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Abstract

Using recent results on subperiodic trigonometric Gaussian quadra-
ture and the construction of subperiodic trigonometric orthogonal bases,
we extend Sloan’s notion of hyperinterpolation to trigonometric spaces
on subintervals of the period. The result is relevant, for example, to
function approximation on spherical or toroidal rectangles.
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1 Introduction

Trigonometric approximation in the absence of periodicity has been inves-
tigated along some apparently parallel paths: the theory of Fourier Ex-
tensions (also known as Fourier Continuations in certain applications), cf.
[1, 2, 4, 6, 9, 27], the theory of subperiodic trigonometric interpolation and
quadrature, e.g. [8, 12, 13, 14, 15, 40], and the recent developments of nonpe-
riodic trigonometric approximation [39] and of mapped polynomial approxi-
mation [3]. It is also worth mentioning the study of monotone trigonometric
approximations, which can arise only in the subperiodic setting, cf. [29].

Fourier Extensions emerged in the context of trigonometric approxima-
tion of nonperiodic functions, for example as a tool for circumventing the
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Gibbs phenomenon. Summarizing, a smooth nonperiodic real-valued func-
tion f defined in [−1, 1] is approximated by the restriction to [−1, 1] of a
trigonometric polynomial periodic on [−T, T ], T > 1,

τ ∈ Tn = span{1, cos(kπu/T ), sin(kπu/T ), 1 ≤ k ≤ n , u ∈ [−T, T ] , T > 1} ,
(1)

by solving the minimization problem

min
τ∈Tn

‖τ − f‖L2
µ([−1,1]) , (2)

where either µ is the Lebesgue measure on [−1, 1], or a discrete measure
supported at a discrete set X ⊂ [−1, 1]. In the first case one speaks of
a “continuous Fourier extension”, and in the second of a “discrete Fourier
extension”. When card(X) = 2n + 1 = dim(Tn), the construction of the
discrete Fourier extension becomes an interpolation problem.

A number of deep theoretical results have been obtained on Fourier ex-
tensions, concerning different aspects such as: choice of T , choice of in-
terpolation nodes for discrete extensions, approximation power (with tight
error estimates for analytic functions), resolution power on higly oscillatory
functions, numerical stability; cf. e.g. [1, 2]. The main computational
approach has been the solution of the least squares/interpolation linear sys-
tems working with the standard trigonometric basis (1), which leads to
strongly ill-conditioned systems. Nevertheless, Fourier extensions are actu-
ally numerically stable when implemented in finite arithmetic, cf. [2] for
an explanation of the phenomenon (a different approach has been recently
proposed in [30]).

Let us now summarize the parallel path of subperiodic trigonometric
approximation. In several recent papers, subperiodic trigonometric interpo-
lation and quadrature have been studied, i.e., interpolation and quadrature
formulas exact on

Tn([−ω, ω]) = span{1, cos(kθ), sin(kθ), 1 ≤ k ≤ n , θ ∈ [−ω, ω]} , (3)

where Tn([−ω, ω]) denote the (2n + 1)-dimensional space of trigonometric
polynomials restricted to the interval [−ω, ω], 0 < ω ≤ π; cf. e.g. [8, 14],
and [12, 13] for the construction and application of subperiodic trigonometric
Gaussian formulas. All these formulas are related by the simple nonlinear
transformation

θ(t) = 2 arcsin(sin(ω/2)t) , t ∈ [−1, 1] , (4)

with inverse

t(θ) =
sin(θ/2)

sin(ω/2)
, θ ∈ [−ω, ω] , (5)

to polynomial interpolation and quadrature on [−1, 1], and have been called
“subperiodic” since they concern subintervals of the period of trigonometric
polynomials.
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For example, trigonometric interpolation and quadrature by the trans-
formed zeros of the (2n + 1)-th Chebyshev polynomial T2n+1(t) has been
studied in [8]. Moreover, in [14] stability of such Chebyshev-like subperi-
odic trigonometric interpolation has been studied, proving that its Lebesgue
constant does not depend on ω and increases logarithmically in the degree.

In this article, we apply the following subperiodic quadrature [13].

Proposition 1 Let {(ξj , λj)}1≤j≤n+1, be the nodes and positive weights of
the algebraic Gaussian quadrature formula on (−1, 1) induced by the weight
function

W−1/2(t) =
2 sin(ω/2)

√

1− sin2(ω/2) t2
, t ∈ (−1, 1) . (6)

Then

∫ ω

−ω
f(θ) dθ =

n+1
∑

j=1

λjf(ϕj) , ∀f ∈ Tn([−ω, ω]) , 0 < ω ≤ π , (7)

where

ϕj = 2arcsin(sin(ω/2)ξj) ∈ (−ω, ω) , j = 1, 2, . . . , n+ 1 . (8)

It is worth recalling that the key role played by the transformation (6) on
subintervals of the period was also recognized in [7, E.3, p. 235], and more
recently in [40], in the context of trigonometric polynomial inequalities. On
the other hand, such a transformation (already introduced in [28]), is at the
base of the recent studies on nonperiodic trigonometric approximations [39],
and on “mapped” polynomial approximations [3].

The initial motivation of [8, 13] for the analysis of subperiodic interpo-
lation and quadrature was different from that of Fourier extensions or other
similar studies, since it arised from multivariate applications. The key ob-
servation is that a multivariate polynomial restricted to an arc of a circle
becomes a univariate subperiodic trigonometric polynomial in the arclength.
Then, multivariate polynomials on domains defined by circular arcs, such
as sections of disk (circular sectors, segments, zones, lenses, lunes) and sur-
face/solid sections of sphere, cylinder, torus (rectangles, collars, caps, slices)
become in the appropriate coordinates elements of tensor-product spaces
of univariate trigonometric and algebraic polynomials, where the angular
variables are restricted to a subinterval of the period. This entails that ap-
proximation in polynomial spaces and in such product spaces are intimately
related; cf. e.g. [12, 13, 36]. On the other hand, product approximations
are simpler to construct.

Now, a closer look at Fourier extensions and subperiodic trigonometric
approximation shows that we are speaking essentially of the same problem,
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and that the results obtained in one framework can be fruitfully adpated to
the other one. Indeed, by the change of variables

θ = ω u , ω =
π

T
, u ∈ [−1, 1] , (9)

we can immediately translate an extension problem into a subperiodic prob-
lem, and conversely.

