BIVARIATE LAGRANGE INTERPOLATION AT THE PADUA
POINTS: THE IDEAL THEORY APPROACH

LEN BOS, STEFANO DE MARCHI, MARCO VIANELLO, AND YUAN XU

ABSTRACT. The Padua points are a family of points on the square [—1,1]2

given by explicit formulas that admits unique Lagrange interpolation by bi-
variate polynomials. Interpolation polynomials and cubature formulas based
on the Padua points are studied from an ideal theoretic point of view, which
leads to the discovery of a compact formula for the interpolation polynomials.
The LP convergence of the interpolation polynomials is also studied.

1. INTRODUCTION.

For polynomial interpolation in one variable, the Chebyshev points (zeros of
Chebyshev polynomial) are optimal in many ways. Let L, f be the n-th Lagrange
interpolation polynomial based on the Chebyshev points. The Lebesgue constant
||Ly || in the uniform norm on [—1,1] has growth of order of O(logn), which is the
minimal rate of growth of any projection operator from C[—1, 1] onto the space of
polynomials of degree at most n. The Chebyshev points are also the knots of the
Gaussian quadrature formula for the weight function 1/v/1 — 22 on [—1,1].

In the case of two variables, it is often difficult to even give explicit point sets
for which the polynomial interpolation problem is well-posed, or unisolvent. Let
12 denote the space of polynomials of degree at most n in two variables. It is well
known that dimI12 = (n + 2)(n + 1)/2. Then consider a set V of points in R?
of cardinality |V| = dimII2. The set V is said to be unisolvent if for any given
function f defined on R?, there is a unique polynomial P such that P(x) = f(z)
on V.

The Padua points are a family of interpolation points that may legitimately be
considered as an analogue of the Chebyshev points for the square [—1,1]2. For each
n > 0, they are defined by

(1.1) Pad, = {xpj = (§;m;), 0<k<n, 1<j5<[5]+1+0},

where 0 := 0 if n is even or n is odd but & is even, §; := 1 if n is odd and & is odd,
and

2j—1
b COS T, k even
(1.2) &, = cos e n; = _
cos %W, k odd
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It is easy to verify that the cardinality of Pad, is equal to the dimension of
I12. These points were introduced heuristically in [4] (only for even degrees) and
proved to be unisolvent in [3]. The Lebesgue constant of the Lagrange interpolation
based on the Padua points in the uniform norm grows like O((logn)?), which is the
minimal order of growth for any set of interpolation points in the square. Moroever,
there is a cubature formula of degree 2n — 1 based on these points for the weight
function 1/(v/1 —22y/1 —y2) on [—1,1]? ([3]). A family of points studied in [10]
also possesses similar properties ([1, 2, 10]), but the cardinality of the set is not
equal to dimII? and the interpolation polynomial belongs to a subspace of 12.

The study in [3] starts from the fact that the Padua points there lie on a single
generating curve,

Yn(t) = (cos(nt), cos((n + 1)t), 0<t<m.

In fact, the points are exactly the distinct points among {’yn(%), 0<k<
n(n + 1)}. In the present paper, we study the interpolation on the Padua points
using an ideal theoretic approach, which considers the points as the variety of a
polynomial ideal and it treats the cubature formula based on the interpolation
points simultaneously. The advantage of this approach is that it casts the result
on Padua points into a general theoretic framework. The study in [10] used such
an approach. In particular, it shows how the compact formula of the interpolation
polynomial arises naturally.

The order of the Lebesgue constant of the interpolation is found in [3], which
solves the problem about the convergence of the interpolation polynomials on the
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Padua points in the uniform norm. In the present paper, we show the convergence
in a weighted L? norm.

The paper is organized as follows. In the following section, we review the nec-
essary background and show that the Padua points are unisolvent. The explicit
formula of the Lagrange interpolation polynomials is derived in Section 3, and the
LP convergence of the interpolation polynomials is proved in Section 4.

2. POLYNOMIAL IDEAL AND PADUA POINTS

2.1. Polynomial ideals, interpolation, and cubature formulas. We first re-
call some notation and results about polynomial ideals and their relation to poly-
nomial interpolation and cubature formulas. To keep the notation simple we shall
restrict to the case of two variables, even though all results in this subsection hold
for more than two variables.

