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Abstract. The standard SVM formulation for binary classification
is based on the Hinge loss function, where errors are considered not
correlated. Due to this, local information in the feature space which
can be useful to improve the prediction model is disregarded. In this
paper we address this problem by defining a generalized quadratic
loss where the co-occurrence of errors is weighted according to a
kernel similarity measure in the feature space. In particular the pro-
posed approach weights pairs of errors according to the distribution
of the related patterns in the feature space. The generalized quadratic
loss includes also target information in order to penalize errors on
pairs of patterns that are similar and of the same class. We show that
the resulting dual problem can be expressed as a hard margin SVM
in a different feature space when the co-occurrence error matrix is in-
vertible. We compare our approach against a standard SVM on some
binary classification tasks. Experimental results obtained for differ-
ent instances of the co-occurrence error matrix on these problems,
seems to show an improvement in the performance.

1 Introduction
At present Support Vector Machines ([8]) constitute the most effec-
tive method in classification and regression tasks involving numerical
features. A support vector machine jointly minimizes a combination
of a margin based loss function and a regularization term measuring
the size of the free parameters.

When considering binary classification problems, the right choice
for the loss function would be the 0/1 loss, i.e. the loss which returns
the number of classification errors. This loss, however, is difficult
to use, since it has a point of discontinuity and elsewhere has null
gradient, and so it results to be very difficult to minimize. For this
reason, a typical choice for the loss function is the Hinge loss, which
is linear for negative margins and constitutes an upper bound to the
0/1 loss. Other losses can be used according to the requirement of
the problem at hand. For example, for regression tasks, a quadratic
loss is usually preferred. In other cases, other loss functions are more
suited, such as the exponential loss or the logistic loss.

The usual approach is to fix a loss and then to use the associated
machine to perform the learning. The learning phase usually involves
a search in the hyperparameters space (eventually involving a valida-
tion set) of the machine so to optimize the final performance ([6]).

When considering an application domain where there is no a priori
knowledge about which is the right loss function to use, a typical
approach is to independently try different losses, eventually selecting
the one returning the best empirical performance.

In this paper, in the context of SVM for binary classification, we
explore an approach which tries to address two issues: i) try to take
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into account correlation between patterns, ii) try to define a family of
loss functions which takes into account the first issue.

The first issue is addressed by defining a quadratic loss on the slack
variables ξi where the cross terms ξiξj are weighted according to the
similarity between the corresponding input patterns x̄i and x̄j , i.e. we
consider the cross term Sijξiξj , where Sij is the similarity between
patterns x̄i and x̄j . The similarity value Sij is defined on the basis of
the kernel used in the SVM, so to use a metric related to the feature
space metric. We also study a generalization of this approach where
the joint target information for x̄i and x̄j is exploited to bias the
learning towards solutions where the local concentration of errors on
patterns of the same class is discouraged, i.e. we consider the cross
term Sijyiyjξiξj , where yi, yj ∈ {−1, 1} are the targets associated
to x̄i and x̄j , respectively.

The second issue is addressed introducing signed slack variables
in the objective function of the SVM model. Each ξi is considered
positive if the associated target value is 1, negative otherwise. There-
fore, considering the proposed quadratic loss and given two distinct
patterns, the SVM solution will prefer the same amount of error on
patterns of different classes versus patterns of the same class. In fact,
errors involving patterns of different classes are less penalized than
errors on patterns of the same class.

Notice that the generalized quadratic loss is convex if the similar-
ity matrix S is positive definite.

We show that using this generalized quadratic loss function in a
Support Vector Machine, the resulting dual problem can be expressed
as a hard margin SVM in a new feature space which is related to the
original feature space via the inverse of the similarity matrix S and
the target information. Thus, in order to get a well-formed dual for-
mulation we need to work with a similarity matrix which is invert-
ible. In this paper, we explore the two cases Sij = K(x̄i, x̄j), and
Sij = eK(x̄i,x̄j), using a RBF kernel for implicitly generating the
feature space. In both cases we guarantee that S is positive definite
and invertible.

We compare our approach against a standard SVM on some binary
classification tasks. The experimental results show an improvement
in the performance.