In this paper we focus on a semi-discrete approximation in the subpe-
riodic setting, namely hyperinterpolation, that is an orthogonal projection
onto Tn([−ω, ω]), discretized by means of the Gaussian quadrature formula
of Proposition 1 for exactness degree 2n. In view of (9), this can be seen as
a kind of discrete Fourier extension.

In order to generate such orthogonal projections, we need some theoreti-
cal tools that are recalled in Sections 2 and 3, that are: the extension of the
notion of hyperinterpolation, originally introduced by Sloan in the seminal
paper [35] for multivariate total-degree polynomial spaces, to a more gen-
eral class of spaces, that we term hyperinterpolation spaces; the construction
of a subperiodic orthogonal trigonometric basis. Moreover, in Section 3 we
also discuss the main computational issues related to subperiodic orthogo-
nality. Finally, in Section 4 we discuss the implementation of subperiodic
trigonometric hyperinterpolation, together with examples and applications.

2 Hyperinterpolation spaces

Hyperinterpolation is a powerful tool for total-degree polynomial approx-
imation of multivariate continuous functions, introduced by Sloan in the
seminal paper [35]. In brief, it corresponds to a truncated Fourier expansion
in a series of orthogonal polynomials for some measure on a given mul-
tidimensional domain, where the Fourier coefficients are discretized by a
positive algebraic cubature formula. Since then, theoretical as well as com-
putational aspects of hyperinterpolation as an alternative to interpolation
have attracted much interest, due to the intrinsic difficulties in finding good
multivariate interpolation nodes, with special attention to the case of the
sphere; cf., e.g., [17, 25, 26, 41, 42].

In order to generalize the notion of hyperinterpolation, we introduce the
idea of nested hyperinterpolation spaces. We shall denote by C(K) the space
of real-valued continuous functions on a compact set K ⊂ R

d.
Let {Sn} be an increasing sequence of finite-dimensional subspaces Sn ⊂

Sn+1 ⊂ C(K), n ≥ 0. Moreover, assume that

(i) if u ∈ Sn and v ∈ Sm then uv ∈ Sn+m;

(ii) the subalgebra S =
⋃

n≥0 Sn is dense in C(K) with respect to the
uniform norm (by the Stone-Weierstrass theorem, if S contains the
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constants the latter is equivalent to the fact that S separates points
in K, i.e., for every x, y ∈ K there exist u ∈ S such that u(x) 6= u(y);
cf. e.g. [34]);

(iii) we know a sequence of positive quadrature rules µn = {(X,w)}, n ≥ 0,
with nodes X = {xj} and weights w = {wj}, 1 ≤ j ≤ M , that are
exact in S2n for a measure µ on K (for notational convenience we
do not display the fact that the nodes X, the weights w and the
cardinality M depend on n)

∫

K
f(x) dµ =

M
∑

j=1

wjf(xj) , ∀f ∈ S2n . (10)

Let {uj} be a µ-orthonormal basis of Sn, i.e. Sn = span{u1, ..., uN} , N =
Nn = dim(Sn) and

(ui, uj)µ =

∫

K
ui(x)uj(x) dµ = δij . (11)

Observe that such an orthonormal basis always exists by the Gram-Schmidt
process applied to a given basis of Sn, that in view of (iii) can be performed
using either the scalar product (f, g)µ or equivalently its discrete counterpart
(f, g)µn defined below in (12). It is also worth observing that a quadrature
formula like (10) always exists, by a generalized version of Tchakaloff theo-
rem on positive algebraic formulas (whose proof however is not constructive,
so that in pratice we have to get the formula in some other way); cf. [10] for
the polynomial setting and [5, Thm. 5.1] for the extension to more general
spaces.

Consider the “discrete inner product” in C(K) (cf. (iii))

(f, g)µn =
M
∑

j=1

wjf(xj)g(xj) (12)

together with the corresponding seminorm ‖f‖ℓ2
w
(X) =

√

(f, f)µn , and de-
fine the discrete orthogonal projection Ln : C(K) → Sn

Lnf(x) =
N
∑

i=1

(f, ui)µn ui(x) , (13)

which solves the discrete weighted least squares problem

‖f − Lnf‖ℓ2
w
(X) = min

u∈Sn

‖f − u‖ℓ2
w
(X) . (14)

This construction was originally proposed in polynomial spaces by Sloan
[35] with the name of “hyperinterpolation”, namely for Sn = P

d
n(K) (the
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space of total-degree polynomials in d real variables of degree not exceeding
n, resticted to a compact set or manifold K).

All the relevant properties of the hyperinterpolation operator hold true
also in our more general setting. We do not give the proofs, since “mutatis
mutandis” they follow exactly the lines of those in [35]. We only observe
that a key fact is the concidence of the original 2-norm and the discrete
weighted 2-norm in Sn, in view of (i) and (iii), that is

‖u‖L2
µ(K) = ‖u‖ℓ2

w
(X) , ∀u ∈ Sn . (15)

It is worth collecting some of the most relevant features of hyperinter-
polation in the following

Proposition 2 (cf. [35] for the polynomial case), The hyperinterpolation
operator Ln defined in (13) has the following properties:

• M ≥ dim
(

Sn|supp(µ)
)

and if the equality holds, then Lnf interpolates
f at the quadrature nodes;

• for every f ∈ C(K)

‖Lnf‖L2
µ(K) ≤

√

µ(K) ‖f‖L∞(K) ; (16)

• the L2
µ(K) error can be estimated as

‖f − Lnf‖L2
µ
(K) ≤ 2

√

µ(K)ESn
(f ;K) , (17)

where ESn
(f ;K) = infu∈Sn

{

‖f − u‖L∞(K)

}

.

