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Abstract

We consider the portfolio optimization problem for the criterion of maximization of ex-
pected terminal log-utility. The underlying market model is a regime-switching diffusion
model where the regime is determined by an unobservable factor process forming a finite
state Markov process. The main novelty is due to the fact that prices are observed and the
portfolio is rebalanced only at random times corresponding to a Cox process where the in-
tensity is driven by the unobserved Markovian factor process as well. This leads to a more
realistic modeling for many practical situations, like in markets with liquidity restrictions;
on the other hand it considerably complicates the problem to the pointy that traditional
methodologies cannot be directly applied. The approach presented here is specific to the
log-utility. For power utilities a different approach is presented in the companion paper [8].
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1 Introduction

Among the optimization problems in finance, portfolio optimization is one of the first and most
important problems. A classical formulation for this problem is the maximization of expected
utility from terminal wealth. In the paper we consider this classical portfolio problem with
the log-utility function (the power utility function is studied in the companion paper ([8]).
What is novel in this paper is the market model, which implies that even for the classical
portfolio optimization problem the standard approaches such as Dynamic Programming and
convex duality cannot be directly applied and a novel approach is required. Our market model
is first of all of the regime-switching type where the factor process that specifies the regime
may not be fully observable. This is still a relatively classical situation, for which one may use
techniques from stochastic control under incomplete information. In fact, various papers have
appeared in such a context and here we just mention some of the most recent ones that also
summarize previous work in the area, more precisely [2], [16], [20]. The main novelty of our
model is however given by the fact that the prices S}, or equivalently their logarithmic values
X} := log S!, of the risky assets in which one invests are supposed to be observable only at
discrete random points in time 7g, 71,72, --, where the associated counting process is a Cox
process (see e.g. [3], [11]) with intensity that depends on the same factor process that specifies
the regime for the price evolution model. Such models are in fact relevant in financial applications
since (see e.g. [7], [4], [17], [18]), especially on small time scales, prices do not vary continuously,
but rather change and are observed only at discrete random points in time that correspond to
the time instants when significant new information is absorbed by the market and/or market
makers update their quotes. This setting leads to a stochastic control problem with incomplete
information and observations given by a Cox process.

A classical approach to incomplete observation control problems is to first transform the
problem into a so-called separated problem, where the unobservable part of the state is replaced
by its conditional distribution. This requires to solve first the associated filtering problem, which
already is non-standard and has been solved recently in [4] (see also [5]). Our major contribution
here is on the control part of the separated problem that is approached in a non classical way. In
particular we shall restrict the investment strategies to be rebalanced only at the random times
T, where prices are observed. Although slightly less general from a theoretical point of view,
restricting trading to discrete, in particular random times, is quite realistic in finance, where in
practice one cannot rebalance a portfolio continuously: think of the case with transaction costs
or with liquidity restrictions (in this latter context see e.g. [9], [10], [14], [17], [18], [19] where
the authors consider illiquid markets, partly also with regime switching models as in this paper,
but under complete information).

In the companion paper [8] we study the case of a power utility, for the solution of which
one cannot simply carry over the approach that we develop here for the log-utility case, even if
there are close analogies between the two approaches. In other words, for our nonclassical setup
the approach that one has to use may depend on the specific case.

In section 2 we give a more precise definition of the model and of the investment strategy
and specify the objective function. Section 3 deals with the associated filtering problem, while
the specific control problem is then studied in section 4, where the first two subsections concern
preliminary and auxiliary notions and results, while the main result is presented in subsection
4.3.



2 Market model and objective

2.1 Introductory remarks

As mentioned in the general Introduction, we consider here the problem of maximization of
expected log-utility from terminal wealth, when the dynamics of the prices of the risky assets
in which one invests are of the usual diffusion type but with the coefficients in the dynamics
depending on an unobservable finite-state Markovian factor process (regime-switching model).
In addition it is assumed that the risky asset prices S}, or equivalently their logarithmic values
Z} := log S}, are observed only at random times 7o, 71,--- for which the associated counting
process forms a Cox process with an intensity n(6;) that also depends on the unobservable
factor process 6.

2.2 The market model and preliminary notations

Let 6; be the hidden finite state Markovian factor process. With @ denoting its transition
intensity matrix (QQ—matrix) its dynamics are given by

do; = Q*tht + dM;, 0y = €. (21)

where M; is a jump-martingale on a given filtered probability  space
(Q,F,F, P). If N is the number of possible values of ;, we may without loss of generality
take as its state space the set E = {ej,...,en}, where ¢; is a unit vector for each i =1,..., N
(see [6]).
The evolution of 6; may also be characterized by the process m; given by the state probability
vector that takes values in the set
N
Sy={reR¥|) n'=1,0<7"<1,i=12,... N} (2.2)
i=1
namely the set of all probability measures on E and we have 7§ = P(£ = ¢;). Denoting by M(E)

the set of all finite nonnegative measures on F, it follows that Sy € M(E). In our study it will
be convenient to consider on M(FE) the Hilbert metric dg(m, 7) defined (see [1] [12] [13]) by
_ w(A) 7(A)
dg(m,7):=log( sup ——= sup ——=). (2.3)
#(A)>0,ACE T(A) m(A)>0,ACE m(A)
Notice that, while dg is only a pseudo-metric on M(FE), it is a metric on Sy ([1]).

