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Motivation Annihilation by Linear Difference Operators

Notations and definitions

Series, partial sums, remainders

@ Consider an infinite series
(oo}
s = E an
n=0

with terms a,,, partial sums
n—1
Sn = E an, n € N,
j=0

and remainders

Th=Y any,  meNUoL
j=0

@ Thus
S=SntTh
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Motivation Annihilation by Linear Difference Operators

Notations and definitions

Linear Difference Operators

o |dentity operator
Ixn =%xn

@ Shift operator
Exn = Xn+1, Ekxn = Xn+4k keZ
@ Linear difference operator IL of order ord I = {

ko+¢

L= Mn)-EX  Agn) Mgre(n) #0
k=Ko
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Motivation Annihilation by Linear Difference Operators

Notations and definitions

Linear Difference Operators

o |dentity operator
Ixn =%xn

@ Shift operator
Exn = Xn+1, Ekxn = Xn+4k keZ
@ Linear difference operator IL of order ord L = {

ko+¢

L= Mn)-EX  Agn) Mgre(n) #0
k=Ko

o Example — forward difference operator:

A=FE-T,

Asy =Sni1—Sn =an (1
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Motivation Annihilation by Linear Difference Operators

Notations and definitions

o Multiplication

Pxn:ynv Qynzzn - (Q'P)anzn

@ Powers

L0:=1  L*'=L 1L*

i
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Motivation Annihilation by Linear Difference Operators

Notations and definitions

o Multiplication

Pxn:ynv Qynzzn - (Q'P)anzn

@ Powers

L0:=1  L*'=L 1L*

i

@ Operator IL annihilates the sequence x,,, if
Lx, =0

Example

If x,, is a polynomial in n of degree k, then

A x, =0.
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Motivation Annihilation by Linear Difference Operators

Motivation

We have
S =58n +Tn. (2)

Let the linear difference operator IL(*) annihilate the remainder T,. Then

and consequently

if L) (1) # 0.
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Motivation Annihilation by Linear Difference Operators

Motivation

We have
S =58n +Tn. (2)

Let the linear difference operator IL(*) annihilate the remainder T,. Then

and consequently

if L) (1) # 0.

Problems
@ Does () exist?

@ How to find annihilator IL(*)? )
)
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Motivation Approach

Levin-Type Sequence Transformation

o Let LM m e N, be an approximation of (%)

]L(m)(T'(m)) -0
n '
L™ (1) #0,
where
rl(im) =Tn —Tn4m = 0n + An41 +
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Motivation Approach

Levin-Type Sequence Transformation

o Let L™ m € N, be an approximation of IL{®) in the sense that

L™ (™) =0, (4)
L(m) (1) 75 0,
where
T1(1m) =Th —Tntm = 0n + Any1+ - -+ Qnym-1.
@ Since

s%anrrﬁlm),

we can expect that
LM (s,)
(m) . n
= L(m) (1) (5)

gives an approximation of s, of accuracy growing when m — oco.
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Method  Recurrent construction

Method Of Obtaining The Annihilators L™

Recurrent Construction

3 P. Wozny, R. Nowak,
Method of summation of some slowly convergent,
Applied Mathematics and Computation (2009), accepted.
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Method  Recurrent construction

Method Of Obtaining The Annihilators L™

Recurrent Construction

3 P. Wozny, R. Nowak,
Method of summation of some slowly convergent,
Applied Mathematics and Computation (2009), accepted.
@ According to
E(m)(an+an+1 + ---+an+m71) :0, (6)

T&rn )

operator IL'Y) should annihilate ay,.

()
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Method  Recurrent construction

Method Of Obtaining The Annihilators L™

Recurrent Construction

3 P. Wozny, R. Nowak,
Method of summation of some slowly convergent,
Applied Mathematics and Computation (2009), accepted.
@ According to
E(m)(an+an+1 + ---+an+m71) :0, (6)

T&rn )

operator IL'Y) should annihilate ay,.
@ A possible choice is the first-order operator

1 1 1
LM :—A~(]I> = E——T. (7)
an an+1 an

()
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Method  Recurrent construction

Method Of Obtaining The Annihilators L™

Recurrent Construction

3 P. Wozny, R. Nowak,
Method of summation of some slowly convergent,
Applied Mathematics and Computation (2009), accepted.
@ According to
E(m)(an+an+1 + ---+an+m71) =0, (6)

TS‘"I)

operator IL'Y) should annihilate ay,.
@ A possible choice is the first-order operator