Observe that by the density of the subalgebra S =
⋃

n≥0 Sn, (17) implies

L2
µ(K)-convergence of the sequence of hyperinterpolants, since density is

equivalent to ESn
(f ;K) → 0, n → ∞. To study L∞(K)-convergence, an

estimate of uniform norm of the operator is needed, along with a Jackson-like
theorem for approximation in Sn. The former can be obtained, in general,
by estimating in the specific context the reciprocal Christoffel function

Kn(x, x) =

N
∑

i=1

u2i (x) , (18)

(i.e., the diagonal of the reproducing kernel Kn(x, y) =
∑N

i=1 ui(x)ui(y)
which does not depend on the orthonormal basis), as shown in [16] for total-
degree polynomials. Indeed, one can easily prove that

sup
Sn∋u 6=0

‖u‖L∞(K)

‖u‖L2
µ
(K)

=
√

max
x∈K

Kn(x, x) , (19)
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and consequently by (16)

‖Ln‖ = sup
f 6=0

‖Lnf‖L∞(K)

‖f‖L∞(K)
≤
√

max
x∈K

Kn(x, x) sup
f 6=0

‖Lnf‖L2
µ
(K)

‖f‖L∞(K)

≤
√

µ(K) max
x∈K

Kn(x, x) , (20)

cf. [16, Prop. 1.1 and Cor. 1.2].
On the other hand, by the representation

Lnf(x) =
N
∑

i=1





M
∑

j=1

wjui(xj)f(xj)



ui(x) =
M
∑

j=1

f(xj)wjKn(x, xj) , (21)

we can obtain an explicit expression for the uniform norm of the hyperin-
terpolation operator

‖Ln‖ = max
x∈K

M
∑

j=1

wj |Kn(x, xj)| . (22)

Observe that when M = N = dim
(

Sn|supp(µ)
)

and thus Ln is interpolant,
the functions

ℓj(x) = wjKn(x, xj) , j = 1, . . . , N , (23)

are the cardinal functions of interpolation at X in Sn, i.e. ℓj(xk) = δjk, and
‖Ln‖ plays the role of the Lebesgue constant of polynomial interpolation.

We stress finally that (20) is usually an overestimate of the actual norm
(22). Tighter estimates can be obtained on specific geometries and func-
tional settings, see e.g. the case of the ball [41] and the cube [42] in the
polynomial framework.

3 Subperiodic orthogonality

In this paper we wish to apply the generalized notion of hyperinterpo-
lation of Section 2 in the subperiodic trigonometric framework, namely
Sn = Tn([−ω, ω]), 0 < ω ≤ π. To this end, since the trigonometric Gaussian
quadrature formula (7) is at hand (cf. (iii)), we need to find a subperiodic
orthonormal basis.

We can now state and prove the following

Proposition 3 An orthonormal basis in L2(−ω, ω) for the (2n+1)-dimensional
space Tn([−ω, ω]) is given by the trigonometric polynomials

τi(θ) = τi(θ, ω) , i = 0, 1, ..., 2n , (24)

τ2k(θ) = p2k

(

sin(θ/2)

sin(ω/2)

)

, k = 0, . . . , n (25)
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where {pj}j≥0 are the algebraic orthonormal polynomials with respect to the
weight function W−1/2(t) in (6) and

τ2k−1(θ) = cos(θ/2) q2k−1

(

sin(θ/2)

sin(ω/2)

)

, k = 1, . . . , n (26)

where {qj}j≥0 are the algebraic orthonormal polynomials with respect to the
weight function

W1/2(t) = 2 sin(ω/2)

√

1− sin2(ω/2) t2 , t ∈ (−1, 1) . (27)

Proof. First, observe that by basic trigonometric identities the functions
τ2k are a basis for the even trigonometric polynomials, whereas the func-
tions τ2k−1 are a basis for the odd trigonometric polynomials. Indeed, an
even power of a sine is a combination of cosines with frequencies up to the
exponent, whereas an odd power of a sine is a combination of sines with
frequencies up to the exponent, and cos(θ/2) sin(jθ/2) = 1

2 sin((j+1)θ/2)+
sin((j − 1)θ/2) is a trigonometric polynomial of degree (j + 1)/2 for odd j.

From the definition and the change of variable (4) it follows directly that
τi has unit L

2-norm for even i, and that τi and τj with even i and j, i 6= j,
are mutually orthogonal, whereas when i is even and j odd, or conversely,
they are mutually orthogonal since their product is an odd function. To
show that they are orthonormal also for odd i and j, write

∫ ω

−ω
τi(θ)τj(θ) dθ =

∫ ω

−ω
qi

(

sin(θ/2)

sin(ω/2)

)

qj

(

sin(θ/2)

sin(ω/2)

)

cos2(θ/2) dθ .

By the change of variable θ = 2arcsin(sin(ω/2)t) we get

∫ ω

−ω
τi(θ)τj(θ) dθ =

∫ 1

−1
qi(t)qj(t) (1 − sin2(ω/2) t2)

2 sin(ω/2)
√

1− sin2(ω/2) t2
dt

=

∫ 1

−1
qi(t)qj(t)W1/2(t) dt = δij . �

We discuss now how to implement the computation of the subperiodic
orthogonal basis of Proposition 3, since this is the base for an algorithm that
constructs subperiodic trigonometric hyperinterpolants.

Concerning univariate algebraic orthogonal polynomials, one of the most
comprehensive and reliable tools is the Matlab OPQ suite by Gautschi [22].
For example, inside OPQ one finds the routine chebyshev, that computes
in a stable way the recurrence coefficients for orthogonal polynomials with
respect to a given measure by the modified Chebyshev algorithm, as soon
as the modified Chebyshev moments (i.e., the moments of the Chebyshev
basis with respect to the given measure) are known. As shown in [21, 22],
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the modified Chebyshev algorithm computes the recurrence coefficients for
the orthogonal polynomials up to degree k+1 using the modified Chebyshev
moments up to degree 2k + 1 (in our application k = 2n is needed).

Our first step is then to compute the modified Chebyshev moments up
to degree 2n for the weight functionsW−1/2 in (6) andW1/2 in (27), namely

m2j = 2 sin(ω/2)

∫ 1

−1
T2j(t) (1 − sin2(ω/2) t2)β dt , j = 0, . . . , 2n , (28)

where β = −1/2 or β = 1/2; observe that only the even moments have to be
computed, since the weight functions are even and thus the odd moments
vanish.