Our approach is described in Section 2, where we develop our
SVM model. In Section 3 we motivate our choices for the definition
of the similarity matrix. In Section 4 we report experimental results
of a comparison of the standard SVM with Hinge loss versus our
approach on datasets of binary classification problems, also involving
structured objects. Conclusions are drawn in Section 5.

2 SVM definition for a generalized quadratic loss

Suppose that l inputs (x̄1, y1), . . . , (x̄l, yl) are given, where x̄i ∈ Rd
are the input patterns, and yi ∈ {−1, 1} are the related target values
of our supervised binary classification problem. The SVM model



for classification with a 2-norm loss function ([2]), that we denote
QSVM, is:

minw̄,b,ξ̄
1
2
||w̄||2 + cξ̄′ξ̄

s.t.:
yi(w̄ · x̄i + b) ≥ 1 − ξi, i = 1, . . . , l

(1)

where the classification error ξ̄′ξ̄ of a feasible solution (w̄, b) is an
approximation of the true classification error

P
Θ(ξi − 1) where

Θ(x) = 0 if x < 0 and Θ(x) = 1 if x ≥ 0. Note that the non nega-
tivity constraints over ξ̄ components are redundant since the optimal
solution has ξi ≥ 0, ∀i ∈ [1..l]. The solution of (1) can be expressed
with:

h(x̄) = sign(

lX

i=1

α∗i yiK(x̄i, x̄) + b∗) (2)

where ᾱ∗ is the dual optimal solution and b∗ can be derived from the
KKT conditions.

Notice that in this formulation the errors are assumed to be inde-
pendent, while in general this assumption is not true, especially when
considering patterns that are spatially very close or more in general
very similar. Thus, if we want to weight the co-occurrence of errors
corresponding to similar patterns, we have to define a quadratic loss
that weights also all the cross terms ξiξj according to a similarity
measure for patterns x̄i and x̄j . Let S be an l × l symmetric and
positive definite similarity matrix. The SVM formulation we are in-
terested in is:

minw̄,b,ξ̄
1
2
||w̄||2 + cξ̄′Sξ̄

s.t.:
yi(w̄ · x̄i + b) ≥ 1 − ξi, i = 1, . . . , l

ξi ≥ 0 i = 1, . . . , l

(3)

We here also consider a formulation where, in addition, we prefer
not to have errors of the same type for patterns that are very similar
each other. Such formulation can be obtained by further exploiting
the target information in a generalized quadratic loss:

minw̄,b,ξ̄
1
2
||w̄||2 + cξ̄′Y SY ξ̄

s.t.:
yi(w̄ · x̄i + b) ≥ 1 − ξi, i = 1, . . . , l

ξi ≥ 0 i = 1, . . . , l

(4)

where the Y matrix is diagonal with Yp,p = yp. Note that the matrix
Y SY is still symmetric and positive definite because Y is symmetric
and if δi = ξiyi, then ∀δ̄i ∈ Rd, ∃ ξ̄ s.t. ξ̄′Y SY ξ̄ = δ̄′Sδ̄ ≥ 0.

In Figure 1 we give a graphical exemplification about which type
of error co-occurrence we prefer to penalize.

In this paper we focus on similarity matrices generated according
to a kernel function:

Si,j = K(x̄i, x̄j)

where K(x̄, ȳ) is an inner product in some feature space.
LetX be the l× d matrix of input patterns. Given problem (4) the

corresponding Lagrangian objective function is:

1

2
||w̄||2 + cξ̄′Y SY ξ̄ + ᾱ′(1̄ − ξ̄ − Y Xw̄ − bȳ)− λ̄′ξ̄ (5)

where ȳ is the target vector and αi ≥ 0, i = 1, . . . , l. The Kuhn
Tucker conditions for optimality are:

∂L
∂w̄

= w̄ −X ′Y ᾱ = 0⇒ w̄ = X ′Y ᾱ
∂L
∂b

= −ᾱ′ȳ = 0⇒ ᾱ′ȳ = 0
∂L
∂ξ̄

= 2cY SY ξ̄ − ᾱ − λ̄ = 0⇒ ξ̄ = Y S−1Y (ᾱ+λ̄)
2c

(6)
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Figure 1. In our generalized quadratic loss, the error configuration
generated by patterns x̄i and x̄j is more expensive than the error

configuration generated by patterns x̄k and x̄q . Here we assume that
Sij = Skq = s.