1 1 1
LM :—A~(]I> = E——T. (7)
an An+1 an
e The operators IL(2) IL3) .. are constructed recursively by
LM =pmpm-t - m>2 (8)
()
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T%m) = T%m_l) + Anim—1

L(m 1)(r(m 1]) -0

n

E(ITI. 1) — E™m 11L(1)E m+1 — i(]11 1)(an-mfl) -0

Assume that operators (™) and IR(™) are such that
i',\m\JL(mfl) :Rv[m)ﬁ‘[mfl). (9)

Then
]L(m) — IP(m)L(mfl) E(m)(r(m)) -0

n

Proof:

IL(”ﬂ(r m) ) L“n ( (m—1) )+]L m) (an»mfl)
= PMLMY (pm=) L RVLM Y (q, ) =PM™(0) + R

«O> «Fr «Er « =



T%m) = T%m_l) + Anim—1

]L(m—l) (Tam—l)) =0

E(ITI. 1) — Em 11L(1)E m+1 — E(ITI. 1)(an-mfl) -0

Assume that operators (™) and IR(™) are such that
i',\m\JL(mfl) :Rv[m)i[mfl). (9)

Then
]L(m) — IP(m)L(mfl) E(m)(r(m)) -0

n

Proof:

IL(”ﬂ(r m) ) L“n ( (m—1) )+]L m) (an»mfl)
=PMLMY (pm=D) L RVLMY (q, ) =PM™(0) + R

«O> «Fr «Er « =



Method  Recurrent construction

Step Of Construction

()
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Method  Recurrent construction

Step Of Construction

LY =F" ! LUE ™! — LM Y(am1)=0.
Assume that operators P(™) and R(™) are such that

P (m=1) — R(m),(m—1) (9)
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Method  Recurrent construction

Step Of Construction
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Assume that operators P(™) and R(™) are such that

P (m=1) — R(m),(m—1) (9)

Then
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Method  Recurrent construction

Step Of Construction

]i(m—l) — Em-1p, (1) p-—m+1 — ]i(m—l) (an+m71) -0,

Assume that operators P(™) and R(™) are such that

P (m=1) — R(m),(m—1) (9)
Then
Lm — ]P(m)lL(mfl)' ]L(m)(rnm)) =0
Proof:
L () =L () 4 L (@)

=PMILM D (M) p ROVLM Y (@ ) = POV (0) + RM(0) = 0(5
Yo
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Method  Recurrent construction

Example (A)
> 1
2|n2:nZ:0Cln, an = m (10)
LY =mnm+1)I-2n+4)E =— LY(a,)=0 (11)

LY =ELVE'=n+2)I-2n+6)E — LY(an1)=0
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Method  Recurrent construction

Example (A)
> 1
2|n2:nZ:0Cln, an = m (10)
LY =mnm+1)I-2n+4)E =— LY(a,)=0 (11)

LY =ELVE'=n+2)I-2n+6)E — LY(an1)=0

PALA — R, M) (12)
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Method  Recurrent construction

Example (A)

> 1
2In2 = . — 1
n nZ:Oany an (TL+1) on ( 0)
LY =mnm+1)I-2n+4)E =— LY(a,)=0 (11)

LY =ELYE?'=n+2)I-2n+6)E = LY(an.1)=0
IP(2)]L(1) _ ]R(2)IL(1] (12)

P® = () I+7’ (ME, R =pf’ (m)I+p{" () B
PALY = BI+BE+ K E?, RAOLY —=@I+B8E + X E?2
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Method  Recurrent construction

Example (A)

> 1
2In2 = . . — 1
" HZ:OC‘ T (10)
LY =mnm+1)I-2n+4)E =— LY(a,)=0 (11)

LY =ELYE?'=n+2)I-2n+6)E = LY(an.1)=0
IP(2)]L(1) _ ]R(2)IL(1] (12)

P® = () I+7’ (ME, R =pf’ (m)I+p{" () B
PALY = BI+BE+ K E?, RAOLY —=@I+B8E + X E?2

P@ =m+2)I—(2n+8)E, R? =n+1)I-2n+6)E,

L?® =PPLY = (n+1)(n+2)I-4(n+2)(n+3)E+4(n+3)(n+4)E?.
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Method  Recurrent construction

Example (A (cont.))
L® =@I+BE+®E?, L?(an+an1)=0
L?® =FLYUE2=(n+3)I-(2n+8) E
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Method  Recurrent construction

Example (A (cont.))
L? =@BI+BE+XE?>, L%an+ans1)=0
L@ =F2LYUE2=n+3)I-(2n+8)E
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Method  Recurrent construction