More generally, in [33] it is proved that the sequence of moments

I2j(α, β, s) =

∫ 1

−1
T2j(t) (α + s2 + t2)β dt , (29)

where α ∈ C, s, β ∈ R, satisfies the recurrence relation

(

1

4
+

β + 1

2(2j + 1)

)

I2j+2 +

(

1

2
+ α2 + s2 − β + 1

4j2 − 1

)

I2j

+

(

1

4
− β + 1

2(2j − 1)

)

I2j−2 = −2(1 + α2 + s2)β+1

4j2 − 1
, j ≥ 1 . (30)

Now, setting α = i/ sin(ω/2) where i is the imaginary unit (i2 = −1), s = 0
and β = ±1/2, we have thatm2j = 2 sin2β+1(ω/2)(−1)−βI2j(i/ sin(ω/2), β, 0),
from which follows that m2j satisfies the recurrence relation

ajm2j+2 + bjm2j + cjm2j−2 = dj , j ≥ 1 , (31)

where

aj =

(

1

4
+

β + 1

2(2j + 1)

)

, bj =

(

1

2
− 1

sin2(ω/2)
− β + 1

4j2 − 1

)

,

cj =

(

1

4
− β + 1

2(2j − 1)

)

, dj = 4
cos2β+2(ω/2)

sin(ω/2)

1

4j2 − 1
. (32)

Such a recurrence is however unstable, namely small errors on the start-
ing values grow very rapidly increasing j. In order to stabilize it we have
adopted the method that solves instead a linear system, with tridiagonal
diagonally dominant matrix (of the recurrence coefficients) and the vector
(d1 − c1m0, d2, . . . , d2n−2, d2n−1 − a2n−1m4n) as right-hand side; cf. [11, 20].
We get immediately that m0 = 2ω for β = −1/2 and m0 = ω + sin(ω) for
β = 1/2, whereas the last moment m4n can be computed accurately in both
cases by the quadgkMatlab function (adaptive Gauss-Kronrod quadrature).
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Since the chebyshev routine, starting from the modified Chebyshev mo-
ments, returns the recurrence coefficients for the monic orthogonal poly-
nomials, we have to modify the recurrence relation in the standard way
(cf. [21, Thm. 1.29]) to get the orthonormal polynomials {p2k} for W−1/2

and {q2k−1} for W1/2, from which we compute the orthonormal subperiodic
trigonometric basis {τ0, . . . , τ2n} as in Proposition 3.

On the other hand, it turns out numerically (in double precision) that
there is a moderate loss of orthogonality when n increases. Defining the
Vandermonde-like matrix

V = Vn(Θ, ω) = (vij) = (τj−1(ϕi)) , 1 ≤ i, j ≤ 2n+ 1 , (33)

where Θ = {ϕi} are the 2n+1 quadrature nodes for trigonometric exactness
degree 2n (see Proposition 1), we can then measure numerical orthogonality
of the basis {τj−1} by computing εn = ‖(

√
ΛV )t(

√
ΛV ) − I‖2, where Λ =

diag(λi) is the diagonal matrix of the quadrature weights. For example, we
get ε250 ≈ 2 · 10−13. In order to recover orthogonality at machine precision,
it is sufficient to re-orthogonalize the basis by

√
ΛV = QR , (τ̂0(θ), . . . , τ̂2n(θ)) = (τ0(θ), . . . , τ2n(θ))R

−1 . (34)

In such a way, we can eventually compute in a stable way the orthonormal
trigonometric basis of Proposition 3. All the relevant codes are available in
the Matlab package HYPERTRIG [38]. Notice that we could not have applied
the QR based orthonormalization directly to the Vandermonde matrix in
the canonical trigonometric basis (3), since such a matrix turns out to be
extremely ill-conditioned already at moderate values of n for ω < π. On the
contrary, the Vandermonde-like matrix

√
ΛV in (34) being quasi-orthogonal

has a condition number very close to 1, and thusQ =
√
ΛV R−1 is orthogonal

at machine precision.

4 Subperiodic (hyper)interpolation

By the tools developed in the previous sections, we can now construct a
subperiodic trigonometric hyperinterpolation operator, whose properties are
an immediate consequence of Proposition 2 with Sn = Tn([−ω, ω]). Notice
that property (i) of hyperinterpolation spaces is immediate (n being the
trigonometric degree) and concerning (ii) it is not difficult to show that
subperiodic trigonometric polynomials separate points.

Corollary 1 Consider the subperiodic trigonometric hyperinterpolation op-
erator Ln : C([−ω, ω]) → Tn([−ω, ω]), 0 < ω ≤ π, defined as

Lnf(θ) =
2n
∑

i=0

(f, τi)µn τi(θ) , θ ∈ [−ω, ω] , (f, τi)µn =

2n+1
∑

j=1

λjf(ϕj)τi(ϕj) ,

(35)
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where {τi} is the orthonormal basis of Proposition 3 and {(ϕj , λj)} are the
nodes and weights of the subperiodic Gaussian formula of Proposition 1 for
degree 2n.

Then, the following properties hold

• Lnf interpolates f at the 2n+1 = dim(Tn([−ω, ω])) quadrature nodes

Lnf(ϕj) = f(ϕj) , 1 ≤ j ≤ 2n+ 1 ; (36)

• the L2-error can be estimated as

‖f − Lnf‖L2([−ω,ω]) ≤ 2
√
2ωETn([−ω,ω])(f) . (37)

We can now give an estimate of the uniform norm of the hyperinterpolation
operator, which we may call its Lebesgue constant since by Corollary 1 it is
an interpolation operator.

Corollary 2 The Lebesgue constant of the hyperinterpolation operator Ln
of Corollary 1 can be estimated as

‖Ln‖ ≤ Cn ∼ 2
√
π n+

4√
3
n3/2 ,

Cn =
√
π(2n + 1) +

√

(2n+ 1)(2n + 2)(4n + 3)

3
. (38)

Proof. In view of (20) with K = [−ω, ω] and Proposition 3, we are reduced
to estimate the trigonometric reciprocal Christoffel function. Setting t(θ) =
sin(θ/2)/ sin(ω/2) ∈ [−1, 1], we have

Kn(θ, θ) =

2n
∑

i=0

τ2i (θ) =
∑

even i

p2i (t(θ)) + cos2(θ/2)
∑

odd i

q2i (t(θ))

≤
2n
∑

i=0

p2i (t(θ)) +
2n
∑

i=0

q2i (t(θ)) = λ−1
2n (t(θ);W−1/2) + λ−1

2n (t(θ);W1/2) , (39)

where λ−1
m (t;W ) denotes the reciprocal Christoffel function for algebraic

degree n and weight function W ∈ L1
+(−1, 1).