Let I be a polynomial ideal in R[x] with x = (21, z2), the ring of all polynomials
in two variables. If there are polynomials fi,..., f, in R[x] such that every f € I
can be written as f = a1 fi+...+a, fr, a; € R[x], then we say that I is generated by
the basis {f1,..., f-} and we write I = (f1,..., f,). Fix a monomial order, say the
lexicographical order, and let LT(f) denote the leading term of the polynomial f in
the monomial order. Let (LT(I)) denote the ideal generated by the leading terms
of LT(f) for all f € I'\ {0}. Then it is is well known that there is an isomorphism
between R[x]/I and the space Sy := span{z¥z) : z¥a} ¢ (LT(I)) (|5, Chapt. 5]).
The codimension of the ideal is defined by codim(7) := dim(R[x]/I).

For an ideal I of R[x], we denote by V = V(I) its real affine variety, i.e., V(I) =
{x € R? : p(x) = 0, Vp € IT}. We consider the case of a zero dimensional variety,
that is, when V is a finite set of distinct points in R?. In this case, it is well-known
that |V| < codim I. The following result is proved in [11].

Proposition 2.1. Let I be a polynomial ideal in R[x] with finite codimension and
let V' be its affine variety. If |V| = codim(I) then there is a unique interpola-
tion polynomial in S; based on the points in the variety, i.e., for every “ordinate
function” z : V — R there exists a unique p € Sy such that p(x) = z(x), Vo € V.

In this case I coincides with the polynomial ideal I(V'), which contains all poly-
nomials in R[x] that vanish on V. An especially interesting case is when the ideal is
generated by a sequence of quasi-orthogonal polynomials. Let du be a nonnegative
measure with finite moments on a subset of R?. A polynomial P € R[x] is said to
be an orthogonal polynomial with respect to du if

/R PRIQINN) =0, ¥Q ERlx], degQ < deg P

it is called a (2n — 1)-orthogonal polynomial if the above integral is zero for all
Q € R[x] such that deg P + deg @ < 2n — 1. In particular, if P is of degree n + 1
and (2n — 1) orthogonal, then it is orthogonal with respect to all polynomials of
degree n — 2 or lower. We need the following result (cf. [11]).

Proposition 2.2. Let I and V be as in the previous proposition. Assume that I
is generated by (2n — 1)-orthogonal polynomials. If codimI = |V| then there is a
cubature formula

[ 700 = 3 A ()

xeV
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of degree 2n — 1; that is, the above formula is an identity for all f € 13, ;.

The cubature formula in this proposition can be obtained by integrating the
interpolation polynomial in Proposition 2.1. We will apply this result for du =
W (x)dx, where W is the Chebyshev weight function on [—1,1]?,

1 1
(2.1) W(X) = — -1 <x,20 < 1.

™ /1 —22/1 -2

For such a weight function, the cubature formula of degree 2n — 1 exists only if |V|
satisfies Moller’s lower bound |V| > dimTI2_; + [n/2]. Formulas that attain this
lower bound exist ([7, 8]), whose knots are the interpolation points studied in [10].

Recall that the Chebyshev polynomials 7,, and U, of the first and the second
kind are given by T, (x) = cosnf and U, (x) = W, x = cosf, respectively.
The polynomials T, (x) are orthogonal with respect to 1/4/1 — 22. Consequently,
it is easy to verify that the polynomials

(2.2) Tk(xl)Tn_k(.’L‘g), 0 S k S n,

are mutually orthogonal polynomials of degree n with respect to the weight function
W (z1,22) on [—1,1]%

2.2. Polynomial ideals and Padua points. The Padua points (1.1) were in-
troduced in [4] (apart from a misprint that n — 1 should be replaced by n + 1)
based on a heuristic argument that we now describe. Morrow and Patterson [7]
introduced, for s > 1, an explicit set of knots in [—1,1]? for a cubature formula of
degree 2s with respect to the weight function y/1 — 2?4/1 — 22 on [—1,1]?. These
Morrow-Patterson points are the common zeros of

(23) Rj(a:l, .732) = Uj(l‘l)Us_j($2) + Us_j_1($1)Uj($2), 0<5<s.

There turn out to be exactly dimII? many such points, and they are all in the
interior (—1,1)2. Moreover, they may be seen to lie on a certain collection of
vertical and horizontal lines, forming a subset of a certain rectangular grid.

The Padua points of degree n are precisely the Morrow-Patterson points of degree
n — 2, together with the “natural” boundary points of this grid. Figure 1 shows the
28 Padua points of degree 6, consisting of the 15 interior Morrow-Patterson points
of degree 6-2=4, together with 13 additional boundary points.