Example (A (cont.))
L? =@BI+BE+XE?>, L%an+ans1)=0
L@ =F2LYUE2=n+3)I-(2n+8)E

POLER — RBIT,(2 (13)
P® = (n+3)I-2n+12)E, R® =p¥n)1+p¥ () E+pS (n) E?,

LB =PBL® =HI+BE+XE*+ O E3

()
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Method  Recurrent construction

Example (A (cont.))
L? =@BI+BE+XE?>, L%an+ans1)=0
L@ =F2LYUE2=n+3)I-(2n+8)E

POLER — RBIT,(2 (13)
P® = (n+3)I-2n+12)E, R® =p¥n)1+p¥ () E+pS (n) E?,

LB =PBL® =HI+BE+XE*+ O E3

I
P™ = (n+m)I—(2n+ 4m)E, meN?
Lm — pm)plm=1)  p()
()
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Method  Recurrent construction

Transformation lem)

]L(m)(an +an41+ -0+ an+m—1) =0,

E(m) — Ip(m)lL(mfl] — Ip(m)]P(mfl) .

P. Wozny, R. Nowak (UWr) Method of summation
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Method  Recurrent construction

Transformation lem)

]L(m)(an +an41+ -0+ an+m—1) =0,
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Method  Recurrent construction

Transformation Q&m)

]L(m)(an+an+1+---+an+m_1):O, meN
E(m) — Ip(m)lL(mfl] — Ip(m)]P(mfl) . 113(1)
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Method  Recurrent construction

Transformation Q&m)

]L(m)(an+an+1+---+an+m_1):O, meN
E(m) — Ip(m)lL(mfl] — Ip(m)]P(mfl) . 113(1)
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Method Algorithm
Algorithm
Let

Fork=1,2,...do
@ If k > 2, then determine such operators P(%) and R¥) that

PRI k—1) — ROOF (k-1) (15)
where
LD — ple-1pk-2)  p(1)
T(k=1) — gk-17,(1) gl-k
@ Compute
N = PINED), D = PODEY)
(k)
Qlk) .— Nw
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Method Algorithm

Example A ...
n—1 1
Sn=) Gn Gn= o
j=0
P™ = (m+m)I—(2n+4m)E, meN
n—1
NEP) =8 = aj, DQ) =1,
i=0
N = PN = (n 4 m)NE™Y — (20 + 4m)N{TY m>1
D(™ = PM(DMV) = (n4+ m)D{™ Y — 2n+4m)D{T;Y,  m>1,
(m)
(m) ._ N
A (m)
Dn
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@ Annihilation by Linear Difference Operators
@ Approach

© Method

@ Recurrent construction
@ Algorithm

© Results
@ Relation to ¢-algorithm
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IfordP(™) =1, then

Q(m) — sg':n) meN
Example A ...
Given the partial sums s1, S, - . ., S5, one can obtain the following array of
quantities Q™ (underlined digits are exact):
0! =1.000 Q‘“ =13750 0\* =1.38506 0O\ =1.386285 Q!* =1.38629408
ng =1.250 Q') =1.3833 Q)Y =1.38622 0}’ =1.386292
0¥ —1.333 0l —1.3854 QY —1.38627

1.3
0¥ =1.365 Qi =1.3860
0% = 1.377

Using Wynn's ¢ algorithm and Aitken's iterated A process one obtains

elt) =1.38506, ALY =1.38611.

«O>» <Fr «Zr «E» =



Results Relation to e-algorithm

Theorem
IfordP(™) =1, then
Qlm) — sg;) meN
Example A ...
Given the partial sums sy, s, ..., S5, one can obtain the following array of

quantities O™ (underlined digits are exact):

0 =1000 0" =13750 0\ =1.38506 0\* =1.386285 Q\* =1.38629408
=13833 0\ =1.38622 0 =1.386292

Using Wynn's ¢ algorithm and Aitken’s iterated A process one obtains

elt) =1.38506, ALY =1.38611. |
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Results Generalized hypergeometric series

Series p11Fp(1, &; B; %), p > 1

F

L o1, g, ...y 0tp
p+1'p

B1, B2,.-., Bp
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Results Generalized hypergeometric series

Series p11Fp(1, &; B; %), p > 1

E 1,061,062,---,06p
p+1ip
[31: BZv---vBD

Operators P(™)

. - . _ (oa)n(oo)n - (op)n o
") }Z,““ M O B (Ban - By ©

1
PW .= AP (]1) — PWY(a,) =0,

an
"= () |2
N

AP m=273...

