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Abstract

We present a numerical code in Matlab/Octave that implements fast versions
of the Lagrange interpolation formula, and of the corresponding algebraic cubature
formula, at the so-called Padua points in rectangles.
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1 Introduction

In this talk we discuss an efficient implementation in Matlab/Octave of bivariate inter-
polation and cubature at the so-called Padua points. Such points are the first known
example of optimal points for total degree polynomial interpolation in two variables,
with a Lebesgue constant increasing like log square of the degree; see [1, 2, 4, 5].
Moreover, the associated algebraic cubature formula has shown a very good behavior,
comparable to that of the one-dimensional Clenshaw—Curtis rule, cf. [9].

The N = (n+1)(n+2)/2 = dim (P?) Padua points, n > 0, are the set

Pad, = (¢ = (€.} = {7 (s

>, k:zO,...,n(n—Fl)}
where () is their “generating curve” (cf. [1])
~(t) = (—cos((n + 1)t), — cos(nt)), t e [0,7] (1)

The Padua points (for n even) were introduced for the first time in [4, formula (9)]
(in that formula there is a misprint, n — 1 has to be replaced by n + 1). Denoting by
Ch+1 the set of the n + 1 Chebyshev—Gauss—Lobatto points

Cnt1={z] =cos((j —)7/n), j=1,...,n+1}
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Figure 1: The Padua points with their generating curve for n = 12 (left, 91 points) and
n = 13 (right, 105 points), also as union of two Chebyshev-like grids: filled bullets =

CE. | x CP,,, open bullets = CQ,; x CE .

and
CE | = {#} € Cyy1, j— 1 even}
o, = {2} € Cnya, j— 1 0dd}
then
Pad,, = (Ci1 X Cia) U (CRyq X i) C Crgt X G

which is valid also for n odd (see Fig. 1).
The fundamental Lagrange polynomials of the Padua points are

Le(w) = we (K(€.0) - yTle) T (o) )

where K, (x,y), with = (z1,22) and y = (y1,¥2), is the reproducing kernel of the
space P2 ([~1,1]?) equipped with the inner product

1 dxq dxg
,g) = — x1,22)g(x1, T
(fi9)=— /[1’1]2 f(@1,w2)g(21 2)\/1_3;% i
that is
n k ) A . A
Kn(x,y) = Tj(x1)Th—j(22)T5(y1) Th—j (y2) -
k=0 j=0

Here T] denotes the normalized Chebyshev polynomial of degree j, i.e. To=Tp =1,
T, = V2T, Ty(-) = cos(parccos(-)). Moreover, the weights wg are
1/2 if € is a vertex point
wg=——+-4¢1 if £ is an edge point

n(n+1
( ) 2 if £ is an interior point
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We notice that the {wg} are indeed weights of a cubature formula for the product
Chebyshev measure. Such a cubature formula stems from quadrature along the gener-
ating curve and is the key to obtaining the Lagrange polynomials (2); cf. [1].

2 Fast interpolation

The polynomial interpolation formula can be written in the bivariate Chebyshev or-
thonormal basis as

}:(ﬂ8w5<KA& z) — %T<a> n(@ ﬂ
£e€Pad,

n

k
> i Ti(w)Tej(w2) — 5 Z F(&weT (&) To(&2) T (1) To(x2)

k=0 j=0 gePad

= ZZCM () T () — 20T (1) o (22) (3)

2
k=0 j=0
where the coefficients are defined as

Chej= > FOweT(&)Th—j(&), 0<j<k<n (4)
gePad,

and can be computed once and for all. First we define the (n + 1) x (n + 2) matrix
computed corresponding to the Chebyshev-like grid C) 41 X Cp o with entries

wef(€) if €= (2,257 € Pad,

G(f) = (9rs) = {0 if & = (21, 20) € (Chy1 X Cny2) \ Pad,

Then, given a vector S = (s1,...,8m) € [—1,1]™, we define the rectangular Cheby-
shev matrix

T()(Sl) e T()(Sm)
T(S)=| : ... |eRrxm (5)
Tn(sl) ce Tn(sm)
Then it is easy to check (see [5]) that the coefficients ¢j;, 0 < j <n,0<1<n—jare

the entries of the upper-left triangular part of the matrix

C(f) = T(C+1) G(f) (T(Cps2))’ (6)

where now Cy,11 = (27, ..., 2/, 1) is the vector of the Chebyshev-Gauss-Lobatto points.
A slightly more refined algorithm can be obtained, by exploiting the fact that the Padua
points are union of two Chebyshev subgrids. Indeed, defining the two matrices

Gi(f) = (wef(€), &= (2, 20T) € CF Ly x CRyy)
Ga(f) = (wef(€), &= (2, 20T) € CPy x Cpyy)
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then we can compute the coefficient matrix as

C(f) = T(Crs1) G1(f) (T(CRea)’ + T(C) G2 (f) (T(Crlya))!

by multiplying matrices of smaller dimension than those in (6). We term this approach
MM (Matrix Multiplication) in the numerical tests.

