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Abstract

In standard abstract interpretation theory, the inverse of the reduced product of
abstract domains was recently defined and called complementation. Given two
domains C and D such that D abstracts C , the complement C ∼ D is the most
abstract domain whose reduced product with D gives C back. We show that,
when C is a continuous complete lattice, there is a particularly simple method for
computing C ∼ D . Since most domains for abstract interpretation are (complete
and) continuous, this method is widely applicable. In order to demonstrate its
relevance, we apply this result and some of its consequences to Cousot and Cousot’s
domain for integer interval analysis of imperative programs, and to several well-
known domains for the static analysis of logic languages, viz., Pos , Def and Sharing .
In particular, we decompose Sharing in three more abstract domains whose reduced
product gives back Sharing , and such that each component corresponds to one of
the three properties that coexist in the elements of Sharing : ground-dependency,
pair-sharing (or equivalently variable independence) and set-sharing. Using our
theory, we minimize each component of this decomposition obtaining in some case
domains that are surprisingly simpler than the corresponding original components.

1 Introduction

The standard Cousot and Cousot theory of abstract interpretation ([8, 9]) naturally
supports the enhancement of data-approximations, providing some basic operators
acting on abstract domains. Thus, abstract domains for analysis can be incremen-
tally designed by successive abstractions, and more precise approximations can be
obtained by combining domains or by lifting them by suitable property-completions
(e.g. the completions in [10, 12, 14]).

The reduced product ([9]) is probably the most common and known operation
for composing abstract domains. Its practical interest in the field of logic program
analysis has been shown in [3].

In [4], it has been shown that the inverse of the reduced product, called com-

plementation, exists in most cases of interest. Examples of complementation for
different programming paradigms were presented there.

In the present paper, we show that if a domain C is meet-generated by its meet-

irreducible elements then two facts hold: (i) there exists the complement C ∼D of
every abstraction D of C ; (ii) there is a particularly simple and clean way to compute
C ∼ D . The importance of this method for computing complements can be fully
appreciated when contrasting its simplicity with the rather technical proofs used in
[4, 5] for the same task. This simplicity stems from the fact that, in order to compute



C ∼D , it suffices to consider the behaviour of the meet-irreducible elements of C

under the abstraction D . This method becomes even simpler whenever the domain
C is dual-atomistic, because in this case the meet-irreducible elements coincide
with the dual-atoms which are easy to identify. Since all continuous (and hence
algebraic) complete lattices are meet-generated by their meet-irreducible elements,
our result is widely applicable. In fact, it can be used for finding complements for
all abstract domains for static analysis that we know of .

In order to illustrate the relevance of these theoretical results, we apply them
to the abstract domain for integer interval analysis of imperative programs with
integer variables ([7, 8]), and to several well-known domains for aliasing analysis of
logic languages. Namely, the domain Pos ([1, 19]) of positive propositional formulae
that is used for ground-dependency analysis, the domain Def ([1, 19]) that is the
abstraction of Pos consisting of the conjunctions of definite propositional clauses,
and the domain Sharing ([17]) for ground-dependency and variable independence.

Since Pos and Sharing are dual-atomistic, the computation of complements for
these domains is really very easy. The main results shown are as follows.

1. We characterize Pos ∼ Def . As expected, Pos ∼ Def consists of the con-
junction of non definite clauses, i.e., containing disjunctions with at least two
variables in their conclusion.

2. We show that Sharing can be decomposed into three components, whose re-
duced product gives Sharing back, each representing one of the elementary
properties that coexist in the elements of Sharing , and that are as follows:
(i) the ground-dependency information; (ii) the pair-sharing information, or
equivalently variable independence; (iii) the set-sharing information without
variable independence and ground-dependency.

There are two general phenomena, illustrated by the decomposition of Sharing , that
it is worth pointing out.

• The abstract domain, called PS , that expresses most naturally pair-sharing is
such that Sharing ∼PS = Sharing . Thus, in general, there may be a domain
D that abstracts C and expresses a sensible property contained in C together
with other properties, but which is “too abstract” to be “extracted” from C

through complementation. This happens when D does not represent exactly
any meet-irreducible element of C .

• Starting from a decomposition of Sharing in three components, each express-
ing only one of the above properties, our theory allows us to minimize it
finding for each component the most abstract domain whose reduced product
with the remaining components gives Sharing back. The minimal components
found in this way can be way more abstract than the corresponding original
ones. This phenomenon is particularly striking for the component expressing
pair-sharing: the original domain for pair-sharing has (at least) exponential
size (in the number of variables of interest), whereas the corresponding min-
imal domain has only two elements! This shows that domain decomposition
can lead to great gains in the size of the representation.

