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Department of Mathematical Analysis and Applied Mathematics
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Abstract In this article it is shown how to improve the numerical stability of a dis-
crete least-squares method for computing eigenvalue approximations of the Laplace
operator defined on standard two-dimensional domains. Among many sets of match-
ing points the smallest condition numbers of the corresponding matrices have been
obtained by using the Morrow-Patterson and Padua points in the square case, the
Fekete points in the triangular case, and the Chebyshev disc points for the unit
disc. The approximations of the first few vibration frequencies of a nonhomoge-
neous square membrane, and homogeneous circular and triangular membranes are
presented.
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1. Introduction

Through the years of research in the area of numerical methods for computing the
eigenvalues of differential operators one can perceive a great diversity of methods for
computing the eigenfrequencies of membranes and plates. Among these methods
the valuable results have been obtained by the finite difference methods, Rayleigh-
Ritz method, and point matching methods as reported in Kuttler and Sigillito [1],
discrete singular convolution method [2, 3], differential quadrature method [4, 5],
boundary element method [6, 7 ], and by the methods of fundamental solution [8,
9, 10], to name only a few recently published papers.

To achieve better numerical stability of the corresponding computational pro-
cesses and higher accuracy of the resulting eigenvalue approximations these meth-
ods use different trial functions ranging from the classical orthogonal polynomials,
Bessel functions, and splines up to the recently discovered globally and compactly
supported radial basis functions [11, 12, 13]. Consequently, the new methods are
usually more reliable, more accurate, and more efficient than the methods published
previously. On the other hand, sometimes it is useful to come back to older forgot-
ten techniques in order to improve their computational properties to make the old
techniques more important for practice and more attractive for further theoretical
investigation. One such forgotten method, the discrete least-squares method for
vibration analysis of membranes and plates proposed in 1985 by Dong and Lopez
[14], has been rediscovered in 1989 by Zhang and He [15] and in 1996 by the present
author [16]. The main drawback of this method consist in a difficult construction
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of suitable matching points ensuring well-conditioned matrices and high precision
results.

In this article we will try to answer the question how to improve numerical
stability of the above mentioned method for computing the vibration frequencies
of an inhomogeneous membrane with square shape and homogeneous membranes
with circular and triangular shapes using carefully selected matching points and
algebraic polynomials orthogonal on the considered domains.

2. Discrete least-squares method

Let us consider the membrane eigenvalue problem

−∆u(x) = λρ(x)u(x), x ∈ Ω, (1)

subject to the homogeneous Dirichlet boundary conditions

u(x) = 0, x ∈ ∂Ω, (2)

where ∆ denotes the two-dimensional Laplace operator (∆u = ∂2u/∂x2 +∂2u/∂y2),
Ω is an open two-dimensional bounded domain with the Lipschitz boundary ∂Ω and
ρ(x) is a sufficiently smooth positive function for all x ∈ Ω∪ ∂Ω. As is well known,
such an eigenvalue problem possesses infinite number of positive eigenvalues with
one accumulation point at infinity.

The membrane eigenvalue problem describes many real-world problems from
structural mechanics, electrical engineering, biomechanics, nuclear reactor design,
acoustics and quantum mechanics [17-24]. The usual interpretation of this problem
comes from the structural mechanics and represents the free transverse vibration
of a fixed homogeneous (ρ(x) ≡ 1) and inhomogeneous (ρ(x) 6≡ 1) membrane with
the eigenvalue λ = k2, where k is proportional to a principal frequency of vibration,
and the eigenfunction u represents the shape of the corresponding mode of vibration
[17]. In the electrical engineering Eqs. (1)-(2) represents the propagation of TM
modes along a hollow electrical waveguide filled with a homogeneous (ρ(x) ≡ 1) and
inhomogeneous (ρ(x) 6≡ 1) dielectric medium. Here k (λ = k2) is proportional to a
cutoff frequency of a waveguide with the cross-section Ω and the eigenfunction u is
the shape of the corresponding TM mode [17]. The theory of membrane vibrations
has been applied in the field of biomechanics to study the human eardrum and mitral
valve of the human heart [18-21] which behave like a thin membrane. For the reactor
designers it is necessary to estimate the acoustically induced vibration levels and
the corresponding stresses of reactor fuel rods of gas-cooled nuclear reactors [22]. In
acoustics the vibration problems of membranes describes the propagation of sound
along an acoustical waveguide and the considered problems occur also in the study of
membraneous musical instruments like drums [20]. Finally, the eigenvalue problem
(1)-(2) is investigated in quantum mechanics representing the chaotic behavior of
quantum billiards [23, 24].

