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Introcduction b

The Euler series arising from integrating the Euler integygparts:
=1

>0 et e ;! - > e
/x ——dt = — > (-1) -+ (=1 n!/x o dt

Integration by parts by d. led to:

[ atoi@ar = [T gt 02 (%)A () do

= (-1 /OOO 2 g(2) (%)A (mf)) o
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Introcluction

Leading at:
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Introcduction b

Semi-infinite spherical Bessel integrals in moleculargnigs:

kygi[RA(s@)] I () 1

gla) = by &)= 2 ) oy

n ’ n+=
[7(S7x)] ! 2 jZO

v(s,x) = \/(1 —8)¢7 +sC 4+ s(1—s)x2 s € [0,1].

Integrand with spherical Bessel —— ‘ Integrand with sine function ——
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b
How can we use this technique for an% f(x)dx ?
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CAMPUS

Higher Order Derivatives

Let us determine the'kderivatives ofG; (z) = 22 f(2?):

<i> Gi(z) = 322 f(2?) + 22* f'(2?).

) dx
(%) Gi(x) = 62 f(2?) + (62° + 82%)f/(2%) + 42 f"(2?).
How about this:
k
G 10 =270 = (152) @G =2 796,

k
For Gala) = [ (tn(e): () (o 2Gala)) = 1) (nla))

d

xmdx

k
Can we expresé(%) G(x) in terms of(

) (x™"G(x)) for
T
i =0,1,....k?
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Higher Order Derivatives SAINT.JEAN
The Slevinsky-Safouhi formulae [Slevinsky and Safouh20

k
Theorem Let G(z) be K" differentiable With( , ) (7" G(x))
xdx
well-defined. The Slevinsky-Safouhi formula | fox, 5, m,n) is given by:

(o )k@;ﬁa(x))f:A%;w”Mm“)k(o‘“)< d )i(an(x))’

redx — xMdx
with coefficients [V = (n — 8 — (kK — 1)(a + 1))]:
_ (1 for 1=k
A=< NAY | for i=0, k>0
(N +i(m+1))AL | + AL for 0<i<k.

\

P = () (= B4 jm 4 1) — (k= 1)(a+ 1))kt
=2 (m+ 1)1 41 (i — j)! —m#

j=0
The Slevinsky-Safouhi formula 1o, 5, m,n) = (0,0, 1,0).
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The Generalized
S, Transformation

&
The Staircase Algorithm
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Let f(x) be integrable onu, b], i.e. ff f(x) dx exists. We write:

for some weight functionv (), whose choice depends gix).

If f(x) € C"|a,b], thenf;’ f(x) dz has the equivalent representation,
which we obtain after. integration by parts by (x) dz:

where:
and
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The Staircase Algorithm SAINTJEAN
b
Approximations to/ f(x)dx take the following form:
0
W Fora < xg < b, Initialize:  5) = / Go(x) Ho(x) w(x) dex,

b
/ Go(x) Hy(z) w(z)dx = Go(z) Hi(x)

0

b b
—|—/ Gi(x) Hi(x) w(z)dx.

0]

b 1
S1 = So+Go(x) Hi(x) +/ Gi(x) Hi(x) w(x)dz, xo < x1 <Db.
X0 L

0

™ For the sequencgr; },_, satisfyinga < x;—1 < 2; < b, define:

b T
+/ Gi(z) Hy(x) w(x) dz.

|

S, = Si_1 + Gi_1(z) Hy(x)

Li—1

b
The approximations t7[ [ (x)da form the sequences; |, .
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Bessel Integral SAINT-JEAN |

The integral that follows appeared in Numerical Recipes:

1
|

By choosingw(z) = x, we havelGy(x) = andHy(z) = Jy(x).

2L [!
($2 + 1)l—|—1
The integral then has the equivalent representations:

—  Gilz) = and H(z) = ' Jy().

All the boundary terms vanish and consequently:

00 T . 00 CEn—i—l
/0 Jo(z)dx = 2" n! /o (22 + 1)nt] Jn(z)dr = Ky(1).
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Table 1:7, = 0.421024438240708. z; = 27 (1 + 1).

