
Logica intuizionista predicativa LI

ax-id

A ⊢ A

ax-⊥

⊥⊢

Γ ⊢ Σ
Γ, Γ′ ⊢ Σ

insx
Γ ⊢ Σ

Γ ⊢ Σ, Σ′ indx

Σ, Γ, Θ, Γ′, ∆ ⊢ ∇

Σ, Γ′, Θ, Γ, ∆ ⊢ ∇
scsx

Γ ⊢ Σ, ∆, Θ, ∆′,∇

Γ ⊢ Σ, ∆′, Θ, ∆,∇
scdx

Σ, Γ, Γ, ∆ ⊢ A

Σ, Γ, ∆ ⊢ A
cnsx

Γ ⊢ Σ, ∆, ∆,∇

Γ ⊢ Σ, ∆,∇
cndx

Γ ⊢ A Γ ⊢ B
Γ ⊢ A&B

&−F
Γ, A ⊢ C

Γ, A&B ⊢ C
&−re1

Γ, B ⊢ C

Γ, A&B ⊢ C
&−re2

Γ, A ⊢ C Γ, B ⊢ C

Γ, A ∨ B ⊢ C
∨−F Γ ⊢ A

Γ ⊢ A ∨ B
∨−re1

Γ ⊢ B
Γ ⊢ A ∨ B

∨−re2

Γ, A ⊢ B

Γ ⊢ A → B
→ −F

Γ′ ⊢ A Γ, B ⊢ C

Γ, A → B, Γ′ ⊢ C
→ −re

Γ ⊢ A(x)

Γ ⊢ ∀xA(x)
∀−F (x 6∈ V L(Γ)) Γ, A(t) ⊢ C

Γ, ∀x A(x) ⊢ C
∀−re

Γ, A(x) ⊢ C

Γ, ∃x A(x) ⊢ C
∃−F (x 6∈ V L(Γ, C)) Γ ⊢ A(t)

Γ ⊢ ∃ x A(x)
∃−re

= −ax

⊢ t = t
Γ(t) ⊢ C(t)

Γ(s), t = s ⊢ C(s)
= −F
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Calcolo intuizionista proposizionale senza indebolimento e con-

trazione LIabbr
p

ax-id∗

Γ, A, Γ′ ⊢ A

ax∗-⊥

Γ,⊥, Γ′ ⊢ C

Σ, Γ, Θ, Γ′, ∆ ⊢ ∇

Σ, Γ′, Θ, Γ, ∆ ⊢ ∇
scsx

Γ ⊢ Σ, ∆, Θ, ∆′,∇

Γ ⊢ Σ, ∆′, Θ, ∆,∇
scdx

Γ ⊢ A Γ ⊢ B
Γ ⊢ A&B

&−F
Γ, A, B ⊢ C

Γ, A&B ⊢ C
&S

Γ, A ⊢ C Γ, B ⊢ C

Γ, A ∨ B ⊢ C
∨−F Γ ⊢ A

Γ ⊢ A ∨ B
∨−re1

Γ ⊢ B
Γ ⊢ A ∨ B

∨−re2

Γ, A ⊢ B

Γ ⊢ A → B
→ −F

Γ, A → B ⊢ A Γ, B ⊢ C

Γ, A → B ⊢ C
→ −re∗

Regole derivate per LI

ax-id∗

Γ, A, Γ′ ⊢ A

ax-⊥∗

Γ,⊥, Γ′ ⊢ Σ

Γ, A ⊢⊥

Γ ⊢ ¬A
¬−F

Γ′ ⊢ A
Γ,¬A, Γ′ ⊢ C

¬−re

¬-axsx1

Γ, A, Γ′,¬A, Γ′′ ⊢ C

¬-axsx2

Γ,¬A, Γ′, A, Γ′′ ⊢ C

Γ, A, B ⊢ C

Γ, A&B ⊢ C
&−S

rf∗

⊢ t = t

sm∗

Γ, t = s ⊢ s = t

tra∗

Γ, s = t, t = u ⊢ s = u

cf∗

Γ, t = s ⊢ f(t) = f(s)

cp∗

Γ, P (t), t = s ⊢ P (s)
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Logica classica predicativa LC