To approximate a few smallest eigenvalues of the problem under consideration
we will use the discrete least-squares method considered in [14-16]. The main idea
behind this method is to find approximate eigenvalues λn

i and the corresponding ap-
proximate eigenfunctions un

i (x) minimizing a residual error of Eqs. (1)-(2), where
the squared residuals are evaluated and summed at a finite set of m matching points
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xk ∈ Ω, where m > n. For this purpose we will consider the approximate eigen-
functions un(x) in the form un(x) =

∑n
j=1

cjϕj(x), where the trial functions ϕj(x)
satisfy the prescribed boundary conditions (2), and try to minimize the following
discrete weighted least-squares residual error function

Em,n
λ (c) =

m
∑

k=1

wk

(

n
∑

j=1

cj(−∆ϕj(xk) − λρ(xk)ϕj(xk))

)2

.

This residual error function may be written in the matrix form

Em,n
λ (c) = cT (K − λL)T W (K − λL)c, (3)

where the elements of the m × n matrices K, and L are defined as follows

Ki,j = −∆ϕj(xi), Li,j = ρ(xi)ϕj(xi).

Here the notations W = diag(wi), c = (c1, c2, ..., cn) are used. In this article we will
consider only the case wi = 1, 1 ≤ i ≤ m. By virtue of the necessary condition for
Em,n

λ (c) to have a minimum

∂Em,n
λ (c)

∂ci

= 0, i = 1, 2, ..., n,

the used least-squares approach results in the quadratic matrix eigenvalue problem

Rc − λSc + λ2Tc = 0, (4)

where
R = KT WK, S = LT WK + KT WL, T = LT WL.

The quadratic eigenvalue problem (4) possesses n pairs of complex conjugate eigen-
values λ+

k = λn
k + iωn

k and λ−

k = λn
k − iωn

k with the corresponding eigenvectors
c+

k = cn
k + iwn

k and c−k = cn
k − iwn

k . The usual solution of the quadratic eigenvalue
problem (4) consists in the Frobenius linearization to transform (4) to a linear gen-
eralized eigenvalue problem of the order 2n [25]. The results presented in [16] show
that the imaginary parts ωn

k exhibit important property

lim
n→∞

ωn
k = 0 (5)

and, consequently, one can consider the values λn
k to be the desired approximations

of the exact eigenvalues λk. On the other hand, owing to this property, if ωn
k

approaches computer accuracy, the eigenvalue λn
k becomes defective eigenvalue of

the resulting generalized eigenvalue problem with the algebraic multiplicity 2 and
the geometric multiplicity 1. As shown by Chaitin-Chatelin and Frayseé [26], an
ǫ perturbation of a defective matrix with a double defective eigenvalue causes a
perturbation of the corresponding eigenvalue approximation proportional to ǫ1/2.
As a result, a double defective eigenvalue may be computed at best to 7 - 8 digits of
accuracy instead of the full 15 - 16 digits accuracy in double precision arithmetic.
Fortunately, the resulting approximations λn

k and cn
k are sufficiently accurate to be

considered as initial approximations for the Gauss-Newton method used in order to
minimize the modified residual error function

F m,n
α (c, λ) = Em,n

λ (c) + α(1 −
n
∑

i=1

ci)
2, (6)
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where the condition
∑n

i=1
ci = 1 is imposed on Em,n

λ (c) to avoid the zero solution.