In our market we consider m risky assets, for which the price processes S* = (Sf)tzo,i =
1,...,m are supposed to satisfy

S} = Si{r'(61)dt + > o'(0,)dB7}. (2.4)

for given coefficients r¢(#) and a}(@) and with Bg (j =1,---,m) independent (F;, P)—Wiener
processes. Letting X; := log S, by 1t6’s formula we have

Xi = Xo + /O tr(Gs) — d(o0*(0,))ds + /O t(;(es)st, (2.5)
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where by  d(oo*(#)) we  denote the diagonal matrix  d(co*(0)) =
((00*)H(0),...,5(00*)™™(6)). As usual there is also a locally non-risky asset (bond) with
price SY satisfying

dsp = roSYdt (2.6)

where g stands for the short rate of interest. In the interest of generality we shall also make use
of discounted asset prices, namely

Si= S—g, with X :=log S; (2.7)
t
for which, by It6’s formula
dS} = S{{(r'(6;) — ro)dt + > o'(0,)dB]}, (2.8)
J
dX] = {r'(0;) — ro — d(c0™(0,))" }dt + Y o(0)dB]. (2.9)
j=1

As already mentioned, the asset prices and thus also their logarithms are observed only
at random times 19,71, 72,... and we shall put X, = (X,%,...,X,Z”) with X} := Xﬁk, (1 =

1,---,m; k € N). The observations are thus given by the sequence (7%, X )ren that forms a
multivariate marked point process with counting measure

p(dt, dz) = 1, co0(r, x,3 (t 2)dtdz. (2.10)
k

The corresponding counting process Ay = fo me (dt, dx) is supposed to be a Cox process with

intensity n(6;), i.e. Ay — fo s)ds is an (F;, P)— martingale. We consider two sub-filtrations
related to (7, Xk)keN namely

Gt :=FoVo{u((0,s] x B) : s <t,B € B(R™)},
(2.11)
gk = fO \Y 0-{7—07X0)7—1’ X17T27X2’ s 7Tk’Xk}'

In our development below we shall often make use of the following notations. For the condi-
tional (on F?) mean and variance of X; — X} we set

mi(t) = [} [r(6s) —rol — d(oo*(0s))]ds,

t (2.12)
alt) = 5 00" (0s)ds
and, for z € R™, we set
Phoa(z) ~ N(zimi(t), of(t)) (2.13)

namely the joint conditional (on F?) density of X, — X.



2.3 Investment strategies, portfolios, objective

As mentioned in the Introduction, since observations take place at random time points 75, we
shall consider investment strategies that are rebalanced only at those same time points 7.

Let N/ be the number of assets of type 4 held in the portfolio at time ¢, Nf = 37, 1, -y (t) N, .
The wealth process is defined by
m
Vii=> NS
i=0
Consider then the investment ratios o
NiSi
‘/% )

and set h} := hik. The set of admissible investment ratios is given by

hl =

Hyoo={(hY, ..., R b  + R+ ...+ ™ <1,0<h'i=1,2,...,m}, (2.14)
i.e. no shortselling is allowed and notice that H,, is bounded and closed. Put h = (h,---  h™).
Analogously to [15] define next a function v : R™ x H,, — H,, by
v(z,h) = — exp(z') i=1,,...,m. (2.15)
14 Y hi(exp(z?) — 1)
i=1
Noticing that IV, is constant on |1y, Tx+1), for i = 1,...,m, and t € [1, Tk+1) let
Bioo— NiSi NS
t 2ito NiSy izo NS
L NISISUSL  _ WSiSL _ hSY/Sesi/si
Do NiSiSi/Sy  XilomSi/Sy  Xilo hiSR/SY S/ S, 916
h, exp()sz)?,i) _ ht, eXP(szi*Xli) ( . )

M+ 3 hexp(Rj=Xf) 143 b (exp(Kj—X})-1)
= (X — Xp, hg).
The set of admissible strategies A is defined by
A= {h )20l € Hpn, G m’ble for all k > 0}. (2.17)
Furthermore, for n > 0, we let
A" = {h € Alhpti = hr,,,— forall i > 1}. (2.18)
Notice that, by the definition of A", for all k> 1, h € A" we have
ek = Mo
N .St N} p1S)

= n+k~n+k o n+k—1~n+k
Zz’:O Nn+kSn+k Zz:o Nn+kSn+k

<~ Nn+k = Nn—l—k—l'



Therefore, for k> 1

Nn+k - Nn
and
AcAtc. A" Cc A C A (2.19)
Remark 2.1. Notice that, for a given finite sequence of investment ratios hg, hy,--- , hy such

that hy is an Gp—measurable, H,,—valued random variable for k < n, there exists () e A"
such that h,g") = hg, k = 0,--- ,n. Indeed, if Ny is constant on [r,,T), then for hy we have

hy = v(X; — X, hy), Vt > 7. Therefore, by setting h§n) = hy, £ = 0,---,n, and hgfgk =

hyp vk, kK =1,2,--- | since the vector process Sy and the vector function v(-, hy) are continuous,

we see that hgfgk =h; g k=1,2,---.

Finally, considering only self-financing portfolios, for their value process we have the dynam-
ics
d‘/;f * *
7 = [7’0 + ht {T(et) — ’f'()].}]dt + ht0(0t>dBt- (220)
t
Problem: Given a finite planning horizon 7' > 0, our problem of maximization of expected

terminal log-utility consists in determining

sup E[log V| = 0,79 = 7]
heA

as well as an optimal maximizing strategy heA

3 Filtering

As mentioned in the Introduction, the usual approach to stochastic control problems under
incomplete information is to first transform them into a so-called separated problem, where the
unobservable part of the state is replaced by its conditional (filter) distribution. This implies
that we first have to study this conditional distribution and its (Markovian) dynamics, i.e. we
have to study the associated filtering problem.