if S is invertible. Supposing that S−1 exists, substituting (6) in (5)
gives:

D(ᾱ, λ̄) = ᾱ′1̄− 1
2
ᾱ′Y KY ᾱ− 1

4c
(ᾱ+ λ̄)′Y S−1Y (ᾱ+ λ̄)

(7)
i.e. the dual objective function. Notice that the objective function is
still convex because S−1 is positive definite since its eigenvalues are
positive.

To obtain a separating hyperplane one has to solve the following
problem:

maxᾱ,λ̄D(ᾱ, λ̄)
s.t.:

ᾱ′ȳ = 0
αi ≥ 0, λi ≥ 0 i = 1, . . . , l

(8)

Since (ᾱ + λ̄)′Y S−1Y (ᾱ + λ̄) is monotonically increasing and
convex in the positive domain, problem (8) is equivalent to:

maxᾱ ᾱ
′1̄− 1

2
ᾱ′Y (K + 1

2c
S−1)Y ᾱ

s.t.:
ᾱ′ȳ = 0
αi ≥ 0 i = 1, . . . , l

(9)

Then, being that K and S−1 are positive definite matrices and
since the sum of convex functions is still a convex function, we have
that the objective function of (9) is convex. The solution is obtained
using optimal coefficients of problem (9) with the first condition of
(6) and the optimal value of b follows from the Kuhn-Tucker opti-
mality conditions ([8]).

Notice that when S−1 exists, problem (9) is equivalent to a hard
margin SVM problem with a kernel matrix equal to K + 1

2c
S−1,

while the classification function is defined over the feature space in-
duced by kernel K.



Actually, in this case it is also possible to explicitly build a feature
map. Let consider the following mapping φ : Rd → Rd+l that, for
all i ∈ [1, . . . , l], maps x̄i 7→ φ(x̄i):

φ(x̄i) = [x̄′i, (

r
S−1

2c
ēi)
′]′

where ēi is the i-th vector of the canonical base of Rl. It is not diffi-
cult to see that the kernel matrix obtained with this transformation is
equal to K + S−1

2c
.

In the following we denote the overall method with QLYSVM,
while the corresponding method obtained for the primal problem (3)
is denoted QLSVM.

Dataset (d, l), Algorithms C γK γS Error % σ

Banana (2, 400)
SVMt - - - 10.9 -
SVM 10000 0.1 - 10.9 0.54
QSVM 1 1 - 10.5 0.55
QLYSVM 1 1 100 10.6 0.44
QLYSVMN 1 1 1000 10.6 0.47
QLYSVMe 0.1 1 100 10.8 0.60
QLYSVMeN 1 1 1 10.4 0.52
QLSVM 1 1 100 10.7 0.45
Breast Cancer (9, 200)
SVMt - - - 26.9 -
SVM 1000 0.001 - 27.0 3.22
QSVM 100 0.001 - 27.4 3.26
QLYSVM 1000 0.001 0.1 26.9 3.63
QLYSVMN 10000 0.001 0.106 26.9 3.34
QLYSVMe 0.01 0.1 0.1 26.6 3.40
QLYSVMeN 10 0.001 1 28.6 4.15
QLSVM 100 0.001 1 27.5 3.89
German (2, 700)
SVMt - - - 22.6 -
SVM 100 0.001 - 23.4 1.62
QSVM 1 0.01 - 22.6 1.85
QLYSVM 1 0.01 10000 22.6 1.85
QLYSVMN 1 0.01 10000 22.6 1.85
QLYSVMe 0.1 0.01 0.001 23.0 1.77
QLYSVMeN 0.1 0.01 10 23.4 1.77
QLSVM 1 0.01 10000 22.6 1.85
Image (18, 1300)
SVMt - - - 3.0 -
SVM 10000 0.01 - 3.2 0.72
QSVM 1000 0.1 - 2.9 0.60
QLYSVM 1000 0.1 10000 2.9 0.60
QLYSVMN 1000 0.1 10000 2.9 0.60
QLYSVMe 10000 0.01 0.1 2.7 0.54
QLYSVMeN 10000 0.01 0.01 2.7 0.54
QLSVM 10000 0.01 100 2.8 0.58
Waveform (21, 400)
SVMt - - - 10.3 -
SVM 10 0.01 - 10.3 0.40
QSVM 1 0.01 - 10.0 0.25
QLYSVM 1 0.01 0.1 10.1 0.36
QLYSVMN 1 0.01 0.1 10.0 0.36
QLYSVMe 1 0.01 0.1 10.0 0.28
QLYSVMeN 0.1 0.1 0.1 10.0 0.28
QLSVM 1 0.01 10000 10.0 0.25