2 Abstract Interpretation Basics

Throughout the paper, we will assume familiarity with the standard notions of
lattice theory (e.g. see [16]) and abstract interpretation ([8, 9]). Now, we briefly



introduce some notation and recall some well-known notions.
If C and D are posets and α : C → D , γ : D → C are functions such that

∀x ∈ C .∀y ∈ D . α(x ) ≤D y ⇔ x ≤C γ(y), then the quadruple (C , α,D , γ) is a
Galois connection (G.c.) between C and D . If in addition γ is 1-1, or, equivalently,
α is onto then (C , α,D , γ) is a Galois insertion (G.i.) of D in C . In the setting
of abstract interpretation, C and D are called, respectively, the concrete and the
abstract domain, and they are assumed to be complete lattices, whereas α and γ
are called the abstraction and the concretization maps, respectively. Also, D is
called an abstraction (or abstract interpretation) of C , and C a concretization of D .
If (C , α,D , γ) is a Galois insertion, each value of the abstract domain D is useful
in the representation of the concrete domain C as all the elements of D represent
distinct members of C . Moreover, any G.c. may be lifted to a G.i. identifying in
an equivalence class those values of the abstract domain with the same concrete
meaning. This process is known as reduction of the abstract domain.

An upper closure operator on the poset C is an operator ρ : C → C monotonic,
idempotent and extensive, viz. for all x ∈ C , x ≤ ρ(x ). If 〈C ,≤,∧,∨,>,⊥〉 is
a complete lattice then each closure operator ρ is uniquely determined by the set
of its fixpoints, which is its image, i.e. ρ(C ) = {x ∈ C | ρ(x ) = x}. A subset
X ⊆ C is the set of fixpoints of an upper closure operator iff X is a Moore-set ,
i.e. > ∈ X and X is meet-closed, viz. for any Y ⊆ X , with Y 6= ∅, ∧Y ∈ X . For
any X ⊆ C , we denote by M(X ) the Moore-closure of X , i.e. the least subset of
C containing X which is a Moore-set of C . Furthermore, if ρ is an upper closure
then the set of fixpoints ρ(C ) is a complete lattice with respect to the order of
C , but, in general, it is not a complete sub-lattice of C , since the lub in ρ(C )
might be different from that in C . In the following, we will often denote a closure
operator by the set of its fixpoints. We denote by 〈uco(C ),v,u,t, λx .>, λx .x 〉 the
complete lattice of all upper closures on the complete lattice C , where for every
ρ, η ∈ uco(C ), {ρi}i∈I ⊆ uco(C ) and x ∈ C : (i) ρ v η iff ∀x ∈ C . ρ(x ) ≤ η(x ),
or, equivalently, ρ v η iff η(C ) ⊆ ρ(C ); (ii) (ti∈I ρi )(x ) = x ⇔ ∀i ∈ I . ρi(x ) = x ;
(iii) (ui∈I ρi )(x ) = ∧i∈I ρi (x ); (iv) λx .> is the top element, whereas λx .x is the
bottom element. More details on closure operators can be found in [16].

A key point in Cousot and Cousot abstract interpretation theory is the equiva-
lence between the Galois insertion and closure operator approach to the design of
abstract domains. Actually, an abstract domain is just a “computer representation”
of its logical meaning, namely its image in the concrete domain. In fact, using a
different but lattice-theoretic isomorphic domain changes nothing in the abstract
reasoning. The logical meaning of an abstract domain is exactly captured by the
associated closure operator on the concrete domain. More formally, on one hand, if
(γ,D ,C , α) is a G.i. then the closure associated with D is the operator ρD = γ ◦ α
on C . On the other hand, if ρ is a closure on C and ι : ρ(C ) → D is an isomorphism
of complete lattices (with inverse ι−1) then (ι−1,D ,C , ι◦ρ) is a G.i.. The complete
lattice of all abstract interpretations (identified up to isomorphism) of a domain
C is therefore isomorphic to uco(C ). By the above equivalence, it is not restric-
tive to use the closure operator approach to reason about abstract properties up
to isomorphic representations of abstract domains. Thus, in the rest of the paper,
we will feel free to use most of the times this approach, and whenever we will say
that D is an abstraction of C , we will mean that D is isomorphic to ρD (C ) (de-
noted by D ∼= ρD(C )), for some closure ρD ∈ uco(C ). In this approach, the order
relation on uco(C ) corresponds to the order by means of which abstract domains
are compared with regard to their precision. More formally, if ρi ∈ uco(C ) and
Di

∼= ρi (C ) (i = 1, 2), D1 is more precise than D2 iff ρ1 v ρ2 (i.e. ρ2(C ) ⊆ ρ1(C )).



Therefore, to compare domains with regard to their precision, we will only speak
about abstractions between them, and use v to relate both closure operators and
domains (< denotes strict ordering). Further, we will often use the equality symbol
= instead of ∼=. In view of this equivalence, the lub and glb on uco(C ) get a clear
meaning. Suppose {ρi}i∈I ⊆ uco(C ) and Di

∼= ρi (C ) for each i ∈ I . Any domain
D isomorphic to the lub (ti∈I ρi )(C ) is the most concrete among the domains which
are abstractions of all the Di ’s. The interpretation of the glb operation on uco(C )
is twofold. Firstly, any domain D isomorphic to the glb (ui∈I ρi)(C ) is (isomorphic
to) the well-known reduced product ([9]) of all the domains Di . Also, the glb D , and
hence the reduced product, is the most abstract among the domains (abstracting C )
which are more concrete than every Di . Thus, we will denote the reduced product
of abstract domains by the glb symbol u.

