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Introduction

The Faber–Walsh polynomials allow the series ex-
pansion of analytic functions on compact sets. The
sets may be connected or disconnected. This Faber–
Walsh series generalizes several classical series, in-
cluding the Taylor, Chebyshev and Faber series. We
present recent results on the Faber–Walsh polyno-
mials.

Conformal map

The Faber–Walsh polynomials are defined through
conformal maps.
Let E = E1 ∪ . . . ∪ EN ⊆ C be compact with
connected complement Ĉ\E.
The lemniscatic map of E is the conformal map

Φ : Ĉ\E → L
normalized by Φ(z) = z +O(1/z) at infinity, where
L = {w ∈ Ĉ : |w−w1|m1 . . . |w−wN |mN > capE}
is a lemniscatic domain.
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Figure 1: Lemniscatic domain (N = 2)

For N = 1 a lemniscatic domain is the exterior of a
circle and Φ is the Riemann map.

• Existence and uniqueness by Walsh [1].
• Properties and analytic examples in [2].
• Numerical computation addressed in [3].

Figure 2: Numerically computed map

Interpolation on a lemniscate

Functions on a lemniscate can be expanded in a se-
ries by Hermite interpolation in w1, . . . , wN :
• For N = 1: g(w) = ∑∞

k=0 ak(w − w1)k (Taylor),
convergent on a disk.

• For N = 2: g(w) = ∑∞
k=0 akuk(w) with Newton

basis polynomials
uk(w) = (w − w1)k1(w − w2)k2

of degree k. These can be computed so that the
series converges on a given lemniscate [4].

• Similarly for N ≥ 3 components.
Transplantation gives the Faber–Walsh series.

The Faber–Walsh polynomials

The Faber–Walsh polynomials are given by
transplanting the Newton basis polynomials uk:

bk(z) = 1
2πi

∫
γ

uk(Φ(ζ))
ζ − z

dζ

= polynomial part of uk(Φ(z)).
where the Jordan curve γ encloses E and z.
bk is a monic polynomial of degree k. The Faber–
Walsh polynomials were introduced by Walsh [4].
Properties and examples have been derived in [5].

Figure 3 shows the numerically computed Faber–
Walsh polynomial b8 for a disk and interval.

Figure 3: Phase plot of b8(z) for a disk and interval.

The Faber–Walsh series

Let E = E1 ∪ . . . ∪ EN ⊆ C be compact with
connected complement Ĉ\E.
Any analytic function on E can be expanded in
a Faber–Walsh series

f (z) =
∞∑
k=0

akbk(z)

which converges uniformly and maximally on E.

Maximal convergence means fastest possible conver-
gence in the nth root sense:

lim sup
n→∞

‖f (z)−
n∑
k=0

akbk(z)‖1/n
E = 1/ρ,

where ‖ · ‖E is the sup-norm on E, and ρ is the
distance to the first singularity of f , measured with
Green’s function with pole at infinity.

Example: 1/z on [−2,−1] ∪ [1, 2]

We compute the Faber–Walsh series of 1/z with the
lemniscatic map known analytically from [2]. The
computed errors decay geometrically and match per-
fectly the asymptotic rate, already for small degrees.
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Figure 4: Error ‖1/z −∑n
k=0 akbk(z)‖E

Figure 5 shows the phase portraits of 1/z and the
partial sum of degree 35. Its zeros cluster along the
boundary of the domain of convergence.

Figure 5: Phase portraits: 1/z (left) and partial sum (right).

Asymptotic optimality

Consider the polynomial minimization problem
min

deg(p)≤k,p(z0)=1
‖p‖E (1)

with z0 ∈ C\E, which appears in the analysis of
iterative and semi-iterative methods in NLA.
The normalized Faber–Walsh polynomials are
asymptotically close to the solution of (1). More
precisely they are asymptotically optimal in the
sense of Eiermann, Niethammer and Varga:

lim
k→∞

∥∥∥∥∥∥ bk(z)
bk(z0)

∥∥∥∥∥∥
1/k

E

= lim sup
k→∞

(
min

deg(p)≤k,p(z0)=1
‖p‖E

)1/k
.

Figure 6 shows the norms ‖bk(z)/bk(0)‖E for
E = {|z − 2| ≤ r} ∪ {|z + 2| ≤ r}

and different values of r (left). They closely match
the asymptotic rates (right) already for small k.
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Figure 6: Norms ‖bk(z)/bk(0)‖E (left) and asymptotic rates.
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