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e Let us consider the transformation Q™ 1 {s,,} — {Q%m)}, defined by
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e All we need is an efficient algorithm of constructing operators L™
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e let E be the shift operator,

Exn = xny1, Efx, = Xnik (K E€Z)
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Exn =Xni1,  E%n=xnyx (k€ Z).

m—1)

e Suppose we know the linear difference operator L .

e By solving a system of linear equations, one can find operators P™ RM™ such that

where

e Then

e Notice that

where P .=
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WN method: algorithm of computing Qfmm)

1. Find the operator LW such that
L(])(an) =0
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1. Find the operator LW such that
LW (a,) =0.

2. Set PV := L and determine operators P'?), P . in the mentioned way.
3. Set NE?) :— S, and DE?) = 1.

4. Compute quantities N;m), and D%m) (m =

AECDSS 2009 Pawet Wozny, University of Wroctaw, Poland



4/16
WN method: algorithm of computing Qfmm)

1. Find the operator LW such that
LW (a,) =0.

2. Set PV := L and determine operators P'?), P . in the mentioned way.

3. Set NE?) '— S, and DE?) = 1.

DM .= P™ (D ) .
5. Then -
m
QM = N? )
D"
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WN method: applications

e Generalized hypergeometric series

X1, X2y« v ey Kl — (o)x(o2)k - (o1 ) x*
. FT = ) )
* ( B1, B2, ..., P+ X) % (Br)(B2)k---(Br)x k!

where (a)x:=ala+1)---(a+k—1) is the Pochhammer symbol.
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* ( B1, B2, ..., P+ X) % (Br)x(B2)k- - (Br)k k!
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e Basic hypergeometric series

5/16

X1, 02, %1 ) o (e q)k(o @i (g g X
T—H(I)r g; X | := Z : : : . :
B1, B2y---,Br — (Bra)(Bxra)k---(Brak (a;q9)
k—1
where (a;q)y := (1 - aqj) is the g-Pochhammer symbol
j=0

y
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e Generalized hypergeometric series

X1y X2y vy Kyt = (o)(o)k - (o) X
T4+1 FT X | = Z

B1, P2y, By — (Br)(B2)ic- -~ (Brk k!
where (a)x:=ala+1)---(a+k—1) is the Pochhammer symbol.

e Basic hypergeometric series

X1, 02, %1 ) o (e q)k(o @i (g g X
T—H(I)r q; X | = Z . . . | . )
B1, B2y---,Br — (Bra)k(Bzrali---(Brdl  (a50)k
k—1
where (a;q)y := (1 - aqj) is the q-Pochhammer symbol.
j=0

e Some orthogonal polynomial series expansions,
o0
f(x) = Y cxPulx),
k=0

where {Py} is a sequence of orthogonal polynomials
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WN method: example

1k
4(kZ _) -Tlx) (€ [=1,1]; i~ kth Chebyshev poly)

4v2 &
va +x:——fZ
(—
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WN method: problem

e Let us consider the more general expansion:

_qumq”Z’( D T(x) (xel[-1,1]; q ¢ Z),

cos(qg arccosx) = —
TS kt—q

N —

which corresponds to the previous example with q =
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e Let us consider the more general expansion:

cos(qg arccosx) =

g k? — g?

k=0

which corresponds to the previous example with q = %

~ 2gsingm i/ (—1)k T () (x €

e We are not able to find explicit expressions for operators PI™ for q %

7/16
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WN method: problem

e Let us consider the more general expansion:

Zq sin (7t i/ (—1 )k

cos(qg arccosx) = - g

T(x)  (xel=1,1]; q € Z),
k=0

which corresponds to the previous example with q = %

e We are not able to find explicit expressions for operators P™ for g + %

e To use our method, we have to construct—symbolically or numerically—operators
P™ one after another in the mentioned way
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WN method: problem

e Let us consider the more general expansion:

cos(qg arccosx) =

~ 2¢gsin qTEZ/ (—1) T (x) (x € [=1,1]; q ¢ 7),

2 _ 42
T — ks —(
which corresponds to the previous example with q = %
e We are not able to find explicit expressions for operators P™ for g + %

e To use our method, we have to construct—symbolically or numerically—operators
P™ one after another in the mentioned way.