3 Complementation and Decompositions

Complementation ([4]) corresponds to the inverse of the reduced product , namely
an operation which, starting from any two domains C v D , gives as result the
most abstract domain C ∼ D , whose reduced product with D is exactly C (i.e.,
(C ∼D) u D = C ). By the equivalence between closure operators and abstract in-
terpretation, the above notion of complementation corresponds precisely to pseudo-

complementation for ρD in uco(C ).1 The following result is recalled from [13].2

Theorem 3.1 ([13]) If C is meet-continuous then uco(C ) is pseudo-complemented.

Cortesi et al. ([4]) applied this result for the first time in abstract interpretation,
using the above notion of complementation, which is more precisely formulated as
follows: whenever C is meet-continuous, the complement C ∼D exists, and is de-
fined as follows: C ∼ D = t{ρ ∈ uco(C ) | (ρD u ρ)(C ) = C}. In particular, [4]
observed that meet-continuity is satisfied in most domains for abstract interpreta-
tion and analysis. Let C v D ,E and > be the most abstract interpretation of C

(which is the closure λx .>). The following are some basic algebraic properties of
complementation ([4]):

(a) D v C ∼(C ∼D);
(b) (D v E ) ⇒ (C ∼E ) v (C ∼D);
(c) (C ∼D) = C ∼(C ∼(C ∼D));
(d) C ∼> = C and C ∼C = >.

Complementation is essential for abstract domain decompositions. If C v D then
〈C ∼D ,D〉 is a (conjunctive binary) decomposition for C , namely C can be recon-
structed by reduced product of its factors. The advantage of domain decomposi-
tions is twofold: (1) it provides more compact representations for complex domains,
enhancing space saving techniques, and (2) it simplifies verification problems for
complex domains, like correctness, by decomposing them into simpler problems for
the corresponding factors. It is natural to give the following definition of minimal
decomposition.

1If L is a meet-semilattice then the pseudo-complement of x ∈ L, if it exists, is the (unique)
element x∗ ∈ L such that x ∧ x∗ = ⊥ and ∀y ∈ L. (x ∧ y = ⊥) ⇒ (y ≤ x∗). In a complete lattice
L, if the pseudo-complement x∗ exists then x∗ = ∨{y ∈ L | x ∧ y = ⊥}. If every x ∈ L has the
pseudo-complement, L is pseudo-complemented .

2A complete lattice C is meet-continuous if for any chain Y ⊆ C and x ∈ C , x ∧ (∨Y ) =
∨y∈Y (x ∧ y).



Definition 3.2 If 〈Di 〉i∈I is a decomposition for C , i.e. C = ui∈I Di , then it is a
minimal decomposition if for all k ∈ I , (Dk < Ek ) ⇒ (C < (ui∈I\{k}Di) u Ek ). 2

As the following lemma states, complementation naturally induces minimal de-
compositions.

Lemma 3.3 Assume that uco(C ) is pseudo-complemented. 〈Di 〉i∈I is a decompo-

sition for C such that for any k ∈ I , C ∼(ui∈I\{k}Di ) = Dk iff it is minimal.

Proof. Straightforward, from the definition of complement.

In particular, note that if C v D then, using the above lemma and point (c),
〈C ∼D ,C ∼(C ∼D)〉 always yields a minimal binary decomposition for C .

We show how complementation actually works by a simple example.

Example 3.4 Consider the usual lattice D for sign analysis of an integer variable
([9]), depicted below. The concrete domain is 〈℘(ZZ),⊆〉, and concretization and
abstraction maps are the most natural. The (more abstract) lattice of positive
values D+ can be “subtracted” from D by complementation (viz., D∼D+), yielding
the lattice of negative values D−.
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〈D+,D−〉 is therefore a decomposition for D (i.e., D = D+ uD−). It is also imme-
diate to observe that 〈D+,D−〉 is actually a minimal decomposition. In particular,
0 and ⊥, which are not in D+ ∪D−, can be both reconstructed by reduced product
from D+ and D−. 2

4 Complementation and Meet-Irreducibility

In this section, we give a new theoretical result assuring that the complete lattice
of closure operators on a complete lattice is pseudo-complemented. This result will
also give a very useful tool for the computation of the pseudo-complement in most
practical cases.

First, we need some standard definitions of lattice theory.3 In the following,
assume that 〈C ,≤,∧,∨,>,⊥〉 is a complete lattice. If X ⊆ C then C is meet-

generated by X if C = M(X ). Note that for any X ⊆ C , > ∈ M(X ). An element
x ∈ C is meet-irreducible if ∀y , z ∈ C . (x = y ∧ z ) ⇒ (x = y or x = z ). We denote
by MIC the set of meet-irreducible elements of C . Note that > ∈ MIC .

The announced result on the pseudo-complement in uco(C ) is stated below.

Theorem 4.1 If C is meet-generated by MIC then uco(C ) is pseudo-complement-

ed, and for any ρ ∈ uco(C ),

ρ∗ = M(MIC \ ρ(C )).

3By x < y we mean x ≤ y and x 6= y , while if X and Y are sets then X \ Y denotes their
set-difference.



