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EXERCISE 1. Let (X, M, 1) be a measure space.
(i) For f: X — [0, 00] measurable we can define vy : M — [0,00] by v¢(E) = [, f du. Prove that
vy is countably additive.
(ii) If f € L,(X,R) we can still define the set function vy : M — R by the same formula v;(FE) =
/ g [ dp. Prove that vy is countably additive, that is, for every disjoint sequence A, € M, if
A=~y Ay we have v (A) =3 0% v(Ay). Is this series absolutely convergent?
(i) If f,g € L,(X,R) and v(X) = v4(X), then the set
C={AeM: v(A) =r,(4)}
is a Dynkin class of subsets of X.
From now on we assume that £ is a semialgebra that generates M, i.e. M = M(E).
(iv) Prove that if f,g € L,,(X,R) and vy(E) = v4(E) for every E € & then v;(A) = v4(A) for every
A € M, and deduce from this that f(x) = g(z) for a.e. x € X.

(v) Can we reach the same conclusion in (v) assuming f,g € L}L(X ,C) (that is, f and g not necessarily
real valued?)

Solution. (i) This is the termwise integration of series of positive functions, an immediate consequence of
the monotone convergence theorem: if (4,,), is a disjoint sequence of sets in M, with union 4 = [ J;2; A,,
and X, x are the characteristic functions of A,, A then x(z) = > 7 Xn(z), for every z € X; then
fx = >0, fXn, and by the aforementioned theorem on termwise integration of series of positive

functions we have o 0o
/ fX:Z/ fXn thatis I/f(A):ZVf(An)'
X n=0vX n=0

(ii) As in (i) (An), is a disjoint sequence of sets in M, with union A = J;7 A, and x,, x are the
characteristic functions of A,,, A. The result now follows from the theorem on normally convergent series:
we have, by(i):

yp(A) =D vy (An) equivalently [[fxlli =Y If xnlh,
n=0 n=0

and by the theorem on normal convergence the series Y >~ f X, converges in L' (1) to its pointwise sum
f x, by dominated convergence, and of course:

= n thatis ve(A) = vi(Ay).
/Xfx ;)/Xfx that s vy(4) = 3 vy(d)
Since .
vp(An)] = ‘/Af‘ < /A =1l a3 1falh =) <

the convergence is absolute.
(iii) By hypothesis we have X € C. If A € C we have:

vi(X N A) = vip(x) = vp(A) = vg(X) = vg(A) = vg(X N A).

And since both functions vy and v, are countably additive, as proved in (ii), the class C is closed under
countable disjoint union.
(iv) The set C = {A € M : v;(A) = v4(A)} contains £, which is by hypotehsis intersection closed,;
and X € C (since & is a semialgebra, ) belongs to £, hence X is a finite disjoint union of elements of &,
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so that X € C). Then C is a Dynkin class, by (iii), and by Dynkin theorem then C is c—algebra, which
coincides with the o—algebra M (&) generated by £. We have then

/ /g for every E € M(= M(E)),

and this implies f = g q.o. In fact, let A = {f < g}; then [, f < [, g, with equality iff [,(g—f) =0
which happens iff ©(A4) = 0 (recall that g(z) > f(z) for every x € Al); since our hypothesis implies
fA f= fA g, we have in fact u(A) = 0, In the same way we get that B = {f > g} has measure 0, so that
{f #g}={f <g}U{f > g} has measure 0.

(v) Of course yes: the hypothesis [, f = [, g is equivalent to [, Re f = [, Regand [,Im f = [,Imyg,
for every E € M. O

EXERCISE 2. (i) Using the theorem on differentiability of parameter depending integrals prove that
the formula:

(*) o(x) = /1oo e—t“ dt

defines a function ¢ € C*(]0, 00[, R).
(ii) Find for ¢’ an expression not containing integrals.
(ili) What are the limits

li li ?

Jlim o(z); lim p(z)

Solution. (i) Clearly ¢ — e~%!/t belongs to L!([1, 00| for every x > 0, so ¢ is defined for z > 0. We have
Du(e™/t) = —e~®t. Given x > 0, let U = [2/2, 00[; the function y(t) = e~ (*/?? is in L'([1, 00[) and
e V(=] —eY) < ~(t) for every y € U and ¢t > 1. By the theorem on differentiability we get

oo 0 et t=o00 e~ T
'(z) :/ Op(e™ ™t /t) dt :/ (—e ™) dt = { ] =——,
1 1 T li=1 x
We have also solved (ii).
(iii) Notice that for fixed ¢ > 1 the function z — e~ **/t is decreasing on ]0, oo[ (trivially). If z; | 0
we then have that the sequence f;(t) = e~*i!/t is increasing and converges to ¢ — 1/t. By the monotone
convergence theorem we then have

/ £i(®) dtT/ 5 = in other words  lim ¢(z) = co.
1 1

z—0t

And if z; 1 oo then f;(t) = e %'/t is dominated by fo € L'([1,00]) and converges pointwise to 0 so that,
by dominated convergence:

lim / fi(t)dt =0 in other words lim ¢(z) =0.

j—oo Jq T—00

REMARK. Of course in the second case we can also argue like that: e=*!/t < e™*¢ for ¢t > 1, so that

—T

0<L,0($)§/ e_xtdt:e—,
1 x
and e”*/x — 0 as © — +00. Moreover, a change of variable 2t = s in the integral defining ¢ shows that

o(z) = / s,

S

and we can use easier results on integral functions, e.g. Torricelli’s theorem and the like, to prove
differentiability of ¢.

O

EXERCISE 3. Let (X, M, u) be a measure space. We say that a sequence f, of measurable functions
converges to 0 in measure if for every ¢t > 0 we have lim, o u({|fn| > t}) = 0.

(i) Using Cebiceff inequality prove that if || f,||1 — 0, then f, converges to 0 in measure.
(ii) With X = [0,1] and p Lebesgue measure, let f, = n? xjo,1/n]- Is it true that f, converges to 0 in
measure? and in L'(u) also?
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(iii) Assume now that f, is a uniformly bounded sequence of measurable functions on X (that is,
there is a constant M > 0 such that || f,|lcc < M for every n € N), and that u(X) < co. Prove
that if f,, converges to 0 in measure then it converges to 0 in L!(u) (hint: given ¢ > 0 write

/X = /{fn|>6} ult /{msE} !

and estimate separately the two terms).

(iv) A sequence f,, of real-valued measurable functions converges to 0 in measure if and only if the
sequence f,/(1+ |fn|) converges to 0 in measure.

(v) On a finite measure space a sequence f, of real-valued measurable functions converges to 0 in
measure if and only if the sequence f,,/(1+ |f.|) converges to 0 in L*(p).

Solution. (i) For every ¢t > 0 and every n € N we have u({fn, > t}) < (1/t) [ [fal = (1/t) || full1; letting
n — 00 in this inequality we get lim, oo u({fn > t}) = 0.

(ii) Given t > 0 we have that {|f,| >t} = {fn, >t} =]0,1/n] for n? >t (and {f, >t} =0 for n® < t)
so that u({|fn| >t} = 1/n tends to 0 as n — oo, and f,, converges to 0 in measure. On the other hand
I frullh = f[O,l] fndm =n?>m(]0,1/n]) = n for every n, so that || f,|1 tends to infinity, and f,, does not
converge in L. ([0,1]) (to 0, or to any other function).

(iii) Accepting the hint we write

* n| = n n| > M >
( ) /:X ‘f | /fn|>5 |f | " /{lfn<5} |f | : /fn|>5 " /{lfn|<5} °=
<M p({Ifal > €}) +ep{Ifal <e}) < M pu({|fal > €}) + e u(X);

by hypothesis lim, o u({|fn] > €}) = 0, so that we may pick n. € N such that if n > n. then
p({[fnl > €}) < e/M; then

||fn||1:/X|fn|s<1+u<X>>s for n>n.;

the proof of (iii) is completed.
(iv) First observe that in the definition of convergence to 0 in measure it is not restrictive to assume
0 <t < 1, that is, a sequence f,, of measurable functions converges to 0 in measure if for every ¢ with
0 < ¢t <1 we have lim, oo u({|fn] > t}) = 0 (clear: if ¢t < s we have {|fn| > t} 2 {|fa] > s}, so
that lim,—eo p({|fn] > t}) = 0 implies lim, oo p({|fn] > s}) = 0). We now see that for every function
f:X—=Rand 0<t<1andxe X we have
|f ()] t

Tl st = 1=l >t = If@]> 1o
after this the answer is immediate: If f,, converges to 0 in measure then p({|fn|/(1 + |fn]) > t}) =
p({|fn] > (t/(1 —t)} tends to 0 as n — oo, and if f,/(1 + |fn]) tends to 0 in measure then p({|fn| >
t}) = p({|ful/A+|fu]) > t/(1+1)}) tends to 0 as n — oo.

(v) If fn/(1+|fn|) converges to 0 in L(u), then by (i) it converges to 0 in measure, and by (iv) then
also f,, converges to 0 in measure (no need for p(X) < 00). And if f,, converges to 0 in measure then by
(iv) also f,,/(1+|fn]) converges to 0 in measure; since all f,,/(1+ |f,|) are uniformly bounded by 1, and
u(X) < oo, (iii) shows that this sequence converges to 0 in L*(u).

O

ANALISI REALE PER MATEMATICA — PRIMO COMPITINO — 16 NOVEMBRE 2013

EXERCISE 4. Let (X, M, 1) be a measure space.

(i) Let f, € LT(X) be a sequence of positive measurable functions converging a.e. to f : X — [0, oc].
Assume that there is a real number M > 0 such that [ f, < M for every n € N. Prove that
then [ v [ < M (this result is sometimes by some people called Fatou’s lemma ... ).

(ii) Let f, be a sequence in L},(X,R) converging a.e. to f : X — R. Assume that there is a real
M > 0 such that || f,|[; < M for every n € N. Prove that then f € L, (X,R).

(iii) Show by an example in L. ([0,1]) that in the hypotheses of (i) (or (ii)) f, does not necessarily
also converge to f in L. (]0,1]).
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Solution. (i) Fatou’s lemma (our version!):

/ liminf f, :/ lim f, Sliminf/ fn <M,
the last inequality is obvious: if all terms of a real sequence are smaller than some real number, then the
liminf (and also the limsup, of course) of the sequence is smaller than this number.

(ii) A triviality: apply (i) to the sequence |f,| € L*(X), which converges a.e. to |f| (by continuity of
the absolute value function); then [y [f| < M < oo, and f is measurable as limit a.e. of a sequence of
measurable functions, so that f € L(p).

(iii) The usual counterexample works: f,, = n Xjo,1/n] converges pointwise to 0 (we have f,,(0) = 0 for
every n, and if x > 0 we have f,(x) = 0 as soon as 1/n < z), and all the integrals are 1, in particular
uniformly bounded; but f,, does not converge in L. , as is well known (if it did converge to g, some
subsequence ought to converge pointwise a.e. to the limit, but every subsequence converges pointwise to
0, so g = 0; and the L! norms are constantly 1 ...)

O

EXERCISE 5. (i) Complete the following statement:

Ifp, v M — [0, 00| are measures on the o—algebra M of parts of X, € is a subset of M closed
under intersection, and i, v are finite and coincide on £ then p and v coincide on all subsets of
the o— algebra M(E) generated by £ that can be covered by . ...

From now on F' : R — R is an increasing function and g = dF is the associated Radon—Stjelties
measure; B is the o—algebra of Borel subsets of R.

(ii) Assume that Fj_ o and Fjjg,co[ are C' functions; we can define a measure v : B — [0,00] by
v(A) = [, F'(x)dz. Prove that v(A) = u(A) for every Borel set A € B with 0 ¢ A. Which
condition on F' ensures equality for all Borel sets?