ax-id
A ⊢ A

ax-⊥
⊥⊢

Γ ⊢ Σ
Γ, Γ′ ⊢ Σ

insx
Γ ⊢ Σ

Γ ⊢ Σ, Σ′ indx

Σ, Γ, Θ, Γ′, ∆ ⊢ ∇

Σ, Γ′, Θ, Γ, ∆ ⊢ ∇
scsx

Γ ⊢ Σ, ∆, Θ, ∆′,∇

Γ ⊢ Σ, ∆′, Θ, ∆,∇
scdx

Σ, Γ, Γ, ∆ ⊢ ∇

Σ, Γ, ∆ ⊢ ∇
cnsx

Γ ⊢ Σ, ∆, ∆,∇

Γ ⊢ Σ, ∆,∇
cndx

Γ ⊢ A,∇ Γ ⊢ B,∇

Γ ⊢ A&B,∇
&−D

Γ, A ⊢ ∇

Γ, A&B ⊢ ∇
&−re1

Γ, B ⊢ ∇

Γ, A&B ⊢ ∇
&−re2

Γ, A ⊢ ∇ Γ, B ⊢ ∇

Γ, A ∨ B ⊢ ∇
∨−F

Γ ⊢ A,∇

Γ ⊢ A ∨ B,∇
∨−D1

Γ ⊢ B,∇

Γ ⊢ A ∨ B,∇
∨−D2

Γ, A ⊢ B,∇

Γ ⊢ A → B,∇
→ −D

Γ′ ⊢ A,∇ Γ, B ⊢ ∇

Γ, A → B, Γ′ ⊢ ∇
→ −rec

Γ ⊢ A(x), ∆

Γ ⊢ ∀xA(x), ∆
∀−D (x 6∈ V L(Γ, ∆)) Γ, A(t) ⊢ ∆

Γ, ∀x A(x) ⊢ ∆
∀−S

Γ, A(x) ⊢ ∆

Γ, ∃x A(x) ⊢ ∆
∃−S (x 6∈ V L(Γ, ∆)) Γ ⊢ A(t), ∆

Γ ⊢ ∃ x A(x), ∆
∃−D

= −ax
⊢ t = t

Γ(t) ⊢ ∆(t)

Γ(s), t = s ⊢ ∆(s)
= −F
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Calcolo classico proposizionale LCabbr
p

ax-id∗

Γ, A, Γ′ ⊢ ∆, A, ∆′

ax∗-⊥
Γ,⊥, Γ′ ⊢ ∇

Σ, Γ, Θ, Γ′, ∆ ⊢ ∇

Σ, Γ′, Θ, Γ, ∆ ⊢ ∇
scsx

Γ ⊢ Σ, ∆, Θ, ∆′,∇

Γ ⊢ Σ, ∆′, Θ, ∆,∇
scdx

Γ ⊢ A,∇ Γ ⊢ B,∇

Γ ⊢ A&B,∇
&−D

Γ, A, B ⊢ ∇

Γ, A&B ⊢ ∇
&−S

Γ, A ⊢ ∇ Γ, B ⊢ ∇

Γ, A ∨ B ⊢ ∇
∨−F

Γ ⊢ A, B,∇

Γ ⊢ A ∨ B,∇
∨−D

Γ, A ⊢ B,∇

Γ ⊢ A → B,∇
→ −D

Γ ⊢ A,∇ Γ, B ⊢ ∇

Γ, A → B ⊢ ∇
→ −S

Regole derivate per LC

Γ, A ⊢ ∇

Γ ⊢ ¬A,∇
¬−F

Γ ⊢ A,∇

Γ,¬A ⊢ ∇
¬−S

¬-axsx1

Γ, A, Γ′,¬A, Γ′′ ⊢ ∇

¬-axsx2

Γ,¬A, Γ′, A, Γ′′ ⊢ ∇

¬-axdx1

Γ ⊢ Σ, A, Σ′,¬A, Σ′′

¬-axdx2

Γ ⊢ Σ,¬A, Σ′, A, Σ′′

rf∗

⊢ t = t, ∆
sm∗

Γ, t = s ⊢ s = t, ∆

tra∗

Γ, s = t, t = u ⊢ s = u, ∆
cf∗

Γ, t = s ⊢ f(t) = f(s), ∆
cp∗

Γ, P (t), t = s ⊢ P (s), ∆

1 Regole derivate in presenza di composizioni

In LI + compsx+ compdx e in LC + compsx+ compdx

Γ′ ⊢ A Γ, A, Γ” ⊢ ∇

Γ, Γ′, Γ′′ ⊢ ∇
compsx

Γ ⊢ Σ, A, Σ” A ⊢ Σ′

Γ ⊢ Σ, Σ′, Σ”
compdx
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si hanno le seguenti regole derivate:

Γ ⊢ t = s

Γ ⊢ s = t
sy-r

Γ ⊢ t = s Γ′ ⊢ s = u

Γ, Γ′ ⊢ t = u
tr-r

Aritmetica di Heyting e Peano

Si ricorda che l’aritmetica di Heyting e di Peano sono ottenute rispettiva-
mente aggiungendo a LI + compsx+ compdx e a LC + compsx+ compdx i
seguenti assiomi:

Ax1. ⊢ ∀x ( s(x) 6= 0 )

Ax2. ⊢ ∀x ∀y ( s(x) = s(y) → x = y )

Ax3. ⊢ ∀x ( x + 0 = x )

Ax4. ⊢ ∀x ∀y ( x + s(y) = s(x + y) )

Ax5. ⊢ ∀x ( x · 0 = 0 )

Ax6. ⊢ ∀x ∀y ( x · s(y) = x · y + x )

Ax7. ⊢ A(0)&( ∀x A(x) → A(s(x)) ) → ∀x A(x)

ove il numerale n si rappresenta in tal modo

n ≡ s(s . . . (0))
︸ ︷︷ ︸

n-volte

e quindi per esempio

1 ≡ s(0)

2 ≡ s( s(0) )
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