Proof. Assume that ρ ∈ uco(C ). Observe that MIC ⊆ ρ(C ) ∪ (MIC \ ρ(C )), from
which follows MIC ⊆ ρ uM(MIC \ ρ(C )), which in turn implies C = M(MIC ) ⊆
ρ u M(MIC \ ρ(C )), i.e. C = ρ u M(MIC \ ρ(C )). Moreover, if C = ρ u ψ,
for some ψ ∈ uco(C ), then MIC \ ρ(C ) ⊆ ψ(C ), because, otherwise, there exists
y ∈ (MIC \ ρ(C )) \ ψ(C ) for which y = ρ(y) ∧ ψ(y) with y 6= ρ(y) and y 6= ψ(y),
which is a contradiction, since y ∈ MIC . Hence, ψ v M(MIC \ ρ(C )), i.e. ρ∗ =
M(MIC \ ρ(C )).

Observe that for any ρ ∈ uco(C ), under the above hypothesis, we can also write ρ∗ =
M(MIC \ ρ(C )) = M({x ∈ MIC | x < ρ(x )}. With respect to the corresponding
Theorem 3.1 of [13], the above theorem provides a different condition on the domain
of reference C in order that uco(C ) is pseudo-complemented. Our result has the
advantages of a simpler and shorter proof, and, more importantly, provides a natural
lattice-theoretic characterization of the pseudo-complement, which is particularly
useful for the practical cases, as it will be shown in Section 5.

The following immediate consequence of the above result is useful in order to
recognize if the operation of pseudo-complementation performed twice acts as the
identity.

Corollary 4.2 If C is meet-generated by MIC then for any ρ ∈ uco(C ),

ρ∗∗ = M(MIC ∩ ρ(C )).

In other terms, the above corollary says that the double pseudo-complementation
on a given closure is the identity iff (the set of fixpoints of) this closure is equal
to the Moore-closure of its meet-irreducible elements. A further consequence of
this result and the above theorem allows to simplify the task of checking if a given
decomposition is minimal.

Corollary 4.3 Assume that C is meet-generated by MIC and 〈Di〉i∈I is a de-

composition for C . If {MIC ∩ ρDi
}i∈I is a partition of MIC and for all i ∈ I ,

Di = C ∼(C ∼Di), then 〈Di〉i∈I is minimal.

Proof. By Lemma 3.3, it is sufficient to verify that C ∼(ui∈I\{k}Di ) = Dk , for all
k ∈ I . By Theorem 4.1 and Corollary 4.2, we have: C ∼ (ui∈I\{k}Di ) = M(MIC \
M(∪i∈I\{k}ρDi

(C ))) = M(MIC \ (∪i∈I\{k}ρDi
(C ))) = M(MIC ∩ ρDk

(C )) = C ∼
(C ∼Dk ) = Dk .

A standard well-known result of representation in lattice theory ([16]) says that
if C is a continuous complete lattice then C is meet-generated by MIC . We recall
here the notion of continuity for a complete lattice C . If x , y ∈ C then x � y

(x is way-below y) if ∀S ⊆ C . (y ≤ ∨S ) ⇒ (∃T ⊆ S . T finite & x ≤ ∨T ). C

is continuous if for any x ∈ C , x = ∨{z ∈ C | z � x}. It is well-known that
if C satisfies the ascending chain condition then C is algebraic4, and algebraicity
implies continuity ([16]). It is also well-known that every continuous complete lattice
is meet-continuous ([16]), and hence, by Theorem 3.1 of [13], we know that if C is
continuous then uco(C ) is pseudo-complemented. On the other hand, this latter
result is also an immediate consequence of Theorem 4.1

Corollary 4.4 If C is a continuous complete lattice then uco(C ) is pseudo-com-

plemented and for any ρ ∈ uco(C ), ρ∗ = M(MIC \ ρ(C )).

4C is algebraic if ∀x ∈ C . x = ∨{z ∈ C | z ≤ x , z � z}. Note that {z ∈ C | z � z} is the
standard set of the compacts of C .



The class of continuous lattices was introduced by Dana Scott in his pioneering work
on denotational semantics of programming languages ([24]). It is worth noting
that this class is wide enough for practical purposes: in practice, every abstract
domain used as basis of an abstract interpretation-based static analysis satisfies the
ascending chain condition (most of them are even finite domains). Furthermore,
even if the abstract domain does not satisfy the ascending chain condition (this
may happen whenever some widening/narrowing operators used to accelerate the
convergence above least fixpoints are provided), in order to use the above corollary
the property of continuity can be checked. Also, any collecting domain, i.e. any
powerset ℘(X ), for some set X , ordered with the subset or superset relation, is a
continuous complete lattice. This latter case includes the standard concrete domains
for collecting semantics in functional and logic programming (e.g. [2, 20]). Finally,
complete lattices which are meet-continuous and that satisfy the descending chain
condition are algebraic, and hence continuous (cf. [23]).

We can draw an interesting further consequence of Theorem 4.1. First, some
lattice-theoretic definitions. By C op we denote the dual of C , i.e. C equipped
with the dual order ≥. An element a ∈ C is an atom if a covers ⊥, i.e., a 6= ⊥
and ∀x ∈ C . (⊥ < x ≤ a) ⇒ (x = a). a ∈ C is a dual-atom if it is an atom
in C op. We denote by dAtomC the set of dual-atoms of C . Clearly, in general,
dAtomC ⊆ MIC . C is atomistic if every element different from ⊥ is the join
of the atoms which precede it. C is dual-atomistic if C op is atomistic. Observe
that C is dual-atomistic iff C = M(dAtomC ). Also, if C is dual-atomistic then
dAtomC = MIC , and therefore C is meet-generated by MIC as well.