e |t is possible, however, it is not a good idea. Why? Let us see . ..
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WN method: construction of operators L™ again

e Suppose we know the linear difference operator L™V such that

m—2
L™V ) any | =0
j=0
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WN method: construction of operators L™ again

e Suppose we know the linear difference operator L™~ V. Lm~1) (Z;lgz an+j> = 0.

e By solving a system of linear equations, one can find operators P™ RM™ such that
~(m—T)

pmy (m=1) _ pimIT |

where
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e Suppose we know the linear difference operator L™~ V. Lm~1) (Z;lgz an+j> = 0.

e By solving a system of linear equations, one can find operators P™ RM™ such that

~(m—1)

pmy (m=1) _ pimIT

¢ Then L™ :=pmirim-1)
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WN method: construction of operators L™ again

e Suppose we know the linear difference operator L™~ V. Lm~1) (Z;lgz an+j> = 0.

e By solving a system of linear equations, one can find operators P™ RM™ such that

~(m—1)

pmy (m=1) _ pimIT

o Then L™ .= pmp(m-1)

Problem

e T:=ord (L“)) — ord (PW) o (R(m)) —rm—1) (m=273,..)

AECDSS 2009 Pawet Wozny, University of Wroctaw, Poland



8/16
WN method: construction of operators L™ again

e Suppose we know the linear difference operator L™~ V. Lm~1) (Z;lgz an+j> = 0.

e By solving a system of linear equations, one can find operators P™ RM™ such that

~(m—1)

pmy (m=1) _ pimIT
o Then L™ .= pmp(m-1)
Problem
o 1= ord (L“)) — ord (PW) o (R(m)) —rm—1) (m=23..)

\

e \We have to solve the system of m - v linear equations in each step
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WN method: construction of operators L™ again

e Suppose we know the linear difference operator L™~ V. Lm~1) (Z;lgz an+j> = 0.

e By solving a system of linear equations, one can find operators P™ RM™ such that

~(m—1)

pmy (m=1) _ pimIT
o Then L™ .= pmp(m-1)
Problem
o 1= ord (L(”) — ord (P(m)) o (R(m)) —rm—1) (m=23..)

\

e \We have to solve the system of m - 1 linear equations in each step.

We need a faster algorithm of constructing operators p2 pl
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WN method: new algorithm of constructing operators Lm

1. Find the operator P such that PV a, =0, and set Qm .= pl)
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WN method: new algorithm of constructing operators Lm

1. Find the operator P such that PV a, =0, and set Qm .= P

2. By solving a system of linear equations, find recursively the operators PI™ and Q™
satisfying the following indentity:

p(m)Q(m—1) _ Q(m)p
L= P E!

~(m—1

where P(
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WN method: new algorithm of constructing operators Lm

1. Find the operator P such that PV a, =0, and set Qm .= P

2. By solving a system of linear equations, find recursively the operators PI™ and Q™
satisfying the following indentity:

p(m)Q(m—1) _ Q(m)p

~(m—1

where P( ) = EPMVET

3. Define [_(1) = P(”, and ]_(m) — p(m)L(m—U
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WN method: new algorithm of constructing operators Lm

1. Find the operator P such that PV a, =0, and set Qm .= P

2. By solving a system of linear equations, find recursively the operators PI™ and Q™
satisfying the following indentity:

pmQml = Q™p (m=2,3,...),
where ﬁ(m_” — EPmUET
3. Define L'V .= PV apd L™ .= pmig (m=1),
Theorem
m—1
I—(m) Z An+j =0 (m — ],2, )
j=0
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WN method: new algorithm of constructing operators Lm

1. Find the operator P such that PV a, =0, and set Qm .= P

2. By solving a system of linear equations, find recursively the operators PI™ and Q™
satisfying the following indentity:

p(m)Q(m—1) _ Q(m)p

~(m—1

where P( ) = EPMVET

3. Define L'V .= PV apd L™ .= pmig (m=1),

Remark

o T:=ord (P(”) — ord (P(m)) — ord (QW) (m=23,..)
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WN method: new algorithm of constructing operators Lm