Table 1. Comparison of the average generalization error and standard
deviation σ, computed over the 10 splits, for five different algorithms on five

UCI binary datasets. The results quoted for SVMt are taken from ([7]).

3 Definition of the similarity matrix
The dual solution of problem (4) is based on the inversion ofS. When
S is invertible, a method to compute S−1 is the Strassen method
with a complexity of O(nlog27). An inversion algorithm with lower
complexity can be found in [1].

Note that when all patterns are distinct points and S is generated
with a Gaussian RBF kernel then S is invertible ([5]). Under some
extreme experimental conditions, however, a similarity matrix de-
fined in this way may be ill-conditioned and inversion can be prob-
lematic.

For this reason we also considered an exponential kernel eK , de-
fined with:

eK =

+∞X

i=0

Ki

i!
. (10)

A kernel matrix obtained with (10) is always invertible and its inverse
is:

(eK)−1 = e−K

and it can be calculated using the Padé approximation method with a
complexity ofO(qnlog27) where q is the order of the approximation.
Experimentally we never had problems in computing the inverse of
the exponential matrix.

Since error losses in problems (1), (3), and (4) are based on dif-
ferent loss functions, to conduct a more fair comparison of the ap-
proaches we also considered versions of the problems (3), and (4)
where the norm of S is equalized to the norm of I . If we consider the
l2 norm of a matrix S defined as ||S||2 =

qP
i,j S

2
i,j , we have that

||I||2 =
√
l. Therefore we build a matrix Ŝ with norm

√
l:

Ŝ =
√
l
S

||S||2 (11)

that can be employed with the QLSVM and QLYSVM methods.

4 Experiments
We tested our models on distinct classification tasks. We report the
results obtained with some instances extracted from the well known
UCI dataset. We also conducted experiments with logic terms clas-
sification problems. To conduct the experiments we used a modified
version of SVMLight 5.0 ([3]) enabled to work with a kernel matrix
generated with Scilab 2.7 c©INRIA-ENPC.

4.1 Experiments on UCI dataset instances
We considered five binary problems from the
benchmark of Rätsch available on the web at
http://ida.first.gmd.de/∼raetsch. Each dataset
comprises the first 10 splits of the 100 split available, where each
split has a training and a test set. In Table 1 we report a comparison
of SVM with Hinge loss and RBF kernel ( Ki,j = e−γK ||x̄i−x̄j ||

2

), QLYSVM with a RBF kernel used both for K and S (with
hyperparameter γS), and QLYSVM (referred as QLYSVMe) where
S is the exponential matrix eK , being K the previously defined
RBF kernel matrix. The last two algorithms were evaluated also
employing a normalized S matrix (QLYSVMN and QLYSVMeN ).
We also report the hyperparameters used to evaluate the performance
of our algorithms. For the SVM and QSVM algorithms we used a
calibration procedure that involved a 8 × 8 grid of the powers of
10 starting from 0.001 × 0.001 on hyperparameters C, γK and we



selected the hyperparameters that obtained the best performance on
the first split of the dataset.

For the QLYSVM, QLYSVMN , QLYSVMe, QLYSVMeN and
QLSVM algorithms we used a calibration procedure that involved
a 8×8×8 grid over the powers of 10 starting from 0.001×0.001×
0.001 on hyperparameters C, γK , γS and we selected the hyperpa-
rameters that obtained the best performance on the first split of the
dataset.