The filtering problem for our specific case, where the observations are given by a Cox process
with intensity expressed as a function of the unobserved state, has been studied in [4] (see also
[5]). In the first subsection 3.1 we therefore summarize the main results from [4] in view of their
use in our control problem in section 4. In subsection 3.2 we present further results for our
specific case.

3.1 General Filtering Equation

Recalling the definition of p?(2) in (2.13) and putting

t

qbe(Tk,t) = n(@t)exp(/ n(fs)ds), (3.1)

Tk

for a given function f(6) we let

Vil fst,z) = E[f (005, o(z — X)¢" (k1) 0 {07, } V Gi] (3.2)



Dl fit) = / (st 2)da = B (008" (i, D]o {0, } V Gl (3.3)

m(f) = E[f(61)|G:] (3.4)
with ensuing obvious meanings of 7., (¥x(f;t,vy)) and 7, (¥r(f;t)) where we consider 9y (f;, )
and 1, (f;t) as functions of 6., . The process 7:(f) is called the filter process for f(6y).

We have (see Lemma 4.1 in [4])

Lemma 3.1. The compensator of the random measure p(dt,dy) in (2.10) on the o -algebra
P(G) = P(G) @ B(R™) with P(G) the predictable o -algebra on  x [0,00), is given by the
following nonnegative random measure

Ty, (¢k§1, t, y))
S T (1, 8))ds

v(dt,dy) => i 7(1) dtdy. (3.5)
k

The main filtering result is the following (see Theorem 4.1 in [4]).

Theorem 3.1. For any bounded function f(0), the differential of the optimal filter m(f) is
given by

dmi(f) = m(Lf)dt
7o (Y (3, (3.6)
ok U (Db = mu ()] — v) (dt, dy),
where L is the generator of the Markov process 0y (namely L = Q).
Corollary 3.1. We have

Tr, (wk(fv t, .%'))
Tr (f) = =5 (3.7)
k1 o, (Vi (15 t, ) N
Recall that in our setting 6; is an N-state Markov chain with state space E = {e1,...,en},
where e; is a unit vector for each ¢ = 1,...,N. One may then write f(6;) = f(ei)1e,(0:).
Fori=1,...,N let 7} = m(1,(6;)) and
t
rji(t, z) = E[exp(/ —n(6s)ds)pf4(2)|60 = ¢;,6: = eil, (3.8)
0
pji(t) = P(Qt = ei‘eo = ej) (3.9)
and, noticing that m; € Sy, define the function M : [0,00) x R™ x Sy — Sy by
i X n(ed)rji(t,m)pyi(t)w
Mt z,m) = e Gaps (3.10)
M(t,z,m) = (M(t,z,m), M*(t,z,7),..., MM (t,z,7)). (3.11)
For ACFE
N .
M(t,z,m)(A) =Y  M'(t,2,m)1{,cay (3.12)

=1

The following corollary will be useful



Corollary 3.2. For the generic i-th state one has
1 = M (Thyr — i, Xy — X, mp) (3.13)
and the process {1y, 7, Xk}?:l is a Markov process with respect to Gy,.

Proof. The representation (3.13) and the fact that {7, 71, X3} is a Gy—adapted discrete stochas-
tic processes on [0,00) x Sy x R™ follow immediately from Corollary 3.1 and the preceding
definitions. For the Markov property we calculate

P(Tpy1 < t, Xpp1 < 2|Gr) = E[P(thp1 < t,Xps1 < x|Gi V F?)|Gi]
= E[[f} P(X, < x|G,V F)n(0s) exp(— [ n(6.)du)ds|Gy]
= fm JE oo Pris(z = Xi)n(05) exp(— [7 n(0,)du)dsdz|Gy)
= [0 %: n(ei)ri(s — 7h, 2 — Xp)pji(s — 1)l dsdz,

and for any bounded measurable function g on [0,00) x Sy x R™ it then follows that

E[g(Tis1, Tt 1, Xiy1)|G)
= Elg(ret1, M (i1 — 7y Xiy1 — X, ), Xiot1)|Gr]
= E[E[g(Thi1, M(Thpr — Thy X1 — X, 7)), X 1)|G (k) V F) |Gy
= B[ Elg(t, M(t — 7, X; — Xi, mi), Xe)n(0) exp(— [ n(05)ds)|Gr, V F0]dt|Gy]

= ka me g(t, M(t — 1, x — Xk, k), X) Zij n(e;)rji(t — 1, — Xk)pji( Tk)wkdazdt

where the last equation depends only on {7y, 7, X %+ thus implying the Markov property. ]

3.2 Further results

In view of the further results in this section we define an operator on M(E) as follows
Ki(t,a)m =Y n(e;)rji(t, x)pji(t)m. (3.14)
J
K(t,z)m :== (KY(t, z)m, K*(t, x)7, ..., KN (t,2)7). (3.15)
For t € [0,00), z € R™, K'(t,x) is a positive linear operator on M(E). For A C E set

N
K(t,x)m(A) =Y K'(t,z)mlecay. (3.16)
i=1
By the definition of M(t,z, ) and K'(t,z)w, setting (¢, z,7) := >, K'(t,z)m,
for t€[0,00), x € R™, m € M(FE) we have

1

Mi(t,z,m) = wlt )

Ki(t,x)m . (3.17)
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By the definition of the Hilbert metric dg(-,-), for ¢t € [0,00), x € R™, 7,7 € M(F) we then
have

dg(M(t,x,7), M(t,x,7)) = log(sup %giggﬁg sup %Eiiggﬁ;)
L__K(t,x)r(A) L__K(t,x)7(A)
. r(t,x,m) r(t,x,7)
= loglowp T R TP Lk Kor ) (31)

K(t,x)w(A
) U Reiyaca))
t

Applying [1], Lemma 3.8 in [12] and Theorem 1.1 in [13] , for the positive linear operator K on
M(E) it then follows that

Ay (M(t,z,7), M(t,2,7)) = dp (K (t,2)7, K(t,2)7) < dpg (m, 7) (3.19)

for t € [0,00), z € R™, m, 7 € Sy. By Lemma 3.6 in [12] , for Vr, 7 € Sy we also have

2
|m — 7|y < @dH(ﬂ',ﬁ'), (3.20)

where || - ||7v is the total variation on Sy.