Corollary 4.5 If C is dual-atomistic then uco(C ) is pseudo-complemented and for

any ρ ∈ uco(C ), ρ∗ = M(dAtomC \ ρ(C )).

Proof. Straightforward, since MIC = dAtomC .

This corollary simplifies further the task of computing a particular complement
C ∼D in case the domain C is dual-atomistic. In fact, in this case, it is enough to
consider the behaviour of D on the dual-atoms of C , which are usually easily iden-
tifiable. It is worth remarking that the condition of dual-atomicity for an abstract
domain is not frequently satisfied, and therefore the simple methodology provided
by the above corollary is not always applicable. A relevant example of a non-dual-
atomistic, but continuous, abstract domain is the Cousot and Cousot domain of
integer intervals, which we treat in Subsection 5.1.

5 Applications

We provide three applications of the theory developed in the previous section. First,
we consider the abstract domain for integer interval analysis. This domain is not
dual-atomistic, thus in order to compute complements w.r.t. it, we need to identify
its meet-irreducible elements. Secondly, we compute Pos ∼ Def . This task is
particularly easy since Pos is dual-atomistic. We also show that Pos∼(Pos∼Def )
is more abstract than Def . Finally, we use complementation in order to decompose
in a minimal way Sharing (which is also dual-atomistic) into three components
each expressing only one of the basic properties of Sharing : ground-dependency,
pair-sharing and set-sharing.
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Figure 1: The abstract domain I .

5.1 Complementing the integer interval domain

As a remarkable example, we now show that the abstract lattice of intervals of
integer numbers introduced in [7, 8] to analyze the values of an integer variable is
continuous, although it does not satisfy the ascending chain condition, and therefore
Corollary 4.4 can be applied to it. For simplicity, we consider a single integer
variable to analyze (the generalization is straightforward), and therefore the domain
of concrete denotations is the powerset of the integers, ℘(ZZ), ordered by subset
inclusion. The abstract domain I of integer intervals is depicted in Figure 1. As
pointed out in [8], it turns out that I is a complete lattice. I enjoys a Galois insertion
with ℘(ZZ)⊆, which is the most natural: e.g., γ([a, b]) = {z ∈ ZZ | a ≤ z ≤ b} and
α({−3,−1, 0, 2, 5}) = [−3, 5].

Lemma 5.1 I is a continuous complete lattice.

Proof. We show that I is algebraic. It is immediate to see the set of the compacts
of I is KI = {[z1, z2] | z1, z2 ∈ ZZ, z1 ≤ z2}∪ {⊥}, and each element in I \KI is the
join of the compacts which precedes.

By a simple direct inspection of the Hasse-diagram of I , it is simple to see that
the set of meet-irreducible elements of I is exactly the set-theoretic complement
of its compact elements, i.e. MII = {(−∞, z ] | z ∈ ZZ} ∪ {[z ,+∞) | z ∈ ZZ} ∪
{(−∞,+∞)}. Since we have shown that I is continuous, we also have that I =
M(MII ), as one can readily see from Figure 1.

An abstraction of the intervals I is given by the domain CP depicted in Figure 2.
This domain is obtained by identifying any integer number z by the interval [z , z ],
and the element > by (-∞,+∞). It is clear that CP is an abstraction of I since
it corresponds to a Moore-set of elements of I . This domain CP is the standard
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Figure 2: The abstract domain CP .

lattice for constant propagation analysis ([18]), namely an analysis that identifies
program expressions computing the same value on all executions of the program.

The complement I ∼CP is somehow surprising: in fact, it turns out that this
complement is precisely the lattice of intervals itself.

Proposition 5.2 I ∼CP = I .

Proof. Applying Corollary 4.4: I ∼ CP = M(MII \ CP) = M({(−∞, z ] | z ∈
ZZ} ∪ {[z ,+∞) | z ∈ ZZ}) = I .

It should be noted that this complement has been already computed in [5] by using
a direct proof method more complicated than that here proposed.

5.2 Pos∼Def

Both Pos and Def are domains that are used for inferring ground-dependency infor-
mation in logic program analysis ([19]). Clearly, Pos infers more precise information
than Def , since Def is a proper abstraction of Pos . This has been experimentally
evaluated in [1]. Now we want to characterize, with the help of the theory developed
in Section 4, what is in Pos that is not in Def , i.e. Pos∼Def .

We briefly recall the definitions of Pos and Def . Let Var be a countable set
of variables, and let VI be any (non-empty) finite subset of Var containing the
variables of interest. We assume that the concrete domain of computation of a
given logic program is the powerset ℘(Sub) of idempotent substitutions, ordered
with set-theoretic inclusion. Pos is the finite lattice of positive Boolean functions
on VI , where a Boolean function f is positive if f (true,. . . , true) = true. Obviously,
the order of Pos is given by logical consequence, and, lub and glb on Pos are
given by logical disjunction and conjunction, respectively. Def is the finite lattice
of positive Boolean functions on VI whose models are closed under intersection.
Formulae in Def are called definite. Here, we do not add to Pos and Def the bottom
Boolean function false representing the empty set of substitutions. Evidently, this
is not a severe restriction, and it allows to reason on Pos and Def more uniformly,
avoiding to consider the particular straightforward case of the element false. For
more details about Pos and Def see [1]. It is well-known that Boolean functions
can be represented by means of propositional formulae. Thus, in the following, we
will use propositional formulae over VI to represent Boolean functions in Pos and
Def . In Figure 3, Pos and Def are depicted for VI= {x , y}.
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Figure 3: The domains Pos and Def for VI={x , y}.