1. Find the operator P such that PV a, =0, and set Qm .= P

2. By solving a system of linear equations, find recursively the operators PI™ and Q™
satisfying the following indentity:

p(m)Q(m—U _ Q(m)p

~(m—1

where P( ) .— EPmVET

3. Define L'V .= PV apd L™ .= pmig (m=1),

Remark

o T:=ord (P(”) — ord (P(m)) — ord (QW) (m=23..)
U

e Now, we have to solve the system of 2r linear equations in each step

AECDSS 2009 Pawet Wozny, University of Wroctaw, Poland



9/16
WN method: new algorithm of constructing operators Lm

1. Find the operator P such that PV a, =0, and set Qm .= P

2. By solving a system of linear equations, find recursively the operators PI™ and Q™
satisfying the following indentity:

p(m)Q(m—U _ Q(m)p

~(m—1

where P( ) .— EPmVET

3. Define L'V .= PV apd L™ .= pmig (m=1),

Remark

o T:=ord (P(”) — ord (P(m)) — ord (QW) (m=23..)
U

e Now, we have to solve the system of 2r linear equations in each step
(previous approach: m - 1 linear equations)
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Proof

° p(m)Q(m—U _ Q(m)p , P — Epm-DE-!
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Proof
® p(m)Q(m—U — Q(m)‘lf\)/(m_”, ]A)/(m_” _Ep(m—UE—]
m—1
o LM .= ppm Tl pll [ g ] 0
j=0
m
[ (m+1) Zan+j
j=0
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Proof
® p(m)Q(m—U — Q(m)‘lf\)/(m_” ]A)/(m_” _Ep(m—UE—]
m—1
o LM .= ppm Tl pll [ g ] 0
=0
m m—1
 (m+1) Zan+) _ p(m+1)y (m) Zan+]+an+m _P(m+1)]_(m)(an+m)
j=0 j=0
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Proof
~(m—T ~(m—1
o PQ-N — mp™ " BV gpim-ng-
m—1
o LM .— pmipm-1)  p)  m anyj | =0
=0
m m—1
L(mH) Z Untj | = P(m+1 Z Antj + Anym | = P(m+])L(m)(an+m) —
j=0 j=0
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~(m—T ~(m—1
o PQ-N — mp™ " BV gpim-ng-
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P~ =EP™VE"
m—1
P, LM anij | = 0.
=0
m—1
— P(er] Z Anyj + AQnam | = P(m+])L(m)(an+m) —
j=0
~(1) ~(2)~(1)
"Q(Z)P (aner) — P(m—H) Q(B)P P (an+m) —
~(3)~=(2)=(1)
P P P (an+m)
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P~ =EP™VE"
m—1
P, LM anij | = 0.
=0
m—1
— P(er] Z Anyj + AQnam | = P(m+])L(m)(an+m) —
j=0
~(1) ~(2)~(1)
"Q(Z)P (aner) — P(m—H) Q(B)P P (an+m) —
~(3)~=(2)=(1)
P P P (an+m) -
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The case ord (Pm) =1

e Iford(P'") =1 then our method is equivalent to Wynn's e-algorithm. More precisely,
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New algorithm (numerical version): case ord (Pm) =2

e P —E ' +p™MmI+p™mE, QM :=FE "+ g™ m)I+q™mE
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New algorithm (numerical version): case ord (Pm) =2

o P —E4p™MmI+p™mE QM i:=E "+ gl M)+ q™(ME
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New algorithm (numerical version): case ord (Pm) =2

e PM — k7 4 p™m)I+p™(n)E,
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QM :=E" + ™)+ q¢™(ME,

XX
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New algorithm (numerical version): case ord (Pm) =2

e P =E ' +p"mI+p™mE, Q™ =FE" + g™ M)+ g (ME,

RRRRI| [ry™m) ®
RV | |a'm)|_ |
R ® p™(n) R
_ Q||| |

e Suppose, we know values pé”(n),pg”(n), qé”(n), qg”(n) form=23,... N—1,

where 3|N

AECDSS 2009 Pawet Wozny, University of Wroctaw, Poland



12/16
New algorithm (numerical version): case ord (Pm) =2

e P =E ' +p"mI+p™mE, Q™ =FE" + g™ M)+ g (ME,

RRR R v
RRR | |4
R ® P

® ®| | d™

e Suppose, we know values pé”(n),pg”(n), qé”(n), qg”(n) form=23,... N—1,

where 3|N.