P
(H Bl+n+mp+1)—J—2))
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Results Generalized hypergeometric series

Series p11Fp(1, &; B; %), p > 1

Lo, 0.y otp - . (o1)n(o2)n - (op)n
F x| = a, with a, = LEALSVS
e p( B B2 .- By ) nzzo (Bn(B2)n - (Bp)n
Operators P(™)
P = AP (al ]I) — PW(a,)=0,
AP, m=23

P P
W::Z(“?’) (H f:’n+n+mp+1)—)—2))
j=0 i=1

)
Lm — pmpm-1)  pl — pm) _ pAmp (Hanrml T H)

i=1
L™ (an + @ns1+ ...+ Gnim-1) =0
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Results Generalized hypergeometric series

Example (Lemniscate constant)

11 11 °°
412 1412

AR 1) =aR( 01 =Y an,
4 14 n=0
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Results Generalized hypergeometric series

Example (Lemniscate constant)

i Lo = (3)n (Dn
A=k 5% 1) =sR| 7L =) @  Gpi= . )
4 14 n=0 nig/n
acc(o) == —logy, ‘E — 1‘ — accuracy of o,
S

@ acc(sys) = 1.25, acc(syps) = 2.17, acc(sqgs) = 3.67
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Example (Lemniscate constant)

i Lo = (3)n (Dn
A=k 5% 1) =sR| 7L =) @  Gpi= . )
4 14 n=0 nig/n
acc(o) == —logy, ‘E — 1‘ — accuracy of o,
S

@ acc(sys) = 1.25, acc(syps) = 2.17, acc(sqgs) = 3.67
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Results Generalized hypergeometric series

Example (Lemniscate constant)

o
acc(o) == —logy, P 1| — accuracy of o,

@ acc(sys) = 1.25, acc(syps) = 2.17, acc(sqgs) = 3.67
° acc(aﬁ)) =1.61

o acc(- LM (1{sn}) = 11.50
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Results Generalized hypergeometric series

Example (Lemniscate constant)

o
acc(o) == —logy, P 1| — accuracy of o,

s15) = 1.25, acc(syps) = 2.17, acc(sqgs) = 3.67
o acc(els)) =1.61
Yep(14

cc(
(
° c(fl (1 {sn))) = 11.50
acc(Ql”) =13.03
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Results Generalized hypergeometric series

Some Theoretical Results

Theorem

The Q transformation, applied to the series ,1F, (1, &; B; x) with x # 1, is
regular, i.e.,

fim QM (s = F [ OO Y imeN
n—oo e e p+1'p [31, 62.---, Bp 0
Theorem
1, &1, %o, ..., &
il v Plx) -9t (s,) = O(Xn+m(p+1]> . x — 0.
[311 ‘32v"'1 ﬁp
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Results Generalized hypergeometric series

Cizek, Zamastil and Skala transformation %(Lm)

Am[

Am[ (n+ ay) H

1 n

—1

3

(n+ qu) j‘]

~
—_

7™ (st b fwn)) = (16)

3

~
Il

{axd"t  set of parameters,

{wn} remainder estimates (°¢¢ [11 or [4 (2:13)])

P. Wozny, R. Nowak (UWr) Method of summation Luminy '09 21 /29



Results Generalized hypergeometric series

Cizek, Zamastil and Skala transformation %(Lm)

3

-1
A™ [ (n+ ar) (ﬂ

g™ (i fsnblwnl) = — 1“ (16)
A™ [ (n+ ax) ]
k=1 n

{axdt  set of parameters,

{wn} remainder estimates (see [1] or [4, (2.13)])

dqk =1 = Levin L transformation
qx =k == Weniger . transformation (see [4, §8.2])
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Results Generalized hypergeometric series

Cizek, Zamastil and Skala transformation %(Lm)

-

—1

3

(n+ a) ﬂ

" (@ snhdoon)) = — (16)
[ (n+qx) 1
k=1 ®n
Theorem
o™ = ™) (@i fsnd ).
m* = mp, w:i = (Tl+ 1)p71
{agh ' ={11,...,1 B B2 ..., Bpi B1+1,P2+1,..., Bp+1i..

p—1 times Bi+m—2,B+m—2,..., Bp +TTL*2}. (17)
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Results Generalized hypergeometric series