3. Numerical results

The main intention of this article is to discuss the questions concerning the numer-
ical stability of the presented discrete least-squares method and stress its crucial
dependence on the choice of matching points. We will show and comment exten-
sive numerical experiments with different sets of matching points for the membrane
eigenvalue problems defined on rectangular, circular, and triangular domains. Al-
though the optimal choice of matching points for the discrete least-squares method
is not considered in the literature, this problem is similar to the optimal choice of
interpolation nodes for the polynomial interpolation (if m = n these two approxi-
mations coincide) and will be used as a starting point in our discussion.

Let us denote by Pn the n-dimensional space of algebraic polynomials and con-
sider n points xi ∈ Ω such that for an arbitrary function f there is a unique
polynomial p ∈ Pn with the property f(xi) = p(xi), i = 1, 2, ..., n, i.e., p is the
interpolating polynomial of f . Denoting p ≡ Inf and ‖ f ‖= max

x∈Ω | f(x) |
the Lebesque lemma shows how well f may be approximated by its interpolating
polynomial Inf in the maximum norm

‖ f − Inf ‖≤ (1 + Λn) ‖ f − g ‖,

where g ∈ Pn denotes the best polynomial approximation of f and Λn is known
as the Lebesque constant. The optimal interpolating points that minimize the
Lebesque constant are called the Lebesque points. Unfortunately, as written in
[27]:”Almost nothing seems to be known about Lebesque points in more than one

dimension. Nor are we aware of a feasible method for computing them numerically

.” On the other hand, there are another points, known as Fekete points, that may
be considered as an alternative to the Lebesque points.

To determine the Fekete points for a domain Ω we need to select a basis ϕj

for Pn. Consequently, the Fekete points for a domain Ω are those points xi ∈ Ω
which maximize the determinant of the Vandermonde matrix V with the elements
Vij = ϕj(xi). Clearly, the Lebesque and Fekete points need not be the optimal choice
with respect to our requirement for the matrices R, S, T to have the smallest possible
condition numbers. However, as will be seen in our numerical experiments, the
Fekete points for square and triangular domains produce well-conditioned matrices
and the suitable matching points for the circular domain can easily be determined
using the information on the distribution pattern of these point sets.

3.1 Rectangular domain

Whereas the homogeneous membrane eigenvalue problem defined on the rectan-
gular domain exhibits very simple solution, we will solve a transformed membrane
eigenvalue problem which in its original form (1)-(2) is defined on a domain with
complicated boundary shape. One such domain may be created transforming the
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square S = (−π/2, π/2) × (−π/2, π/2) by the conformal mapping w = tan(z/2).
Then the original membrane eigenvalue problem (1)-(2) defined on a circular do-
main with two opposite circular ridges [1] is equivalent to an inhomogeneous fixed
membrane eigenvalue problem of the form

−∆u(x, y) =
λ

(cos x + cosh y)2
u(x, y) in S (7)

u(x, y) = 0 on ∂S (8)

defined on the square S. More details concerning this conformal mapping technique
can be found in [1, 28].

In the numerical solution of the eigenvalue problem (7)-(8) the trial functions

ϕτ
k,l(x, y) = (π2/4 − x2)(π2/4 − y2)Jτ

k (2x/π)Jτ
l (2y/π), (9)

and four sets of matching points have been used. The functions Jτ
k (x) denote

the Jacobi polynomials orthogonal on [−1, 1] with the weight function (1 − x2)2τ .
In Table 1 the values of the spectral condition numbers of the matrices R, S, T
(computed by the MATLAB function cond ) are shown in the logarithmic form for
the equidistant points P eq

ij , Fekete points P Fe
ij [29], and the Padua points P Pa

ij [30].
These points are defined as follows

P eq
ij = [−π/2 + ih,−π/2 + jh], 1 ≤ i, j ≤ m1, h = π/(m1 + 1) (10)

and
P Fe

ij = [πxi/2, πxj/2], 1 ≤ i, j ≤ m1. (11)

Here xi are the zeros of the m1-th Lobatto polynomial Lobm1
(t) ≡ L′

m1+1(t), where
Lm1+1(t) is a Legendre polynomial and the prime denotes a derivative. The Padua
points are given by the formula

P Pa
ij = [πxi/2, πyj/2], 1 ≤ i ≤ m1 + 1, 1 ≤ j ≤ m1/2 + 1, (12)

where

xi = cos
(i − 1)π

m1

, yj =















cos
(2j − 2)π

m1 + 1
i odd

cos
(2j − 1)π

m1 + 1
i even.