[ S [ S

0 0.414 193 276 771 795 7 0.421 024 438 053 642
1 0.421 696 746 593 657 38 0.421 024 438 183 915
2 0.421 072 353 906 909 9 0.421 024 438 241 771
3 0.421 020 653 966 770 10 0.421 024 438 241 364
4 0.421 023 974 243 269 11 0.421 024 438 240 707
S 0.421 024 464 857 404 12 0.421 024 438 240 700
6 0.421 024 443 256 394 13 0.421 024 438 240 708
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Fresnel Integrals SAINLJEAN
The integrals are given by:

Ig(a,v):/ sin(vz?)dz and fg(a,v):/ cos(v %) dz.

By choosingw(z) = x, we haveGy(x) = = and Hy(z) = sin(v 22).
Jb

sin(va? — I /2)
(2v)
The integral’,(«. v) then has the equivalent representations:

. (2n)! /OO sin(vz® — %)d
(4v)™n! AL .

(20)!
— GZ(CE) = o | 720+ and HZ(QU) =

n—1 9 (l+])7T)

Z Ql ' blﬂ(’U$ 2
l—|—] ll $2l—|—]
[=0
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Table 2:7,(0,1) = .626657068657750. a;

SAINT-JEAN \

= /2r(l+1)/v.

(o 1

Si

[

Si

0.629 878 864 869 732
0.627 294 419 199 049
0.626 651 451 723 302

0.626 657 068 644 466
0.626 657 068 657 872
0.626 657 068 657 790

0.626 657 068 657 749
0.626 657 068 657 749
0.626 657 068 657 750

0.626 655 488 072 699
0.626 657 083 038 776
0.626 657 073 115 469 12
0.626 657 068 616 796

OCUDNWNEO
B
N5 © 0~

The integral then has the equivalent representations:
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The Twisted Tall mw‘

The integral is proposed in the bookhe SAM 100-Digit Challenge':

1
w(x) = (1+x)e® — Go(z) = AT o) e and Hy(x) = cos(x e®).
—d S 7
— Gl(a;)(<1 g ef’fdaz> 112 e and H;(z) = cos (aze — ?> :
.,
The general form of7;(x) is: olw) = 1
o—(+1)z pi(z) = 2+x
Gle) = @) pa(e) = 9+8r+ 207
() = 64+ 79z + 362 + 623

W
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The integralZ; then has the equivalent representations:

As a specific case, the generalizg€dyields the equivalent representation:

9
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Table 3:Z; = 0.323367431677778S.

l S l Sy

0 0.322 927 888 336 864 6 0.323 367 431 645 417
1 0.323 237 526 926 992 14 0.323 367 431 679 447
2 0.323 365 916 051 665 38 0.323 367 431 677 892
3 0.323 367 727 513 215 9 0.323 367431677 774
4 0.323 367 440 006 498 10 0.323 367431677 778

5 0.323 367 430 974 309

{1}y = {ln(27r(l +2)) — In(In(27(l + 2))) + ml(jlr(lgzzl(l—l——i_;;)) }go.

This sequence is derived from the asymptotic expansionediarnbertﬁ/
function defined implicitly byw(z) e*®) = .
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The Airy functionsr Ai(z) are given by:

w(z) =2°+2 — Go(zr) = :z;21—|—z and Hy(x) = cos (% + zx)
-4 \' 1 23 I
— Gi(z) = ((x2 s da;) PR and H;(z) = cos (3 + zx — §> :
Gi(z) = PU2) where p;(x) are polynomials

(.CC2 + Z)Ql—l—l

It can be shown thaty;. 1 (0) = 0 andpsx(0) exist and sinced;(0) = 0,
the boundary terms vanish at= 0 for z # 0.
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Airy Functions SAINT.JEAN

The integral then has the equivalent representations:

How to determine the functionals; (=) explicitly?
We can decomposé,(a, z) as follows:

By choosing the weight functiom(z) = 22, we obtain:

d \' 3 7
o _9 COS __ cos o
Gi(x) = (—1) (.5132 daz) T (zx) and H;(x) o (—3 5 ) :

The Slevinsky-Safouhi formula | withw, 5, m,n) = (2,2,0,0):
z :
(_1)l i i s
Gi(x) = TR Z Aj (zx) Z?j 2T + 5 |-
i=0
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Ultimately, we derive the explicit form of the transformedagrals as:

Table 4:7,(0,1) = 0.425033661174960. ; = /67 (1 + 1).