Now assume that F' is bounded.

(iii) Using the theorem on continuity and differentiability of parameter depending integrals prove that

the formula:

) olo) = [ 5 aute)

defines a function ¢ € C*(R,R).
(iv) What condition can be added to p to ensure that ¢ € C%(R)?

Solution. (i) by a countable subset {E,,} of £.
(ii) It is clear that p and v coincide on all compact intervals not containing 0: by the fundamental
theorem of calculus we have, if [a,b] is an interval on which F is of class C'':

umﬂw=[Hmem=ﬂw—ﬂw=mmm»

The family £ of all compact intervals not containing 0 is plainly closed under intersection; and M(E) is
the o—algebra B of all Borel subsets of R (it is enough to consider intervals with extremes in a dense
subset of R). All of R \ {0} can be covered by a countable union of compact intervals contained in
] — 00,0[U]0,00[, e.g. {[-n,—1/n], [1/n,n] : n > 1}. By (i) we conclude that v(A) = u(A) for every
Borel set A € B with 0 ¢ A. Clearly v({0}) = 0, whereas x({0}) = F(0%) — F(07), the jump of F at 0.
That this jump is 0, that is, continuity of F' at 0 is then a necessary condition for g = v on all of B.

Plainly it is also sufficient: for every Borel set A C R we can write v(A) = v(A ~ {0}) + v({0}) =
V(AN A0}) and p(A) = p(A {0}) + u({0}), so that p(A) = v(A) iff p({0}) = 0.

(iii) The function f(z,t) = cos(xt)/(1 + |t|) is continuous in both variables, and it has a continuous
partial derivative with respect to x, 0, f(x,t) = —t sin(zt)/(1 + |t|). Both f and its derivative are
dominated by the constant 1, which is in L!(p) since u(R) = F(o0) — F(—o0) is finite, by boundedness
of F. Then ¢ € C*(R).

(iv) We have:
2 —t? 2 £

t) = ——— t that t) < ;
02 0.t) = oy coslat) o that |02 f(.1)| <

if this function is in L!(p) then ¢ € C?(R). This is then a sufficient condition, and it is quite easy to see
that ¢ — ¢2/(1 + [t|) is in L'(p) if and only if ¢t — t € L1 (u). O
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REMARK. A common misconception is to think that Borel subsets of R, if they are not intervals, are at
least countable unions of intervals! Borel sets are much more complicated than that: think for instance
to the set K in the lecture notes, 2.6.4, a compact set of positive measure with empty interior, containing
no non trivial interval. It is not possible to state without proof that v(A) = u(A) for every Borel set not
containing 0: this requires a proof, first for bounded intervals, then for arbitrary Borel sets, according to
the proposition quoted in (i).
EXERCISE 6. Let (X, M, u) be a measure space.
(i) Prove that if f € L1(u) then
lim |f|dp = 0.
e s>

A sequence f,, € L'(p) is said to be uniformly integrable if the limit above is uniform with respect to n,
in other words given € > 0 there is . > 0 such that

/ |frldu < e for every n € N and every ¢ > t..
{lfnl>t}

(ii) Prove that if f, is a sequence of measurable functions dominated by some g € L*(u) (|fn] < g
for every n € N) then f,, is uniformly integrable.
(iii) Prove that if f,, is uniformly integrable then for every & > 0 there is §. > 0 such that

/ |fn] <e for every n € N and every E € M with u(F) < 0.
E

(iv) Prove that if f,, € L'(u) and f,, converges to 0 € L*(p) (that is lim, oo ||fn]l1 = 0) then f, is
uniformly integrable (hint: by (i) a finite sequence is always uniformly integrable ...).

(v) With X = [0, 1], M=Borel subsets of [0, 1], and . = m, Lebesgue measure, let f,, = n (x]0,1/(2n)] —
Xj1/2n,1/n]), 7 > 1. Find the pointwise limit f(z) = lim, oo fy(z); for every ¢ > 0 find

lim
o0 S| >t}

is f, uniformly integrable?
%% % %% %% % % %0 % % % % % % %0 % % % % % % % %0 % % % % % % % % %

(vi) (Extra) Assume that f,, € L'(u) is uniformly integrable, that f,, — 0 pointwise a.e. and that
w(X) < oo. Prove that then ||f,|1 — 0, that is, f,, converges to 0 in L*(u) (hint: write:

/ﬁm:/ |nH/ﬂmmm@%~)
X {Ifnl>t} X

Solution. (i) Let t, > 0 be a sequence such that lim,, o t, = 0o. Then |f| x{|f/>¢,} converges pointwise
to 0 (given x € X, as soon as t,, > f(x) we have x{|¢|>,}(z) = 0), and is dominated by | f|; by dominated
convergence we have

nlinéo/x [fIxq 7150y =0,

which is what desired.
(ii) Given € > 0, by (i) we find ¢, > 0 such that f{g>t} g < ¢ for every t > t.. Since |f,| < g, we have

{Ifn] >t} C{g >t} (if |fu(z)| > t, then g(z) > |fn(z)| > t), so that

Lfnl X¢1fal5tr < 91 X(1 ul>tr < 9X (g1}

hence
/ | ful X110} S/ 9X{g>ty <€, foreveryt>t..
X X

(iii) Given € > 0 pick ¢t > 0 such that f{\f 1) |frn| < /2 for every n € N; then for every E € M of
finite measure we can write:

g
[ini= il + [ EY BT [l € 5+ ta(E)
E En{|fnl>t} Ex{lfn|>t} {Ifnl>t} En{|fnl<t}
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Given t, pick now 0 = ¢/(2t); if u(E) < ¢ we have, for every n € N:

/ |fn] <e, as desired.
E

(iv) Given & > 0 there is n. € N such that [|f, |1 = [ [fu| < € for every n > . There is now ¢, > 0
such that f{\fn|>t} |fn] <€ foreveryt>t. andn=0,...,n.—1: simply pick ¢(n,e) such that this holds
for n € {0,1,...,n. — 1}, and let t, = max{t(0,¢),...,t(n. — 1,€)}. Then f{lfn\>t} |frnl < € for every
n € N, if t > t.; it is true by construction for n < n., and if n > n. we have

/ Ifn\S/ 1l < <.
{Ifnl>t} X

(v) Observe that |f,| = nx)0,1/n], S0 that (as already observed in exercise 1, iii)) the pointwise limit
of f, is the constant 0, and f[o 1 |fnl = 1, for every n. Given t > 0, as soon as n > t we have

{Ifn] >t} =]0,1/n], so that, if n > ¢

/ | fl =/ n=1 hence lim |fnl =1,
{Ifnl>t} 10,1/n] eS| fal >t}

which clearly excludes uniform integrability of the sequence.
(vi) Given € > 0, pick ¢. as in the definition of uniform integrability, Given any t > t., accepting the

hint we write
= [ 1fl+ [ alxuniza <<+ [ Ualxagicos
{|fn|>t} X X

Since X has finite measure, the constant function ¢ = ¢ yx is in L'(u); moreover the sequence

| ol Xq1 1<ty < Ifnl xx
converges a.e. to 0, being dominated by a sequence that does so; the dominated convergence theorem
implies then

lim / | fal X{1f01<ty = 0,
X

n— oo

so that there is n. € N such that this integral is smaller than e for n > n.; then

Ifulll <2¢ for n>n..

REMARK. A number of people insist in trying to prove (i) by Cebiceff inequality, which has only a
marginal role, if at all, in the proof.
Another common incomprehensible mistake is the following: some people believe that

NO! /X fldu < |l u(X) NOL

Unless f = 0 a.e., in which case both members are 0, this inequality is trivially true iff p(X) > 1.

ANALISI REALE PER MATEMATICA — SECONDO PRECOMPITINO — 16 GENNAIO 2014

EXERCISE 7. Let F : R — R be defined by F(z) = —e~ Il 4 H(z), with H = X[0,00[ the Heaviside step;
let 1 denote the measure dF' associated to F'.
(i) Plot F
(ii) Plot T(z) = VF(] —o0,2]), A= (T'+ F)/2, B= (T — F)/2, giving formulas for these functions.
(iii) Write a Hahn decomposition for u, and split p into singular and absolutely continuous parts

(with respect to Lebesgue measure m).
(iv) Compute p* @ u=(T) and p* @ u=(S), where T = {(x,y) € R?: x <y} and S =R2\ T.

Solution. (i) Notice that F' is right continuous. The plot is very easy:

(ii) Since F is right—continuous 7 is also right—continuous. We have T'(z) = e” for z < 0,50 T(07) = 1;
T(0)=T(0")=2; T(z) =3—e* for x > 0. The plot is the following:

We finally get A(xz) =0 for x <0, A(x) =2 — e ® for x > 0, and B(x) = e for x > 0, B(xz) =1 for
x> 0.

(iii) A positive set for p is P = [0,00[, with Q@ = R\ P negative. The singular part of u is §, unit
mass at 0, the regular part is F’(z) dz, with F'(z) = —sgnz e~ I*! (for z € R~ {0}).
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1

FIGURE 1. Plot of F.

3.

e
7

FIGURE 2. Plot of T

FIGURE 3. Plot of A (left) and of B (right).

(iv) We have utdA(z) = § + e *H(x)dr and p~ = dB(z) = ¢® H(—x)dz. To compute pu* @ p=(T)
we integrate the u+ —measure of the y—sections of T' with respect do du~ (y), noting that T'(y) =] — oo, 9]
for every y € R, so that u* (] — co,y]) = 0 for every y < 0, and pu* (] — o0, y]) = A(y) — A(—00) =2 —€¥
for y > 0, so that

i+ @ (T) = / (T () du (y) = /[ (2 e V) du (y) =0,

since p~ ([0, 00[) = 0.
We have ut @ p=(R?) = pF(R) = (R) = 2- 1 = 2; then
prop (S)=pt o R) -yt eou (T)=2-0=2
0

EXERCISE 8. (12) For every f : R — C and every a € R the translate of f by a is the function
try f: R — C given by tr, f(x) = f(z —a). Let p > 1 be a real number.
(i) [2] Prove that lim,_,qtr, f(z) = f(z) if and only if f is continuous at x.
(ii) [4] Let f be the characteristic function of a compact interval. Prove that if a(j) is sequence in R
with lim;_,. a(j) = 0 then
Jim [ tragy f = fllp = 0.

(iii) [2] Prove that (ii) holds for every step function with compact support (a finite linear combination
of characteristic functions of compact intervals).
(iv) [4] Prove that (ii) holds for every f € LP(R).
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Solution. (i) Trivial: this is almost the definition of continuity of f at x (with the increment of the
independent variable called —a instead of h!) (ii) Since lim;_,o a(j) = 0, the sequence a(j)is bounded,
say |a(j)| < h for every j € N. Assume that f = X[q,)- Then |tr,;) fIP| tras) f| =< Xja—h,b41] (E Ll(R))
for every j € N; and lim;_, o tre(;) f(z) = f(z) for every x € R\ {a,b}, by (i) (of course, the points of
discontinuity of f are a,b). By dominated convergence lim; o || tro¢;y f — fll, = 0.