For m1 = 40 this formula produces 780 points plotted in Figure 1.
The second column in Table 1 contains the smallest number of matching points

for which cond(R), cond(S), and cond(T ) are less than 1010 using n = 25, 49, 100, 196,
and 400 trial functions (9). The next three columns report the approximate val-
ues log10(cond(R)), log10(cond(S)), and log10(cond(T )) for the corresponding sets of
matching points. The computations with the Morrow-Patterson points [31] are not
reported here as they produce the matrices R, S, and T with the same condition
numbers as the Padua points. Finally, in Table 2 we report the approximations of
the eigenvalues λ1, λ4, and λ6 using n trial functions (9) and m Padua matching
points (12). The values of the parameter niter denote the number of iterations
of the Gauss-Newton method applied to the minimization problem (6). The ini-
tial approximations for the Gauss-Newton method have been computed by solving
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the quadratic matrix eigenvalue problem (4) for n = 25 using the MATLAB func-
tion polyeig. These initial approximations have been successively improved using
n = 49, 100, 196, and 400 trial functions.

3.2. Circular domain

The fixed homogeneous circular membrane problem has been solved using the
algebraic polynomials [32]

ϕτ
k,l(x, y) = (1 − x2 − y2)Jτ

l (xcos
kπ

l + 1
+ ysin

kπ

l + 1
), 0 ≤ k ≤ l. (13)

There are more possibilities how to construct matching points for the unit disc.
One can transform suitable matching points for the square into the unit disc as
done by Heinrichs [33]. This approach has been applied by using the Padua points
(xi, yi) ∈ (−1, 1) × (−1, 1) transformed onto the unit disc D by the mapping [34]

(xD
i , yD

i ) = (xi, yi

√

1 − x2
i ).

Table 3 reports the corresponding condition numbers of the matrices R, S, T in
the logarithmic form.

The simpler and more effective solution may be obtained by creating the suitable
matching points directly for the unit disc. According to the distribution pattern
of the Fekete points for the square and triangular domains, where the points are
concentrated near the boundary of the considered domains, the following simple
construction of matching points for the unit disc has been proposed. The each set
of the proposed matching points is determined by three parameters m1, m2, m3. The
corresponding matching points are situated on concentric circles with the radii ri =
z+

i , where z+
i are the positive roots of the Chebyshev polynomial of order 2m3. The

smallest circle contains m1 points and each following circle contains m2 points more
than the previous one. The resulting matching points for m1 = 3, m2 = 3, m3 = 19
are plotted in Figure 2. The corresponding condition numbers of the matrices
R, S, T are reported in Table 4 and the resulting approximations of λ1, λ4 = λ5,
and λ6 are shown in Table 5. For the sake of completeness, the eigenvalues of a
homogeneous circular membrane with the unit radius are of the form

λk,l = (rk,l)
2, k = 0, 1, 2, ..., l = 1, 2, 3, ...,

where rk,l is the l-th zero of the k-th Bessel function Jk(r).

3.3 Triangular domain

Similarly as in the unit disc, the eigenvalues of a homogeneous fixed membrane
defined on the equilateral triangle T = {(x, y)|0 ≤ x ≤ 1, 0 ≤ y ≤

√
3(1 − x), 0 ≤

y ≤
√

3x} are known in the explicit form [35]

λi,j = 16π2(i2 + ij + j2)/9, i, j = 1, 2, 3, ...
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Surprisingly, the articles concerning the numerical solution of this nice problem are
very rare in the literature [36]. In the presented numerical experiments the algebraic
polynomials

ϕα,β,γ
l,k (x, y) = Jα,β+γ+2k+1

l−k (2x +
2y√

3
− 1)Jβ,γ

k (
4y√

3x + y
− 1)×

(
√

3x + y)k(1 − x − y√
3
)α(x − y√

3
)βyγ (14)

orthogonal on T [37] and the Lobatto matching points proposed in [38] have been
used. These Lobatto points are defined as follows

ξi =
1

3
(1 + 2vi − vj − vp), ηj =

1

3
(1 + 2vj − vi − vp) (15)

for i = 1, 2, ..., q + 1, and j = 1, 2, ..., q + 2 − i, where p = q + 3 − i − j and
vi = (1 + ti−1)/2 for i = 2, ..., q, complemented by v1 = 0 and vq+1 = 1. The points
ti are the zeros of the (q − 1)-degree Lobatto polynomial.