Now, in view of the basic property of monotonicity of Christoffel func-
tions with respect to the underlying measure (cf., e.g., [31, Ch. 6]), we
have that λ−1

m (t;W ) is decreasing in W , in the sense that if W1 ≥ W2 a.e.,
then λ−1

m (t;W1) ≤ λ−1
m (t;W2). Observing that W1/2(t) ≥ 2 sin(ω/2)

√
1− t2

and W−1/2(t) ≥ 2 sin(ω/2), t ∈ (−1, 1), we get that the corresponding re-
ciprocal Christoffel functions are bounded, up to a scaling by the factor
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(2 sin(ω/2))−1, by the reciprocal Christoffel functions of the Chebyshev mea-
sure of the second kind (sum of squares of the Chebyshev polynomials of
the second kind) and of the Lebesgue measure (sum of squares of the Legen-
dre polynomials), respectively. By well-known estimates for such reciprocal
Christoffel functions (cf., e.g., [16]), we get

λ−1
2n (t;W−1/2) ≤

(2n + 1)2

4 sin(ω/2)
, λ−1

2n (t;W1/2) ≤
(2n+ 1)(2n + 2)(4n + 3)

6π sin(ω/2)
,

(40)
and thus

‖Ln‖ ≤
√

2ω max
θ∈[−ω,ω]

Kn(θ, θ)

≤ 2

√

ω/2

sin(ω/2)

(

2n + 1√
2

+

√

(2n + 1)(2n + 2)(4n + 3)

6π

)

, (41)

from which (38) follows since the function y/ sin(y) is increasing and bounded
by π/2 for y = ω/2 ∈ [0, π/2]. �

Even though (38) is clearly an overstimate of the actual growth, it pro-
vides a bound independent of ω and shows that the Lebesgue constant is
slowly increasing with n. By (38) and the fact that Ln is a projection oper-
ator, we easily get the uniform error estimate

‖f − Lnf‖L∞([−ω,ω]) ≤ (1 + Cn)ETn([−ω,ω])(f) , ∀f ∈ C([−ω, ω]) . (42)

In Figure 1, we have plotted the Lebesgue constant computed numer-
ically by (22) on a fine control grid in [−ω, ω] for some values of ω, that
is

Λn(ω) = ‖Ln‖ = max
θ∈[−ω,ω]

2n+1
∑

j=1

|ℓj(θ)| , (43)

where

ℓj(θ) = λjKn(θ, ϕj) , 1 ≤ j ≤ 2n + 1 , Kn(θ, φ) =
2n
∑

i=0

τi(θ)τi(φ) . (44)

Observe that the Lebesgue constant appears to be decreasing in ω for fixed
n and to converge to the Lebesgue constant of algebraic interpolation of
degree 2n at the Gauss-Legendre nodes (for ω → 0), which as known is
O(

√
n) (upper solid line). This also shows that the bound (38) is a large

overestimate of the actual values. It is also worth observing that for ω = π
the Lebesgue constant is exactly that of algebraic interpolation of degree 2n
at the Gauss-Chebyshev nodes, that is logarithmic in n, cf. [14].

Based on these and other numerical experiments that we do not report
for brevity, we can then make the following
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Conjecture 1 The Lebesgue constant Λn(ω) of trigonometric hyperinter-
polation in [−ω, ω], 0 < ω ≤ π, cf. (35) and (43), is a decreasing function
of ω for fixed degree. Moreover, its limit for ω → 0 (that is its supremum
being bounded by (38)) is the Lebesgue constant of algebraic interpolation of
degree 2n at the Gauss-Legendre nodes.
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Figure 1: the Lebesgue constant (43) for n = 5, 10, . . . , 95, 100 at some
values of ω: from below, ω = π (diamonds), ω = 3π/4 (squares), ω =
π/2 (triangles), ω = π/4 (circles), ω = π/8 (asterisks); right: detail for
n = 25, ..., 45. The upper solid line is the Lebesgue constant of algebraic
interpolation of degree 2n at the Gauss-Legendre nodes.

In order to show the performance of subperiodic trigonometric hyperin-
terpolation, in Figure 2 we have reported the errors in the uniform norm on
six test functions with different regularity for some values of ω, namely

f1(θ) = (2 + cos(θ) + sin(θ))30 , f2(θ) = exp(−θ2) , f3(θ) = exp(−5θ2) ,

f4(θ) =
1

1 + 25(θ/ω)2
, f5(θ) = |θ|5/2 , f6(θ) = (ω − θ)5/2 , (45)

that are a positive trigonometric polynomial, two Gaussians centered at
θ = 0, a Runge-like function, a function with a singularity of the third
derivative at θ = 0 (where the nodes do not cluster), and one with with a
singularity of the third derivative at θ = ω (where the nodes cluster). The
errors are measured in the relative ℓ2-norm on a fine control grid in [−ω, ω].

We see that convergence on the smooth functions f1, f2, f3, f4 (that
are analytic) is faster by decreasing the interval length (in particular, the
trigonometric polynomial f1 is recovered at machine precision below the
theoretical exactness degree n = 30), whereas the interval length has a sub-
stantial effect only at low degrees on the singular functions f5, f6 (observe
that the clustering of sampling nodes at the singularity entails a faster con-
vergence for f6 compared to f5).

The dependence of the convergence rate on ω for analytic functions is not
surprising. Indeed, interpreting subperiodic trigonometric hyperinterpola-
tion as a (discretized) Fourier extension, as discussed in the Introduction (cf.
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(2)-(9)), we may resort to deep convergence results in that theory. For exam-
ple, in [1, Thm. 2.3] it is proved that the uniform convergence rate of Fourier
extensions, and thus also that of the best trigonometric approximation in the
relevant space if one uses (42), for “sufficiently” analytic functions (complex
singularities not “too close” to the approximation interval) is (at least) ex-
ponential with order O(E(T )−n), where E(T ) = cot2(π/(4T )) = cot2(ω/4)
is a decreasing function of ω and E(T ) → +∞ as ω → 0+. This might give
an explanation of the error behavior observed in Figure 2. We do not pursue
further this aspect and refer the reader to [1] for a complete discussion on
the convergence features of Fourier extensions.