(iii) Let f = 7" ar fx, where fr = X{a,b]- Then of course for every a € R we have tr, f =
> opey g tre fi, and the result is simply a consequence of additivity of the limits:

I £ = Fll = 1S5 o g i = Sy o il = |5 o (ora fi = £, <
<D el tragy fr = frllp
k=1

and the last sum is a finite linear combination of things tending to zero.
(iv) Step functions with compact support are dense in LP(R) for p < oo (Lecture Notes, 5.2.2). Given
e > 0 pick g step function with compact support such that ||f — g||, < €; we have

[ trac) f=Fllp = [l trag) f—trag) 9+ tra) 9—9+9— fllp < [trai) f—trai) gllp+ 1 tragy 9= 9llp+ 19— Fllp;
we now have
[trag) f = tra) 9llp = 1 tTa) (f =9y =If —glp <€
(Lebesgue integral is translation invariant, implying [ tr, h||} = [¢ |h(z — a)|P dz [, [R(2)[P dt = |[h||? for
every a € R)
| tra () = pr < 2+ || tro) 9 — g”p?
taking lim sup, since by (iii) lim; o || tre;y 9 — gllp, = 0

limsup || trac) f — fllp < 2¢;

j—o0

for every € > 0, so that limsup,_, . || tra;) f — fll, = 0, as desired. O

EXERCISE 9. Let (X, M, 1) be a measure space. We consider for simplicity only real valued functions on
X. Let us accept for a moment the following version of the dominated convergence theorem:

< If ©nyn, v are measurable functions on X, |pn| < |yn| for every n, ¢, — 0, v, — v a.e. on X,
Yns ¥ € LM (1) and |[ynlls = [¥ll1s then [lonlli — 0.

Let now p be a real number, 1 < p < oo.

(1) If fu, f, gn, g : X — R are measurable, | f,,| < |gn| for every n, f,, = f, gn — g a.e., gn, g € LP(p)
and finally ||g, ||, — [|glp, then we have

Jim | f = fallp = 0.

(ii) Prove that if f,,, f € LP(u), fn — f a.e. and ||full, — || fllp then f, converges to f in LP(u).
(iii) Prove the version of the dominated convergence theorem stated at the beginning.

The exercise is essentially 5.3.5.5 of the Lecture Notes

Solution. (i) We have |f — fnl? < 2P7L(|fP + [ fu]P) < 2P71(|g|P + |gn|P). We can then apply (i) with
On = |f = falPs Yo = |7m| = 2P71(|g|P + |gn|P) and v = 2P |g|: we have in fact that 7, converges a.e. to 7y

and
||fY’I’LH1 :/ 2P—1(|g|1)+ |gn|p) — 217—1 (/ |g‘P+/ gnp> _ 2p—1(||g||p + ”gan)’
X X <
and by hypothesis:
Tim lgall, = llgll, so that lim [galls = llgl, tim 22~ (llgll5 + llgnl) = 27 I,

by (i) we then have
lim ||¢n|lt =0 equivalently lim / |f = fal? =0,
n—o0 n—oo X

in other words limy, oo [|f — fullb =0
(ii) Simply take g, = | fn]-
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(iii)Take g, = |yn| and f, = |¢n|- Then we are in the hypotheses of the generalized dominated
convergence theorem; we repeat the proof in this case, with 0 < f,, < ¢gp, fn — 0, g, — g .e. and
llgnll1 := fX In — fX g = |lgll1: applying Fatou’s lemma to the sequence g, + f,, > 0 we get:

/ggliminf/(gnJrfn):liminf (/ gnJr/ fn) :/ nghmlnf/ I,
X n—oo [y n—o0 X x n—o0

/QS/ g + liminf fn < 0<liminf [ f,.
X X

n— oo n—oo

equivalently

And applying Fatou’s lemma to the sequence g, — fn >0 we get

/Xgélggiogf/x( = [n) = lim inf (/ gn + / fn)/ g+llrlngggf/(*f7l),

equivalently
/g:/ g—limsup/ fn = limsup/ fn <0.
X X n—oo JX n—oo JX

We have proved that lim,, oo fX fn = 0; since f,, > 0, this is exactly the assertion lim,,, || fu|1 =0. O

ADDENDA
We expand somewhat the previous exercises.

0.1. We might have been asked to compute p™ ® p~(S) by integrating both ways. The y—section of S
is S(y) =]y, oo[ with ut(Jy,o0[) = A(cc) — A(yT) =2 —A(y) =e ¥ if y > 0, and 2 if y < 0, so that

wron )= [ = [ 2w | = [ 2w

given that p~ ([0, 00[) = 0; since dB(y) = e¥ dy we get

0
/ﬁ@M_(S)z/ 2e¥ dy = 2.
The z—section of S is S(x) =] — oo, z[ so that = (S(z)) = B(z~) — B(—o0) = B(z) = ¢” A 1 for every
x € R; on the other hand we have (] — 00,0[) = 0, so that

M+®M_(S):/DQM_(S(x))du+(x):/[o [egc/\l(dé(ac)—i-e_””dx):1+/Oooe_””dx:2.

Another question: Find all p > 0 such that f(x) = x is in LP(|u|), where |u| = p* + p~ is the total
variation of p, and compute || fl|, in LP(|u|).

dlp| = dut 4+ dp~ = dA+ dB = dé + e~ da.

Since f(0) = 0, the singular part d¢ is irrelevant; we have

I£1I5 = / 2P e 1*! do = 2/ e dx =2T(p+1),
R 0
so that f € LP(u) for every p > 0 (but p < oco0) and
11y = 2"/2(C(p + 1))*/7.

0.2. The problem of measurability of the translate has been ignored. We observe that tr, f may be
considered as the composition f o tr_,, where now tr_, : R — R is the map ”translation by —a”, i.e.
x +— & — a. This map is a self-homeomorphism of R, hence if f : R — K is Borel measurable tr, f is also
Borel measurable; the problem is to show that f Lebesgue measurable implies tr, f Lebesgue measurable.
Given a Borel subset A of K the set f< (A) is a Lebesgue measurable subset of R, hence f<(A) = BUN,
with B Borel and N of Lebesgue measure zero. Then tr (BUN) = (B 4+ a) U (N + a) is Lebesgue
measurable, since B + a is Borel and IV + a is a Lebesgue null set, as a translate of a Lebesgue null set.

To prove (iv) we have had to observe that f + tr, f is an isometry of LP(IR) onto itself, another way
of expressing translation invariance of the Lebesgue integral
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ANALISI REALE PER MATEMATICA — SECONDO COMPITINO — 25 GENNAIO 2014

EXERCISE 10. Let F': R — R be defined by F(x) = —sgnx arctan(1/x?), F(0) = 0; let u denote the
measure dF associated to F.
(i) Plot F
(ii) Plot T'(z) = VF(] —c0,z2]), A= (T + F)/2, B= (T — F)/2, giving formulas for these functions.
(iii) Write a Hahn decomposition for p, and split u into singular and absolutely continuous parts
(with respect to Lebesgue measure m).
(iv) Let E = {(z,y) € R?: 0 <y < |z|}. Compute u+ @ m(E), integrating both the y—sections and
the z—sections.

Solution. (i) Easy (that F'(0%) = 0 will be clear from the sequel, when we compute F’(z)),

s

>t

B

FIGURE 4. Plot of F.

(ii) Clearly T'(z) = F(x) = arctan(1/z?) per z < 0, since F is incresing and F(—oc) = 0. And
T0)=T(0")+|F0)—F0O)| =r/24+7/2=m T0")=T(0)+|FO0") - F0)| =7 +n/2=3r/2,
finally T'(z) = T(0%) + F(x) — F(07) = 37/2 4+ 7/2 — arctan(1/2?) = 27 — arctan(1/2?) if z > 0.

2nr

N[E

FIGURE 5. Plot of T.

Easily we have

arctan(1/x?) per <0 0 per =<0
Alz) = 7/2 per z=0; B(z) = 7/2 per z=0.
7 — arctan(1/z?) per >0 ™ per z>0

(iii) A positive set is P =R~ {0} with complement @) = {0} negative (of measure u({0}) = —7) The
absolutely continuous part is exactly the positive part u™ of the measure: if z # 0 we have

2/x3 2x 2|x|
———— =sgnx =
1+ (1222 SN Tyt T 14 at

F'(z) = A'(z) = sgnx
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n

FIGURE 6. Plot of A (left) and B.

a continuous function on R (in particular, A € C1(R)). The singular part is -7 = —pu~,
(iv) The y—section E(y) of E is empty for y < 0 and is E(y) =] — oo, —y] U [y, oo[ for y > 0, with
measure
1 (E(y)) = A(=y) — A(=00) + A(00) — A(y) = 2arctan(1/y?);
then
<=2
pt@m(E) = / 2arctan(1/y?) dm(y) = [y2arctan(1/y> )] — 2/ y y4 dy =
[0,00( o 14y
00 2 oo 11/2 4—3/4 o 1—1/4 0o 13/4—1
y . £1/2 / t / t
0+4 dy = =t)4 dt = dt = dt
+/01+y4y (@ )/01+t4 o 1+t o 1+t
= B(3/4,1/4) = (3/4)T(1/4) = ﬁ = V2.
The z—section is E(x) = [0, |z|] for every z € R and we have

2\x| < p?
+ Az
pr@m(E /m0|x\ du™( /|x\d /| |1+ 1 d /0 1+x4dx,

the integral already computed.

REMARK. A surprisingly high number of people got the derivative of F' wrong!

EXERCISE 11. Let (X, M) be a measurable space. On the set M(M,R) = M of all signed measures
defined on the oc—algebra M (all measures in this problem are defined on M) we introduce the natural
partial ordering:

1 <v meaning that u(E) <v(E) forevery E € M.

(i) We say that a positive measure A : M — [0,00] dominates the signed measure p € M if we
have |u(E)| < A(E) for every E € M. Prove that the set of positive measures that dominate a
given signed measure p has a smallest element |u| with respect to the partial order previously
introduced. Prove also that if ¢ € M, and p is a finite measure, then the function E — |u(E)| is
a measure iff p has constant sign.

(ii) Assume that pu, v € M are finite signed measures. Prove that there is a finite positive measure p
and functions f, g € L(p) such that du = f dp and dv = gdp. Prove that the set

{AeM:u<\ v<A}

contains a smallest member, denoted i V v and that
,u\/V(E):/f\/gdp for every F € M.
E

(iii) Define mutual singularity p L v of two measures p,v € M, and prove that the following are
equivalent for two finite measures pu, v € M:
(a) p Lo
(b) [ul L Iv].
(©) lp+vl=lpl Vvl
(iv) (Extra) Given two finite measures p, v € M, prove directly that the formula
7(E) =sup{u(A)+v(E~A): ACE, Ae M} (EeM),

defines a measure 7 € M, and that 7 = pu V.
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Solution. (i) If P, Q is a Hahn decomposition for p we set, as usual, u™(E) = u(E N P) and p~ (E) =
—u(ENQ), and |u|(E) = pt(E) + p~ (E); it is well-known that |u| is a positive measure. Then:

W(E)| = |u™(B) — p~(B)] < p(E) + p (E) = |ul(E),
so that |u| dominates p. And if A dominates p we have, for every E € M:
[W(ENP) < MNENP), |[W(ENQ)| <ANENQ), equivalently pt(E) < ANENP), up (E)<ANENQ),

so that
WI(E) = 1 (B) + 5~ (E) < \(EN P) + NENQ) = A(E),
in other words |u|(E) < A(E). Thus || is the smallest positive measure that dominates p. If the function

E — |u(E)| is a positive measure, then of course it is the smallest measure that dominates p, and it must
coincide with |g|: in other words E — |u(F) is a measure iff

(w(B)| = |n™(B) — p~(B)| = |ul(E) = p" (E) + u~ (E) for every E € M.

Then p(P) and u(Q) cannot be both nonzero: in this case in fact we have |u(X)| = |u(P) + p(Q)| <
u(P)V (—u(Q), while [1l(X) = u(P) — (@) > pu(P) V (—u(Q)).