We finally introduce a metric on [0,00) x Sy x H,, by

|t =t + dp(m,7) + > |n' = R (3.21)
=1

for (t, m, h),(t, @, h) € [0,00) x Sy x H,, and considering the state space
¥ :=[0,00) x Sn, (3.22)
let Cpip(2) be the set of bounded and Lipschitz continuous functions on ¥ to R with norm

lgll :=mazzes | g(z) | (3.23)

We shall now show that, for Vg € Cj;,,(X), the operator

Jg(7, )
= fTT Jam 9t M(t =7, 2,m)) 32, n(ei)rji(t — 7, 2)pji(t — 7)n! dzdt (3.24)
= Elg(n,m)l{7 <ryl0 = 7, M0 = 7],
where M is defined in (3.10)-(3.11), takes values in Cj 3, (X), namely J : Cp1;p(3) — Ch1ip(2).
First we have

Lemma 3.2. J is a contraction operator on Cy1;,(X) with contraction constant ¢ :==1— e <

1, where n := maxn(f) = max; n(e;).



Proof. For Vg € Cpip(2)
| Jg(t,m) | = | Elg(r1, M)l <ry|T0 = t, 7m0 = 7] |

IA

El g(m1,m) | Y7, <1y|T0 = t, 7m0 = 7]
lgl[P(m1 < T|mo =t)

gl E[(1 — exp(— [, n(6;)dt

lg[l(1 = exp(—n(T — t)))

IN

and so
[Tgll < cllgl (3.25)

with ¢ as specified in the statement. ]

Proposition 3.1. The operator J in (3.24) is an operator
I Cip(E) = Corip(X)

Proof. Let us first prove that Jg(t, ) is Lipschitz continuous with respect to t. By assumption,
for all g € Cp15p(2),there exists a constant Cy s.t

lg(r, ) — g(7,m)| < Cy|T — 7|, (3.26)
lg(m,7) — g(7,7)| < Cydp(m, ). (3.27)

We change variables from ¢ to ¢t + 7,
T—1
) = / / gt + 7, M(t,2,m) S nlen)rsilt, 2)psi(t)rdedt. (3.28)
0 m —
)
We then have
|Jg(T7 71') - Jg(i—u 7T)|
= [ J7T Jm 9+ 7, M (8, 2,m) 5 nlen)rilt, 2)psi () dzdt]
H fy 7 fam{g(t+ T M(t, 2,m) = g(t+ 7, M(t, 2,m))}
i nle)rji(t, 2)pji(t)ml dzdt| (3.29)

Allgllr =71+ 1Clllr =71 | fo 7 Jam iy nlearsalt, 2)pja(t)ni dzdt|
= allglllr =7+ [|Cylllm = 7IP(m1 < Tlro = 7,70 = )

IN

< allgllfr =71+ el Colllm — 7.
Next, let us prove that Jg(t, ) is Lipschitz continuous with respect to .
[ Jg(7,m) = Jg(7,7)]

< o T Jamlo(t, M(t, 2,m)) — g(t, M(t 2, 7))} 35 nlen)rilt, 2)pi (t)n) dzdt|
+ |f0 me (t, M(t,z,7)) Zij n(e;)rji(t, 2)p;i(t)(7) — 77)dzdt|
| f(;f_ Jam HCgH%dH(M(t, z,m), M(t,z,7)) >, n(e)rji(t, 2)pji(t)midzdt|
+ |9l gzzdm (m, 7 P(1 < Tlro = 7)
< cpagtlCylld(m, 7) + llgllde (w, 7))},

(3.30)

IN
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4 The Control Problem/Log-utility

Recall from (2.20) that the value process of a self financing portfolio satisfies

dv;
7: = [ro + hy{r(6:) — rol}ldt + hio(6:)dB;. (4.1)

We have by It6’s formula

log Vp =logvy + [ hio(6:)dB, w2
+ o + B{r(6:) — rol} — Lhiao™(6,)hydt.

Put
F(O. 1) = 1o+ W {r(0) — ro1} — %h*ao*(G)h (4.3)

and notice that this function f(-) is bounded under our assumptions. The expected log-utility
of terminal wealth then becomes

T
E[IOgVT’TO :0,71'0 :7['] zlogvo—i-E[/ f(@t,ht)dt‘T():O,ﬂ'o :71'] (4.4)
0

and, as mentioned in section 2.3 we want to consider the problem of maximization of expected
terminal log-utility, namely

sup E[log Vr|mo = 0,19 = 7]
heA

4.1 Preliminary definitions and properties
Definition 4.1. Let C (7,7, h) be defined by
C’(T,ﬂ, h) = FE] tTAT f(Os, hg)ds|To = t,mo = 7]

= fTT Jrm Z fleiy(z, h))rji(t — 7, 2)pji(t — 7)) dadt. (4.5)
0.

where 7(:1:7 h) = [Vl(xl) h)) e 7,ym(xm’ h)]
Lemma 4.1.