As observed in [1], Def is a meet-sublattice of Pos . Further, the top Boolean
function true is in Def . Hence, Def is a Moore-set of Pos , namely, it is an ab-
stract interpretation of Pos . The abstraction and concretization maps between
Pos , Def and ℘(Sub) are well-known, and can be found, e.g., in [19]. For instance,
assuming VI={x , y , z , u}, the formula x ∧ (y ↔ z ) is an element of Pos (and
Def ) that represents the substitutions σ such that for any instance σ′ of σ: (i) the
term σ′(x ) is ground; (ii) σ′(y) is ground iff also σ′(z ) is ground. In particular,5

σ1 = {x/a, y/b, z/c} and σ2 = {x/a, y/w , z/w , v/u} satisfy this property. Thus,
{σ1, σ2} ⊆ γ(x ∧ (y ↔ z )).

By viewing each positive formula as the set of its models, it is immediate to
observe that Pos is a Boolean lattice, and therefore it is dual-atomistic, where
the dual-atoms are the positive formulae that are satisfied by all but one truth
assignments different from the unitary truth assignment VI . All the other formulae
of Pos can be obtained by logical conjunction (i.e., intersection of their sets of
models) of some of these dual-atoms.6 Let us identify which of the dual-atoms
represent definite formulae, namely which of their corresponding sets of models is
closed under model intersection. Thus, consider a dual-atom A ∈ Pos , i.e. a set of
models A = ℘(VI ) \ {t}, for some truth assignment t ∈ ℘(VI ) \ {VI }.

Lemma 5.3 A is closed under model intersection iff t = VI \{x}, for some x ∈ VI .

Proof. If t = VI \ {x}, for some x ∈ VI , then clearly A = ℘(VI ) \ {t} is closed
under model intersection. Consider now a truth assignment t that maps to false at
least two different variables of VI , i.e. |t | ≤ |VI |−2. Then A = ℘(VI )\{t} contains
truth assignments tx = t ∪ {x} for any x ∈ VI \ t . Obviously, the intersection of
these tx ’s gives t , and therefore, A is not closed under intersection.

From the above Lemma 5.3, each formula in dAtomDef is equivalent to an im-
plication ∧(VI \ {x}) → x , for some x ∈ VI , whereas each formula in dAtomPos \
dAtomDef is equivalent to an implication of the shape ∧(VI \ B) → ∨B , for some
B ⊆ VI which contains at least two variables. This has an interesting conse-
quence on the set of concrete substitutions that such formulae approximate: for
the formulae in dAtomDef , among the approximated substitutions, there are some
whose abstraction in Def (and Pos) is exactly that formula (cf. [4]), whereas for

5By a, b, c, . . ., we denote ground terms.
6If false is considered as an element of Pos, then Pos is meet-generated by its dual-atoms plus

its bottom false.
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Figure 4: The domains Pos∼Def and Pos∼(Pos∼Def ) for VI={x , y}.

the formulae in dAtomPos \ dAtomDef this is not true. Thus, the latter formulae
express possible ground-dependency (by means of the disjunction ∨B) which is not
expressible with Def .

By Corollary 4.5, Pos∼Def is the domain obtained by closing under meet (i.e.
logical conjunction) the set of formulae in dAtomPos \ dAtomDef (and adding the
top element true). In Figure 4, Pos ∼Def is shown for the case VI = {x , y}. The
same figure represents also the domain Pos ∼ (Pos ∼ Def ). Clearly, this domain
properly abstracts Def . The reader should not be surprised by this fact in view
of Corollary 4.2. In fact, Def is clearly more concrete than the domain obtained
taking all possible conjunctions of dAtomDef . In order to see this, it suffices to
observe that dAtomDef contains only n formulae, where n = |VI |, and therefore
Pos∼(Pos∼Def ) has 2n elements, whereas Def has many more elements as shown
in Figure 3 for n = 2.

Thus, by Lemma 3.3, we have characterized the minimal binary decomposition
〈Pos ∼ Def ,Pos ∼ (Pos ∼ Def )〉 for Pos , where the second component expresses
conjunctions of definite clauses and the first one conjunctions of non definite clauses.

5.3 Decomposing Sharing

Since, for simplicity, we have considered Pos and Def without an additional bottom
element representing the empty set of substitutions, we proceed analogously for
Sharing . It is evident that an eventual adaptation will be straightforward. Thus,
we consider Sharing = {S ⊆ ℘(VI ) | ∅ ∈ S} ([17]). Sharing is a finite distributive
lattice with respect to the partial order given by set-theoretic inclusion. Sharing

enjoys a well-known Galois insertion into the concrete domain ℘(Sub) (for details see
[17]). For instance, assuming VI = {x , y , z , u}, the element {∅, {y , z}, {y , z , u}} is
an element of Sharing representing substitutions with respect to which x is ground,
and z and y may share, and so may y and u, and z and u. In particular, σ1 =
{x/a, y/b, z/c} and σ2 = {x/b, y/v , z/v , u/v} satisfy these properties. Therefore,
{σ1, σ2} ⊆ γ({∅, {y , z}, {y , z , u}}).