(ii) The total variations |u| and |v| are finite positive measures, so that p = |u| + |v| is a finite positive
measure. We have p(E) = 0 iff |u|(E) = |v|(E) = 0, and this clearly happens iff y*(E) = v*(E) = 0,
so that p < p and v < p; since all measures are finite, the Radon—Nikodym theorem may be applied to
show that there exist f,g € L'(p) such that du = f dp and dv = gdp. Since fV g € L' (p) the formula

A(E)=[Efv9dp (E € M)

defines a finite signed measure on M, and since f, g < f V g we clearly have u(F) < A(E) and p(FE) <
A(E). We have to prove that A is the smallest measure larger than u and v, that is, if 7 is a signed measure
such that u(E) Vv(E) < 7(E) for every E € M, then A(E) < 7(E). Set A= {f > g}, B={f <g};
then X = AU B, disjoint union and for every E € M we get:

ME)=AMENA)+XMNENB) = fdp+/ gdp =
ENA ENB
=uwENA)+v(ENB)<7(ENA)+7(ENB)=r1(E),

so that A < 7. Notice that d|u| = fV (=f)dp = |f| dp, same for v and ¢

(iii) The measures p and v are said to be mutually singular if there is a partition A, B of X with B
null for g and A null for v. For a signed measure a set is null iff the total variation is zero on this set,
and for a positive measure a measurable set is null iff it has zero measure, so that (a) and (a) are clearly
equivalent. Taking now p = |u|+|v|, f, g as in (ii), with |u|(B) = |v|(A) = 0, it is clear that ;1 L v implies
f(z) =0pae. on Band g(xz) =0 pa.e. on A so that (assuming f(x) = 0 everywhere on B and g(z) =0
everywhere on A) we have |f + g| = |f| V |g|, equivalently |u+v| = |p| V |v|; and |f + g] = |f| V |g] p—a-e.
on X clearly holds iff p({f # 0} N {g # 0}) = 0: if a, b € R are both non zero we have |a 4+ b| > |a| V |b|
if sgna =sgnb and |a + b| < |a| Vv |b] if sgna # sgnb.

(iv) (The proof is a little delicate) Clearly 7()) = 0. Given a disjoint sequence E,, € M, with union

FE, we have to prove that
o0

(B) =S 7(En),
n=0
where of course we have also to prove that the series - 7(E,) is convergent, and that 7(E) € R for
every ' € M.
Given ACFE, Aec M, weset B=FE~Aand A, =FE,NA, B,=E,NB=FE,~A,. Then A is
the disjoint union of the sequence A,,, B is the disjoint union of the sequence B,, so that by countable
additivity of u and v we have

#(A) = Z,LL(An)a V(B) = Z V(Bn)v
n=0 n=0
so that
(*) p(A) +v(B) = (1(An) + v(Bn));
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of course for every n we have p(A,) +v(By) < 7(E,), and it is tempting to conclude that

oo o0

Z(N(An> +v(Bn)) < Z 7(En),

n=0 n=0
but first we have to prove that the last series is convergent. For this we use the fact that there is a finite
positive measure p that dominates both p and v, e.g p = |u| + |v|, as above. Then
[1(An) +v(Bn)| < |u(An)| + [v(Bn)| < [0l(An) + [V[(Bn) < p(An) + p(By) = p(Ey);
from this it easily follows that
|7(En)| < p(En),

and since p(E) = Yo, p(E,) < oo the series > " 7(E,,) is absolutely convergent, in particular conver-
gent, and from (*) we may deduce that

p(A) +v(B) = > ((An) +v(Bn)) < > 7(Ey);
n=0 n=0
we have obtained
w(A) +v(B) < 3 ()
n=0

for every partition A, B = E \. A of F into measurable sets, so that

T(E) < ) (En),
n=0

But we also know that
oo [oe)

D (1l(An) +v(Bn)) < 7(En)

n=0 n=0
for an arbitrary sequence of partitions of F,, into sets A,, B, = E, \ A, € M, so that we also have the
reverse inequality 7(E) > > 7(E,) (e.g, given ¢ > 0 pick partitions A,,, B,, such that pu(A4,)+v(B,) >
7(E,) — /2"t obtaining

7(B) 2 u(A) + v(B) = 3 (u(Aa) + v(Ba) 2 Y (r(B) — /271 = 3 7(B,) - o).

Once we know that 7 is a measure, it is clear that it is the smallest measure greater than both p and v:
given a measure A > p, v we have A(E) = AM(A) + A(E N A) > p(A) + v(E \ A) for every measurable
A C E, whence 7(E) < A(E).

REMARK. If we do not assume p finite, we can prove that E — |p(E)| is a measure if and only if there do
not exist pairs of sets of finite nonzero measure of different sign. Of course we have also || = p V (—p),
and in general |u|(E) > |w(E)| = p(E) V (—u(E)). Some people have misinterpreted pV v(E) as equal to
w(E)Vv(E) for every E € M, whereas we have u(E)Vv(E) < (uVv)(E), with the inequality in general
proper: (uV v)(E) is the value at E of the smallest signed measure larger than x4 and v, and it may be
strictly larger than both u(F) and v(E).

O
EXERCISE 12. Let (X, M, u) be a measure space. For every p > 0 we write LP for LP(u); let » > 1 be
given. For every a > 0 let S(a) = {f e L*NL": | f|. < a}.
(i) Prove that S(a) is closed in L' (hint: Fatou’s lemma).
Recall that if 1 <p < r < oo and « €]0, 1] is such that 1/p = a+ (1 — «)/r then for every measurable f

11l < WAIE HLAIRe

(ii) Prove that if f,, € S(a) converges to f in L', then f,, converges to f in LP, for every p € [1,7].
(iii) Prove that if 7 < oo then every sequence f, € S(a) is uniformly integrable, that is, given € > 0
there is t. > 0 such that

/ |fnl <e for t > t., and every n € N.
{Ifnl>t}
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(hint: if r =1+ s we have

MZ/MV;/ |N“zf/ £
X {|f|>t} {IfI>t}

for every f € S(a) and every t >0 ...)
From now on we assume p(X) < oo.
(iv) Deduce from the above that if f, € S(a) converges a.e. to 0 then || f,|l1 — 0 (write

/ | fnl :/ |fn‘+/ |fn|X{\fn|§t}-~-~
X {lfnl>t} X

and estimate separately the two terms).

(v) Prove that if f, € S(a) converges pointwise a.e to f, then f, converges to f in LP, for every
p € [1,7[

(vi) If we remove the assumption p(X) < oo then (iv) no longer holds: explain how f, = X[n,n+1]
falsifies (iv) and (v) in the measure space R with Lebesgue measure.

Solution. (i) Assume that f, € S(a) converges to f € L'; then a subsequence converges also a.e. to f,
and we may as well assume that the original sequence does so. Then |f,|" converges pointwise to |f|"

and by Fatou’s lemma
[ <t [ g <
X n—oo X

so that f € S(a), hence S(a) is closed in L.
(ii) We have

(*) I = fally < I = FullF 1 = Fulli™,
and since f € S(a) we get
If = falle < fll + 1 fallr < 2a for every n € N,
so that (*) gives
1f = fally < IIf = fallf (20)' 7,

and we conclude (since a > 0 we have lim, , ||f — fal|$ = 0). O

(iii) Following the hint we have, for ¢ > 0 and f € S(a):

a’l‘
/ Ifl < m
{IfI>t}

and since s > 0 we have lim;_,o, a”/t* = 0, so that given ¢ > 0 we may pick t. > 0 such that a"/t* < ¢
for t > t..

(iv) Given € > 0 we pick ¢ > 0 such that the first term on the right hand-side is smaller than e for
every n € N, so that

(*) /X|fn|§5+/x|fn|x{|fn|§f}'

The sequence f, x|, |>7} converges to 0 a.e. in X, being dominated by |[f,|, which does so, and it is
dominated also by the constant = # yx, which is in L'(u) since u(X) < co. By dominated convergence
we have

n— oo

lim / |fal X{1fa1<ty = 0.
X

Taking limsup in (*) we then get

limsup || fnl1 < e for every € > 0,
n— oo

the desired conclusion.

(v) We are of course tempted to apply (iv) to g, = f — fn, and to do that we need to know that
f = fn € S(a) (or something similar). By repeating the proof of (i) we see that S(a) is pointwise closed:
if f, — f a.e., and || f.|l» < a, Fatou’s lemma says that || f||, < a; and u(X) < oo, so that L” C L' if
r > 1, as supposed. Then f € S(a), hence g, = f — fn € S(2a), so that g, — 0 in L, and by (ii) we
have ||gn ||, — 0 for every p with 1 <p < r.
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(vi) Clearly we have ||fy||» = 1 for every n € N and r > 0, so that f,, € S(1) for every n and r > 0.
And f,, converges pointwise to the zero function, but since || f,||, = 1 for every p > 0 and every n € N in
no LP space we have convergence of f,, to any function.

REMARK. Fatou’s lemma concerns the liminf of measurable functions with respect to pointwise conver-
gence a.e: it is true that if f, converges to f in L' then we have, for every r > 0:

/ A< nmmf/ £l
X n—oo X

but the route for proving this fact is through pointwise converging subsequences, to which Fatou’s lemma
may be applied. Try to prove it!

ANALISI REALE PER MATEMATICA — PRIMO APPELLO INVERNALE — 3 FEBBRAIO 2014

EXERCISE 13. Let F': R — R be defined by
F(x) = H(—x) arctan(1/2®) + H(x) (% - arctan(l/x3)) , F(0)=0;

H = X[0,00[ is the Heaviside step; let u denote the measure dF' associated to F.

(i) Plot F.
(ii) Plot T(z) = VF(] —o0,2]), A= (T'+ F)/2, B= (T — F)/2, giving formulas for these functions.
(iii) Write a Hahn decomposition for u, and split p into singular and absolutely continuous parts
(with respect to Lebesgue measure m); compute also the derivative F”.
(iv) Let E = {(z,y) € R?: —|z| < |y| < |z|}. Compute u* @ m(E).

Solution. (i) Plot of F is easy:

L L
-1 1

FIGURE 7. Plot of F.

(ii) We have (notice that F' is right—continuous, so that T, A, B are also right—continuous):
—arctan(1/z3) x <0
T(x) =4 7/2 z=0.
3m/2 — arctan(1/x3) x>0

FIGURE 8. Plot of T'.

and
0 x <0 —arctan(1/z3) z <0

Alz) = 7/2 x=0; B(zx)=<m/2 z=0.
7 — arctan(1/z3) x>0 /2 x>0
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FIGURE 9. Plots of A, B.

(iii) A positive set for p with negative complement is P = [0, co[ with @ =] — o0, 0 negative. We have
o ™ ! _ _3/x4 _ x2 .
du—F(x)dx+§5 F(m)——sgnxm—SsgnlerxG (x #0);

The negative part p~ is absolutely continuous, du~ = ((3z%)/(1+ %)) H(—z) dz; the positive part has
7d/2 as singular part, and ((32z%)/(1 + 2°))H(x) dx as absolutely continuous part.

(iv) We compute the measure by integrating in du™ the m—measure of the x—sections of FE; since
put(] — o00,0]) = 0, we need to compute the z—section F(x) of E only for z > 0. We have F(x) = [—x, ]
so that m(E(z)) = 2z, and (

ut om(E) = [

[0,00]

+ >

2z d =6 — dx;

vt (@) =6 [ i do

(since |z| = 0 for x = 0 the singular part does not contribute to the integral). The integral is easily
reduced to Euler’s functions by the change of variable ¢ = t:

e’} t1/2 t_5/6 1 00t2/3—1
/ Ly 7/ dt =
o 1+t 6 6, 1+t

1

1 T
= 6B<1/3’2/3) = 6I‘(1/3) I'(2/3) = m,

so that
2

pte@m(E) = 3 3.