To conclude, we observe that we can easily extend all the constructions
above to any angular interval [α, β] ∋ θ, β − α ≤ 2π, by the change of
variable

θ′ = θ − α+ β

2
∈ [−ω, ω] , ω =

β − α

2
, (46)

namely using the orthonormal basis

ti(θ) = ti(θ, α, β) = τi(θ
′, ω) , 0 ≤ i ≤ 2n , (47)

and the subperiodic Gaussian quadrature formula with nodes and weights

{(θj , λj)} , θj = ϕj +
α+ β

2
, 1 ≤ j ≤ 2n+ 1 , (48)

cf. (35).

5 Product (hyper)interpolation on spherical rect-
angles

The general setting of Section 2 allows to extend immediately subperiodic
trigonometric hyperinterpolation to the tensor-product case. Indeed, con-
sider the product basis

{ui(θ)vj(φ)} , 0 ≤ i, j ≤ 2n , (θ, φ) ∈ K = I1 × I2 = [α1, β1]× [α2, β2] ,
(49)

where ui(θ) = ti(θ, α1, β1) and vj(φ) = tj(φ, α2, β2), cf. (47). Clearly (49)
is a L2-orthonormal basis of the tensor-product subperiodic trigonometric
space

Sn = Tn(I1)⊗ Tn(I2) . (50)

Then, we can construct the product hyperinterpolant of f ∈ C(I1 × I2) as

Lnf(θ, φ) =
2n
∑

i,j=0

cij ui(θ)vj(φ) , (51)
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Figure 2: Relative ℓ2-errors of subperiodic trigonometric hyperinterpolation
for degrees n = 5, 10, . . . , 50 on the test functions (45) on [−ω, ω] with
ω = 3π/4 (top-left), ω = π/2 (top-right), ω = π/4 (bottom-left) and ω =
π/8 (bottom-right): f1 (bullets), f2 (squares), f3 (diamonds), f4 (stars), f5
(asterisks), f6 (triangles).

with

cij =

2n+1
∑

h,k=1

λh1λk2 f(θh1, θk2)ui(θh1)vj(θk2) , (52)

where {(θis, λis)} are the angular nodes and weights of the subperiodic
trigonometric Gaussian formula on Is, s = 1, 2, for exactness degree 2n
(cf. Proposition 1 and (48)).

All the relevant properties of hyperinterpolation apply, in particular
the hyperinterpolant is a (product) interpolant (see also [32]). Moreover,
the Lebesgue constant is the product of the one-dimensional constants,
Λn(ω1, ω2) = Λn(ω1)Λn(ω2), and the following error estimates hold

‖f − Lnf‖L2(I1×I2) ≤ 4
√
ω1ω2ESn

(f ; I1 × I2) ,

‖f −Lnf‖L∞(I1×I2) ≤ (1 + Λn(ω1)Λn(ω2))ESn
(f ; I1 × I2) . (53)

Concerning the implementation of subperiodic product hyperinterpola-
tion, this can be constructed in a simple matrix form working on grids.
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Indeed, let

V1 = (uj−1(θi1)) , V2 = (vj−1(θi2)) , Ds = diag(λis) , s = 1, 2 ,

F = (f(θi1, θj2)) , 1 ≤ i, j ≤ 2n + 1 , (54)

be the univariate Vandermonde-like matrices at the hyperinterpolation nodes
in Is, the diagonal matrices of the quadrature weights and the matrix of the
function values at the bivariate hyperinterpolation grid {θi1} × {θj2}, re-
spectively. Moreover, let

U1 = (uj−1(θ̂ℓ)) , U2 = (vj−1(φ̂t)) , 1 ≤ ℓ ≤ m1 , 1 ≤ t ≤ m2 , (55)

be univariate Vandermonde-like matrices at the points {θ̂ℓ} ⊂ I1 and {φ̂t} ⊂
I2, respectively.

Then, it is easy to check that the hyperinterpolation coefficient matrix
and the values of the hyperinterpolant at the target grid {θ̂ℓ}× {φ̂t} can be
computed by matrix products as

C = (cij) = V t
1D1FD2V2 , L = (Lnf(θ̂ℓ, φ̂t)) = U1CU

t
2 . (56)

Subperiodic product hyperinterpolation via (56) has been implemented in
the Matlab package [38].

Subperiodic product hyperinterpolation can be used, for example, to
recover functions on spherical rectangles, in applications that require lo-
cal approximation models. It is worth recalling that hyperinterpolation-like
trigonometric approximation on the whole sphere, with applications in scat-
tering theory, has been studied, e.g., in [18, 19].

Consider the spherical coordinates

(x, y, z) = σ(θ, φ) = (cos(θ) sin(φ), sin(θ) sin(φ), cos(φ)) , (57)

where θ is the azimuthal angle and φ the polar angle, (θ, φ) ∈ [−π, π]× [0, π],
and a “geographic rectangle”, that is

Ω = σ(I1 × I2) , I1 = [α1, β1] ⊆ [−π, π] , I2 = [α2, β2] ⊆ [0, π] . (58)

Now, take a function g ∈ C(Ω), that we can identify with a continuous
function in I1 × I2 as f(θ, φ) = g(σ(θ, φ)). In order to estimate the hy-
perinterpolation errors in (53), we can observe that if p ∈ P

3
n(Ω) then

p ◦ σ ∈ Sn = Tn(I1) ⊗ Tn(I2). Then, due to the surjectivity of the map
σ, we have

inf
ψ∈Sn

‖f − ψ‖L∞(I1×I2) ≤ inf
p∈P3

n(Ω)
‖f − p ◦ σ‖L∞(I1×I2)

= inf
p∈P3

n
(Ω)

‖g ◦ σ − p ◦ σ‖L∞(I1×I2) = inf
p∈P3

n
(Ω)

‖g − p‖L∞(Ω) ,
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that is
ESn

(f ; I1 × I2) ≤ EP3
n(Ω)(g; Ω) . (59)

Moreover, it is also clear that subperiodic product trigonometric hyper-
interpolation reproduces total-degree polynomials, namely

Ln(p ◦ σ) = p ◦ σ , ∀p ∈ P
3
n(Ω) . (60)

It is also worth observing that the orthonormal basis functions {ui(θ)vj(φ)},
and thus also the hyperinterpolant Lnf(θ, φ), correspond to continuous
spherical functions on Ω, whenever Ω does not contain the north or south
pole (i.e., [α2, β2] ⊂ (0, π) or in other words Ω is a nondegenerate rectangle).