It can be observed that the best results are obtained using the gen-
eralized quadratic loss, even with different approaches for generat-
ing the similarity matrix. The generalized quadratic loss defined in
(4) seems to have a better performance than the one define in (3). In
Figure 2 the first block of 100 × 100 elements of the “optimal” S
matrices for the QLYSVM algorithm are reported. As it can be seen
from the figure, the quadratic losses selected by the calibration proce-
dure are in general different, thus showing the usefulness of having a
family of loss functions from which the calibration process can pick
the most suitable one.

Banana Breast

German Image

Wave

Figure 2. Optimal S matrices obtained calibrating QLYSVM on 5 UCI
datasets.

4.2 Experiments on logic terms classification
instances

We also performed some experiments involving a structured domain
of logic terms. We consider three different problems.

Table 2 summarizes the characteristics of each problem. The first
column reports the name of the problem, the second the set of sym-
bols (with associated arity) compounding the terms, the third shows
the rule(s) used to generate the positive examples of the problem2,
the fourth reports the number of terms in the training and test set re-
spectively, the fifth the number of subterms in the training and test
sets, and the last the maximum depth3 of terms in the training and
test sets. For example, let us consider the problem inst1 long.
All the terms in the training and test sets are compounded by three
different constants, i.e., a, b, and c, and a functional f(·,·) with two
arguments. Terms which have to be classified positively are required
to have the first argument equal to the second one (f(X,X)), e.g., both
f(f(a,f(b,c)),f(a,f(b,c))) and f(f(f(a,a),f(b,b)),f(f(a,a),f(b,b))) have to
be classified positively, while f(a,f(b,b)) has to be classified nega-
tively. For this problem, the training set contains 202 terms, while
the test set contains 98 terms; the total number of distinct subterms
for the training and test sets is 403 and 204, respectively. Finally, the
maximal depth of the terms, both in the training and test sets, is 6.

For each problem about the same number of positive and negative
examples is given. Both positive and negative examples were gener-
ated randomly. Training and test sets are disjoint and were generated
by the same algorithm.

Note that the set of proposed problems ranges from the detection
of a particular atom (label) in a term to the satisfaction of a specific
unification pattern. Specifically, in the unification patterns for prob-
lem inst1 long, the variableX occurs twice making this problem
much more difficult than inst4 long, because any classifier for
this problem would have to compare arbitrary subterms correspond-
ing to X .

As a final remark, it must be pointed out that the number of train-
ing examples is a very small fraction of the total number of terms
characterizing each problem. In fact, the total number of distinct
terms belonging to a problem is defined both by the number and arity
of the symbols, and by the maximal depth allowed for the terms.

We treated this set of problems using a tree kernel. Therefore we
give a description of the kernel function operating on trees that we
adopted.

We have chosen the most popular and used Tree Kernel proposed
in [4]. It is based on counting matching subtrees between two input
trees. Given an input tree x, let sx be a connected subtree of x. We
assume that each of the m subtrees in the whole data set is indexed
by an integer between 1 and m. Then hs(x) is the number of times
the tree indexed with s occurs in x as a subtree. We represent each
tree x as a feature vector φ(x) = [h1(x), h2(x), . . . , hm(x)]. The
inner product between two trees under the representation φ(x) =
[h1(x), h2(x), . . . hm(x)] is:

K(x, y) = φ(x) · φ(y) =

mX

s=1

hs(x)hs(y)

Experimental results showed that this kernel may weight larger
substructures too highly, producing a kernel matrix with large diag-
onals. This problem is treated in [4] through a method which dims
the effect of the exponential blow-up in the number of subtrees with

2 Note that the terms are all ground.
3 We define the depth of a term as the maximum number of edges between

the root and leaf nodes in the term’s LDAG-representation.