EXERCISE 14. Consider the function
f@) = [ et dnt @),
R

where p' is the positive part of the measure u defined in Exercise 1).

(i) Find the domain of existence D of f (=the set of all € R such that the integral defining f(x)
is finite) and discuss continuity of f on D.
(ii) Find the largest k € N such that f € C*(D).
(iii) Prove that f € C°°(int(D)), where int(D) is the interior of D

Solution. (i) Since p* (] — 00,0[) = 0 the function is (7/2 is the integral with respect to the singular part
wd/2)

T [ele] ot t2
=z g dt;
/(@) 2+3A TR

Clearly the integral is finite if and only if z > 0 (if < 0 the integrand has limit +oco as ¢ — oo, and the
integral cannot converge); in other words D = [0, 00[. And since for 2 € D:
.t t? t? 1
0<e™™® < — d t———¢cL(|0, ,
=C TxE S 1y M T &L 000D

by the theorem on continuity of parameter depending integrals f is continuous on D = [0, ool.
(ii) Differentiating under the integral sign we get (we forget the factor 3)

t2
—t —xt
(D

t3 3

t
< d t———¢eLY0
S1qe M 1+t6e ([0, 00D,
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so that f € C'(D); another differentiation brings

Y ., 4 4 )
<t‘e” < — d t L
Ot w1y ™ 1 e € L 0D,
so that f € C?(D) and
o0 t4
" — —xt dt.
O A

another differentiation brings t°/(1 + %), which is not in L!([0, o), so it’ s doubtful that f € C3(D).
We provisionally say that f € C?(D), but f ¢ C3(D) (having not yet completely proved it).

(iii) Of course int(D) =]0, co[. We observe that if z > 0 then t — e=** " /(1 +15) belongs to L ([0, co])
for every n € N. Then f € C*°(]0,00]): given = > 0, if y > x/2 we have

2 2+k t2+k

_gt b z
| S T ST (= () € LU0, 00),

_tk} —yt <
(=)"e - 1+ — 1416

and the theorem on differentiation of parameter depending integrals says that f € C*(]0, 00]) for every
ke N.
We can now prove that f ¢ C3(D); in fact f € C3(int(D)) and for x > 0 we have

111 > —xt ts
[ (x) = =3 ¢

1+16 7
for z; | 0 sequence f;(t) = 3e~%i't? /(1 + t°) converges increasingly to 3t°/(1 + t°); by monotone conver-

gence:
0o oo t5
li (t)dt =3 ——dt =
which implies lim,_,g+ f"(z) = —c0.

REMARK. Some people interpreted f(x) as

™ < . 327
= — 7d
=g+ e

or something similar; a fatal error which rendered everything incomprehensible.

O

EXERCISE 15. Let (X, M) be a measurable space, and let v : M — R be a signed measure; as usual
we denote v* the positive and negative parts of v, and with || = v+ + v~ the total variation. As with
positive measures, a signed measure is said to be o—finite if X can be covered by a sequence E,, € M of
sets of finite v—measure.

(i) Prove that for an E € M we have v(E) € R iff v*(E) < oo, and iff [v|(E) < co. Deduce that a
signed measure is o—finite iff its total variation is o—finite.

(ii) Prove that if u,v : M — [0, 00| are positive measures then p + v is o—finite iff 4 and v are both
o—finite.

(iii) Prove that if p, v: M — R are o—finite signed measures there is a o—finite positive measure p :
M — [0, 0] and measurable functions f, g integrable in the extended sense such that du = fdp
and dv = gdp.

(iv) Prove that if pu,v : M — C are complex measures there are: a finite positive measure p : M —
[0, 00 and functions f, g € L'(p) such that

w(E) :/ fdp, v(E) :/ gdp for every E € M.
E E

Solution. (i) Recall that if v(FE) is finite then for every F € M with F C F we also have v(F) € R:
for v(E) = v(F) 4+ v(E \ F), and a meaningful sum of extended reals is finite iff both summands are
finite. Then v(E) € R implies vT(E) = v(ENP) € R, and v~ (E) = —v(ENQ) € R; in turn this
implies |[V|(E) = v (E)+ v~ (E) < oo, and if |v|(F) is finite then |v(E)| < |v|(E) implies v(E) € R. The
remaining assertion on o—finiteness is then trivial.

(ii) Of course E € M has finite 1 + v)—measure iff both p(E) and v(E) are finite. If (F,)men and
(F)nen are countable coverings of X by sets of finite u— and v—measure, respectively, then (E,, N
F)(m.nyenxn is countable covering of X by sets of finite (4 + v)—measure, thus proving that if x and
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v are both o—finite then p + v is also s—finite. The converse is trivial: a cover by a sequence E,, € M
with (u + v)(E,) < 0o is also a cover by sets of finite y and v measure.

(iii) If p and v are o—finite then by (i) |u| and |v| are sfinite, and by (ii) p = |u| + || is o—finite.
Moreover |u(E)| < |p|(E) < p(E) and |[v(E)| < [v|(E) < p(E) clearly imply p < p and v < p. The
Radon—Nikodym theorem then applies to conclude the question (to be more precise: if u = ut — p~
then one at least of these measures, say p™, is finite, and the Radon—Nikodym theorem implies that
dut = udp for some positive u € L'(p); for u~ we can only assert that there is v > 0 measurable such
that p= (F) = fE vdp for every E € M; then f =u — v is such that du = f dp; same for v).

(iii) A complex measure has necessarily finite real and imaginary parts; we can the take

p = e + || + [vr| + 0]

REMARK. (i) It is not correct, when v is a signed measure, to write v(E) < co to signify that v(FE)
is a real number; one ought to write —oo < v(E) < oo to indicate that v(E) € R.
(ii) If 4 and v are positive measures they are not necessarily positive and negative parts of a signed
measure; this certainly does not happen if they are both infinite, and even when p—v is meaningful
(which is the case iff one of the two measures is finite) we shall in general have (u—v)*(E) < u(E)
and (p —v)~(E) < v(FE), with equality if and only if p L v (LN, Exercise 6.2.5.1).

O

EXERCISE 16. Let (XM, u) be a measure space. We denote by L(u) the set of all (equivalence classes
modulo equality p—a.e. of) measurable complex valued functions. We say that a subset S of L(u) is
o—closed in L(p) if it contains the pointwise limits of its a.e. converging sequences: in other words, S
o—closed means that whenever a sequence f, € S converges a.e. to f € L(u), then f € S.

(i) Prove that if S C L(p) is o—closed, then S N LP(u) is closed in LP(u), for every p > 1.

(ii) Let F C C be closed in C, and denote by L, (X, F') the set of all f € L(x) such that u(f(C

F)) =0. Prove that L,(X,F) is c—closed in L(u).
(iii) Let ¢ : [0, 00[— [0, 00[ be continuous, and let @ > 0. Prove that the set

5= {f e L): [ Pf@) duto) < }

is o—closed in L(p).

Recall that a sequence f,, € L(u) is said to converge in measure to f € L(u) if for every ¢t > 0 we have
limy, 00 p({|f = fn] > t}) = 0. We have seen (accept it) that

. (%) If f.. converges to f in measure then some subsequence of f, converges to f almost uniformly.

(iv) Prove that if S C L(u) is o—closed then it is also closed under convergence in measure of sequences
(first prove that almost uniform convergence implies a.e. convergence).

(v) Assuming p(X) < oo, prove that a subset S of L(u) is o—closed iff it is closed under convergence
in measure of sequences.

(vi) Let X = R, M = B(R) and p = m, Lebesgue measure; let

S = {X[n.n+1[ tne N}.

Prove that S is closed under convergence in measure, but it is not o—closed.

Solution. (i) Recall that a subset of the normed space LP(u) is said to be closed in LP(u) when it
contains the limits of its sequences converging in the space LP(u). Thus we have to prove that if a
sequence f, € LP NS converges to f € LP(u) in the p—norm we actually have f € SN LP(u). Not
necessarily f, converges pointwise a.e. to f, but we know that some subsequence f,, ) converges to f
also a.e.; and since S is o—closed we get f € S, as a.e. limit of the sequence f, ) € S.

(ii) Assume that f, € S converges a.e to f. Let N, = fF(C~NF), and let N = {z € X :
fn(z) does not converge to f(z)}. Then M = N U (U,—,N,) has measure 0; and if z € X ~ M
we have f,(z) € F for every n € N, and lim,,_,~ frn(x) = f(z). Then f(z) € F, because F is closed in
C. It follows that f(X ~ M) C F, so that f<(C\ F) C M has measure 0.

(iii) Assume that f,, € S converges a.e. to the measurable function f. Then |f,| converges a.e to
|f|, and by continuity of ¢ on [0,00[) we have that ¢ o |f,| is a sequence of measurable functions that
converges a.e to ¢ o |f|. Then lim, o ¢ o |fn| =liminf, o @ o |fn| = ¢ o |f|, and by Fatou’s lemma:

[ ool <tmint [ polfil<a
X n— oo X
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(iv) By the above recalled fact, convergence in measure implies almost uniform convergence of a
subsequence. Next we observe that almost uniform convergence implies pointwise convergence a.e.: the
set of points at which an almost uniformy convergent sequence does not converge has measure smaller
that any number § > 0 (given § > 0, if E(d) € M is such that pu(E(d)) < § and the sequence converges
uniformly in X \ E(J), then the set of points of non convergence is contained in F(§)) and has then
measure zero. Then a o—closed set is also closed under convergence in measure: if f,, € S converges to
f in measure then some subsequence f, ) converges to f almost uniformly, in particular also a.e; if S is
o—closed then f € S, as the a.e. limit of f,, () € S (same argument as in (i)).

(v) As seen in (iv), on every measure space o—closure implies closure under convergence in measure.
On a finite measure space pointwise convergence a.e. implies almost uniform convergence (Severini—
Egoroff theorem). Now it is immediate that almost uniform convergence implies convergence in measure:
given t, ¢ > 0 pick F € M with u(F) < ¢ such that in X \ E the sequence f, converges uniformly
to f; we then get 7 € N such that for n > 7 we have |f(z) — f.(x)] < t for every x € X \ F; then
{If = fn] >t} C E for every n > 7 so that u({|f — fn] > t}) < pu(E) < e for every n > . We have proved
that in a finite measure space cconvergence a.e. implies convergence in measure, so that any subset of
L() closed under convergence in measure is also o—closed, if u(X) < cc.

(vi) The whole sequence 7 = X[, n41] converges pointwise to the 0 function, which is not in S, so that
S is not o—closed. Any sequence f,, € S with infinite range shares a subsequence with n — X{;, 41, and
if it converges in measure to some measurable function, this function has then to be 0. But for every n
we have p({X[nnt+1] > 1/2}) = p([n,n+1[) = 1; no subsequence of n > X[, 41| can converge in measure
to the zero function. Then a sequence of S converging in measure has to be eventually constant, and so
its limit is in .S.

REMARK. (i) Some people thought that to answer they had to prove that if f,, € SNLP(u) converges
pointwise a.e. to some f, then f € L”(u) (or even more, that in this case lim, o0 || f — fullp = 0).
This is of course not true, even in finite measure spaces. Take e.g [0, 1] with Lebesgue measure
w; if S = L(p) we have SN LP(u) = LP(u) (by definition LP(u) consists of measurable functions);
the function z — 1/z, which is in no LP(u) for p > 1 is the limit of an increasing sequence of
step—functions, which are in every LP(u)!

(ii) The set L, (X, F) N L'(u) was used in Lecture Notes, exercise 3.2.19.4.

(iii) There is a dangerous misunderstanding: dominated convergence is not implied by the fact that
the integrals of functions in the sequence are bounded! it requires much more, that all functions
in the sequence are dominated by a single function with finite integral!