To make an example, we have taken two geographic rectangles of the
unit sphere. The first

Ω1 = σ

([

−125

180
π,− 67

180
π

]

×
[

41

180
π,

65

180
π

])

, ω11 ≈ 0.506 , ω12 ≈ 0.209 ,

(61)
corresponds in standard longitude-latitude to 67oW - 125oW , 25oN - 49oN ,
a vaste rectangle approximately corresponding to the contiguous continental
USA, whereas the second

Ω2 = σ

([

−109

180
π,−102

180
π

]

×
[

49

180
π,

53

180
π

])

, ω21 ≈ 0.061 , ω22 ≈ 0.035 ,

(62)
is the rectangle 102oW - 109oW , 37oN - 41oN , corresponding to Colorado.

In order to test the polynomial reproduction property, we have taken the
positive test polynomials

pn(x, y, z) = (ax+ by + cz + 3)n , (63)

where a, b, c are random variables uniformly distributed in [0, 1]. In Figure
3 we have reported the relative ℓ2-errors (average of 100 samples) in the
reconstruction of the polynomials by hyperinterpolation, computed on a 50×
50 control grid. In particular, in Figure 3-right we see that the reconstruction
of a fixed polynomial an overprecision phenomenon occurs, more pronounced
with the smaller rectangle (where near exactness is obtained already at half
the polynomial degree). This may be interpreted by the dependence on
ω of the convergence rate of univariate subperiodic hyperinterpolation for
analytic functions, as discussed above (cf. the convergence profile for f1 in
Figure 2).

It is worth stressing that the fact of being on a sphere is not essen-
tial, since similar results can be obtained for example also on rectangles of
the torus, with angular intervals (in the usual poloidal-toroidal coordinates)
of the same length of those in (61)-(62). On the other hand, subperiodic
trigonometric hyperinterpolation could be useful also to construct mixed
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algebraic-trigonometric product formulas for solid sections of the sphere such
as (truncated) spherical sectors with rectangular base, and also for planar
circular sections, such as sectors, zones, lenses, lunes (via the transforma-
tions used in [12, 15]).

5 10 15 20 25 30 35 40 45 50
10

−15

10
−14

10
−13

5 10 15 20 25 30 35 40 45 50
10

−16

10
−14

10
−12

10
−10

10
−8

10
−6

10
−4

10
−2

Figure 3: Left: Average relative ℓ2-errors of subperiodic trigonometric hy-
perinterpolation for degrees n = 5, 10, . . . , 50 on the random test polynomi-
als pn in (63), with spherical rectangles corresponding to USA (circles) and
Colorado (asterisks). Right: Average relative ℓ2-errors in the reconstruction
of the fixed polynomial p30.

5.1 Comparison with polynomial hyperinterpolation

In a recent paper [24], hyperinterpolation on geographic rectangles has been
studied and implemented in the usual hyperinterpolation setting of total-
degree polynomials. As known, the dimension of the underlying polynomial
space on the sphere is (n+ 1)2 for degree n. Spherical harmonics, however,
are no more an orthogonal basis on a portion of the sphere, so that a costly
orthonormalization process has to be applied, based on the availability of
algebraic quadrature formulas exact at degree 2n with (2n+1)(2n+2) nodes
and positive weights. Such an orthonormalization cost is much larger than
the cost of the present approach, since here orthonormalization is univari-
ate in the components. Moreover, a substantial drawback of polynomial
hyperinterpolation on geographic rectangles is that the orthonormalization
process suffers from severe ill-conditioning (of the relevant Vandermonde-like
matrices) already at moderate degrees, cf. [24].

A good feature of polynomial hyperinterpolation is that we work by
construction with continuous spherical functions, and this allows to have
rectangles containing the north or south pole and even to work with spherical
polar caps (with the appropriate transformation, cf. [24]). The number of
sampling points on general rectangles is slightly bigger than that of the
present approach, (2n+1)(2n+2) versus (2n+1)2, whereas the number of
coefficients is smaller, namely (n+1)2 versus (2n+1)2. On the other hand, we
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expect smaller reconstruction errors from subperiodic product trigonometric
hyperinterpolation, since we work here in a bigger space, indeed if p ∈ P

3
n(Ω)

then p ◦ σ ∈ Sn = Tn(I1) ⊗ Tn(I2). Moreover, the hyperinterpolant is
interpolant in the present context, whereas it is not in the polynomial case.

In order to make a numerical comparison of polynomial with superiodic
product hyperinterpolation, we have considered the functions

g1(P ) = exp (−5‖P − P0‖22) , g2(P ) = ‖P − P0‖52 , P = (x, y, z) , (64)

on the two rectangles above corresponding to USA (61) and Colorado (62),
P0 = (x0, y0, z0) being the center of the rectangle (where the sampling points
do not cluster). Notice that g1 is smooth whereas g2 has a singularity at
P0. In Figure 4 we have reported the relative ℓ2-errors in the reconstruction
of g1 and g2, computed on a 50 × 50 control grid. We see that subperiodic
trigonometric hyperinterpolation is more accurate than polynomial hyper-
interpolation (with essentially the same number of sampling points and a
much lower computational cost).
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Figure 4: Average relative ℓ2-errors of polynomial (squares) and subperiodic
trigonometric (circles) hyperinterpolation for degrees n = 5, 10, . . . , 50 on
the test functions g1 (solid line) and g2 (dashed line) in (64), with spherical
rectangles corresponding to USA (left) and Colorado (right).
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[7] P. Borwein and T. Erdélyi, Polynomials and Polynomial Inequalities,
Springer, New York, 1995.

[8] L. Bos and M. Vianello, Subperiodic trigonometric interpolation and
quadrature, Appl. Math. Comput. 218 (2012), 10630–10638.