Def abstracts Sharing and, in fact, it represents the ground-dependency in-
formation of Sharing ([4, 6]). The abstraction function which maps an element
S ∈ Sharing into a formula of Def capturing its ground-dependency information is
defined as follows:

C(S ) = ∧{∧W → x | W , {x} ⊆ VI , ∀A ∈ S . (x ∈ A) ⇒ (W ∩ A 6= ∅)}.

For instance, if VI = {x , y , z , u} and S = {∅, {x , y}, {x , z}}, then C(S ) = u ∧ (x ↔
(y ∧ z )) outlines the fact that for every σ ∈ γ(S ) the variable u is ground in σ, and
x is ground in σ iff also y and z are.



In [4], Sharing ∼Def has been characterized as the closure ρ+ ∈ uco(Sharing)
defined as follows: ∀S ∈ Sharing . ρ+(S ) = S ∪{{x} | x ∈ VI }. The set of fixpoints
of ρ+ is called Sharing+. Using the new theory developed above, the proof of
Sharing+ = Sharing ∼Def becomes very simple with respect to that proposed in
[5]. Therefore, we give this proof here.

Clearly, Sharing is dual-atomistic, and its dual-atoms are ℘(VI ) \ {S}, for any
S ∈ ℘(VI ) \ {∅}.7 Let us characterize which of these dual-atoms are fixpoints of
the abstraction Def .

Lemma 5.4 Assume that A ∈ dAtomSharing . A is a fixpoint of Def iff ∃x ∈
VI . {x} 6∈ A.

Proof. Assume that A is a fixpoint of Def and that it contains all singletons.
Evidently, C(A) = true. Since γDef ,Sharing (true) = >Sharing , we have a con-
tradiction. Consider now A such that it does not contain a singleton {x}. It
is not difficult to see that C(A) = ∧(VI \ {x}) → x 6= true. Hence, we get
A ⊆ γDef ,Sharing (C(A)) = γDef ,Sharing (∧(VI \ {x}) → x ) ⊂ >Sharing . Since A

is a dual-atom, it follows that A = γDef ,Sharing (C(A)).

Theorem 5.5 Sharing+ = Sharing∼Def .

Proof. From Lemma 5.4, the dual-atoms of Sharing that are not fixpoints of Def

are exactly those that contain any singleton {x}, for x ∈ VI , and, by Corollary 4.4,
Sharing ∼Def is obtained closing under meet (i.e., intersection) these elements. It
is clear that this operation produces Sharing+.

Recall from the proof of Lemma 5.4 that for any dual-atom A of Sharing which
is a fixpoint for Def , C(A) = ∧(VI \ {x}) → x , for some x ∈ VI . Recall also from
Subsection 5.2 that these are exactly the formulae corresponding to the dual-atoms
of Pos that are fixpoints of Def . Hence, the following result is immediate.

Theorem 5.6 Pos∼(Pos∼Def ) = Sharing ∼(Sharing∼Def ).

In this way, we have also characterized 〈Sharing+,Sharing ∼ Sharing+〉 as a
minimal binary decomposition for Sharing . Moreover, the above theorem corrects
the wrong claim made in [4] that Sharing ∼ (Sharing ∼Def ) = Def , since we have
already observed that Def < Pos∼(Pos∼Def ).

As observed in the proof of Lemma 5.4, ∀S ∈ Sharing+. C(S ) = true. There-
fore, Sharing+ contains no ground-dependency information anymore. However,
Sharing+ still contains two different types of information that we want to separate
using complementation: (1) pair-sharing, or equivalently variable independence:
the information about which pairs of variables may share, and thus which pairs are
independent; (2) set-sharing: the knowledge that certain sets of variables may share
a common variable.

Let us then design an abstract domain expressing pair-sharing. For a set of vari-
ables A, let Pairs(A) = {{x , y} | x , y ∈ A, x 6= y}. The obvious candidate domain
for pair-sharing is PS = ℘(Pairs(VI )), with abstraction αSh+

,PS : Sharing+ → PS

defined as follows: for any S ∈ Sharing+, αSh+
,PS (S ) = ∪{Pairs(A) | A ∈ S}.

It is easy to see that αSh+
,PS is completely additive and onto, and therefore, by

standard results, together with its unique adjoint concretization map, it forms a

7Analogously to Pos, if ∅ is considered as an element of Sharing , then Sharing is meet-generated
by its dual-atoms plus its bottom ∅.



Galois insertion of PS into Sharing+. The adjoint concretization, for any B ∈ PS ,
is defined as γPS ,Sh+(B) = ∪{S ∈ Sharing+ | αSh+

,PS (S ) ⊆ B}.
We want to compute now Sharing+ ∼ PS using our theory. It is immediate

to observe that Sharing+ is dual-atomistic, where each dual-atom is ℘(VI ) \ {A},
where A ∈ ℘(VI ) with |A| > 1. We must now characterize the dual-atoms which
are fixpoints of the corresponding closure γPS ,Sh+ ◦ αSh+

,PS . The result is pretty
surprising.