(iv) Some people believe that convergence a.e. of f,, to f means that lim, o pu({|f — fn| > 0}) = 0.
This is not true: f, = X[n,n+1[ converges pointwise to 0, yet u({|f — fn| > 0}) =1 for every n.

O

ANALISI REALE PER MATEMATICA — SECONDO APPELLO INVERNALE — 24 FEBBRAIO 2014
EXERCISE 17. Let F' : R — R be defined by

11—t if r<-—1
F(x) = arcsinz  if —1<z<l1.
l—e @D §f z>1

Let p denote the signed measure dF' associated to F'.

(i) Plot F.

(ii) Compute the derivative F’'(x) where it exists; find the points of R with non—zero pu—measure,
and write the decomposition of y into absolutely continuous and singular part (with respect to
Lebesgue measure m = dz, of course).

(iii) Write u* and p~ with their absolutely continuous and singular part. Find a Hahn decomposition
for p.

(iv) Let E = {(x,y) € R?: 0 <y < |z|}. Compute |u| @ m(E).

(you can answer (ii) and (iii) without explicitly computing the total variation function of F')
Solution. (i) The plot is very easy:

(ii) The function F' is continuous everywhere but at the points —1, 1, where it has a jump of —7/2,
so that u({—1}) = u({1}) = —7/2. It is of class C! in its set of continuity, ] — oo, —1[U] — 1, 1[U]1, oo,
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FIGURE 10. Plot of F.

where the derivative is

F/(‘r) = —¢"T! X]—oo,—l[(x) + \/1%71‘2 X]—l,l[(x) + ei(wil) X]Loo[(x);

thus the measure is locally absolutely continuous on each of the three intervals | — oo, —1[, | — 1, 1], |1, oo,
and we have u = p, + ps with p, = F/'(z) dz and ps = —7/2(6-1 + 61).
(iii) The positive part of yu is
1
ot te = (B ()T — —(z—1)
=py +pus=F(x))" de+0= —11((x) +e oo[(T),

absolutely continuous, and the negative part is

m ™
'u_ = /’La._ + M_S = (F/<:1,‘))_ dx + 5(6,1 + (51) = e$+1 X]fooyfl[(x) + E((sfl + 61),

a positive set for p is | — 1, 1[U]1, co[. with the complement oo, —1] U {1} negative.
For future use we notice that

il =t 4 71 = | @) do + 501+ 61) =

1

z+1 —(x— m
=€ + X]_m,_l[(z) —+ ﬁ X]_l,l[(fIJ) + e (z—1) X]l,oo[(x) —+ 5((5_1 =+ 51)

(iv) We have, observing that the x—section of F is [0, |z|], so that E is the trapezoid of the function
x|z

M®mm=4mmmwwm=4mwwm:

= xedem—i—/ idalc—l—/ zle @ Vdp+ T -1 —|—E|1:
Amwu Ty R T

(in the first integral we set —z in place of x)

[e%e] [ee) 1
x
=7r+/ zefzﬂdx—k/ a:efx+1dx+2/ ——dr =
1 1 0 V1—2a?
oo 1
:7r+26([—xe_x]<;o+/ e_xdm>+2[—\/l—x2]0:
1

=n4+2(et+e ) +2=n1+6.

EXERCISE 18. Consider the function
@) = [ snGat) o),

where || is the total variation of the measure p defined in Exercise 1).

(i) Find the domain of existence D of f (=the set of all € R such that the integral defining f(x)
is finite) and discuss continuity of f on D.
(ii) Is f € C*°(D)? Otherwise, find the largest k € N such that f € C*(D).
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Solution. (i) Is immediate: we only have to notice that |u| is a finite measure (Ju|(R) = 2(1 + 7)), so
that the constant 1 is in L(|u|), and moreover |sin(zt)| < 1, so that f is defined for every x € R; since
x +— sin(zxt) is continuous the theorem on continuity of parameter depending integrals (with a unique
global dominating function «(¢) = 1) implies continuity of f on D = R.

(i) Setting g(x,t) = sin(xt). we have that (9,9)*(x,t) = t*h(x,t), with h(x,t) = £sin(xt) or h(z,t) =
+ cos(xt); in any event we have

1(029)% (x,t)| < |t|* for every z,t € R and every k € N.

If v(t) = [t|¥ is in L'(|u|) for every k, the differentiabilty part of the teorem allows us to say that
f € C=(R). Tt is clear that [t|* € L'(|u|); the function is bounded on compact sets, hence summable
there; and clearly ¢+ |t[F ettt [t|F e~ (=1 belong to L. (] — 0o, —1[) and L. (]1, 00]), respectively.

REMARK. One can also observe that

—1 1 . [e s}
flx)= /_Oo sin(xt) et dt + /_1 % dt + ! sin(zt) e dt + g /Rsin(xt) d(0_1(t) +01(¢)) =

(put t = —s in the first integral, and integrate with respect to the singular part)

1 1 : [e%s)
t) T
= sin(—zs) e T (—ds +/ sin(z dt+/ sin(xt) eV dt + —(sin(—z) + sinx) =

_/1 sin(zt) gt
VI

in other words we have

U sin(at)
o= [
and the fact that f € C°°(R) becomes immediate, since t* is bounded on [—1,1], and ¢ — 1/v/1 — 2 is
in L71n([_17 1})
Many people still have not understood how to use the theorem to prove continuity of the parameter
depending integral: proving that t ~ sin(zt) is in L'(|u|) for every x € R proves only that f is defined
on all of R, for continuity one has to find a dominating function in L*(|u|) which does not depend on ,

at least locally (here it is easy to find a globally dominating function, the constant 1).
O

EXERCISE 19. Given a set X and a positive function w : X — [0, 00|, for every subset A of X we define
the sum of w over A as

Zw = Z w(x) := sup {Z w(z), FCA F ﬁnite} (finite or oco).
A z€A z€F

It is easy to prove (accept it) the unrestricted associativity of infinite sums, that is, for every disjoint
family (Ax)aea of subsets of X we have, if A = J,c, Ax

€A AEA €A
(i) Prove that the formula p,,(A) =3 ., w(z) defines a measure ju,, : P(X) — [0, 00].
From now on we assume that X is an infinite set, that w is finite-valued, and that p,,(X) = co. Let A
be the subalgebra of P(X) consisting of finite and cofinite subsets; define the set function p : A — [0, 0]
by the formula pu(A) = p(A) if A is finite, and u(A) = oo if A is cofinite.
(ii) Prove pu(A) = py(A) for every A € A, and that p is a premeasure.
(iii) Prove that if p* is the outer measure associated to p by the usual procedure, then p.,,(E) < p*(E)
for every E C X, and that p*(E) = oo for every uncountable E C X. Prove that p,,(E) = p*(E)
for every countable £ C X.
(iv) Prove that every subset A of X is u*—measurable (recall that measurability of A may be checked
with sets E of finite u*—measure ...).
We now specialize by taking X = R and w : R — [0, 00[ defined by w(z) = 0 if z € R\ Z, and
w(x) =2""A1for x € Z.
(v) Exhibit a subset E of R for which p, (E) < p*(E).
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(vi) Given 0 < p < ¢ find f € LP(uy) N L(pty) and g € L9(py) ~ LP(y) (you may take f(z) =
g(z) =0 for all x € R \ Z, you need to define f and g only on Z .. .).

Solution. (i) Clearly the empty sum is 0, > 5w = 0 (by definition), so that p,,()) = 0. And unrestricted
associativity with A countable is exactly countable additivity of fi,.

(ii) Notice that since w is finite—valued we have p,,(E) < oo fo every finite subset E of X. If A is
cofinite For every A C X we have iy, (X) = ty(A4) 4 (X N A); if A is cofinite then g, (X N\ A) < 0.
and by the hypothesis i, (X) = 0o we get p,y(A) = 00, so that ., (A) = p(A) for cofinite sets. Countable
additivity of p on A is now obvious, since p(A) = p(A) for every A € A and p,, is countably additive.
Then p is a premeasure.

(iii) Given E C X, assume that (Ay)nen is a countable cover of F by elements of A. Then, first by
monotonicity and then by countable subadditivity of fi,,:

E) < pw (U An) < Zﬂw(An) = ZN(A )
neN neN neN
the last equality due to the fact that p,(A4,) = u(4,) for every n € N since 4,, € A. We have proved
that
< Z w(A,) for every countable cover of E by elements of A,
neN

which implies p, (E) < p*(E). If E is countable then {z} : € E} is a countable cover of E by elements
of A and py(E) =3 cpw(x) = > cpp({z}), so that p*(E) < py(E), and equality p*(E) = p,(E)
then holds. Finally, if F is uncountable then every countable cover (A, )nen by elements of A must
contain a cofinite set, since a countable union of finite sets is at most countable and cannot contain
the uncountable set E. Then ) _yu(A,) = oo, because one element of the sum is infinite. We have
seen that for every countable cover (A, )nen of £ by elements of A we have )y u(A,) = oo: this is
equivalent to say that pu*(E) = oo.

(iv) We know that a set A C X is pu*—measurable if and only if p*(F) = p*(ANE) + u*(E ~\ A)
for every E C X with p*(E) < oo. This means that E is countable; then also EN A and E \ A are
countable, being subsets of E. But then py,(E) = pw(E N A) + 1y (E N A) by additivity of p.,,, and on
each of these sets p,, and p* coincide, as seen in (iii); in other words the preceding equality is exactly
pr(E) = p (ENA)+p* (BN A).

(v) The set £ = R \ Z is uncountable, so that u*(E) = oo, by (iii). But u,(E) = > cpw(x) =0
since w is identically zero on E.

(vi) We try to define f = fo € LP(uyw) ~ L9 (uy) in the following way: f(z) = 0 for z € R\ N,
f(n) =2 per n € N, with o > 0 to be determined. We have

/(f(l’))” dp(w) = Y (f@)Pw(a) =Y 2mer2mn =3 onler=h =% “(ger=hyr,
R rER n=0 n=0 n=0
a geometric series that converges iff ap — 1 <0 <= « < 1/p. Similarly
L@y dune) = Sy
n=0

converging iff « < 1/¢ Since 0 < p < ¢q we have 1/q < 1/p; for any o € [1/q,1/p] we have f, €
LP(pyy) ~ L9(phy). To get g € LI(paw) N LP(y) we take instead g = gqo(x) = 0 for x ¢ —N, and
g(—n) =1/(n+ 1) for every n € N, We have

L@ ) = S v = 3

z€R =

and the last series converges iff ap > 1 <= «a > 1/p, For « €]1/q,1/p] we get go € LI (pt) NLP(ptyy). O

EXERCISE 20. Let F, : R — R be a sequence of increasing functions such that F,,(—o0) = 0, Fj,(c0) =1
for every n € N, and lim,,—, o, F},(x) exists for every x € R; calling this limit F(x), it is clear that the
formula x — F(x) defines an increasing function F' : R — R, with F(—o0) = 0 and F'(co) = 1. Let
tn = dF, and p = dF be the measures associated to the functions F;, and F.

(i) Prove that there is a countable subset D of R such that on C' = R \ D the functions F, F,, are
all continuous.
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Let A = A¢ denote the subalgebra of P(R) consisting of finite disjoint unions of intervals with extremes
in C.

(ii) Prove that for every A—simple function g we have

[ adu= 1 [ gau,

(recall that A—simple functions are step functions, linear combinations of characteristic functions
of intervals with extremes in C' ...).

(iii) Here, and here only, assume F,(z) = (1 + tanh(nz))/2. Plot some F,, and F', and describe all
intervals I such that lim, oo ptn (1) # p(I).