(i) For the function defined by (4.3), we have the following equation

T
E[/ F(Os, h)dsio =t = 7] = B[S Ol m i) Lyl = timo = 7). (46)
t k

(i) C is a bounded and continuous function on [0,T] x Sy X Hy,.
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For the proof see the Appendix.
Corollary 4.1.
(i) There exists a Borel function h(r, ) such that SUPpef, C(r,m,h) = C(r,m, h(r,7)).

(ii) the function X
C(t,m) := sup C(t,m, h). (4.7)
heHm,

is Lipschitz continuous with respect to t, 7 in the metric introduced in (3.21).

Proof. H,, is compact and C (j', 7, h) is a bounded continuous function on [0, T] x Sy x H,,; there
exists then a Borel function h(7,7) such that (4.7) holds. Furthermore, C(t, 7, h) is uniformly

Lipschitz continuous with respect to t, .
O

Definition 4.2. For given initial data (19 = t, 79 = ™), where we now start at a generic time t,
consider the following value function for h € A

W(t,m, h.) = ft f(Os,hs)ds|mo =t, mo = 7]
. (4.8)
= [ C(Tk,ﬂk,hk)l{Tk<T}‘7'0:t, Ty = 7M.
and define
W(t,m) = supW(t,m, h.)
he A
T
= supk Os,hs)ds|tg =t, mg =7
sup [ f(0s, hs)ds|mo 0 =] (4.9)
= sup B ZC (Tks Ts i) Liro <y |70 = £, 0 = 7],
hed 1
Wn(t,m) = sup W(t,m, h.)
he An
T
= sup E/ f(Os,hs)ds|To=1t, mo=m
sup B[ (05, hs)as | (4.10)
= sup B[ C(r, ™, hie)Lmoerylm0 = t, ™0 = 7).
heAn (=
where A™ was defined in (2.18)
Lemma 4.2. For all n>0 and h € A", we have the following equation
W(t77T7h - Tk‘)ﬂ-kvhk 1 7.<T
Z M) (4.11)

+ f f(Os,~ X — X, hn )dsl, <rylmo =t, mo = 7.
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Proof. Fix n > 0. Recall the definition
" Zz =0 NZ SZ
Since S} is continuous and V; satisfies the self-financing condition, we obtain
N:_,S. _ NZ S, NS,
‘/:rn_ Vn ZZ 0 N’L SZ

( —
W=

Using (2.16), (2.18), for all k > 1,h € A"* t € 1,11, T], one furthermore has

. . ~ ~ Sl
h% = 'Yl(Xt - Xn—i—ka hn+k) = n;rvlcl+ksi
B NiSi  NiSiSi/Si pisi/si
T XL NASE T XL NaShSH/Sh T Ko hhSi/ S
Therefore, using lemma 4.1(i) for h € A"
n—1 TATk41 _ ~
Witmh) = BIY [ f0.9( - Khi)dsln <y

k=n"Tk
n—1

= B C(th, ks i) Ly <1}
k=0

Corollary 4.2. Forn >0, t € [0,T], m € Sy we have the following equation

Wn(t,m) = sup E|

1
C(Thy Thy hk) L <1y
heAr 5

+ an f(0s,7(Xs — X, by ))dslr, <ylmo =t, mo = 7

13
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4.2 Further auxiliary notions and results

In view of computing the optimal value and the optimal controls we introduce now the following
notions and results.

Lemma 4.3. Set -
Wi=> JtC (4.14)
k=0

where C(t,m) is defined in Corollary 4.1 and J is defined in (3.24).

(i) We have the following equation

W(t,n) =C(t,7) + JW(t, ) (4.15)

(i) W (t, ) is bounded and Lipschitz continuous with respect to t, .

Proof. Let us first prove (7). Because of Lemma 3.2, we see that (4.14) is a Neumann series and
so (I — J)~!is defined and

I-0)t=>"Jk (4.16)
k=0
Therefore
W=>U-J)"tC (4.17)
SW=C+JW (4.18)

Next, we prove (ii). By Proposition 3.1 and Corollary 4.1, J"C(¢t, ) is, Vn, Lipschitz continuous
n
with respect to ¢, 7. By (), lim || Z JEC — W || = 0. Therefore W is Lipschitz continuous with
n—oo
k=0
respect to t, . ]

Definition 4.3. We now define for h € H,,
~ T
WO(t,m, h) = E[/ f(Os,v(Zs,h))ds|mo =t, mo = 7] (4.19)
t

where Zg := Xs — Xt. Furthermore, let

WO(t,7) := max W°(t,,h), (4.20)
heH
and, forn > 1 B -
Wn(t,m) = CO(t,m)+JW" (¢, 7)
nl _ 4.21
= > JHC(tm) + WO, ). (4.21)
k=0

Remark 4.1. The function WO(t,m, h) in (4.19) is bounded and continuous with respect to
t,m, h. This follows by an analogous proof as in Lemma 4.1(ii).
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Lemma 4.4.

