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It is argued that the thermal motion of the ions may significantly affect the electron transport
along the toroidal magnetic field and, as a consequence, the conduction of electric current in tokamak
plasmas. In particular, it is shown that, in a well defined probabilistic sense, the current density
should quench when the electron density becomes larger than a critical value which is directly
proportional to the mean current density carried by the plasma, through a dimensional constant
whose dependence on the plasma parameters is explicitly given. The density limit thus found turns
out to be compatible with the empirical density limit predicted by Greenwald.
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We give a theoretical deduction of the empirical for-
mula for the tokamak density limit conjectured by Green-
wald [1, 2], namely nG = κJ0, where J0 is the mean
current density, κ is a dimensional constant, and nG is
the critical value of the electron density ne above which
disruptions are observed. As a preliminary remark, we
observe that the condition ne < κJ0 can be rewritten
as 1 < (eκ)|vde|, where e is (minus) the electron charge
and vde ≡ −J0/(ene) is the electron drift velocity. One
thus sees that the constant V ≡ (eκ)−1 has dimensions
of a velocity, and the Greenwald operation condition for
tokamaks reads |vde|/V > 1. There are two natural
candidates to V , namely the electron thermal velocity√
Te/me and the ion thermal velocity

√
Ti/Mi; here Te,

me, Ti and Mi denote the electron and the ion tem-
perature and mass, respectively. As is well known [3],
the condition of absence of runaway electrons requires
the reverse inequality |vde|/

√
Te/me < 1, which yields a

lower bound to the electron density and excludes the elec-
tron thermal velocity as a candidate to V . Setting V =
(eκ)−1 =

√
Ti/Mi one gets κ = nG/J0 =

√
Mi/Ti/e

which, for 1KeV protons, measuring the current den-
sity in MA and the density in units of 1020/m3, yields
κ ' 0.2, to be compared with the empirical Greenwald
prediction κ ≈ 1. Such a simple dimensional argument
suggests that the ion thermal motion might play a rel-
evant role in the theory of the Greenwald density limit.
This is the main idea underlying the theory developed
in the present paper, which is implemented by imposing
a stochastic ion velocity in the equation describing the
motion of electrons along the magnetic field lines.

In the simple case of one ion species only, our theory
predicts

nG =

(
1

eγ̄

√
Mi

2(1 +R)Ti

)
J0 , (1)

with

R =
1

Z2
i

√
Mi

2me

(
Ti
Te

)3/2

, (2)

Zi being the ion charge number. The dimensionless pa-
rameter γ̄ appearing in the denominator of (1), takes on
small values, say less or much less than one, and has the
following meaning. The density limit (1) is obtained by
computing the probability that, due to the presence of
hot ions, values of the current density too far from the
mean may occur. Such a probability is in turn identified
with the probability Pcq to observe the so-called current
quench, i.e. the fast termination of the current carried
by the plasma, which characterizes tokamak disruptions.
The probability Pcq turns out to be a decreasing func-
tion of the dimensionless parameter γ ≡ xJ0/ne, where
x is a well determined dimensional constant. Now, if
P̄cq is an arbitrary, maximal probability level fixed a pri-
ori, and γ̄ is the corresponding value of the parameter,
to the condition Pcq < P̄cq there corresponds γ > γ̄,
i.e. ne < (x/γ̄)J0 ≡ nG, which is formula (1). In other
words, a density larger than the value (1) corresponds
to a probability to observe a current quench larger than
P̄cq. The specific result we get is Pcq = erfc(γ), where
erfc(·) denotes the complementary error function [4].

As a quantitative check, taking into account that
Mi = Aimu, where Ai is the atomic mass number and
mu ' 930 MeV is the atomic mass unit, measuring the
current density in MA, the density in 1020/m3 and the
temperatures in KeV , one gets

κ =
nG[ 1020

m3

]
J0[MA

m2 ]
' 1

10γ

√
2Ai

(1 +R)Ti[KeV ]

, (3)

where R ' 30
√
Ai(Ti/Te)

3/2/Z2
i . As an example, con-

sidering a pure Hydrogen plasma (Ai = 1) with Te =
10KeV and Ti = 1KeV , one gets R = 1; by choosing for
example P̄cq = 0.88 one gets γ̄ = 0.1 and correspondingly,
from (3), κ = 1. One may easily check that, for typical
plasma parameters in the operating regime of tokamaks,
and for reasonably small values of γ̄, the constant κ is al-
ways of order one, in quantitative agreement with what
stressed by Greenwald.