(iv) (Back to general F,, and F) Assume that f : R — R is in the uniform closure of the space of
A—simple functions, that is, there is a sequence g, of A—simple functions converging uniformly
on R to f. Then

(*) /Rfdu:nliﬁrréo/Rfdun

(v) [extra] Prove that f: R — R is in the uniform closure of the space of .A—simple functions if and
only if f is continuous on R \ C| has finite left and right limits at every ¢ € C, and both limits
lim, 1o f(2) exist finite.

Solution. (i) It is well known that an increasing function has a set of points of discontinuity that is at
most countable; if D,, is the set of jump points of F,, and D(F') is the set of discontinuity points of
F, setting D = D(F) U (UneN Dn), the set D is countable, and at every point of C' = R \ D the limit
function F' and all functions F;, are continuous.

(ii) For every interval I with extremes infI, supI € C we have p,(I) = F,(supI) — F,(inf I) and
also u(I) = F(supI) — F(infI), because F,, and F are continuous at inf I, supI € C. Then, since
F(supI) = lim,_ o Fy(sup I) and similarly for inf I we get

lim p,(I) = lim (E,(supl)—F,(infI)) = lim F,(supl)— lim F,(infI) = F(supI)—F(infI) = u(I).
n—o00 n—00 n—00 n—00

If g is A—simple we have g = > /" | ay, X1(k), Where each I(k) is an interval with extremes in C; then

/gdun = g (I ());
R k=1

taking limits as n — co we get

lim (Z an un(I(k))> =D o lim pu(I(k) =) aw p(I(k)) = /Rgdu;
k=1

|
T

Ficure 11. Plots of F,,, F.

thus proving what required.

(iii) The plot is easy (if one remembers the plot of tanh!). If F(x) = lim,_,c Fn(2), we have F(z) =1
for x > 0, F(z) =0 for x < 0, and F(0) = 1/2. All functions F,, are continuous, only the limit function
F is discontinuous at 0, with a jump of 1. Then we may take D = {0}, and C' = R ~ {0}. By (ii)
the only intervals I which can make pu(I) # lim, o0 ptn (1) are those with an extreme in 0. And in fact
this happens for {0} and for every interval not containing 0 with 0 as an extreme: if I = {0} we have
pn(I) = 0 for every n, but u({0}) = 1. Assume now that inf I = 0, that sup > 0 and that 0 ¢ I. Then
pn(I) = Fp(supI) — F,(0) = F,(sup I) for every n, so that lim, oo ftn (1) = lim, o0 Fr(supI) = 1; but
u(I)=1—F0T)=1-1=0if 0 ¢ I, whereas u(I) =1 — F(07) = 1if 0 € I. Similarly for intervals
with 0 =sup I.



24 GIUSEPPE DE MARCO

fdu—/gkdwr/gkdu—/gkdun+/gkdun—/fdun <
R R R R R R
<‘/fdu—/gkdu‘+ = [ gl + | [ gein [ i <
R R R R R R
/|fgk|d:u+‘/gkd,u/gkdﬂn +/|gk*f‘dﬂn§
R R R R
S/Ilf—gklloodu+ /gkdu—/gkdun +/||gk—f||oodun;
R R R R

Since g — f uniformly, given € > 0 there is k € N such that ||f — gx||co < &; then we have

Vfdu fdpn| < /6du+/€dun+/ g dp — /gkdun = e p(R)+epn(R ‘/ g dp — kdun :
R

‘We have obtalned.
/fdu—/fdun gkdu—/gkdun
R R R R

taking limsup for n — oo, since [ g dpt — [5 gk dpn — 0 by (ii) we get

[ rau= [ sam,
R R
and we conclude, since € > 0 is arbitrary.

(v) Since uniform convergence ”preserves limits” (meaning that if g converges uniformly to f, and
lim, . gx(z) = Iy for some ¢ € R then limy_,o I, = [ is finite and | = lim,_,. f(z)), the condition is
clearly necessary: all A—simple functions are continuous on R ~\ C, have finite left and right limits at
every ¢ € C, and have both limits as x — 400 finite. We have to prove that any f: R — C that verifies
these conditions is the uniform limit of a sequence of A—simple functions. It is clearly enough to prove it
for real valued functions. We prove that if f: R — R is a function satisfying the stated limit conditions,
then for every € > 0 there are A—simple functions u, v such that f —¢ < u < f < v < f+e. Let
a = inf f and 8 = sup f. Given c € R we find A—simple functions u., v. such that v, < f < v,, and
f(@) — e < ue(z) <wve(z) < f(x) + ¢ for all z in a nbhd U, of ¢ in R. For ¢ € C we pick a,, b, € C such
that a. < ¢ <be, f(c™)—e < f(x) < f(c™)+e for x €|ac, c[, f(ct)—e < f(z) < f(cT)+eforc <z < b,
and we define u., v, : R = R by u.(c) = f(c) = v.(c) and:

ue(z) =a for x <a.and x > by ue(z) = f(c7) —efor a. < x < ¢; uc(x) = f(c™) —e for e < x < b
ve(z) = B for # < a. and & > b.; v.(x) = f(c7) +efor a. < x < ¢; ve(w) = f(ct) + ¢ for ¢ < x < be;

) Write

’/fdu fdpn| =

< 2+

)

lim sup < 2e¢,

n— oo

Moreover we set U(c) =]ac, be[. For ¢ € R\ C the functions u. and v, are defined in the same way, except
that now f(c¢™) = f(¢™) = f(c¢). For ¢ = oo pick a € C such that f(—o0) —e < f(z) < f(—o00) +¢
for x €] — 00, al, and define u_(x) = f(—o0) — € for z < a, u_o(z) = a for & > a, whereas v_o =
f(=00) + ¢ for z < a, and v_o(2) = B for z > a; U(—00) = [~00,a[. An analogous construction
defines 1o, and vs,. Since R is compact, there exist ¢(1),...,c(m) € R such that R = |J;", U(c(k)).
We set u = ueq)y VooV Uem) and v = vg1) A -+ A Uem), and we claim that for every z € R we
have f(z) —e < u(x) < f(zx) < v(z) < f(z) +e. The inequality u(x) < f(x) is due to the fact that
uc(x) < f(z) for every x and every c, same for f(z) < v(z). And given € R we have x € U, for some
ke {l,...,m}, so that

f(@) —e Sucy(z) <ulz) < flx);  flx) +e > v (@) > vel() > f(2).

ANALISI REALE PER MATEMATICA — RECUPERO LUGLIO 14/7/14
EXERCISE 21. Let F' : R — R be defined by
1 —-1)3H-! if >1
N [ R |
sin(mra/2) if —1<2<1
Let p denote the signed measure dF' associated to F.
(i) Plot F.
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(ii) Compute the derivative F’(z) where it exists; find the points of R with non—zero y—measure,
and write the decomposition of y into absolutely continuous and singular part (with respect to
Lebesgue measure m = dzx, of course).

(iii) Find a Hahn decomposition for x. Write ut and 1~ with their absolutely continuous and singular
part.

(iv) Let E = {(z,y) € R?: 0 < y < |z|}. Compute |u| @ m(E).

(you can answer (ii) and (iii) without explicitly computing the total variation function of F)

Solution. (i) For z > 1 the function F is t — 1/(1 + t?) translated forward by 1, and for x < —1 it is the
symmetric of that. Easy the plot:

FIGURE 12. Plot of F.

(ii) Plainly F is everywhere continuous but at z = —1, where F(—17) = 1 and F(-17) = —1.
Moreover F' € C1(R \ {—1}), with derivative:
2(Ja| = 1) 7T 2(1 — |=[)
Fllag)= —" " i _ Z 2) vi_ I S i VA 1)
(z) (14 (x| —1)2)2 X]-o0,—1((%) + 2 cos(m/2) x)-1,1((x) + (1+ (jz[ - 1)2)2 X[1,00[(7) (7 # —1)

Thus —1 is the only point of R with nonzero y = pp—measure, and u({—1}) = F(17) — F(-17) =
(—1) — 1 = —2; the absolutely continuous part is F’(x) dx, the singular part is —20_;.

(iii) A Hahn decomposition for p is P =] — oo, —1[U] —1, 1], positive set, with complement {—1}U]1, oo|
negative set. The positive part is absolutely continuous and is u* = F’(z) X]—o0,1] dT; the negative part is

p- =20_1—F'(z) X]1,00[ d; this is also the decomposition of x~ into singular and absolutely continuous
part.

(iv) We observe that the set E is exactly the trapezoid of the function x — |z|; the measures being
o—finite we then have:

@ m(E) = [ aldue) = [ 1F@lde+ [ la]2d5s@) =2+ /| Pl [ @)=

|z|<1

(notice that |F’(z)| is an even function)

:2+2/1°°x<_;; (H(wl—l)“")) da:+2/01xdi(sin(7ra:/2))dx:

o (1 _ [H(;—lﬁr 4 /1 h H(ix—l)z + o sin(ma/2)]} - /0 in(rz/2) dx) _

2 4
=2 (1 + 1+ [arctan(z — 1)]5° + 1+ [COS(WZC/Q)]%) =6+m7— —.
™ 7r

EXERCISE 22. Consider the function

(i) Find the domain of existence D of f (=the set of all z € R such that the integral defining f(z)
is finite) and the limits of f as x tends to the boundary points of D in R.
(ii) Prove that f € C°(D). Is f € C°°(D)? Otherwise, find the largest k& € N such that f € C*(D).
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Solution. (i) It is easy to see that D =]0, oco[: we have

_ 2
e xt - efwt
1+t —

2

and if 2 > 0 the integral [, et dt is finite; if z < 0 we have

and [, dt/(1+ [t|) = co. We have to compute the limits lim,_,o+ f(z) and lim, o f(z). If ; | O the
sequence of functions f;(t) = e~ /(1 + |t|) is increasing and converges for every ¢ € R to 1/(1 + [t]).
By monotone convergence we have
dt
lim f(z;) = / 00,
R

o0 1+t

so that lim, ,q+ f(x) = co. And if z; > 0 tends to oo, and ¢ = min{z;} we have for every j € N:

2
e~ Tit —at?
Oﬁfj(t)=1+‘t|§€ ¢

since t — e~ is in L} (R), and f;(t) — 0 for every ¢t € R, the dominated convergence theorem applies
to say that lim;_, f(z;) =0, so that lim,_,~ f(z) = 0.
(ii) We prove that f € C°°(D). The n—th derivative with respect to x of the integrand is

efxtz efa:t2
on = (-1 nt2n .
z<1+|t|> (=1) 1+t

Given z > 0 pick any a > 0 strictly smaller that z, e.g. a = 2/2. If € U = [a, co[ we have, for every

teR:
e—a:t2 2
an < t2n —at ,
m<1+u0‘— ¢

and it is clear that since a > 0 the function ¢ — t2" ¢~ belongs to L*(R), for every n € N. O

EXERCISE 23. Let (X, M,u) be a measure space, and let f : X — C be a measurable function; let
A=A{lfl>1}, B={0<|fl <1}

(i) Is it true that f = fxa + fxB?
(ii) Assume that there exists a real number ¢ > 0 such that f € L%(u). Prove that then (recall that

Coz(f) = {[f1 > 0}):
=1l Pdu.
p(Coz(f)) = lim, /X |17 dpa
(iii) In the hypotheses of (ii), assuming p(Coz(f)) # 1 compute
tim |1l
p—0

(distinguish the cases pu(Coz(f)) > 1 and pu(Coz(f)) <1...).
We denote by L°(u1) the set of all measurable functions f : X — C such that p(Coz(f)) < occ.

(iv) Prove that L°(u) is a vector space of functions; moreover if 0 < p < ¢ < oo then LP(u) C

LP(p) 4 L9(p) and LO(p) N L4 () € LP(p) (hint: f = f Xcou(s) - )-
(v) In X = R with Lebesgue measure find a function f such that f € LP(R) for every p > 0, but

u(Coz(f)) = oo.

