; wk:H(z—ozj); ﬂ'k:H(l—ajz), k=1,2,...
j=1 j=1

k
By(2) = 'Yk::z; = (=0T [
=il

P P(z)
L={R=":PcP,\ ={R(z) =
{ - } {(z) <1—alz>---<1—anz>}




Rational Quadrature Formulas on the Unit Circle

The spaces of rational functions

£u2) = FOTD) = Low = {f : fo € L} = {f = ji,

QeP,}

=L +L, = = PelP
Rpq = LpstLy {f i € p+q}
- Span{Bkvk =D, ) 1 0717 7q}
1
B_j = B« = 5;

apy =10, =17 . Ty = A pa
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Rational Quadrature Formulas on the Unit Circle

L) = [ £*)w6)ds

—T

L(f) =) Af(z), 2 €T, zj # 2 if j # k

=1

I,(R) = I(R), VR € Ry(n)p(n), P(n) as large as possible.

p(n) <n—-1| pn)=n-—17
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Rational Quadrature Formulas on the Unit Circle
Orthogonal Rational Functions

n > 1, {y;}j_o, ¢; € L;\Ln—1 an orthogonal basis for L,
(Gram-Schmidt process on {By}{)

or(z) = > a;Bj(2), a # 0 leading coefficient

.
-
(en)

ap = 1 = ¢(z) = monic.
When the process is repeated Vn > 1 = {¢;}3° a sequence of ORF

w. r. t. w(f) and the poles {ay}$°. (Rational Szegd Functions)

y

Drawback
The zeros of ¢, (z) lie in D.
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Rational Quadrature Formulas on the Unit Circle

Theorem (Rational Szegd Quadratures)

Let {1 }5° be the sequence of monic Rational Szegé Functions.
For eachn > 1, take 7 € T and set

Xn(2) = Xn(z,7) = (2 — an-1)@p-1(2) + 7(1 — Cn-12)¢},_1(2),
(¢3(2) = Bi(2)pr«(2) = Bi(2)pr(1/Z)). Then,
Q X, (z) has exactly n distinct nodes z1,. .., z, which lie on T.
© There exist positive numbers A\, ..., )\, such that

f>:ZAjf<zj>:fw<f>: [ H(e)w(6)db, VF € Ru01

Z’(pk Zj ,i=1....n,

IIsOkH2
Htﬂkllw (o o) = [ ou(2)pr(2)w(0dD), (2 =)

© There can not exist an n-pomt quadrature rule with nodes on
T to be exact either in Ry, n—1 or Ry—1n.
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Rational Quadrature Formulas on the Unit Circle

An lllustrative Example

w(f) = 5, 0 € [-m, 7], {o} C D.
{p}&°: the Orthogonal Sequence of monic Rational Szeg6 Function.
(ks Pr)w =1,k =0,1,2,. (z)—nnz';ﬁ,wét)n:lz...

T €T = In( Z/\fzj / F(e®)d6,Vf € Rp1.n1

zj+ 2wp—1(2) + TIl,—1(2) =0

wn—1(2) = 1:[(2 —ag); Th—1(2) = 1:[ (1 —agz)
k=1 k=1
)\j = L 1 ., n

n—1 1—|agl|? »J =
L+ 2 ket ymanl®

ar=0k=12,...=z:2"+7=0,\=121,j=1,...,n

o
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Rational Szego-Lobatto Formulas

Given z1,x9 € T, 21 # 2, n > 1. Find n distinct nodes z1,..., 2z,
on T, z; ¢ {x1,z2} and positive weights A;, A, A1, ..., A, such
that:
Inga(f) = Arf(m1) + Aaf(m2) + > Aif(2) = Lu(f)
j=1

Vf € Rpmn)pn), P(n) as large as possible.
n + 2 nodes on T= p(n) < n + 1.
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Rational Szego-Lobatto Formulas

o p(n) =n+ 1< I,,2(f) a Rational Szegé Quadrature
Formulas v, (z1) = v, (x2) with

(an—1—zj)pn-1(z;)
1 —an_125)p;,_1(z5)

Aty = ( eT, j=1,2.

©n—1(2): (n — 1)-th monic Rational Szegé Function

® (1) # m(z2) = p(n) <n
If p(n) = n = I,,2(f) Rational Szegé-Lobatto Quadrature
Formula.
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Rational Szego-Lobatto Formulas

The Approach

w: positive Borel Measure on T;
{a}3° C D: The poles of the rational functions.
{pr}5°: Sequence of Rational Szegé Functions.