The Lobatto matching points lying inside the equilateral triangle T for q=29 are
plotted in Figure 3. Table 6 reports the condition numbers of the matrices R, S, T
creating by n trial functions (14) for α = β = γ = 1 and m matching points (15).
The corresponding approximations of the eigenvalues λ1, λ2 = λ3, and λ5 = λ6 are
listed in Table 7.

4 Concluding remarks

There are two main obstacles which hamper to greater popularity of the least squares
method in solving boundary value and eigenvalue problems. Whereas in the mem-
brane case the Rayleigh-Ritz method requires the convergence of the eigenfunction
approximations together with the convergence of their first partial derivatives, the
least squares method requires in addition the convergence of the second partial
derivatives of the corresponding eigenfunction approximations. This may be an
essential drawback for membranes with a non-smooth boundary. As known, the
eigenfunctions of the Laplace operator with the homogeneous Dirichlet boundary
conditions defined on a region with corners formed by two straight lines meet-
ing at an angle π/k for k integer are infinitely differentiable [39]. Consequently,
one may expect a sufficient convergence of the least squares approximations at
least for domains with a smooth boundary like the circle and ellipse, and domains
with a piecewise-smooth boundary like the rectangle, and triangles with the an-
gles π/2, π/3, π/4. The results presented in Table 2, Table 5, and Table 7 indicate
that the method considered in this article is able to achieve sufficiently accurate
approximations of the membrane eigenvalues for problems defined on the rectan-
gular, circular and equilateral triangular domains. By virtue of these results one
may expect at least 10 digits of accuracy for the first 10 eigenvalue approxima-
tions using less than 200 trial functions. Moreover, similarly as in the rectangular
case, the conformal mapping technique may be used also for domains with exotic
shapes generated by an arbitrary conformal mapping of the circular and triangular
domains.

The second reason of small popularity of the least squares method is based on
computational difficulties encountered in solving the corresponding matrix eigen-
value problems with ill-conditioned matrices. The condition number of the matrices
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resulting from the least squares method is essentially greater than the one resulting
from the Rayleigh-Ritz method. As seen in the presented numerical experiments
suitable matching points for the discrete least-squares method are easily available
for the square, circular and triangular domains. The simple procedure for creating
the Chebyshev disc points may certainly be generalized at least for simply connected
and doubly connected domains with the boundaries parametrized in polar coordi-
nates. In the case of general domains the more sophisticated methods computing
the Fekete or Lebesgue points [27, 38, 40-45] may represent very promising alter-
native. On the other hand, the difficulties with selection of the optimal matching
points for an arbitrarily shaped two-dimensional domain provide the source of our
future research - to develop a simple and efficient method for finding the points
minimizing the spectral condition numbers of the matrices R, S, and T .

Although the condition numbers in the triangular case are relatively large, there
is only negligible influence of the roundoff error on the accuracy of the computed
eigenvalue approximations shown in Table 7. This fact implies that the resulting
accuracy need not be destroyed by the roundoff error in the full extent as may
be expected according to the value of the condition numbers of the corresponding
matrices.

Finally, to create the matrices R, S, T to be well-conditioned, one can try to use
a local approximation scheme using the B-splines or compactly supported radial
basis functions. Because of the property of the local approximation schemes to
create better conditioned matrices than the global schemes, the results of such
computations could be of interest.
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Figure captions

Figure 1. 780 Padua matching points.

Figure 2. 570 Chebyshev disc matching points.