(i) We have the following equation
n—1
W (t,7) = EY_ C(rh, m) L rp<ry + WO (T, ) 1<y |70 = £, 70 = 7). (4.22)
k=0
(i) For any ¢ > 0, we set n. := (log(1 — ¢) + loge — log |[W?! — WP||)/logc, where c is the
contraction constant defined in Lemma 3.2. For all n > n.,

W —W"|| < e (4.23)
Proof. We prove (i). For n > 1
{1 < T} D {mn < T}. (4.24)
Therefore,
1{Tn—1<T}1{Tn<T} = 1{Tn<T}' (4.25)

For all g € Cy([0,T] x Sn) and n > 0, we have
Elg(1n, ™)1z, <y 0 = t, M0 = 7]
= Elg(n, ™) s, 1<1}l{ma<r}T0 = t, M0 = 7] (4.26)
= E[E[9(Tn: ™) (s, <1} |Gn—1]1(7, <1} |T0 = t, M0 = 7].
Since (see (3.24))
Elg(Tn, ™) s, <1} 1Gn—1]

T .
= [o  Jem 9t M(t — 71,2, 7)) Z n(eq)rji(t = o1, 2)pji(t = T—1)my, g dzdt (4 97)
ij
= Jg(Tnflaﬂ-nfl)y
we have (see always (3.24))

Elg(rn, )Lz, <ylo = t.m0 = 7] = E[J9(Tn—1,Tn-1)lir,_,<1y|70 = t, 70 = 7] (4.28)
= Jg(t, ).
We then obtain
n—1
_ B k .
Wn(t,m) = kz_o JEC(t,m) + J"WO(t, ) (4.29)
= B[00 Ot )l ry <1y + WO T, ) <y |70 = £, 7o = 7).
Next, we prove (ii). For any n,
W =W = | im W = dim [
k-1 e
< lm ; W W < | Z;C (4.30)

o0
< -0 Y =
1=0

s 50
s LA}
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Lemma 4.5. For all n > 0, we have the equality

W"(t,m) = W"(t, ). (4.31)
Proof. By Corollary 4.2, for all n > 0
n—1
Wn(t,ﬂ' = sup E Tk,ﬂ'k,hk 1 T <T
heAr z;) (<t (4.32)

+ an f 937 V(XS Xn7 hn))d51{7n<T}|7—0 = ta ™ = 77]'

Since H,, is compact and W%(7, 7, h) is a bounded continuous function on [0, 7] x Sy x Hyp,
there exists a Borel function w(7,7) such that sup,cz WO(r,m, h) = WO(r, m,w(r, 7)) . Fur-
thermore, by Corollary 4.1(i) there exists a Borel function h(r, 7) such that SUPpeq,, C(r,m, h) =
C(r,m, h(r,)) holds. For n > 0, we define the strategy

iLk ::iL(Tk,Wk), OSkSTl,—l
i := w(Th, Tn), k=n (4.33)

hy = V(X b (h—n) — X, Bn)a k> mn.

By definition of {ilkz}keN, we have {ilk:}keN € A". Using Lemma 4.4(i) and Lemma 4.2, for
n>0,tel0,T),r €Sy

i
L

Wn(t,7) = E]| C’(Tk,ﬂ'k,ilk)l{.,-k<T}

+

< sup F (T Tk, i) L <1
hedn kz {Tk }

o
[e=]

39

f(0s, (Xs - Xn: Bn))d31{rn<T}|7'0 =t,mo = 7|
(4.34)

+ an f(0s, (X5 — X, by )dslyr, <ry|T0 = t, 0 = 7]
= W"(t,n).
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Using again Lemma 4.2, (74) and Lemma 4.4(i), for all n > 0,h € A", t € [0,T],7 € Sy

7
L

W(t,ﬂ',h.) = E[ O(Tkawkahk)l{Tk<T}
k=0

+ fT f(HSa'V(Xs - Xm hn))d51{7n<T}|7'0 =t,my = 7]

= E| C’(Tk,ﬂ'k, hi)lir.<1y|T0 = t, M0 = 7]

=0 (4.35)
+ E[WO(1,, mp, hn)lir,<}T0 = t, ™0 = 7]

n—1
< E[Z C (7, Tk) {7, <1} |T0 = t, M0 = 7]
k=0
+ E[WO(Tn,Wn)l{Tn<T}|7‘0 =t,mo = 7|
= W"(t,n).
Therefore, we have
W"(t,7) = sup W(t, 7, h.) < W"(t, ). (4.36)
heA™
and so we obtain for all n >0 )
W"(t,m) = W"(t, ). (4.37)
O

Lemma 4.6. Forn >0, we have the estimate
W"(t,m) < Wt 7) < W(t,m) < W(t, ). (4.38)
Proof. By the definition of A", for n > 0, A" c A1 C A, hence,

sup W(t,m, h.) < sup W(t,m h.) <sup W(t,x, h.). (4.39)
heAn heAnt1 heA

By the definition of W™ (¢, ) and W (¢, )
Wn(t,m) < Wt m) < W(t, 7). (4.40)

Using Lemma 4.5, for n,m >0

Wn(t,m) < W™ (¢, ) < W(t, w). (4.41)

Letting m — oo
W™(t,7) < W(t,m) < W(t, ). (4.42)
O

Lemma 4.7. The following estimate holds
W(t, ) < W(t, ) (4.43)

fort €[0,T],Vm € Sn.
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Proof. For h € A, we have

M8

W(t,m,h.) = E| C’(Tk,ﬂ'k, hi)lir.<1y|T0 = t, 70 = 7]

k=0
n—1
= E[) Otk hig)1ir <y |70 = t, M0 = 7]
k=0
Z Tkyﬂ—ka hk I{Tk<T}‘T0 - t ™ = 7T] (444)
k=n
n—1
— [ C(Tk‘yﬂ-kahk)l{Tk<T} +/ f sy Y (X Xn,h ))dSI{Tn<T}
k=0

f Y(Xs — Xy hn )dslir,<ylT0 = t, M0 = 7
+ E[W(Tn,ﬂ'n, h )1z, <1370 = t, 7m0 = 7.