Lemma 5.7 ∀S ∈ dAtomSh+ . γPS ,Sh+(αSh+
,PS (S )) = >Sharing+ .

Proof. If VI ∈ S then the thesis is obvious because αSh+
,PS (S ) = Pairs(VI ) =

>PS . If VI 6∈ S , then again Pairs(VI ) ⊆ S , i.e., αSh+
,PS (S ) = >PS .

Thus, by Corollary 4.5, we get the following result.

Theorem 5.8 Sharing+∼PS = Sharing+.

Let us try to understand the reason of this phenomenon by examining closely
the behaviour of ρPS = γPS ,Sh+ ◦αSh+

,PS on dAtomSh+ . Let d̂ be the only element
of dAtomSh+ that does not contain VI . The following observation will put us on
the right track. Consider any a ∈ dAtomSh+ \ {d̂}: since a contains VI it can
express no interesting pair-sharing information (all pairs of variables share). Thus,
it is expectable that a closure expressing pair-sharing maps all such a’s to the top
of Sharing+, like ρPS does. The point is that ρPS (d̂) = >Sh+ too. Thus, the loss of
information produced by ρPS introduces the new sharing set VI that is originally
absent. However, ρPS must throw away the set-sharing information as much as
possible, and this is obtained precisely by adding new sharing sets as long as they
do not introduce new pair-sharing. Thus, all we need to do is to modify ρPS in such
a way that it adds any sharing set compatible with the original pair-sharing with
the exception of VI . The following closure ρPS ′ does this:

∀S ∈ Sharing+. ρPS ′(S ) = ρPS (S ) \ ({VI } \ S ).

Observe that ρPS ′ throws away as much set-sharing information as possible: some-
how, it only remembers whether VI is present or not in the original value.

Clearly, ρPS ′(Sharing+) ∩ dAtomSh+ = {d̂}. Therefore, by Corollary 4.5,

Sharing+∼ρPS ′(Sharing+) = M(dAtomSh+ \ {d̂}). As Sharing+∼ρPS ′(Sharing+)
is obtained closing under intersection those dual-atoms of Sharing+ that contain
VI , this complement corresponds to the following closure ρ∗PS ′ :

∀S ∈ Sharing+. ρ∗PS ′(S ) = S ∪ {VI }.

Obviously, 〈ρPS ′(Sharing+), ρ∗PS ′(Sharing+)〉 is not a minimal decomposition of

Sharing+. In fact, ρPS ′(Sharing+) < Sharing+∼ρ∗PS ′(Sharing+) = {>Sh+ , d̂} = 22.
Observe that the difference between ρPS ′(Sharing+) and 22 is really surprising: the
former has size at least exponential (in the size of VI ), whereas the latter has only
two elements!

We are now in position to give the announced minimal ternary decomposition
for Sharing . Let us define SS the abstraction of Sharing corresponding to the set-
sharing closure computed above, i.e., SS = {S ∈ Sharing | S ∈ Sharing+, VI ∈ S},
and Def − = Pos∼(Pos∼Def ).

Theorem 5.9 〈Def −, 22,SS 〉 is a minimal decomposition for Sharing.



Proof. Using the results above, it is simple to verify that Def − = Sharing ∼
(22 u SS ), 22 = Sharing ∼ (Def − u SS ), and SS = Sharing ∼ (Def − u 22). Hence, the
thesis follows by Lemma 3.3.

To conclude, we note that the closure associated to Sharing ∼Sharing+ admits
a natural lattice-theoretic generalization. In fact, the closure defining Sharing+ can
be viewed as an instance of the following definition: if A is any set and e is any
fixed element of A, then pluse : ℘(A) → ℘(A) is defined as pluse(X ) = X ∪ {e},
for any X ∈ ℘(A). Evidently, pluse ∈ uco(℘(A)⊆), and since ℘(A)⊆ is dual-
atomistic, by Corollary 4.5 its pseudo-complement exists: it is easy to verify that
plus∗e = λX .(A \ ({e} \ X )). In case A = ℘(B)⊆, for some set B , this definition
specializes to that of Sharing∼Sharing+.

6 Concluding Remarks

In this paper, we have stated new sufficient conditions that guarantee the existence
of complements of abstract domains and provide a practical and simple system-
atic method, based on standard lattice-theoretic notions, to compute complements.
These conditions differ from those that were put forward, for the same purpose, in
[4, 13]. The relationship between these two different conditions is, to the best of
our knowledge, not yet known in the literature. Further work will be devoted to
understanding this relationship.

It is also worthwhile to remark that our use of meet-irreducible elements for
the computation of the complement, i.e., the inverse of the reduced product of
abstract domains, has a strong analogy with the dual method of using the completely

join-irreducible elements, introduced recently by Giacobazzi and Ranzato in [15],
for the computation of the least disjunctive basis of an abstract domain, i.e., the
inverse for the disjunctive completion of abstract domains. We think that such a
duality deserves a further investigation, since it might shed some light on a general
methodology for defining the inverse of any abstract domain refinement (cf. [11]).

Finally, we remark that the role of meet-irreducible elements and dual-atoms (or
their dual notions) in the context of Cousot and Cousot’s abstract interpretation
theory was first investigated by Nielson, in his work on abstract interpretation using
domain theory (cf. [21]), and on the tensor product of abstract domains (cf. [22]).
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