[9] O.P. Bruno, Y. Han, and M.M. Pohlman, Accurate, high-order repre-
sentation of complex three-dimensional surfaces via Fourier continua-
tion analysis, J. Comput. Phys., 227 (2007), 1094–1125.

[10] R.E. Curto and L.A. Fialkow, A duality proof of Tchakaloff’s theorem.
J. Math. Anal. Appl. 269 (2002), 519–532.

[11] G. Da Fies, Some results on subperiodic trigonometric approximation
and quadrature, Master Thesis in Mathematics (advisor: M. Vianello),
University of Padova, 2012.

[12] G. Da Fies, A. Sommariva and M. Vianello, Algebraic cubature by
linear blending of elliptical arcs, Appl. Numer. Math. 74 (2013), 49–61.

[13] G. Da Fies and M. Vianello, Trigonometric Gaussian quadrature on
subintervals of the period, Electron. Trans. Numer. Anal. 39 (2012),
102–112.

[14] G. Da Fies and M. Vianello, On the Lebesgue constant of subperiodic
trigonometric interpolation, J. Approx. Theory 167 (2013), 59–64.

[15] G. Da Fies and M. Vianello, Product Gaussian quadrature on circular
lunes, Numer. Math. Theory Methods Appl. 7 (2014), 251–264.

[16] S. De Marchi, A. Sommariva and M. Vianello, Multivariate Christoffel
functions and hyperinterpolation, Dolomites Res. Notes Approx. DRNA
7 (2014), 26–33.

20



[17] S. De Marchi, M. Vianello and Y. Xu, New cubature formulae and
hyperinterpolation in three variables. BIT 49 (2009), 55–73.

[18] V. Dominguez and M. Ganesh, Interpolation and cubature approxima-
tions and analysis for a class of wideband integrals on the sphere, Adv.
Comput. Math. 39 (2013), 547–584.

[19] M. Ganesh and H.N. Mhaskar, Matrix-free interpolation on the sphere.
SIAM J. Numer. Anal. 44 (2006), 1314–1331.

[20] W. Gautschi, Computational aspects of three-term recurrence relations,
SIAM Rev. 9 (1967), 24–82.

[21] W. Gautschi, Orthogonal Polynomials: Computation and Approxima-
tion, Oxford University Press, New York, 2004.

[22] W. Gautschi, Orthogonal polynomials (in Matlab), J. Comput. Appl.
Math. 178 (2005), 215–234, software online at:
http://www.cs.purdue.edu/archives/2002/wxg/codes.

[23] W. Gautschi, Sub-range Jacobi polynomials, Numer. Algorithms, Sub-
range Jacobi polynomials, Numer. Algorithms 61 (2012), 649–657.

[24] M. Gentile, A. Sommariva and M. Vianello, Polynomial approximation
and quadrature on geographic rectangles, Appl. Math. Comput. 297
(2017), 159–179.

[25] O. Hansen, K. Atkinson and D. Chien, On the norm of the hyperinter-
polation operator on the unit disc and its use for the solution of the
nonlinear Poisson equation, IMA J. Numer. Anal. 29 (2009), 257–283.

[26] K. Hesse and I.H. Sloan, Hyperinterpolation on the sphere, Frontiers
in interpolation and approximation, Pure Appl. Math. 282, Chapman
& Hall/CRC, Boca Raton, FL, 2007, 213–248.

[27] D. Huybrechs, On the Fourier extension of nonperiodic functions, SIAM
J. Numer. Anal. 47 (2014), 4326–4355.

[28] D. Kosloff and H. Tal-Ezer, A modied Chebyshev pseudospectral
method with an O(N−1) time step restriction, J. Comput. Phys., 104
(1993), 457–469.

[29] D. Leviatan and J. Sidon, Monotone trigonometric approximation,
Mediterr. J. Math. 12 (2015), 877–887.

[30] R. Matthysen and D. Huybrechs, Fast algorithms for the computation
of Fourier extensions of arbitrary length, SIAM J. Sci. Comput. 38
(2016), A899–A922.

21

http://www.cs.purdue.edu/archives/2002/wxg/codes


[31] P.G. Nevai, Orthogonal polynomials, Mem. Amer. Math. Soc. 18
(1979), no. 213.

[32] V. Piciocchi, Subperiodic trigonometric hyperinterpolation in tensor-
product spaces, Master Thesis in Mathematics (advisor: M. Vianello),
University of Padova, 2014.

[33] R. Piessens, Modified Clenshaw-Curtis integration and applications to
numerical computation of integral transforms, Numerical integration
(Halifax, N.S., 1986), 35–51, NATO Adv. Sci. Inst. Ser. C Math. Phys.
Sci., 203, Reidel, Dordrecht, 1987.

[34] W. Rudin, Functional Analysis, McGraw-Hill, New York, 1973.

[35] I.H. Sloan, Interpolation and hyperinterpolation over general regions,
J. Approx. Theory 83 (1995), 238–254.

[36] A. Sommariva and M. Vianello, Polynomial fitting and interpolation
on circular sections, Appl. Math. Comput. 258 (2015), 410–424.

[37] A. Sommariva and M. Vianello, Numerical hyperinterpolation over non-
standard planar regions, Math. Comput. Simulat., published online 30
July 2016.

[38] A. Sommariva and M. Vianello, HYPERTRIG: Matlab package for
subperiodic trigonometric hyperinterpolation, available online at:
www.math.unipd.it/~marcov/subp.html.

[39] H. Tal-Ezer, Nonperiodic trigonometric polynomial approximation. J.
Sci. Comput. 60 (2014), 345–362.

[40] M. Vianello, Norming meshes by Bernstein-like inequalities, Math. In-
equal. Appl. 17 (2014), 929–936.

[41] J. Wade, On hyperinterpolation on the unit ball, J. Math. Anal. Appl.
401 (2013), 140–145.

[42] H. Wang, K.Wang and X. Wang, On the norm of the hyperinterpolation
operator on the d-dimensional cube, Comput. Math. Appl. 68 (2014),
632–638.

22

www.math.unipd.it/~marcov/subp.html

	Introduction
	Hyperinterpolation spaces
	Subperiodic orthogonality
	Subperiodic (hyper)interpolation
	Product (hyper)interpolation on spherical rectangles
	Comparison with polynomial hyperinterpolation