It should be noted that the Morrow-Patterson points turn out to be sub-optimal
in the sense that the associated Lebesgue constants grow faster than best possible.
In contrast, the Padua points have Lebesgue constants of optimal growth. See ([1])
for a discussion of this fact.

As shown in [3] the Padua points can be characterized as self-intersection points
(interior points) and the boundary contact points of the algebraic curve T,,(z1) +
Toi1(z2) = 0, (z1,22) € [~1,1]2 (the generating curve), where T, denotes the
n-th Chebyshev polynomial of the first kind. (Actually the generating curve used
in [3] is Tp41(z1) — Th(z2) = 0.) Depending on the orientation of the z; and
directions, there are four families of Padua points, which are the two mentioned
above and two others whose generating curves are T,,(z1) — Tph+1(22) = 0 and
Tht1(x1) + T (z2) = 0, respectively. We restrict to the family (1.1) in this paper.

Theorem 2.3. Let QZH € 112, be defined by
(2.4) 0t (@1, 22) = Toy1 (1) — To1(21),
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and for 1 <k<n+1,
(2.5) QY (w1, 22) = Typy1 (21) T (w2) + To— gt (2) T (1)

Then the set Pad,, in (1.1) is the variety of the ideal I = 6”'1, QU ..., QZ;’H)
Furthermore, codim(I) = | Pad,, | = dim II2.

Proof. That the polynomials Z“ vanish on the Padua points (1.1) can be easily
verified upon using the following representation

ot (2, 29) = —2(1 — 22)U,,_1(21) = —2sin O sin nd,
and, for 1 <k <n+1,

" (21, 22) =cos (k — 1)0(cos (n + 1)¢ cos k¢ + sin (n + 1)¢ sin ko)
+ cos k¢p(cosnb cos (k — 1)0 + sinnfsin (k — 1)6),

where x7 = cosf and x5 = cos¢. Furthermore, the definition of QZ“ shows
casily that the set {LT(Qg*"),...,LT(Q11])} is exactly the set of monomials of

degree n + 1 in R[x]. Hence, it follows that dimR[x]/I < dimII¢. Recall that
codim(I) = dimR[x]/I > |V| and |V| > |Pad, | = dimII¢, we conclude that

codim(I) = | Pad, |. O

The basis (2.4) and (2.5) of the ideal was originally identified by using the fact
that the interior points of Pad,, are the common zeros of (2.3). This implies that
the ideal contains the polynomials (1 —x1)2(1 —xQ)QR;L—l, 0<j<n-—1,aswell as
two specific univariate polynomials, (1 —2%)U, _1(z1), which gives rise to (2.4), and
a certain other polynomial in zo (the details of which are not important). From
these polynomials we were able to derive a simple basis for the ideal, the QZ“.
Once the basis is identified, it is of course, after the fact, easier to simply verify it
directly, as we did in the proof.

Since the product Chebyshev polynomials (2.2) are orthogonal with respect to
W in (2.1), it follows readily that Qzﬂ(acl, x9) are orthogonal to the polynomials
in 112 _, with respect to W on [—1,1]2. In particular, they are (2n — 1)-orthogonal
polynomials. Hence, as a consequence of the theorem and Propositions 2.1 and 2.2,
we have the following:

Corollary 2.4. The set of Padua points Pad,, is unisolvent for II%. Furthermore,
there is a cubature formula of degree 2n — 1 based on the Padua points in Pad,,.

We denote the unique interpolation polynomial based on Pad,, by £, f, which
can be written as

(2.6) L f(x) = Z f(%k,5)lk, (%), x = (z1,22),

kajEPadn

where /£;, j(x) are the fundamental interpolation polynomials uniquely determined
by

(2.7) €k7j(xk/7j/) = 5k,k’5j,j/7 VXkJ' S Padn, and fk,j € Hf,il.

In the following section we derive an explicit formula for the fundamental polyno-
mials.
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3. CONSTRUCTION OF THE LAGRANGE INTERPOLATION POLYNOMIALS

To derive explicits formulas for the fundamental Lagrange polynomials of (2.6),
we will use orthogonal polynomials and follow the strategy in [8, 10]. We note that
the method in [8] works for the case that |V| = dimII2_; + o with 0 < n. In our
case 0 = n + 1, so that the general theory there does not apply. We remind the
reader that [3] gives an alternate derivation.