We have the estimate

Z Tkvﬂ-kw hk 1{7'k<T} + / f sy 7Y (XS - Xna hn))d81{7n<T}|7—0 = ta ™ = ﬂ-]
k=0

IN

n—1
hsuj) E Z Tk,ﬂ'k,hk 1{Tk<T} +/ f sy 7Y (X Xn,h ))dSl{T <T}‘7—0 —t 0 —71']
€A k=0

= Wt m) =W"(t,m),
(4.45)
where we have used the representation of W" (¢, 7) in Corollary 4.2 (equation (4.13)) and Lemma
4.5. Furthermore

T
E] / F(00A(Xy — Ko b))t Ly, <y |70 = £, 7m0 = 7]
<

BT 100 1K~ Ko, )t cylro = £, 7m0 = 7 19
< FIEUT = 7)1z, <rylT0 = t,mo = 7] < | fITP (7 < Tlro = 1).
Finally
[EW (7, Tn, h)l iz, <im0 = £, mo = 7| < [FIE(T — m0)1ir, <1y |70 = £, 70 = 7] (4.47)
< FITP(rn < Tlmo = 1)
Therefore, we obtain
W(t,m, h.) <W"(t, )+ 2| fI|TP(r, < T|ro = t) (4.48)
for all h € A . Letting n — oo, )
W(t,m, h.) < W(t,) (4.49)
forall he A. O
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4.3

Main result

From the previous lemmas we obtain now the main result of this section, namely a Dynamic
Programming-type approach to solve the log-utility maximization problem.

(i)

(i)

(iii)

Theorem 4.1.

Approximation theorem :
For any € > 0,n > n,, B
W — ™| < e. (4.50)

Where, ne is the constant defined in Lemma 4.4(ii) and W™ are computed recursively
according to (4.20) and (4.21).

Dynamic programming principle : for any n > 0

W(t,ﬂ') = sup E[Z C(Tk7ﬂkahk>1{7k<T}

heAr i (4.51)

AW (Tnt1: Tt 1) 7,y <1y [T0 = t, M0 = 7]

Optimal value and optimal strateqy for the Log Utility Mazximization Problem : for the
utility maximization under the initial conditions Vo = vg, 719 = 0, m9 = ™ we have

T
sup Ellog V|9 = 0, m9 = 7| = log vg + sup E[/ f(Or, hy)dt|To = 0,19 = 7]
heA heA 0

= logvo -+ C(O,TI’) -+ 220:1 E[C’(Tk,ﬂ’k,ilk)l{m<ff}‘7'o = 0,71'0 = 7T],

(4.52)

where N o o
hy =" (Xt — Xi, bie), e <t < T (4.53)
with hy, defined in Corollary 4.1, namely SUDpef,, C(r,m, h) = C(r, 7, h(r,7)) and hy, =

~

(T, 7z, ).

Proof. Let us first prove (7). By Lemma 4.6 and Lemma 4.7,

W(t,7) = W(t, ). (4.54)

Therefore, applying Lemma 4.4(ii) one obtains

(W —W"| <e. (4.55)

Next, let us prove (i7). By (4.54), (4.15), (4.28) and by Corollary 4.1

W(t,m) = W(tx) =Y JC+ Wt
k=0
= B C(timi) Lnyry + W (Tni1, ng1) Ly <1y 70 = t,m0 = 7]
k=0

n
= s B C(rh T i) Lmpcry + W (Tngt, T 1)Ly <1y [0 = £, 70 = 7]
k=0

(4.56)
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Finally, (ii7) is an immediate consequence of (4.4), Lemma 4.1 and Lemma 4.5 and its proof. [

5 Appendix

Proof of Lemma 4.1.

Proof of statement (i). It follows from the two lemmas shown below.

Lemma 5.1. We have the following representation,

E[f1(01, X)L 1<r,,111Gk]
f(Os, he)|Ge] 1ir» s 5.1
PRI = 2 N =51l >0
where, 3
Proof. Any Gy—adapted process Z; has the following representation ([3])
Z ]‘]Tk Tk+1 ) + Z 1]7-00,00[( ) (52)

k>0

where Zj(t) is G ® B(R; )-measurable. Under our assumptions, for all ¢ > 0, limy,—co 17, <t} =

0.Therefore,
- Z 1]Tk77'k+1](t)Zk?(t) (53)
k>0

The result now follows by noticing that

E[E[f(0:,h)|Ge)Z2] = E[f (6, he) Zy]
= E[f(0:h) Y jry ] () Z5(1)]
k>0
= ZE F O i)l p<r, MGk {7, <ty Zi ()]
k>0 - ]
{t§7k+1} k)
= S BB 0r, h) L gpen, . |Gk o= Iz
kz>0 t t {t< + }‘ k]E[l{t§7k+l}|gk] { <t} k( )]
E[f(0r, hi)ljp<r,, 11|k
- YE S I B (6 Z0(8)|G
kzm [ Ellgren, 7100 [N m0i0] (0) Z1: ()G ]|

- Z E[E[E[f(et7 ht)l{t37k+1}|gk]

1 ) Zy (t
E[l{tSTk+1}|gk] ]Tk’n”ﬂ( )Zi(1)|Gk]

k>0
E f 0 7h 1 T gk
= ED L] [;ht)“<gf|]zﬂ
k’ZO {tSTk+1} k

Since from (2.16) it follows that

f(0t7 ht) = Z 1 TkaTIH»l) gtv (Xt - Xk‘v hk‘))
k=0

= ZlTkka-H) fk Qtht)

k=0
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we thus obtain (5.1).