e Using the above system of linear equations, one can find values pém)(n), pgm)(n),

ay™(n), g\™(m) form=2,3,... N/3, andn =m+1,m+2,... N—2m~+]
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New algorithm (numerical version): case ord (Pm) =2

o P —E4p™MmI+p™mE QM i:=E "+ gl M)+ q™(ME

RRRRI| [ry™m)
RRIRVD | |a™m ®
R ® p™(n)

® ®| | d™m)

e Suppose, we know values pé”(n),pg”(n), qé”(n), qg”(n) form=23,... N—1,

where 3|N.

e Using the above system of linear equations, one can find values pém)(n), pgm)(n),

g™ (), a\™(m) form=2,3,... N/3, andn=m+1,m+2,... N=2m+1.

e Thuse we can compute the transformations Qflm) form=2,3,... N/3 and n =
m+Im+2,..., N—2m+1

AECDSS 2009 Pawet Wozny, University of Wroctaw, Poland



12/16

New algorithm (numerical version): case ord (Pm) =2

o P —E4p™MmI+p™mE QM i:=E "+ gl M)+ q™(ME

o N =12
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New algorithm (numerical version): case ord (Pm) =2

o P —E4p™MmI+p™mE QM i:=E "+ gl M)+ q™(ME

e N=12 = QY

Remark. The case when ord (Pm) =71 (r=23,4,...) can be consider in a similar way.
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Examples

2q si =, (—1)k
cos(qgarccosx) = — qs: qﬂZk(zf)quk(x) (x e [=1,1]; q & Z),
k=0
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. © 1k
Jzasman st D g (ke -11) a ¢ 2),

cos(qg arccosx) =
TS k?—q?

P = (m=1P=—g)E "+ 2x(n* = ¢*)I+ ((n+1)> = ¢*)E
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Examples

. © 1k
Jzasman st D g (ke -11) a ¢ 2),

cos(qg arccosx) =
TS k?—q?

P = (m=1P=—g)E "+ 2x(n* = ¢*)I+ ((n+1)> = ¢*)E

q:=3.33, [$1,82,...,833] = lez”
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Examples

cos(qg arccosx) = _2gsmqm Z’ =) T (x) (x e [=1,1]; q & Z),
k=0

Tt k? — g2

0.5 1

x € [—1,1], q := 3.33, s1,82,...,833] = 9212”

13/16
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Examples

o0

Moa+p+1)T a+6+1§:C

“_Mp:ﬁﬂa+ﬂ(a+ﬁ+p+2

=0

2k o+ B+ 1) (—p)rlc+ B+ 1)k
B (oc—|—1)k(oc—|—[3—|—p—|—2)k

where

and x € (—1,1), o, p > —T1, —p<min(o¢—|—1,%—|—%)
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Examples

o0

Moa+p+1)T a+6+1§:C

“_Mp:ﬁﬂa+ﬂ(a+ﬁ+p+2

—0
where

2k o+ B+ 1) (—p)rlc+ B+ 1)k
B (oc—|—1)k(oc—|—[3—|—p—|—2)k

and x € (—1,1), o, p > —T1, —p<min(o¢—|—1,%—|—%)

2Mm+oa)(n+p)2n+x+ B+ 2)
In+oa+p—1

((2n+ x + B)(Zn+o¢+6+2)x+o¢2—ﬁz)

P“) — E—1 o

MmM+a)n+a+p+p+1)
MmM+oa+p)n—p—1)

2Mm+1)2n+ o+ B)(n+ oc)z(n+oc—|—6+p—|—1)2E
2n+a+B+3)n—p—1)2(n+ o+ B)