Here, we pursue an alternative computational strategy, based on the special struc-
ture of the Padua points. Indeed, the coefficients c;; can be rewritten as

n n+l

ci= > FOweT(E)TI&) =D Y gnsTi)TI ()
gcPad, r=0 s=0
LA, jrm lsm iy 2jrm 2lsm
_@lg;)gmcoscos _ﬁ]l;)<,,o Sscos ]N )cos %

where N =2n, M =2(n+ 1) and

1 j=1=0
Bj,l: 2 .77é07 l#o g(r),s:

V2 otherwise

grs 0<r<nand0<s<n+1
0 r>nors>n+1

Then, it is possible to recover the coefficients c¢;; by the Discrete Fourier Transform

N-1
djs = REAL (Z g?,se‘w”N) L 0<j<n 0<s<M-1
r=0

(7)

M-1

:él—REAL<Zg s€ 2“15/]”), 0<js<m 0<li<n—j
s=0

C'l

ﬁ]l

According to [5], we call Cy(f) the interpolation coefficients matrix

0070 CO,I . . CO,’VL
€10 ct1 o cp—1 0
Co(f) = (cfy) = : : e R(VHIx(ntD) (8)
Cn-1,0 Cn-11 O e 0
Cn,0
= 0 ce. 0 0
2

2.1 Evaluation of the interpolant

It is easy to see that the polynomial interpolation formula (3) can be evaluated at any
x = (v1,79) € [-1,1)2 by

Lo f(®) = (T(21))" Co(f)T(x2) .
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It is also possible to evaluate the polynomial interpolation formula on a set X of target
points, at the same time. Given the vector X; of the first components of a set of target
points and the vector X5 of the corresponding second components, then

L, f(X) = diag ((T(X1))" Co(f)T(X2)) - (9)

The result £, f(X) is a (column) vector containing the evaluation of the interpolation
polynomial at the corresponding target points.

If the target points are a Cartesian grid X = X; x Xo, then it is possible to evaluate
the polynomial interpolation in a more compact form

Lof(X) = ((T(X1))! Co(f)T(X2))" . (10)

3 Fast cubature

In a recent paper [9], the interpolatory cubature formula corresponding to the Padua
points has been studied. It has been termed “nontensorial Clenshaw—Curtis cubature”
since it is a bivariate analogous of the classical Clenshaw—Curtis quadrature formula
(cf. [6]). From the results of the previous section, we can write

n k
/[_171]2 f(x)dx ~ I,(f) = /[_171]2 Lof(@)dze =3¢ imjy

k=0 j=0

n n n n
=D > Gumiu= Y > amy (11)

j=0 1=0 jevenleven

where the moments m;; are

1 1
my= [ o [ T

1 —1
with
P j=0
1 :
/ T ()t = 0 j odd
~1 2v/2
2 j even

It is often desiderable to have a cubature formula that involves only the function
values at the nodes and the corresponding cubature weights. A simple matrix formu-
lation is still available. First, observe that

n n n n
I,(f) = Z Z C;',l mji = Z Z il m;vl

jeven [even jeven leven
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with
m070 m0,2 - P mo,pn
ma0 m22 T M2 p,—2 0
My = (m;l) = : : : e RIEHDx([F]+D)
Mp,—2,0 Mp,—22 0 e 0
m;)n’O 0 . 0 0

_ !/ _ _ ! _
where p,, = n and my, o= My, 0/2 for n even, p, =n—1 and my, o = Mp, 0 for n odd.

Now, using the formula for the coefficients (4) we can write

L(f)= Y Aef(&)

£ePad,

= > XSO+ D e O

EECT 1 xCPy £CY 1 xCRLy
where
n n
Ag = we Z Z m}, Ti(61)Ti(62) (12)
jeven leven

Defining the Chebyshev matrix corresponding to even degrees

To(s1) T:O(Sm)
sy = | 200 Bl pagton
Tpn (31) Tpn (5m)

and the matrices of interpolation weights on the subgrids of Padua points, W; =
(we, € € CF x C7?+2)t, Wy = (wg, £ € CQy x CEH)t it is then easy to show that
the cubature weights {\¢} can be computed in the matrix form

t t
L= (A € € Cip1 X C??+2) = Wi. (TE(CEJrl))t Mo TE(CO+2))

n

t t
Ly = (A, € € Oy X Cilyp) = Wa. (TR(CR0)) My TH(C,))

n

where the dot means that the final product is made componentwise.

