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The Dynamical Functional Particle Method

Let F be an operator and v = v(x), v : X → Rk, k ∈ N, where X is a Banach space that
will be defined by the actual problem setting. Consider the abstract equation

F(v) = 0 (1)

that could be, e.g., a system of linear equations or a differential equation. Our main idea
is to solve the differential equation

µutt + ηut = F(u). (2)

for u = u(x,t), u : X × T → Rk such that ut, utt → 0 when t → t1, t1 ≤ ∞, i.e.,
limt→t1 u(x,t) = v(x).

The parameters µ = µ(x,u(x,t),t), η = η(x,u(x,t),t) are the mass and damping param-
eters that can be used to improve the convergence. In addition, the two initial conditions
u(t0) and ut(t0) can be chosen for a good inital starting approximation.

For a differential equation (1) and (2) need to be discretized to attain a numerical
solution. For simplicity, we exemplify by applying finite differences but it is possible to
use, e.g., finite elements, basis sets or any other method of discretization. We define a
grid x1,x2, . . . and approximate v(xi) by vi and assume that the discretized version of (1)
can be written as

Fi(v1 . . . ,vn) = 0, i = 1, . . . ,n (3)

where Fi : Rn → R.
Turning to the dynamical system (2) it is discretized such that ui(t) approximates

u(xi,t) and µi(t) = µ(xi,ui(t),t), ηi(t) = η(xi,ui(t),t) for i = 1, . . . ,n. Further, F(u) is
discretized as F(v) in (3) and we approximate (2) with the system of ordinary differential
equations

µiüi + ηiu̇i = Fi(u1, . . . ,un), i = 1, . . . ,n (4)

with initial conditions ui(t0), u̇i(t0). Our idea in the discrete setting is to solve (3) by
solving (4) such that u̇i(t), üi(t) → 0 when t → t1, t1 ≤ ∞, i.e., limt→t1 ui(t) = vi. The
overall approach for solving (1) using (4) is named the Dynamical Functional Particle
Method, DFPM.

We will show how to apply DFPM to solve linear equations, linear eigenvalue problems,
nonlinear equations, optimization problems with nonlinear constraints, the stationary
nonlinear Schrödinger equation (NLSE), and (NLSE) with additional constraints (in the
setting of mean-field description of bosonic atoms).
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