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One way to transform a sequence of numbers or functions to a
sequence of linear fractional transformations:

> For given {f,} from C := C U {oc} there exists {7,} from M
such that 7,(0) = £,

» For given {f,} with f, # f,_1 there exists K(a,/b,) with
Sn(0) = 1,

» For given {f,} with f, # f,_1, f,_2 there exists K(a,/1) with
Sn(0) =1, (Euler)

Sn(wp) — f faster, more stable, larger convergence domain for
appropriately chosen {w)}.

Sylvester 1869: | think a substantial difference does arise in favor of
the continued fraction form, inasmuch as it indicates a certain
obvious correction to be applied in order that the convergence may
become more exact.
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functions of z) such that the series expansion of 7,(z) coincides
with the given series as far out as possible.

EXAMPLE: With

ao(z) :=2z%"%, aspy1(z) := —(a+n)z, apn(z) :==nz, b, :=a+n
the continued fraction

ao(2)
ai(z)

bu(2) + g

K(a,z) :=

bo +

converges to the incomplete gamma function v(a, z).
K(a,z)
ao(2)
v(a,z)/ao(z). The convergence acceleration we do is therefore

convergence acceleration of Padé approximants.

The approximants of are diagonal Padé approximants to
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» If {7p(w)} converges at three distinct points wy, wa, w3 to
values 71 = 72 # 73, then

for w # ws,

Tn(w) — 7(w) = {’Yl

vz for w = ws.

DEFINITION:  A[y, wf](w) := v for all w # w'.

OBS! Let 7, — v and w, := 7, }(y") for some 7T # ~. Then
Ta(Wn) 7> -
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Ay, wi(w) == for all w # wi.
Two sequences {u,} and {v,} from C are separated if

liminf m(up, v,) > 0. (Beardon)

DEFINITION: {7,} converges generally to ~y iff every subsequence
has a subsequence converging to A[y, wi] where w' may depend on
the subsequence. We write 7, — 7. (L 1986)

OBS! (L 1986)
Tn converges generally to v &
Hwh} s.t. 7(wn) — v whenever {w,} is separated from {w}} <

3 two separated sequences {u,} and {v,} s.t.
lim 7,(up) = lim7,(vy) = 7.
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DEFINITION: (Thron & L 1987) {7,} is restrained if every
subsequence has a subsequence converging to A[y, wi] where both
v and w! may depend on the subsequence.

OBS! If 7, — =, then {7, 1} is restrained.
OBS! (Thron & L 1987)
Tp is restrained &
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Sp:=sjos 0058, S,—~7
Exceptional sequence: {S;1(y1)} for 4T # v where
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S, =s, 05, j0---05 ".

More generally: Fore given {¢,} from M:

Th = @10p20---0p, (inner compositions)

Tn = @nopn_10---0p; (outer compositions)

Find sufficient conditions on {¢,} to conclude convergence of

{7}



Inner compositions. 7, =¢10@pp0---0p, forn=1,2,...



Inner compositions. 7, =¢10@pp0---0p, forn=1,2,...

DEFINITION: V C C is a value set for {p,} iff all (V) C V.



Inner compositions. 7, =¢10@pp0---0p, forn=1,2,...
DEFINITION: V C C is a value set for {p,} iff all (V) C V.

OBSERVATIONS:
o T(V)=Th100n(V)CTpa(V)C - CV.



Inner compositions. 7, =¢10@pp0---0p, forn=1,2,...
DEFINITION: V C C is a value set for {p,} iff all (V) C V.

OBSERVATIONS:
o m(V)=m10p0s(V)Crp1(V)C---C V.

e If diam7,(V) — 0, then {7,} converges generally.



Inner compositions. 7, =¢10@pp0---0p, forn=1,2,...
DEFINITION: V C C is a value set for {p,} iff all (V) C V.
OBSERVATIONS:

o (V)=T1r_100p(V)C T (V) ---C V.

e If diam7,(V) — 0, then {7,} converges generally.

e diam7,(V) — 0if all (V) C V..



Inner compositions. 7, =¢10@pp0---0p, forn=1,2,...
DEFINITION: V C C is a value set for {p,} iff all (V) C V.

OBSERVATIONS:

o (V) ="mn10¢n(V) S Tna(V)S---C V.

e If diam7,(V) — 0, then {7,} converges generally.
e diam7,(V) — 0if all (V) C V..

o Ifr,—>76€M, thenyp,— 1. (7p=7p—10¢n)



Inner compositions. 7, =¢10@pp0---0p, forn=1,2,...
DEFINITION: V C C is a value set for {p,} iff all (V) C V.

OBSERVATIONS:

o (V) =7n10@n(V)CTra(V)S---C V.

e If diam7,(V) — 0, then {7,} converges generally.
e diam7,(V) — 0if all (V) C V..

o Ifr,—>76€M, thenyp,— 1. (7p=7p—10¢n)
o If (V) C V\ B(zp,¢), then {7,} is restrained.



Inner compositions. 7, =¢10@pp0---0p, forn=1,2,...
DEFINITION: V C C is a value set for {p,} iff all (V) C V.

OBSERVATIONS:
Tn(\/) = Tp-10© QDn(V) g Tn—l(V) g e g V.

e If diam7,(V) — 0, then {7,} converges generally.

e diam7,(V) — 0if all (V) C V..

o Ifr,—>76€M, thenyp,— 1. (7p=7p—10¢n)

o If (V) C V\ B(zp,¢), then {7,} is restrained.

THEOREM: (L 1994) Let ¢,(D) C D\ B(zne) for all n. If I{w,}

bounded away from 0D such that {¢xn(w,)} is bounded away from
oD, then 7, — v € D.
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Let V open and bounded,

E:={aeC; a/(1+ V) C V} contain at least two elements.
OBSERVATION: (Ruscheweyh & L 1993)

a/(1+ V) C V\ B(zs,¢).

CONJECTURE: (L, Luminy 1987), (Ruscheweyh & L 1993)

S,:=sj108 0---0s5, converges generally.

THEOREM: (L 2009) If s,(0* V)N O*V contains at most one point,

then S, :=s; 055 0--- 05, converges generally unless a, — —%.

THEOREM: (L 2009) K(a,/1) with a, — —1 converges generally
if [. := OV N B(—3,¢) is simple arc with uniformly non-horizontal
tangent at every point.
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OBSERVATIONS:

If S, — f, then f eV.

Exceptional sequence {w}} C (-1 — V)N Ve,

(sn(V)CV & s H(Ve)Cve)

Limit points for S, are C VN (-1—Ve). (Letwe —-1-V.

Then s; (w) = —1 — % e-1-- i”v cC-1-V)

0*V :=9V No(—1— V) is the only part where they can meet.
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W, — U

U_Cn
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< diam S,(V) <2
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Cn(fnfl - fn)
d(¢n, 0V)

Cn(fnfl - fn)
d(¢p, 0V)

W, — U

U_Cn

< diam S,(V) <2

LEMMA: Let Sp,, — Alvo, wi] and Sy, — A[y1, wj] where
Y1 # Y0, and let ¥y = Sn_kl_1 o Sp, for all k. Then Wi[, WQT e oV

and vy — )\[WlT, W;r] Yokt1 — A[WJ, W1T]

LEMMA: (Cordova 1992) If

1| d(CndV)
n—1 )
an : d(Cn—178V) > 1+ C- d(C,,_l,a\/)

then K(a,/1) converges.



THE END