Let V¢ denote the space of orthogonal polynomials of degree n with respect to
(2.1) on [—1,1]%. An orthonormal basis for V¢ is given by

Py(w1,x2) = Toop(a1)Ti(z2),  0<k<mn,
where Ty(z) = 1 and Tj,(z) = v2T} () for k > 1. We introduce the notation
Pn =[P P, ..., Py

and treat it both as a set and as a column vector. The reproducing kernel of the
space I1¢ in L2(W,[—1,1]?) is defined by

n n k
(3.1) K(x,y) =Y [P Pely) =YY PFx)P(y).

k=0 k=0 j=0

There is a Christoffel-Darboux formula (cf. [6, 8]) which states that

(3.2) K,(x,y) = [An,ilp)n-‘rl(x)]tpn(Y) - [An,i]Pn—',-l(Y)]tPn(X)’ i=1,2,

Ti —Yi

where x = (21,22), ¥ = (y1,%2), and A,,; € ROFTUX(42) are matrices defined by

1 O 0 0 0 v2 0 ... 0
1 » Do 10 0 1 O
An,1:§ ’ ) . ; An,2:7 . . .
O 1 0 0 2 o -
0 ... 0 V2 0 0 0 O 1

The fundamental interpolation polynomials are given in terms of K, (x,y). To
this end, we will try to express K,,(x,y) in terms of the polynomials in the ideal I
of Theorem 2.3.

Recall that the Padua points are the common zeros of polynomials QZH defined
in (2.4)and (2.5). We also denote

(3.3) Quy1 = V20571, 2Q77, ..., 2007, VaQiTh |-
The definition of QZ“ shows that we have the relation
(3.4) Qny1 =Py + TP, + TPy,
where T'y € RO2)x(+1) and Ty, € RO*12)%X7 are matrices defined by
0 0 0
0 0 V2 -1 0O
I = O 1 0 and I's =

- : o O
1 O 0
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By using the representation (3.4) we can rewrite (3.2) as

(3.5) (@i — 4)Kn(x,y) = [Quy1(x) = T1P,(x) = ToPp 1 (x)]" AL Pu(y)
— P (%) A0, [Qui1(y) = T1Pu(y) — ToPr1(y)]
=S1,(x,y) + S2,i(x,y) + S34(x,y), i=1,2,
where
S1i(x,y) = Q)41 (X) A, iPru(y) — P, (%) AniQuia (y),
S2,i(x,y) = P (x) (A1 —T1A} ;) Pu(y),
S3,i(x,¥) = P, (%) AniTaPr1(y) — P, (T34, Pu(y) -

If both x and y are in Pad,,, then S;; will be zero. We now work out the other
two terms. First, observe that A, 1I'; is a symmetrix matrix,

0 . 0
O V2
1
Apaly = )
1
V2 O
0 0
and
1 -1 0
Ap T = 3
O O
It follows that S, 1(x,y) =0 and
(36) S3a(6y) = —5 PR OOP (v) + 3 P ()P~ ()

= =T (z1)Tu-1(y1) + Tn(y1)Tn-1(21).
We also have A, oI's = 0, which entails that S32(x,y) = 0. Finally, we have
O 1
Aoy —THAL, = % O ,

-1 @)
from which we get
(37) 52,2(Xa y) = Tn(xl)Tn(yQ) - Tn(xZ)Tn(yl)

The terms S3; and Sy 2 do not vanish on the Padua points. We try to make
them part of the left hand side of (3.5) by seeking a polynomial h,,(x,y) such that

83,1(x7y) - (171 - yl)hn(xay) = 07 X,y € Padn )
S2,2(X7 y) - (xQ - yZ)hn(X7 y) = 07 X,y S Padn .
It is easy to check that

(3.8)

hn(X7 Y) = Tn(xl)Tn(yl)
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satisfies (3.8). This can be verified directly using the three term relation 2tT,,(t) =
Tht1(t) + Tr—1(t) as follows. By (3.6),

S31(%,y) — (71 — y1)hn(x,y)

1

= §Tn($1)(Tn+l(y1) —Th-1(y1)) — 1Tn(y1)(Tn+1(9€1) —Tn1(21))

= ST )@ )~ G Tal) @ ()

using the definition of QSH at (2.4). Similarly, by (3.7),
So2(x,y) — (w2 — y2)hn(X,y)
= —Tu(y1)(x2To (1) + Tn(w2)) + To(z1) (Y2 T (y1) + Tu(y2))
= _Tn(yl)QgH_l(X) + Tn(l‘l)QTH_I( )a

using the definition of Q7" at (2.5). Since Q}""(x) vanishes on the Padua points,
both equations in (3.8) are satisfied. Consequently, we have proved the following
proposition:

