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STANDARD ORTHOGONALITY.

Let s be a finite Borel measure supported on an interval A. For
each n € Z, there exists a monic polynomial Q,,deg Q, < n,
such that

Oz/x”Qn(x)ds(x), v=0,...,n—1.
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STANDARD ORTHOGONALITY.

Let s be a finite Borel measure supported on an interval A. For
each n € Z, there exists a monic polynomial Q,,deg Q, < n,
such that

Oz/x”Qn(x)ds(x), v=0,...,n—1.

In fact, for all n € Z.. we have that deg Q, = n, all its zeros are
simple and lie inside Co(supp S).
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TYPE II MULTIPLE ORTHOGONALITY.

Let S = (so,...,Sm) be a system of finite Borel measures with
constant sign, supp sy C A C R. Assume that

asx = wdsy, Wy € C(A), k=0,....m.
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TYPE II MULTIPLE ORTHOGONALITY.

Let S = (so,...,Sm) be a system of finite Borel measures with
constant sign, supp sy C A C R. Assume that

asx = wdsy, Wy € C(A), k=0,....m.

Fix
n=(no,...,Nm) €z
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TYPE II MULTIPLE ORTHOGONALITY.

Let S = (so,...,Sm) be a system of finite Borel measures with
constant sign, supp sy C A C R. Assume that

asx = wdsy, Wy € C(A), k=0,....m.

Fix
n=(no,...,Nm) €z

Definition 1. We say that Q, is the n-th type Il multiple
orthogonal polynomials with respect to S if

Qn¢0degon<|n|:n0-|----+nm,
J x*Qn(x)ds(x) =0, v=0,....nk—1, k=0,....m.
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TYPE II MULTIPLE ORTHOGONALITY.

Let S = (so,...,Sm) be a system of finite Borel measures with
constant sign, supp sy C A C R. Assume that

asx = wdsy, Wy € C(A), k=0,....m.

Fix
n=(no,...,Nm) €z

Definition 1. We say that Q, is the n-th type Il multiple
orthogonal polynomials with respect to S if

Qn¢0degon<|n|:n0-|----+nm,
J x*Qn(x)ds(x) =0, v=0,....nk—1, k=0,....m.

Definition 2. If deg Q, = |n|, we say that n is normal. If all
he ZT“ are normal S is type |l perfect.

lago@math.uc3m.es PERFECTNNESS OF NIKISHIN SYSTEMS. APPLICATIONS.



AT SYSTEM.

Definition 3. W = (1, wy, ..., wp) is an AT system on A if for
each n € Z*" the (real) linear form of degree |n|

Wh = Po+P1Wi+ -+ PmWm, degpx < ng—1,

has at most |n| — 1 zeros on A,
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AT SYSTEM.

Definition 3. W = (1, wy, ..., wp) is an AT system on A if for
each n € Z*" the (real) linear form of degree |n|

Wh = Po+P1Wi+ -+ PmWm, degpx < ng—1,

has at most |n| — 1 zeros on A,

Theorem. If W is an AT system on A, then deg Q, = |n| for all
n € ZT*'; moreover, its zeros are all simple and lie in the
interior of A.
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AT SYSTEM.

Definition 3. W = (1, wy, ..., wp) is an AT system on A if for
each n € Z*" the (real) linear form of degree |n|

Wh = Po+P1Wi+ -+ PmWm, degpx < ng—1,
has at most |n| — 1 zeros on A,

Theorem. If W is an AT system on A, then deg Q, = |n| for all
n € ZT*'; moreover, its zeros are all simple and lie in the
interior of A.

Proof. The definition of Q, implies that

/ (Po(x) + 3 e X)Wk (x))Qn(X)dp(x) = O

k=0
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AT SYSTEM.

Definition 3. W = (1, wy, ..., wp) is an AT system on A if for
each n € Z*" the (real) linear form of degree |n|

Wh = Po+P1Wi+ -+ PmWm, degpx < ng—1,
has at most |n| — 1 zeros on A,

Theorem. If W is an AT system on A, then deg Q, = |n| for all
n € ZT*'; moreover, its zeros are all simple and lie in the
interior of A.

Proof. The definition of Q, implies that
m
[0+ 3 piowi(x0) Gn(x)dlso(x) = 0
k=0

If Qn had < |n| — 1 sign changes inside Co(supp oy), a
contradiction is immediate.
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NIKISHIN SYSTEMS.

Given two measures o, 03 supported on disjoint intervals, set

(00, 05) (X) = / i“f(?daa(x) — G5(x)doa(X).
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NIKISHIN SYSTEMS.

Given two measures o, 03 supported on disjoint intervals, set

(00, 05) (X) = / i“f(?daa(x) — G5(x)doa(X).

Definition 4. Let (09, ...,om) be a system of finite measures,

Ay = Co(supp(ok)), AcNAgy1=0, k=0,...,m—1.
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NIKISHIN SYSTEMS.

Given two measures o, 03 supported on disjoint intervals, set

d(0a, 05)(X) :

/ O)'(“f(? oo (X) = 6 5(x)doa(X).