Lemma 5.2. We have the following equation

ft Hs,h dS‘To—t 7['()—71' ZC Tk;ﬂ'kyhk)l{rk<T}|7'O*t 71'0—7r].
k>0

Where, C(t,m, h) is defined by (4.5) in Definition 4.1.
Proof. For simplicity, in the following formula we shall use the notation
B[] = E[ |ro = t,m0 = 7]

Using (5.1) we have

T T
E[/ f(9s,hs)d8]—Et’“[/t E[f (6, h4)(Gu]ds]

E[fk(asa Xs)l{s<m+1} ‘gk}

= BTN N (s
K g I T E[1{8§7k+1}|gk]

ds]

[fk(e&Xs)l 8<T |gk]
= BV Z/ Jris00) () E[Lgs<ry 1} |G4] fe<ren} ds]

k>0 Ells<r, 1|9k
— B Z/ 1re00) () ELfx (05, X)L tacry 131Gk ds]
k>0
_ pi Z/ _— Ele RO 5 % )1G,1ds)
k>0
= Et 7I' Z/ 7,00 [6_ ka: Tb(eu)dufk(HS’ Xs)‘gk v U{HTk}Hgk]ds]
k>0

Since (0;, X;) is a time homogeneous Markov process, we may write
S n(8s)ds) S
E[e Tk fk(et,Xt)’gk\/O'{eTkH uf(k,hk(t_Tk’ng’Xk)’
where, recalling that f(0,z) = f(0,v(x — Xy, hy)) := f%, n, (0;2), we have defined

uy,h(ta 0,z) := Ele” by n(as)ds)fy,h(at,)zt)‘go =0, XO = zJ.
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We now have, recalling the definition of rj (¢, 2) in (3.8),
Uy, h (t, 9, l’)

Ele -y n(Os)ds)f h(et,fft)lﬁo =0,Xo= ]
Ble Jim O B[ 1,6, X1 — 2 + )\ 77, 0 = 0, Ko = |60 = 0, Xo =
Ele JomC®)a) [ f(Br 2+ 2)p 4 (2)dz|6p = 6, Xo = 4]

t ~
E[f]Rm Z 1{9t:ei,90:ej}e_ fo n(gs)dsfy,h(eh z+ x)ﬂg,t(z)d'zwo = 07 XO - .CE] ( )
ij 5.8

E[me Z 1{9t=ei,90=6j}fy:h(ei’ zZ+ (L‘)
ij
Ele=Jo (085 pf (2)]0: = €, 00 = e;]dz|00 = 0, Xo = 2]
E[Jgm 22 Lio,=er00=c;} fyn(eis 2 + 2)r5(t, 2)dz|0 = 0, Xo = 1]
ij

Jgm > Jynlei 2+ @)rji(t, 2)pji(t) 1 {p=e; dz
ij

On the other hand

Ele 5" %% (6, X,)|Gr v 0 {65, }]
= uf(k,hk( _Tk’eTkvXk) (5.9)

= Jam 2 frles 2+ Xi)rji(t — 7, 2)pji(t — )10, —,1d2
ij

Using (5.9) in (5.5) we finally have

T
Pl / (05, hy)ds]

EATIE() / o) (8)Ele "0 (6, X)1G v {61, 11 Guds]

k>0
E“r Zl{rk<T}/ / ka 6“2’ +Xk sz( - Tk, )pﬂ(s - Tk)
k>0
STRVAIATS
EbT| Zl{rk<T}/ / ka 6272+Xk )ji(s — T, 2)pji(s — 71) (5.10)

k>0
[1{97 :ej} ]gk]dzds]

Bt Zl{Tk<T}/ /ank ei 2 + Xp, )rii(s — T, 2)pji(s —Tk)widzds]

k>0

Et7r Zl{Tk<T}/ / Zf 6“ Z hk T]Z( — Tk, )pﬂ( —Tk)ﬂ'idzds]

k>0

B> C (o, Ty i) L <1y
k>0

22



Proof of statement (ii) of Lemma 4.1.

We start by proving that C (t,m,h) is Lipschitz continuous with respect to .

~

C(t,m,h) = ftT Jzm > f(ei,v(z, h))rji(s —t, @)pji(s — t)ymidxds
i.j

_ , (5.11)
= 77 fam > flei (@, h))rji(s, x)pji(s)m dads.
1/7]
Thus
|é(tv T, h) - CA’(E’ T, h)| = | fg:gt me Z f(eiv 7(337 h))rji(sa x)pji(s)ﬂ-jdlids‘
i (5.12)
< [IfIIe =1,
where || f[| := sup.cp nem,, [f(e,h)||. Next, let us prove that C(t,,h) is Lipschitz continuous
with respect to 7 (in the metric introduced in (3.21)).
C(t,m,h) = Ctm ) = | f) " fam > fleisy(x, h))rji(s, @)pji(s) (n? — 77)dwds|
Z?]
_ _ A
< ATl = 7 = AT S, [w(er) - 7(e)] (5.13)
< ATl — 7y < 1FITe25dn(r, ),

where we have used (3.20).

Next, let us prove that C(¢,m, h) is continuous with respect to h (always in the metric
introduced in (3.21)). The function f(e;, h) is bounded and continuous with respect to h for all
i. Furthermore, v(x, h) is continuous with respect to h for all z € R™. Applying the dominated

convergence theorem, for h,, C H,,, s.t. lim h, = h € H,,
n—oo

n—oo

lim C(t, 7, hy) = fOT_t Jgm > lim flei, v(x, hn))rji(s, x)pji(s)n? dzds
i o0

= foT_t Jam 2 feis (@, R))rji(s, 2)pji(s)n! dzds (5.14)

~

= C(t,m,h).

A~

C(t,m, h) is thus continuous with respect to each of the variables ¢, w, h. However, continuity in
t,m is independent of the other variable. Hence, C'(t, 7, h) is a continuous function on [0, 7] x
S N X Flm
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