Classification Problems

Problem Symbols Positive Examples. #terms #subterms depth
(tr.,test) (tr.,test) (pos.,neg.)

termocc1 f/2 i/1 a/0 b/0 c/0 the (sub)terms i(a) or (280,120) (559,291) (6,6)
very long f(b,c) occur somewhere

inst1 f/2 a/0 b/0 c/0 instances of f(X,X) (202,98) (403,204) (6,6)
long
inst4 f/2 a/0 b/0 c/0 instances of f(X,f(a,Y)) (290,110) (499,245) (7,6)
long

Table 2. Description of a set of classification problems involving logic terms.

their depth. The idea is to downweight larger subtrees modifying the
kernel as follows:

K(x, y) =
mX

s=1

λsize(s)hs(x)hs(y)

where 0 < λ ≤ 1 is a weighting parameter and size(s) is the number
of nodes of the subtree sx. The Tree Kernel can be calculated with a
recursive procedure in O(|NX| · |NY |) time where NX and NY
are the sets of nodes of trees x and y, respectively.

For the SVM algorithm we used a calibration procedure that is
based on a 8×8×10 grid involving powers of 10 for hyperparameters
C, γK starting from 10 × 0.001, and with λ that varies from 0.1 to
0.9 with step 0.1.

For the QLYSVM, QLYSVMN and QLYSVMe algorithms we
used a calibration procedure that involved a 8 × 8 × 10 × 8 grid,
that is obtained from the grid defined above by adding the hyperpa-
rameter γS varying from 0.001 to 10000 with powers of 10.

In both cases we selected the hyperparameters that obtained the
best performance on a 3-fold cross validation on the training set.

For this dataset we also tested an exponential kernel obtained form
the linear kernel matrix (QLYSVM Line).

In this case the results do not lead to a clear improvement using the
generalized quadratic loss. This can be due to an undersampling of
the discrete input domain that does not allow to exploit the similarity
based loss.

We however observe that also in this case the best results, within
the generalized loss learning models, are obtained by (4), confirm-
ing that errors on correlated patterns of the same class occur more
frequently than errors on correlated patterns of different classes.

5 Conclusions
In this paper we proposed a generalized quadratic loss for binary
classification problems that addresses two issues: i) try to take into
account correlation between patterns, ii) try to define a family of loss
functions which takes into account the first issue.

The proposed generalized quadratic loss weights co-occurrence
of errors on the basis of the similarity of the corresponding input
patterns. Moreover errors of similar patterns of the same class are
discouraged. We derived a SVM formulation for the proposed loss
showing that if the similarity matrix is invertible the problem is
equivalent to a hard margin SVM problem with a kernel matrix which
depends also on the inverse of the similarity loss matrix. Experimen-
tal results on some binary classification tasks seems to show an im-
provement in the performance in several cases. Results on logic terms
classification problems showed no improvement probably because of

Dataset Algorithm C γK γS λ Error %
inst1 SVM Lin 10 - - 0.8 9.18
long SVM RBF 10 1E-2 - 0.8 10.20

QSVM RBF 10 1E-2 - 0.7 12.37
QLYSVM RBF 1E3 1E-3 0.01 0.8 9.18
QLYSVM Line 10 - - 0.5 13.27
QLYSVM RBFe 10 1E-2 0.1 0.7 11.22
QLSVM RBF 100 1E-2 0.01 0.8 11.22

inst4 SVM Lin 10 - - 0.6 1.82
long SVM RBF 1E3 1E-3 - 0.7 1.82

QSVM RBF 1E8 1E-3 - 0.5 2.76
QLYSVM RBF 1E3 1E-2 10 0.5 4.55
QLYSVM Line 1E4 - - 0.5 1.82
QLYSVM RBFe 1E3 1E-3 1E3 0.7 2.73
QLSVM RBF 1E8 1E-3 1E4 0.5 1.82

termocc1 SVM Lin 1E3 - - 0.3 0.00
very long SVM RBF 1E3 1E-2 - 0.4 0.00

QSVM RBF 1E8 1E-2 - 0.4 0.00
QLYSVM RBF 1E3 1E-2 1E3 0.4 0.00
QLYSVM Line 1E8 - - 0.3 0.00
QLYSVM RBFe 1E3 1E-2 1E3 0.8 0.00
QLSVM RBF 1E8 1E-2 1E4 0.4 0.00

Table 3. Comparison of generalization error of SVM and QLYSVM on
three logic terms classification instances.

an undersampling of the discrete input domain that does not allow to
exploit the similarity based loss.

A problem with this approach is the need to invert the similarity
matrix. Thus further study will be devoted to this issue and to the
extension of the framework to multiclass and regression problems.
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