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o
@ Consider the series S, = Z(s +x)"e= (T (= 0,1,..)).

s=0
@ What happens as § — 07 We want a bit more than ‘it diverges'.
@ Ngrlund (1924) gives the formula

S, — / sne=3t qs 1 810 o,
0 n -+ 1

where B, () is a Bernoulli polynomial.
o If we evaluate the integral, we obtain

n! Bn+1(X)

Sn:5n+l+ n+1

+ 0(5).

@ How does this formula arise? What if the exponential was replaced by

e_(55)2, erfc [(5262 — 1) 1/2} ,
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@ Start with the integral from s to s+ 1 (s € Z):
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Relating an integral over [ry, 1] to a series
@ Start with the integral from s to s+ 1 (s € Z):

s+1 s+1
/ F(x)dx = [(x + ) F(x)] S - / (x + )f'(x) dx
S S oi1
— (s 41+ O)f(s+1)— (s +)f(s) / (x + ) F/(x) dx.
@ Choose c = —s — 1, and note that s = [x] for x € [s,s + 1):

s+1 s+1
/ FO)dx = S [f(s+1) + f(s )]—/ (x - [x] - 1) F(x) dx.

@ Now sum from s = ry to s = r; — 1 to obtain

| e dx= 3 r(s) - HmlEAlo) [ -t

S=n

IO\H

@ the first derivative Euler—Maclaurin formula.
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The Euler—Maclaurin summation formula

@ For m € N, we have

S f(s) = / £(s)ds + B[f] + Amlf],

s=n o
@ where
F(rn)+f(rn) < B -
Bl = L)1) +3 7 [F0-(n) — F0-D ()]
j:
_ " Bemi1(9) comeny
Ap[f] —/ro (2m+1)!f (x) dx.

@ Bjis a Bernoulli number. N.B. Byj4; =0, j € N.
o Bj(x) = Bj(x —[x]) is the periodic extension of B;(x) from [0,1) to RR.
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The error term

@ Lehmer (1940) proved ‘BQm+1(X)‘ <2(2m+1)!/(27)?>™ L hence

2 n
s (2m+1)
‘Am[f” S (27T)2m+1 /,;) ’f (X)’dX

@ We will need to apply EMS on [\, c0) and then take a limit.
o If f(2m+1)(s) has fixed sign for s > A, we can write

/OO FCm+1)(s)ds
A

+ ‘f(z’")(A)D .

)

2 A
< - (2m+1)
Bl < Gy (/A om0 ()] as +

A
/ FCmH) () ds
A

IN

2
(27T)2m+1
o N.B. if f(5;0) = (s + x)"e™* and 2m > n, then A, — 0 as § — 0.
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@ Set f(s;9) = (s + x)"E(s;0), E(s,0) = Ep (constant).
@ Set 2m > n, apply EMS over [\, 00) (assume convergence as s — o0):

;f(s;@ —/A f(s;8) ds + Bu[f; ] + o(1),

~—

. 2m o
f(Az' i > 5f(f—l)(A; 5).

il
=

@ Provided that derivatives of E exist, they vanish as § — 0, so

Bm[fi A\l =

FU=1(s;6) = " !(5 +x)"IHE(s:8) + o(1),

(n+ 1.—j)

@ and discarding all o(1) terms leads us to

n+1
Blf;\] = — Eo ZBJ-(”“)(XH)"—Hwo(l).

n—|—1j:1 J
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Generalised Ngrlund formula (ctd.)

@ Finally, we arrive at the result

o0

S (s+%)"E(5:0) = In(xi6,0) — niJlB,H_l()\-l-X) +o(1):
s=A

In(x;0,\) = ni)l()\—i—x)"*l—i—/)\ (s +x)"E(s;d)ds.

@ Note:

In(X; 57 )\1) - In(X; 57 A2)

E A
- =0 (A1 + )™ = (o 4+ x)™] + / (s+ x)"E(s;9)ds.
n+1 A1

—0 as 6—0.

@ We can replace )\ with any finite value in the definition of I,,.
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Singularities of the summand

@ As before, f(s;0) = (s + x)"E(s; 0); suppose that a sufficient number
of derivatives exist on [A, c0), but not on [\, A). We can write

00 A—1 00
Y f(si0) =D F(si0)+ ) f(s:9).
s=\ s=\ s=A

@ Now apply EMS to the last sum:

E
Zf s;0) :Z F(s:0) + In(x; 6,A) — Oan+1(A—|—x)+o(1).
s=A
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s=A
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A—1

Eo
° Zfsé ) = In(x; 8) —i—EoZ(S—i—X +an+1(l\+x)—|—o(1).

° Bernoulll polynomials satlsfy the recurrence relation

|
—

J
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s=0
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A—1 A—A—1
Z(s+x)" = Z (s+x+A)"
s=A s=0
1
= n+1 [Brr1(x +A) = Bppa(x + A)],

@ meaning that

. E

Zf(s;é)zln(x;é; A) — 0
s=A

@ exactly as before (!).

~Bas1(A+x) +o(1),
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Sums over Z

@ Suppose that f(s) = g(s) + g(—s).

@ Assuming convergence as s — oo, we have

0 B 00 f(O) 2m BJ i1 .
Zf(s)—/o fls)ds+ 252 = >~ LUD(0) + Anlfi0

s=0 j=27"

o Clearly fU=1)(0) = 0 if j is even; also, B; =0if j > 1is odd.

@ Hence,

> a(s)+a(-s) = | " () + &(—5)ds + g(0)
s=0 0

+ Amlg(s) + g(—s); 0],
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Sums over Z (ctd.)

@ We have
S as) - / " g(s)ds

_ [ Boma(9) [ me) (2m41)(_
_/0 @m+ 1) g (s)+ g ( s)] ds.

and we are free to choose m.

Integration by parts confirms that the RHS is independent of m.

°

@ What happens if g(s;d) = pn(s)e_(s‘5)2? (pn is a polynomial.)
@ We can introduce an arbitrarily large power of § to the RHS.
°

What does this mean?
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Example

@ We can obtain explicit results in certain simple cases.
@ Jacobi's imaginary transformation (Whittaker & Watson 1927) can be
used to show that

[e.9]

3 o) = \{f i o— (/62

5§=—00 §=—00

@ Also,

@ The difference is beyond all asymptotic orders in 9.
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