At variance with other existing theoretical deductions
of the Greenwald law, which make use, for example, ei-
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ther of MHD stability and radial transport theory con-
cepts [5], or of energy balance concepts [6, 7], our ap-
proach focusses on the parallel transport and on the the-
ory of current drive. The density limit (1) is obtained as
a threshold above which the thermal fluctuations of the
current density, due to the fluctuations of the ion and
of the electron velocities, become so large that the pas-
sage of electric current in the plasma becomes an unlikely
event.

As a starting point, we consider the Drude-like equa-
tion describing the motion of an electron along the
toroidal magnetic field, subject to the external driving
electric field E0 and to the dynamical friction effect due
to the interaction with (one species only of) ions, namely
(see e.g. [8])

dve
dt

= −eE0

me
− νei (ve − vi) , (4)

where ve and vi are the electron and ion velocity compo-
nents along the toroidal magnetic field, respectively, and
νei is the average electron-ion collision frequency. Here
comes the basic hypothesis of the theory: the ions are
supposed to perform a diffusive motion along the mag-
netic field lines, retaining their own temperature, inde-
pendently of the electron motion. This approximation
seems reasonable due to the smallness of the ratiome/Mi,
which implies extremely long times to temperature equi-
libration between electrons and ions [8]. Actually, the
ion velocity vi, in equation (4), is modeled as a standard
zero-average, delta-correlated Gaussian noise; in partic-
ular, for any t, t′ we set 〈vi(t)〉 = 0, 〈v2i (t)〉 = Ti/Mi

and

〈vi(t)vi(t′)〉 =

(
Ti

Miνii

)
δ(t− t′) , (5)

where 〈·〉 denotes ensemble average, i.e. expectation over
the noise measure. Notice that assumption (5) implies

〈∆x2i 〉 = 〈(
∫ t

0
vi(t
′)dt′)2〉 = Dit, i.e. a normal diffusion

of ions along the magnetic field lines, with diffusion co-
efficient Di = Ti/(Miνii) [8]. By such a “closure hypoth-
esis”, equation (4) becomes a stochastic Langevin equa-
tion for the electron velocity only. Notice that, due to
the randomness of vi, and thus of ve, the current density
J = ene(vi − ve) too becomes a random variable, whose
equilibrium distribution is the main target of our analy-
sis. To the Langevin equation (4) there corresponds an
associated Fokker-Planck equation whose solution is the
probability density W (ve, t) of the electron velocity at
time t. By standard methods [9, 10] one can show that,
for any initial density W (ve, 0), the time-dependent den-
sity W (ve, t) converges, as t → +∞, to the stationary
Gaussian distribution

Weq(ve) =
1√

2πR(Ti/Mi)
exp

[
− (ve − vde)2

2R(Ti/Mi)

]
, (6)

where vde ≡ −eE0/(meνei) is the electron drift veloc-
ity and R ≡ νei/(2νii). The latter quantity coincides
with the expression (2) when the explicit formulas for
the two collision frequencies [8] are made use of. To the
equilibrium distribution (6) there corresponds a station-
ary distribution of the current density J = ene(vi − ve).
Indeed, both ve and vi are Gaussian random variables,
so that J , as a linear combination of them, turns out
to be a Gaussian random variable as well, with mean
J0 ≡ 〈J〉 = −enevde and variance S2 ≡ 〈(J − J0)2〉 =
e2n2e(1+R)Ti/Mi. The key point of our reasoning is just
the existence of a standard deviation S for the current
density. Indeed, the notion itself of a current density
makes sense only when the Gaussian distribution of J
is strongly peaked around its mean, namely when the
dimensionless parameter

γ ≡ J0√
2S

=
J0
ene

√
Mi

2(1 +R)Ti
. (7)

is large enough. Conversely, if γ is small, the stationary
distribution of J turns out to be flat around the mean
and the current becomes, in a physically observable way,
an actual random variable which can take on both pos-
itive and negative values far from the mean itself. A
reasonable measure of the flatness of the current density
distribution is given by the probability of getting values
of J outside some symmetric interval centered around
the mean, for example the interval [0, 2J0]. When such a
probability is close to its supremum 1, the existence of an
externally driven current carried by the plasma becomes
a head-or-tail like random event, so that the current drive
becomes completely ineffective and one may expect that
a current quench has a large probability to be observed
in experiments. For such a reason, the probability Pcq of
occurrence of current quench can be identified with the
probability that |J − J0| > J0, namely