Si

[

Si

Oa~rWNPEFO

0.432 683 511 614 577
0.425 050 712 855 878
0.425 018 211 967 205
0.425 032 964 456 715
0.425 033 674 972 581
0.425 033 663 440 207

O@OO\ICD

11

0.425 033 661 201 175
0.425 033 661 169 297
0.425 033 661 174 750
0.425 033 661 174 971
0.425 033 661 174 961

0.425 033 661 174 960
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Part I

An Algorithm for
The G\ Transformation
&
Computation of
Incomplete Bessel Functions
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The Gf{”) Transformation e L0
Let f(x) be integrable om0, co) and if:

*) () where ~ 2 N L ag L < k.
=3 (o) 16) where pule) 32 % asr s e, i <
Levin and Sidi, 1981

/ F(t)dt ~ /f dt+Zf(’f) azaknliif.

1=0

The approximatioanm of / f(t)dt is given by [Gray and Wang, 1992]

m—1 n—1 5
{ /f dHwa )Zﬁk*},0<z<mn,
CEZ
1=0

where it is assumed th%tﬁG,,(zm> =0,V > 0.
X
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The ¢\ Transformation SAINTJEAN

By considering the equation with= 0:
1

o) — ) + x

n

:/Oxf(t)dt

and by Isolating the summation on the RHS, we obtain:
G _ F 5 z_: GV — F(x) _nz_:l —i B,
o0 f(x) dZE zoof(x) | & =l
2 d H
If we apply | z°— ,We obtain:
dx

B8 (22—~ i (o) 28

1=0
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We begin with:

5 00 e—t—xy/t
Ky(x,y) =x /a: o) dt.
: e—t—af;y/t
The integrandg, , (1) = f(t) = o We have:
() = S
2 —zy+(w+1)t '
: : . (1) © o—t—zy/t :
Programming the approximatiar, of/ o dt, we obtain:
0
N7 () re TY v gmtmay/t
. _ v / dt.
! . D1 (x) xz—xy+(u+1)x+x g tvtl

We then extract the approximation to the functidng(z, y):
rxe *TY
2 —zy+wv+1)x

~(1
Gl =
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The approximations té, (x, y) take the form:

~

o) _ v N (z)

. Dp(x)
The Leibniz product rule and the Slevinsky-Safouhi formulath
(e, B,m,n) = (—2,—v —1,0,0) lead at:

D, (z) = <t2%> (t”+1et+f€y/t)
l=x
v x - L —r - ()
= Capreten s (M T A
r=0 1=0

K@ = 3 (M) Daras) oy

xvy r

r—1 S
" 3 G D SPUEH
s=0 1=0

Generalized Techniaues in Numerical Intearation. — p. @5/2

r=1



SAINT-JEAN \

Numerical Results

Table 5:Numerical Results.

T y U K,(z,y) n Error n Error
.01 4 0 .222531076126646( 1)10 .57(-10) 21 .88(-15)
01 4 1 .213894166822940(0) 7 .96(-10) 17 .36(-15)
.01 4 2 .545034697997010(-1) 5 .78(-10) 13 .31(-15)
01 4 3 .232531215077077(-1) 6 .21(-11) 9 .75(-15)
.01 4 4 .130427509960796(-1) 7 .21(-11) 9 .13(-16)
.01 4 5 .856753499064864(-2) 8 .31(-11) 10 .52(-17)
.01 4 6 .620867680660073(-2) 9 .66(-11) 11 .10(-16)
.01 4 7 .480108523817746(-2)10 .19(-10) 12 .34(-16)
.01 4 8 .388407204962680(-2)11 .72(-10) 13 .11(-15)
.01 4 9 .324679800314839(-2)13 .62(-12) 14 .58(-15)
4.95 5 2 .122499879970633(-4)16 .27(-10) 22 .63(-15)
10.00 2 6 .415004594191625(-6)4 .29(-10) 10 .17(-15)
3.10 2.6 5 .528504325243644(-3)12 .62(-10) 27 .49(-15)
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Part | — Generalized,, transformation:
Expansions of some challenging integrals.
Integrals representations with better convergence ptieger
Generally applicable to a wide class of integrals.
The staircase algorithm allow for accurate numerical eatadn.

Part |l — Therzl) transformation:

The Slevinsky-Safouhi formula | for higher order derivasv
allows for rapid evaluation of high-ordé{l‘g) transformations.

Accurate computation of the challenging incomplete Bessel
functions.
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