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Boundary integral equations are integral equations defined on the boundary of the domain of
interest. The price that one pays for replacing a three-dimensional model with a two-dimensional
model is that upon discretization a sparse problem in O(n3) variables is replaced by a dense
problem in O(n2). Most truly dense linear systems arising from scientific applications come from
the solution of boundary integral equations. Their size can be extremely large in applications.
The scattering of a plane wave by a perfectly electrically conducting spherical geometry with a
diameter of 1800 wavelengths modelled using surface integral equations would give rise to a fully
populated matrix with more than three billion unknowns. Direct methods, both in-core and
out-of-core, are not affordable to solve problems of this size even on modern parallel computers
due to the large memory requirements. Iterative Krylov methods can solve the problems of
space of direct methods, but they need fast matrix-vector products and robust preconditioners
to achieve almost linear complexity.

In this talk, we present our recent advances in the design of preconditioned Krylov methods
for solving dense linear systems arising from boundary element discretization of high-frequency
cavity scattering problems. We discuss various numerical linear algebra aspects, such as the
choice of the iterative method, the characteristics and performance of fast integral equation
solvers for the matrix-vector product operation, and the design of algebraic preconditioners
based on multilevel incomplete LU factorization, sparse approximate inverses and inner-outer
methods combined with fast solvers. We also consider symmetry-preserving strategies both
for the iterative method and for the preconditioner. These numerical linear algebra tools have
enabled us the solution of large scattering applications efficiently on a moderate number of
processors.
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