Pcq ≡ P(|J − J0| > J0) = 2P(J < 0) =

=
2√
2πS

∫ 0

−∞
e−

(J−J0)2

2S2 dJ =

=
2√
π

∫ +∞

J0/(
√
2S)

e−y
2

dy = erfc(γ) , (8)

where γ = J0/(
√

2S) and the complementary error func-
tion erfc(·) is defined in the last step. The density limit
(1) is obtained by fixing a priori a value P̄cq of the proba-
bility of current quench, getting the corresponding value
γ̄ of the parameter by inverting (8), and computing the
corresponding ne from (7). One easily checks (by means
of the tables in [4], or by means of any plotter) that to
the four values γ = 0.01, γ = 0.1, γ = 1 and γ = 10 there
correspond the probability values Pcq ' 0.99, Pcq ' 0.88,
Pcq ' 0.16 and Pcq ' 2 · 10−45. As a consequence, the
density limit formula (1) defines a meaningful threshold,
corresponding to observable values of the probability of
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current quench, when 10−2 < γ̄ < 1. To all practical
purposes, Pcq is one for values of γ̄ smaller than 10−2,
whereas Pcq is zero for values larger than a few units.

A few concluding remarks are now in order.
First of all we want to shortly compare our result

with two recently published theoretical deductions of the
Greenwald law (see also [2] for a review on other theo-
ries). In the former approach [5], based on MHD sta-
bility and radial transport theory, the Greenwald limit
is obtained requiring that in the edge transport barrier
the pressure gradient be below the ballooning instabil-
ity threshold; the resulting constant κ - see [5], formula
(6) - is apparently independent of both Te and Ti and
is instead inversely proportional to a small power of the
toroidal magnetic field. In the latter approach [6, 7],
based on energy balance arguments, the density limit is
obtained requiring that the power radiated out by a mag-
netic island be less than its Ohmic power input (see also
[11], Sec. 8.2); here the constant κ - see [6], formula (9)
- turns out to be independent of the toroidal magnetic

field and is proportional to T
−3/4
e . On the other hand,

our constant κ is independent of the magnetic field and
displays the following dependence on the temperatures:

κ ∝ T
−1/2
i if R <∼ 1, i.e. if Te/Ti >∼ 10A

1/3
i /Z

4/3
i , and

κ ∝ T 3/4
e /T

5/4
i if R� 1. In particular, according to for-

mulas (1) and (2), the density limit given in the present
paper increases by increasing the ratio Te/Ti, i.e. by
heating the electrons; instead, the density limit in [5]
seems to be insensitive to such an operation, while that
in [6] decreases. Such differences might be experimentally
tested. We also point out that in the two mentioned the-
ories probability plays no role and the predicted density
limits are sharp, at variance with the experimentally ob-
served random nature of the disruptive events underlying
the Greenwald limit [12].

A further comment concerns the fact that the Green-
wald density limit is here obtained in the context of lon-
gitudinal transport theory, so that the toroidal magnetic
field plays no role. Of course, the toroidal magnetic
field plays a fundamental role in the complementary con-
text of radial transport theory. In this respect, we recall
that the empirical Granetz-like density limit [13, 14], for
which a theoretical explanation has recently been pro-
posed [15, 16], seems to depend on the magnetic field

only, and not on the current. Determining the link be-
tween the latter limit and the Greenwald one is an im-
portant open issue.

Finally, our theory applies to tokamaks, and in partic-
ular to large aspect ratio ones, where the approximation
of a uniform constant toroidal field and of a uniform,
space independent current channel holds. In the case
of reverse field pinches, which anyway operate below the
Greenwald limit with certain features that can differ from
the tokamak ones [17], the present oversimplified theory
applies just close the toroidal magnetic axis, so that a
closer interplay between magnetic field and current may
be expected to occur.

A more complete theory, taking into account the pres-
ence of many ion species, the electron-electron collisions,
and the actual time-dependence of the self-consistent col-
lision frequency, is deferred to a future work.
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