Recurrence Relation
(2) =en | (222221 puoa(a) + (20) (E22=2) 0 y(2)
PYnlZ) = €n 1— i Pn—-1(Z en 1_ Anz Pn—1(%

Pn(2) = —1mEn {(5) L) on-1(2) + (“L) %_1@}

1—anz
©5(2) = Bu(2)¢ns(2) = Bu(2)pn(1/Z) m > 1.

ks S
Bo(z) = 1, Bu(s) = ()" [ mi g ey =28 { o105 7

j=1

1—anz

en 7 0; |0n| < |enl, Bn = 22, |Ba| < 1.

S,

<
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Rational Szego-Lobatto Formulas

Theorem

Let pu be a positive Borel measure on T, {yy,}i° being its sequence
of monic Rational Szegé Functions with respect to the fixed

sequence of poles {ay;}3° C ID. Then, given 3,41 € D, there exists
a positive Borel measure ji on T such that if {Qy}5° represents its

monic sequence, it holds that
° Or(z) = ¢r(2),k=0,1,...,n.
® Gni1(2) = Enrr [ (72525 ) 0n(2) + o (25225) wi(2)].
Eny1 # 0.

Taking du(6) = w(6)do; di(0) = ©(0)d6;

= IW(R) = IJJ(R)/ VR e Rn,,ﬂ,
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Rational Szego-Lobatto Formulas

Take 742 € T and set

Xnt2(2) = (2 — ang1)Pnt1(2) + (1 — Cny12)Ppyq(2)

Xp+t2(z) has n+ 2 distinct zeros Z1,..., 2,42 on T and there exist

positive numbers Aq, ..., A,10 such that

Inya(f) = Zj‘jf(gj) = I5(f), Vf € Rut1n+1-

Since

I,(R) = I5(R),Vf € Rupn = | Int2(R) = I,(R),VR € Ry

Xn+2(2) € L,42 depends on two arbitrary parameters 3,41 € D
and 7,49 € T.
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Rational Szego-Lobatto Formulas

Theorem (Main Result)

Given a natural number n and two distinct complex numbers
x1,x2 € T along with a weight function w(0) on T there exist
Brni1 € D and 7,40 € T such that:

B io(x1) = Bpga(x2) =0

where

Bri2(2) = (2 — any1)Pnt1(2) + (1 — Gng12)Tni2dn,1(2)

and

Frii(2) = (T ) ) + Bt ( T ) 02

1-apq12 1 —ant12

©n(2) being the n-th monic Rational Szegé Function for w(f) and
the given sequence of poles {ay}5° C D.
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Rational Szego-Lobatto Formulas

Corollary

Given z1 and x9 € T (x1 # x2) there exist n distinct nodes
Z1,...,%n on T with Z; ¢ {z1,22}, 5 =1,...,n and n+ 2 positive
weights A1, As and A\, j = 1,...,n such that

Inio(f) = Avf(z) + Aof(22) + > N f(5) = L(f)
j=1

P(2)
(z—a1) - (z—a,)1 —a12) - (1 —@pz)

VfEan,:{ ;P€P2n}
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Error and Convergence
Error

Assume x1 # xo both on T. Consider
Lnya(f) = Avf(a1) + Aaf(x2) + > N f(35)

J=1

and set Epo(f) = I,(f) — Iny2(f). Suppose f analytic on a
neighborhood of T and let U be the domain of analiticity of

wn(2)mn(2) f(2). Then,

Tn—‘rl Rl—n 1
Brsa)] < 2ol ( fg0nr) + =100 () )

where r < 1 < R such that v, Uyr C U and

1 [T = 1
gn(s) /Hde, Is| < 1

21 ) . = 11— sefay|?

a>0;7 ={z€C:|z[=a}, ||fllx =max.ex{|f(2)[}



Error and Convergence
Convergence

For each n > 1 take 1,72, € T, X1 # T2

er—Q(f) = Al,nf(xl,n) + A2,7Lf(x2,n) + Z ;\j,‘nf(zj,n)

j=1
(Rational Szegé-Lobatto formula) )
Recall: Inio = L,(f), Vf € Ru—n, iy oo Lnta(f) = L,(f)?

Lemma

Set R = US2 yRy.n, then R is dense in the class C(T) of

continuous functions on T, iff Z,‘zo:l(l — |og]) = +o0
Set R,(T)={f:T — C: fw integrable on T}, then

Jim Tno(f) = L(f) = [ f(e®)w(6)dd, ¥f € Ru(T)

—T

if 3 kg (1 — lo]) = +o0

”
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