Proposition 3.1. For x = (x1,22) andy = (y1,y2), define
(3.9) K (x,y) = Ku(x,y) = Tn(21) T (y1)-
Then
(21— y1) K5, (%,5) = Q)1 (x) A7 1 Pa(y) — P (%) A 1Quya (y)
+ 5T (2)Q5 ' () — 5 Tu(y) Q5™ (%)
(22 = 12) K, (%,¥) = Q1 (x) A7, 5P (y) — P (%) A 2Qny 1 (y)
= Ta(y) QT (%) + Tn(21)Q7 (y).
In particular, K*(x,y) =0 if x,y € Pad,, and x £ y.
Since P (x1,x2) = Ty (x1), we evidently have K (x,x) > 1 > 0. Consequently, a

compact formula for the fundamental interpolation polynomials follows immediately
from the above proposition.

Theorem 3.2. The fundamental interpolation polynomials £ ; in (2.6) associated
with the Padua points xj, ; = (§k,m;) are given by

Ko xk;) Kn(%%k,5) = Tu(21) T (Er)
K (xkj,Xk,)  Ka(Xk,g,Xk,j) — [Tn(&k)]?
In fact, using the representation of K* in Proposition 3.1, the conditions (2.7)
can be verified readily, which proves the theorem.

We can say more about the formula (3.10). In fact, a compact formula for the
reproducing kernel K,, appeared in [9], which states that

(3.11) K, (x,y) =Dn(01 + ¢1,02 + ¢2) + Dy (01 + é1, 602 — ¢2)
+ Dy (01 — ¢1,02 + ¢2) + Dy (01 — ¢1,02 — ¢2),

where x = (cosf1,cos6s), y = (cos ¢1,cos ¢2), and

(3.10) U (%) =

1 cos((n + 1)a) cos & — cos((n + 3)B) cosg

D, 3 =
(. 6) 2 cos a — cos 3




BIVARIATE LAGRANGE INTERPOLATION AT PADUA POINTS 9

Hence, the formula (3.10) provides a compact formula for the fundamental inter-
polation polynomials ¢y ;. Furthermore, the explicit formula (3.11) allows us to
derive an explicit formula for the denominator K} (xy ;,Xx ;). The Padua points
(1.1) naturally divide into three groups,

Pad, = A, U Ay U Ajn,

where A, consists of the two vertex points ((—1)%, (=1)"~1) for k = 0, n, A, consists
of the other points on the boundary of [—1,1]%, and A;, consists of interior points
inside (—1,1)? (see Figure 1).

Proposition 3.3. For x; ; € Pad,,

%, Zf Xk,j € A,
Kfl(xk7j,xk7j) = TL(TL + 1) 1, Zf Xk,j € Ab
2, Zf Xk,j € Am.

The proof can be derived from the explicit formula of the Padua points (1.1) and
the compact formula (3.11) by a tedious verification. We refer to [3] for a proof
using the generating curve.

Since integration of the Lagrange interpolation polynomial gives the quadrature
formula, it follows from the above proposition and Corollary 2.4 that:

Proposition 3.4. A cubature formula of degree 2n — 1 based on the Padua points
is given by

! dxidxo
2 T1, T ~ Wi [ (Xg 4
T2 /[vl’l]Z f( 1 2) mm Z k:,Jf( k7_,)

Xk, j€Pady
where wy,j = 1/K7 (Xg,j, X, 5)-

We note that this cubature formula is not a minimal cubature formula, since
there are cubature formulas of the same degree with a fewer number of nodes.

4. CONVERGENCE OF THE LAGRANGE INTERPOLATION POLYNOMIALS

In [3] it is shown that the Lagrange interpolation projection £, f in (2.6) has
Lebesgue constant O((logn)?); that is, as an operator from C([—1,1]?) to itself,
its operator norm in the uniform norm is O((logn)?). This settles the problem of
uniform convergence of L, f. In this section we prove that L, f converges in LP
norm. For the Chebyshev weight function W defined in (2.1), we define LP (W) as
the space of Lebesgue measurable functions for which the norm

1/p
171wy = ( / |f<x1,x2>|pW<x1,m)dxldxz)
[7131]2
is finite. We keep this notation also for 0 < p < 1, even though it is no longer a
norm for p in that range. The main result in this section is

Theorem 4.1. Let L, f be the Lagrange interpolation polynomial (2.6) based on
the Padua points. Let 0 < p < oo. Then