An alternative approach is based on the observation that (12) itself is a Discrete
Fourier Transform, the roles of the points and of the indexes beeing interchanged. An
FFT-based implementation is then feasible, as in the univariate case (cf. [11]).

It is worth recalling that the cubature weights are not all positive, but the negative
ones are few and of small size. Indeed, the cubature formula is stable and convergent
for every continuous integrand, since, as it has been proved in [9],

lim D el =4.
£cPad,
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4 Numerical tests

In this section we present some numerical tests on the accuracy and performance of
the various implementations of interpolation and cubature at the Padua points. All
the experiments have been made by the Matlab/Octave package Padua2DM [3], run in
Matlab 7.6.0 on an Intel Core2 Duo 2.20GHz processor.

In Tables 1 and 2 we show the CPU times (seconds) for the computation of the
interpolation coefficients and cubature weights at a sequence of degrees, by the MM and
the FFT-based algorithms. The results suggest that the FF'T approach is preferable
for interpolation, whereas the MM approach is better for cubature. Indeed, the MM
algorithm is more efficient than the FFT-based one in the cubature instance, since the
matrices have lower dimension due to restriction to even indexes, and is competitive
with the FFT up to very high degrees.

n 20 40 60 80 100 200 300 400 500
MM | 0.003 0.001 0.003 0.004 0.006 0.022 0.065 0.142 0.206
FFT | 0.002 0.002 0.002 0.002 0.006 0.029 0.055 0.088 0.137

Table 1: CPU time (in seconds) for the computation of the interpolation coefficients.

n 20 40 60 80 100 200 300 400 500
MM | 0.004 0.000 0.001 0.002 0.003 0.010 0.025 0.043 0.071
FFT | 0.005 0.001 0.003 0.003 0.005 0.025 0.048 0.090 0.142

Table 2: CPU time (in seconds) for the computation of the cubature weights.

In Figure 2 we report the relative errors of interpolation (top) and cubature (bot-
tom) for the classical Franke test function in [0, 1] (versus the degree). Here a second
advantage of the FFT approach for interpolation appears: it is able to arrive close to
machine precision, whereas the MM algorithm stagnates around 107'3. On the con-
trary, the MM algorithm seems more stable in the cubature than in the interpolation
setting. These observations have been confirmed by many other numerical experiments.

In Figures 3 and 4 we show the interpolation and cubature errors versus the number
of points (i.e., of function evaluations), for a Gaussian and a C? function. Interpolation
and cubature at the Padua points are compared with tensorial formulas, and in the
case of cubature also with the few known minimal formulas (cf. [8]).

We see two opposite situations. Concerning interpolation, the Padua points per-
form better than tensor-product Chebyshev—Lobatto points only on regular functions.
On the other hand, nontensorial cubature at the Padua points performs always bet-
ter than tensorial Clenshaw—Curtis cubature (which uses tensor-product Chebyshev—
Lobatto points). However, it is less accurate than tensorial Gauss—Legendre-Lobatto
and minimal formulas on analytic entire functions, whereas it appears the best one on
less regular functions. This phenomenon, confirmed by many other examples (cf. [9])



A NUMERICAL CODE FOR FAST INTERPOLATION AND CUBATURE AT THE PADUA POINTS

and present also in 3d with nontensorial cubature at new sets of Chebyshev hyperin-
terpolation points (cf. [7]), is quite similar to that studied in the univariate case for
the classical Clenshaw—Curtis formula (cf. [10]), but is still theoretically unexplained
in the multivariate case. Nevertheless, numerical cubature at the Padua points seems
to provide one of the best algebraic cubature formulas presently known for the square.
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Figure 2: Errors of interpolation (top) and cubature (bottom) versus the interpolation
degree for the Franke test function in [0, 1]2, by the MM and the FFT-based algorithms.
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Figure 3: Relative interpolation errors versus the number of interpolation points for
the Gaussian f(x) = exp (—|z|?) (top) and the C? function f(x) = |z|> (bottom) in
[—1,1]% Tens. CL = Tensorial Chebyshev—Lobatto interpolation.
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