Figure 3. 378 Lobatto matching points.
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Table 1: Spectral condition numbers of the matrices R, S, T using n trial functions
(9) and m equidistant, Fekete, and Padua matching points.

n m log10(cond(R)) log10(cond(S)) log10(cond(T )) τ

equidistant points
25 81 7 4 7 1
49 225 8 5 8 1

100 576 9 4 7 3
196 1600 11 5 9 3

Fekete points
25 81 3 1 2 1
49 169 3 2 3 1

100 361 4 2 3 1
196 729 5 2 4 1
400 1521 6 2 4 1

Padua points
25 45 3 1 2 1
49 91 4 2 3 1

100 190 5 2 3 1
196 378 5 2 4 1
400 780 6 3 4 1

Table 2: Approximations of the eigenvalues λ1, λ4 and λ6 of the problem (7)-(8)
using n trial functions (9), m Padua matching points (12), and niter number of the
Gauss-Newton iterations.

n m λn,m
1 niter

25 45 7.569584 ... –
49 91 7.56957684 ... 4

100 190 7.56957690163 ... 2
196 378 7.56957690182628 2
400 780 7.56957690182631 1

λn,m
4

25 45 29.107 ... –
49 91 29.11536 ... 5

100 190 29.115433415 ... 4
196 378 29.1154334264 ... 2
400 780 29.11543342640719 2

λn,m
6

25 45 44.58 ... –
49 91 44.834 ... 12

100 190 44.8401240 ... 7
196 378 44.84012692458 ... 3
400 780 44.84012692435061 2
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Table 3: Spectral condition numbers of the matrices R, S, T using n trial functions
(13) and m transformed Padua points

n m log10(cond(R)) log10(cond(S)) log10(cond(T )) τ
25 45 3 1 1 1
49 91 4 1 2 1

100 190 5 2 2 1
196 378 6 2 3 1
400 780 7 2 3 1

Table 4: Spectral condition numbers of the matrices R, S, T using n trial functions
(13) and m Chebyshev disc points.

n m1 m2 m3 m log10(cond(R)) log10(cond(S)) log10(cond(T )) τ
25 3 3 4 30 1 2 3 0
49 3 3 6 63 2 2 3 0

100 3 3 9 135 2 3 4 0
196 3 3 13 273 3 3 5 0
400 3 3 19 570 3 4 5 0

Table 5: Approximations of the eigenvalues λ1, λ4 and λ6 of the fixed homogeneous
circular membrane using n trial functions (13), m Chebyshev disc matching points,
and niter number of the Gauss-Newton iterations.

n m λn,m
1 niter

25 30 5.78318585 ... –
49 63 5.78318596294686 7

100 135 5.78318596294678 1
196 273 5.78318596294678 1

exact value 5.783185962946785
λn,m

4

25 30 26.3752 ... –
49 63 26.3746138 ... 5

100 135 26.37461642716344 2
196 273 26.37461642716339 1

exact value 26.37461642716339
λn,m

6

25 30 30.4734 ... –
49 63 30.47126228 ... 4

100 135 30.47126234366215 7
196 273 30.47126234366209 3

exact value 30.47126234366209
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Table 6: Spectral condition numbers of the matrices R, S, T using n trial functions
(14) and m Lobatto matching points (15).

n m log10(cond(R)) log10(cond(S)) log10(cond(T )) τ
25 45 4 3 3
49 91 6 3 5

100 190 8 3 7
196 378 10 5 8

Table 7: Approximations of the eigenvalues λ1, λ2 and λ5 of the fixed triangular
membrane using n trial functions (14), m Lobatto matching points (15), and niter
number of the Gauss-Newton iterations.

n m λn,m
1 niter

25 45 52.637902 ... –
49 91 52.637890171 ... 6

100 190 52.63789013914314 2
196 378 52.63789013914329 1

exact value 52.63789013914325
λn,m

2

25 45 122.837 ... –
49 91 122.821762 ... 4

100 190 122.82174365825 ... 3
196 378 122.8217436580014 2

exact value 122.8217436580009
λn,m

5

25 45 228.86 ... –
49 91 228.0948 ... 5

100 190 228.0975261 ... 3
196 378 228.0975239362881 2

exact value 228.09752393628745
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