Definition 4. Let (09, ...,om) be a system of finite measures,
Ay = Co(supp(ok)), ANAk1 =0, k=0,...,m—1.
The system S = (sp, ..., 5m) = N(oo,...,om) given by
So =09, S1=1{00,01), ...y Sm={00,{01,...,0m))

is called the Nikishin system generated by (o, ...,om).
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MAIN RESULTS.

Set
Sik = (0j,...,0k), 0<j<k<m

Sik = (0j,0j—1...,0¢), 0<k<j<m

lago@math.uc3m.es PERFECTNNESS OF NIKISHIN SYSTEMS. APPLICATIONS.



MAIN RESULTS.

Set
Sik = (0j,...,0k), 0<j<k<m

Sj,k:<0'jaaj—1--'70'k>; 0<k<j<m.

Theorem 1. The system of functions (1,51 1,. .., S1,m) forms an
AT system on any subinterval disjoint from Co(supp o1).
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MAIN RESULTS.

Set
Sik = (0j,...,0k), 0<j<k<m

Sj,k:<0'j70j—1--'70'k>; 0<k<j<m
Theorem 1. The system of functions (1,51 1,. .., S1,m) forms an
AT system on any subinterval disjoint from Co(supp o1).

Theorem 2. S = N(sy,...,Sm) is type Il perfect. All the zeros
of Qn are simple and lie in the interior of Co(supp oy).
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MAIN RESULTS.

Set
Sjk =(0j,-.-,0k), 0<j<k<m
Sk = (0j,0j-1...,0k), 0<k<j<m.
Theorem 1. The system of functions (1,51 1,...,S1.m) forms an

AT system on any subinterval disjoint from Co(supp o1).

Theorem 2. S = N(sy,...,Sm) is type Il perfect. All the zeros
of Qn are simple and lie in the interior of Co(supp oy).

Proof of Th. 2. Notice that
/x”Qn(x)Eu(x)dao(x) —0, v=0,....m—1, j=0,....m

(51,0 = 1) and apply the previous results.
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TYPE Il HERMITE PADE APPROXIMATION.

Given S = (o, - -, Sm) = N(00, ..., Sm),n € ZT*, there exist
polynomials, Qn, Pn -

Qn # 0,deg Qn < |n|
(Qn§j — Pa)(2) = O(1/271).2 = 00, j=0.....m.
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TYPE Il HERMITE PADE APPROXIMATION.

Given S = (So, .-, Sm) = N(00, ..., Sm),n € ZT*, there exist
polynomials, Qn, Pn -

Qn # 0,deg Qn < |n|

(QnSj— Pnj)(2) =0(1/2"1),z > 00, j=0,...,m.
The vector rational function (Pno/Qn, - - ., Pn,m/Qh) is called
type Il Hermite-Padé approximant of (S, . .., Sm).
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TYPE Il HERMITE PADE APPROXIMATION.

Given S = (So, .-, Sm) = N(00, ..., Sm),n € ZT*, there exist
polynomials, Qn, Pn -

Qn # 0,deg Qn < |n|

(QnSj— Pnj)(2) =0(1/2"1),z > 00, j=0,...,m.
The vector rational function (Pno/Qn, - - ., Pn,m/Qh) is called
type Il Hermite-Padé approximant of (S, . .., Sm).

Corollary 1. Let there be constants ¢ > 0,k < 1:

n|

;> —cln|®, neAcz™.
/—m+1 ‘|7 +
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TYPE Il HERMITE PADE APPROXIMATION.

Given S = (So, .-, Sm) = N(00, ..., Sm),n € ZT*, there exist
polynomials, Qn, Pn -

Qn # 0,deg Qn < |n|

(QnSj— Pnj)(2) =0(1/2"1),z > 00, j=0,...,m.
The vector rational function (Pno/Qn, - - ., Pn,m/Qh) is called
type Il Hermite-Padé approximant of (S, . .., Sm).

Corollary 1. Let there be constants ¢ > 0,k < 1:

n|

;> —cln|®, neAcz™.
/—m+1 ‘|7 +

Then,

Iig)\ Pnj/Qn =75, K cCC\Co(suppog), j=0,....m.
n
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SIMULTANEOUS GAUSS-JACOBI TYPE FORMULAS.

The zeros xnj,j = 1,...,|n|, of Q, are simple so

In|
Pn,k(z) - Z )\n,k,i

Qn(2) — Z- Xn,i’
where
z X
o= =20 35~ G

Corollary 2. Let (s, ..., S0,m) = N(oo,...,0m) and
n =77 Foreach k =0,...,mand p,degp < |n| + nx — 1

In|

/p )dso k(X) = Z)\nklp Xn,i)-

fn=(nn+1,...,n+1),then

sign(An ki) = sign(Sox),  i=1,...,|n.
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CONVERGE OF GAUSS-JACOBI TYPE FORMULAS.

Corollary 3. Let (Sop, .- -, So.m) = N(00,...,0m) and n = Z7"
be given. Consider {(n,n+1,...,n+1)}pcz, C ZT“. For any
bounded Riemann-Stieltjes integrable function f on Co(supp o¢)
andeachk=0,...,m

In|

/ f(X)dSo’k(X) = n”—>moo Z )\n,k,if(xn,i)-
p
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