T [Caf = flwp =0, Vf € C(-1,1P).
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In fact, let E,(f)oo be the error of the best approzimation of f by polynomials from
112 in the uniform norm; then

||£nf - fHW,p < CpEn(f)oo Vf € C([_L 1]2)'

The proof follows the approach in [10], where the mean convergence of another
family of interpolation polynomials is proved. We shall be brief whenever the same
proof carries over. First we need a lemma on the Fourier partial sum, S, f, defined
by

n k
1
Snf(0) =) aj(HPf(x) = — / K.f (x,y)W (y)dy
k=0 ;=0 ™
where a?( f) is the Fourier coefficient of f with respect to the orthonormal basis

{PF} in L*(W). In the following we let ¢, denote a generic constant that depends
on p only, its value may be different from line to line.

Lemma 4.2. Let 1 <p < oco. Then

(4.1) ||Snf||W,p < Cpr”Wmv Ve LP(W).

This is [10, Lemma 3.4]. We will need another lemma whose proof follows almost
verbatim from that of [10, Lemma 3.5]. In the following we write

N =|Pad, | =(n+1)(n+2)/2.

Lemma 4.3. Let 1 < p < oo. Let xi; be the Padua points. Then

(4.2) % > IPxk )P < / |P(x)|PW (x)dx, VP eTII?.

kajEPadn [71’1]11

The main tool in the proof of Theorem 4.1 is a converse inequality of (4.2), which
we state below and give a complete proof, even though the proof is similar to that
of [10, Theorem 3.3].

Proposition 4.4. Let 1 <p < oo. Let x3,; be the Padua points. Then

1
/[ POPW I S oy 3 (PGl P
~1,1

xk,jEPadn

Proof. Let P € TIZ. For p > 1, we have

@3) [Pl = s [ POOGGOW ()i
lgllw,q=1[-1,1]2
1 1
= sup / P(x)S,g(x)W (x)dx, 4 =1,
lallw,q=1/[-1,1]2 p g

where the second equality follows from the orthogonality. We write

Sng = Sn_19+al(g)P,, where a, = / g(x)P, (x) W (x)dx.
[_171}2
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Since the cubature formula is of degree 2n — 1 and PS,,_1g is of degree 2n — 1, we
have

‘ / P(x)S,_1(x)W (x)dx| = Z Wy P(Xk ) Sn_1(Xk;)
[-1,1]2 Xk,; €EPad,
1/p 1/q
(4.4) < > wi|Pxiy)l? > wilSno1(xk)]
X, jE€Pady, Xk, jE€Pady

By Lemma 4.2 and Lemma 4.3,
Yo wklSa1 (k)| < el Sumrgllwg < cllgllwg = e
Xk, jE€Pady,
Hence, using the fact that wy ; ~ N~ it follows readily that
1/p

(4.5) <cl| D wkylP(xiy)P

Xy,j€EPady

/[1 » P(x)Sp—1(x)W(x)dx

We need to establish the similar inequality for the a‘ P, term. Since £,P = P as
P is of degree n, it follows from (3.10) and the orthogonality that

/ P(x)al (g)Pn ()W (x)dx = / £, P(x)al, ()P, (X)W (x)dx
[—1,1]2 [~1,1]2

= Y wPo) [ Ko 0ak (0P GO (x)dx

xk,jEPadn [71’1]2

t 1 n T
= > wePOu)an (@ (xes) — pan(e) D] wkPoxry)To(6rs)-
Xk, j€Pady Xk,j€Pady

For the first term we can write a(g)P,, = S,g—S,_19 and apply Holder’s inequality
as in (4.4), so that the proof of (4.5) can be carried out again. For the second term
we use the fact that |T),(z)| < v/2 to conclude that

lan(9)] < /[1 ” 1T ()9 (x)|W (x)dx < V2l|g]lw,q < V2.

so that the sum is bounded by

1/p
an(g) Y wi PO Ta(éry)| < V2 D0 wig|Pxiy)l?
Xk, j€Pady Xk, j€Pady
In this way we have established the inequality
1/p
‘/ P(x)al (9)P,(x)W (x)dx| < c Z wg, ;| P(xk,5) P
[-1,1]2 Xk, ; EPady
Together with (4.5), this completes the proof of the proposition. ([

As shown in the proof of Theorem 3.1 of [10], the proof of Theorem 4.1, including
the cases 0 < p < 1, follows as an easy consequence of Proposition 4.4.
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