Example

1,1,2,2,7| 99
s =5k,

) ~ 1.0376328566238592296948,

3,5,6,9 | 100

0¥ = @2 ({qi} fsn ) {w?} ~ 1.03763285662385922975208,

acc(@\™ {7t Asnh{wnl)) remainder estimates wy,
parameters (i w’ t-variant | u-variant | v-variant
di 19.26 15.46 16.78 17.67
. 18.44 14.46 15.83 16.69
(Levin £ [4, (7.1-7), B =1]) : ) ) )
k
(Weniger § [4, (8.2-7), B = 1]) 14.20 16.04 17.33 18.24
k2
(cf. [1, Tab. 1, 2]) 1.51 10.60 8.39 9.73
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d-hypergeometric series

o Consider the series

Results Basic hypergeometric series

q,%1,. .., Xp s
a x| = a
p+1 p(ﬁllﬁ21"'!6p ) T;) "
. (o1 q)n(fx2; q)n"'(ocp; q)n
with a, = x™,
" (B dn(B2i @ (Bps d)n
where (z; q)x is a g-Pochhammer symbol defined by:
1, k=0,
k—1 .
(1—2q¢’), k>0,
(z; q)x =4 =0
o .
[T-2d) k=oo,
j=0
P. Wozny, R. Nowak (UWr) Method of summation Luminy '09
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Aq(O;i) —1

Aq(m;i)

Operators P(™)

(E qmril I)

Aq (m—1;1)

meN,ieZ
P = qu) <—1 II) 5
an
- mp
Pm = E | o
= {] } {
j=0 q
where
[r} )
e (a; q

P
<H 1—B; qn+m p+1)—j 2)>:| Aq(p*i:mvfm), m>2
%, T,jeNo, ]ST
) j ] r—j
«AO> «F>r «=)r « =) =
~ P.Wo#ny, R.Nowak (UWr)  Method of summation ~ Luminy'09 2429




Results Basic hypergeometric series

Notations

A0 =1, A™Y = (E—qm™TI) A™ Y, meN ieZ

Operators P(™)

PL — Aq(p:O) (i ]1) .

an

()
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Results Basic hypergeometric series

Example

,a,b o) - :
3¢2<q ¢ q; c/ab) —2d)1<ac q; c/ab> = (¢/8: 4)o0(C/b; oo

q.c (c; d)oo(c/ab; )
Table: Values of acc(QY™) with a =9/10, b=5/8, ¢ = 1/2 and q = 1/5.

n\um 0 1 2 3 4 5 6
1 0.42 3.18 8.75 1477 2217 30.97 41.15
0.48 467 11.64 1836 26.46 35.96
0.53 6.13 1450 21.92 30.72 40.91
0.59 758 1735 25.47 34.97

0.64 9.03 20.19 29.01 39.21

0.69 10.48 23.04 32.56

0.74 1193 2589 36.11

0.79 13.38 28.73

9 0.84 14.83 31.58

10 0.89 16.28

O~NO O W

11 | 094 17.73 (z: q)oo = [T526(1 — z¢')
12 | 1.00
13 | 1.05

P. Wozny, R. Nowak (UWr) Method of summation Luminy '09 25 /29



Results  Orthogonal polynomials

Chebyshev polynomials

(e ¢] 1
= _=——— f
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Results  Orthogonal polynomials

Chebyshev polynomials

- 1
s=X an e e € M) W)

N

PM = m+m+t+v—2) ]I—2zx(n+2m+t+v—2) E +z?(n+3m+t+v—2) E?
LOm) —

N

PP (1), )
v

L(m)(an+an+1+---+an+m—1) =0 = QElm) =

'%>

rim
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Results  Orthogonal polynomials

Chebyshev polynomials

- 1
s=X an e e € M) W)

N

P = (n+m+t+v—2)T—2zx(n+2m+t+v—2) E+22(n+3m+t+v—2) E?

LM = pmIpm-1 . B0 (n41t),_;1)
U (m)
L S
L (an + angp1 4 ...+ Gngm1) =0 = o™ .= ]L(m)((ln))
r{m)
Example
—2—5\/2+2x:ibT(x) by = (19)
2 e " n2-1/4

An

PM = (m+m—1/2)I+2x(n+2m —1/2) E+(n 4 3m — 1/2) E?
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Accuracy

Results  Orthogonal polynomials

Figure: Accuracy of the summation of the series (19) for x = —0.95, 0.9, ..., 1.
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@ The method for summation of some slowly convergent series was proposed

@ Method may be successfully applied to the summation of generalized and

basic hypergeometric series, as well as some classical orthogonal polynomial
series expansions

@ In some special cases, our algorithm is equivalent to Wynn's epsilon
algorithm, Weniger .% transformation or the technique recently introduced
by Cizek, Zamastil and Skala [1].

@ In the case of trigonometric series, our method is very similar to the

Homeier's 27 transformation, while in the case of orthogonal series — to
the JZ transformation.
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Summary

For Further Reading
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