I+
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o0

NMoa+p+ DM+ B+ 1)
Mo+ Mot B +pt2) ZC

(T—x)P =2°
—0
where

2k o+ B+ 1) (—p)rlc+ B+ 1)k
B (oc—|—1)k(oc—|—[3—|—p—|—2)k

and x € (—1,1), o, p > —T1, —p<min(o¢—|—1,%—|—%)

2Mm+oa)(n+p)2n+x+ B+ 2)
In+oa+p—1

((2n+ x + B)(Zn+o¢+6+2)x+o¢2—ﬁz)

P“) — E—1 o

MmM+a)n+a+p+p+1)
MmM+oa+p)n—p—1)
2Mm+1)2n+ o+ B)(n+ oc)z(n+oc—|—6+p—|—1)2E
2n+a+B+3)n—p—1)2(n+ o+ B)

I+

p:=-333, a:=53, B:=13, I[s,s5,...,853] = allV
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o0

NMoa+p+ DM+ B+ 1)
Mo+ Mot B +pt2) ZC

(T—x)°P =2°

=0

acc (ng))

acc(s33)

R
- Q

08 -06 -04 -02 O] 0.2 0.4 0.6 0.8

x€(=1,1), p:=—333, a:=53, p:=13,  I[s1,82,...,833] = QY
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0 k+1 k+1 1 1 5
T4+ - ]
(In % k+1 ( +5+ +k) (x> < 1)

N —
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0 k+1 Ll 1 1 5
I+ =4 4 1
% k+] ( o +k) (<)

NI—‘

PU =x?E '+ xm+1)2n+ DI+ (n+1)(n+2)E
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0 k+1 Ll 1 1 5
I+ =4 4 1
% k+] ( o +k) (<)

NI—‘

PU =x?E '+ xm+1)2n+ DI+ (n+1)(n+2)E

11
[81)82>"'>S33] = ng)
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2.
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0 k+1 k+1 1 1 5
T4+ - ]
% k+1 ( +5+ +k) (x> < 1)

acc (Qg))

acc(s33)

0.9 —0.85 0.8 —0.75 0.7 —0.65 0.6

—1>_O6)> [31)SZ>‘ °t >S33] :> QE]ZU
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0 k+1 k+1 1 1 5
T4+ - ]
% k+1 ( +5+ +k) (x> < 1)

g//”*\\&\\1///&\\%//”*\\s\\ﬂ?__e//**\\s__4%\\ﬂ\\*%“g_‘%k‘\sh‘*k“&“@

acc (Qg))

acc(s33)

0.6 0.7 0.8 0.9

c (0.6,1), [s1,82,...,833] = Q?z”
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0.0185355891429332393 ... = Z
— (k+33)Vk+1
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- (—1)k
0.0185355891429332393 ... = Z
— (k+33)Vk+1

PV = /n(n+32)E" +2vVn+ 1(n+33)1 +Vn +2(n + 34)E
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- (—1)k
0.0185355891429332393 ... = Z
— (k+33)Vk+1

PV = /n(n+32)E" +2vVn+ 1(n+33)1 +Vn +2(n + 34)E

1
[s1,82,...,833] = ng)
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Examples

- (—1)k
0.0185355891429332393 ... = Z
— (k+33)Vk+1

PV = /n(n+32)E" +2vVn+ 1(n+33)1 +Vn +2(n + 34)E

n | acc(sy)
100 1.7
500 2.65
1000 | 3.08

10000| 4.57

AECDSS 2009 Pawet Wozny, University of Wroctaw, Poland



Examples

0.0185355891429332393 ... = Z

(0.9]
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(—1)*

— (k+33)Vk+ ]

PV = /n(n+32)E" +2vVn+ 1(n+33)1 +Vn +2(n + 34)E

n | acc(sy)
100 1.7
500 2.65
1000 | 3.08
10000, 4.57
[s1,82,...,833] = iV
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Examples

- (—1)k
0.0185355891429332393 ... = Z
— (k+33)Vk+1

PY = /nn+32E"+2vVn+T1(n+33)I+vn+2(n+34)E

n |acc(sy)
100 1.7
500 2.05
1000 | 3.08

10000 | 4.57

S1,82,...,833] = acc (ng)) — 28.65
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