Solution. (i) If |f(x)] > 1 then xa(z) = 1 and xp(x) = 0 so that (i) holds; if 0 < |f(z)] < 1 then
Xa(z) = 0 and xp(z) = 1 so that again (i) holds. The only remaining case is |f(x)| = 0; then f(z) =
0 = xa(z) = xp(z) and still (i) holds. The answer is affirmative.

(ii) By (i) we have, for every p > 0:

LFIP = |fI" xa+ [fIP xB;
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if p(j) | 0 the sequence |f|PU) x4 is decreasing and the sequence |f|PY) xp is increasing. The first
sequence converges pointwise to x4, being dominated if p(j) < ¢ by the summable function |f]? x 4; by
dominated convergence we have

lim [ (£ x4 = / Xa = ul(A).

The second sequence converges to xp and as observed is increasing; by monotone convergence we get

tin [ 1779 = [ xn = u(B),

Then
Jim [0 =t ([ 1P [ 1070 ) = ) + () = u(Con )

since Coz(f) is the disjoint union of A and B.

REMARK. Many people seem to forget that a'/™ decreases to 1if a > 1, and increases to 1if 0 < a < 1!

the sets A and B were called into existence to remind of this fact ...

(iii) We have seen that if f € L(u) for some finite ¢ > 0 then lim, o+ || f||5 = p(Coz(f)); setting
a(p) = ||l f|[} we have

11l = a(p)'/? = exp(log a(p) /p);
if u(Coz(f)) < 1 then lim, o+ loga(p)/p = —oo, so that lim, .o+ ||f|l, = 0; if u(Coz(f)) > 1 then
lim,,_,o+ log a(p)/p = +00, so that lim, o+ || f|, = oo.

REMARK. If 1(Coz(f)) = 1 then we get

lim_[|£]l, = exp ( / logf(fv)ldx) ,
p—0+ Cou(f)

the geometric mean of f, as seen on the Weekly, ninth week.

(iv) Since Coz(f + g) C Coz(f) U Coz(g) we have that pu(Coz(f + ¢)) < u(Coz(f)) + u(Coz(g)); and
Coz(a f) = Coz(f) for @ € K~ {0}, so that L%(u) is a linear space of functions. From (i) we have
f=1fxa+ fxs If fe LP(u) then p(A) < oo (e.g., by Cebiceff’s inequality: u(A)'/? < ||f|l,) so
that fxa € L°(u); since |fl|xp < 1 and 0 < p < g we have |f|9xs < |f|P x5 < |f|P if ¢ is finite, so
that fxp € L9(u); and fxp € L*(pn) in any case. We have proved that LP(u) C LO(u) + L9(u). It
remains to prove that if f € L%(u) N L9(u) then f € LP(u). Assume first that ¢ < oo; using the fact
that f = f Xcos(r) We apply Holder’s inequality to |f]P and XCoz(f), With conjugate exponents q/p and
1 —p/q= (¢ —p)/p, obtaining

1y < 1 fllg s(Coa())/7=11s,
(as in the variation of LP in spaces of finite measure) and then that f € LP(u), so that L°(u) N L9 (u) C
LP (), if 0 < p < g < oo. If ¢ = 0o we have only to integrate the inequality |f|? < || f[|% Xcos(s) to get

/X 1P < 1% (Cor( £) = [1£llp < 1flloo ((Con(f)) V7,

so that f € LP(u).
(v) Easy: f(z) =e 1ol or f(z)=e"". O

EXERCISE 24. Let X be a set, and let ¢ : P(X) — [0,00] be an outer measure; let M = M(¢) be the
o—algebra of ¢—measurable sets.
(i) What is the definition of a ¢p—measurable set?
(ii) Let A C X be ¢—measurable; prove that if E C A and F C X \ A then ¢(EUF) = ¢(E) + ¢(F)
(iii) Let (A(n))nen be a disjoint sequence in M, and assume that E(n) C A(n) for every n € N.

Prove that - -
o(U B0)) =3 ot

n=0 n=0
GiveniE C X we say that E € M is a measurable cover of E if E D E, and for every measurable subset
B of E \ E we have ¢(B) = 0.
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v ssume that for a given £ C X there is an Fgy € wit o 2 I an 0) < oo. Consider =
iv) A hat f i E C X thereis an By € M with Ey 2 E and ¢(E Consider M(E
{A € M : AD E}; prove that there exists E' € M(FE) such that ¢(E) = min{$(4) : A € M(E)}, and
that this set E is a measurable cover of F.

Solution. (i) A set A € P(X) is said to be ¢—measurable when it splits additively every set E € P(X),
that is
PE)=¢p(ENA)+¢(E~A), forevery ECX.

(ii) Testing measurability of A against E'U F we get:
HEUF)=¢(EUF)NA)+¢(EUF) N A) = ¢(E) + 6(F),
since ( FUF)NA=(ENAUFNA) =FU)=F and ( FEUF)~NA=(EUF)N(X A =
(EN(XNA))UFN(XNA))=0UF=F.
(iii) By Caratheodory’s theorem M is a tribe, so that (J;_, A(n) is measurable for every m; by (ii)
(with E =J"_, E(n) and F =, E(n)) we get

o
Q as(OOE(n)) - ¢(60E<n>) o U 1E<n>) > ¢(OOE<n>);
e - — e

an easy induction on m, using (ii), shows that

o U E) = S 6(Em)),

n=0 n=0

so that (*) gives:

() ¢>(nf_]0E<n>) > ﬁjj HEM)).

and passing to the limit as m — co we obtain:

¢<n©0E(”)) > fj S(B(n));

countable subadditivity of ¢ gives the reverse inequality.

(iv) Let’s prove the existence of the minimum. Take a sequence A(n) € M, with A(n) € M(E),
w(A(n)) < oo, and lim, 00 (A(n)) = inf{p(A) : A € M(E)}(:= «). Since M is closed under countable
intersection we have that E = (), .y A(n) belongs to M; since also E C E, we have E € M(E), so
that in particular ¢(E) > a; but by monotonicity of ¢ we also have ¢(E) < ¢(A(n)) for every n,
so that ¢(E) = a. We have proved that a is a minimum. If B C E ~\ E is measurable, then also
E \ B is measurable and contains E, so that £ \. B € M(E); since we have ¢(B) < oo, we also have
d(E\ B) = ¢(E) — ¢(B) < ¢(E) if ¢(B) > 0; minimaliti of ¢(E) then foces ¢)B) = 0

E = F is a measurable cover of E.

REMARK. In (iii) we are essentially repeating the proof needed to prove part of Caratheéodory’s theorem
(that M(¢) is closed under countable disjoint union and that ¢ is countably additive on it, see the Lecture
Notes). It is in general false that the set (7] 4. M(E) A is measurable; this intersection is not an intersection

of countably many sets; e.g., if ¢ is the Lebesgue outer measure on R then this intersection is F for every
subset F of R, measurable or not.

O

ANALISI REALE PER MATEMATICA — II RECUPERO — 2 SETTEMBRE 2014

EXERCISE 25. Let F': R — R be defined by

( 1—e ==0 if 2| >1
xTr) = .
1+cos(mx) if —-1<z<1

Let p denote the signed measure dF' associated to F.

(i) Plot F.
(ii) Compute the derivative F’(x) where it exists, and write the decomposition of x into absolutely
continuous and singular part (with respect to Lebesgue measure m = dx, of course).
(iii) Let E = {(z,y) e R?: 0 <y < F(x)}. Compute u™ @ pu~ (E).
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(iv) Find all p > 0 such that the function f(x) = x belongs to L”(|u|).

M
T~/ N

-1 1

Solution. (i)

FI1GURE 13. Plot of f.

(i) We have that u < dz (F is continuous and piecewise C'!) so that
dp = F'(z)dx = sgnw e~ (I21=1) Xr[-1,1](z) dz — 7 sin(mx) x[—1,1](x) dz.

(iii) A Hahn decomposition for pis P = [—1,0] U [1,00[ and @ = R ~ P. All measures considered are
finite so that (notice that for every x € R the x—section of E is E(x) = [0, F(z)]):

it @ (E) = / W (Ea) dyrt () = / w ([0, F()]) (F' () dee =

(of course (F’(z))* =0 for z € R\ P, so that the integral may be restricted to P = [—1,0] U [1, co])

=/ ([0, F(x))F' () dw+/1m p ([0, F(2)) F' () da.

—1
If 0 < F(z) <1 we have u= ([0, F(z)]) = F(0) — F(F(x)) = 2 — (1 4 cos(nF(z)) = 1 — cos(wF(z)),
whereas if 1 < F(z) <2 we get u~ (F(x)) = 2, so that, noticing that F(x) <1 for z > 1:

/1 ([0, F@)]) P () do = /1 T = cos(rF(x)) F(x) do = [F(:z:) - Sm(”F(I»r =1

7r
For z € [-1,0] we get F(z) <1 for x € [-1,—1/2], F(x) > 1 for € [-1/2,0], so that

/ ([0, F@)) P (x) e = /

-1 -1

1

—-1/2 0

(1 — cos(nF(x))) F'(x) dx + /_1/2 2F (z)dx =

+2(F(0) - F(=1/2)) =

™

_ [F (@) - sm(ﬁp(x))] e
-1
= F(-1/2) — F(-1)+2=3.

We have obtained u™ @ u~(E) = 4.
(iv) Clearly d|u|(z) = |F'(x)| dx so that, by evenness of the functions involved:

[eS) 1 0
/ |z|P d|pu| = 2/ |z|? |F'(z)| dox = 2/ 2P |F'(x)| dz + 26/ 2P e " dz,
R 0 0 1

an integral plainly finite for every p > 0. (]

fla) = /O T

(i) Find the domain of existence D of f (=the set of all x € R such that the integral defining f(x)
is finite) and prove that f € C°(D). Observe that 0 € D, and compute f(0).
(ii) Let E = int(D) be the interior of D. Is f € C*°(E)? Otherwise, find the largest k € N such that
f e CHE).
(iii) Compute (justifying the answer!)

EXERCISE 26. Consider the function

et
lim — dt.
S| Troe

Is it true that f ¢ CY(D)?
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Solution. (i) If x > 0 we have (setting g(x,t) = =% /(1 +t)?):

et <1

14+6)2 = (1+1¢)?’

and the last function is summable on [0, oo, so that [0, 00[C D; if « < 0, then clearly lim;_, o, g(z,t) = o0,

and the integral cannot be finite. Then D = [0, oo[, and since the integrand is continuous in the varaible
x, and dominated for every & € D by the function ¢ — 1/(1 + ¢?), which is in L!([0, oo[) as observed, f

is continuous on D. Finally
< dt -11%
0 = = = 1
1) /0 (141)2 |:1+t]0

(ii) E =]0, 00]. For z € E, we pick a with 0 < a < x; the set U = [a, 00[ is a nbhd of z, and for y € U,
t € [0,00[ and k& € N we have
eV

oot 1) = (0" 1

and the last function is clearly in L!([0, 0o]).
(iii) If z; — 0 we have te~%i' /(1 +¢)*> 1 /(1 +t)? for every ¢ > 0; by monotone convergence we get

l9(z, )| = (

—yt —at
€ L €

(141¢)2 =t (1+1¢)2’

, < tem <t
jILI&/O aroe = /0 TETEk
and this last integral is clearly infinite. This shows that
lim f(z) = lim /OO —te dt = —o0,
z—0+F a—0t Jo  (1+1)2
which implies that f/(07) = —oo, so that f is not in C1([0, co])

O

EXERCISE 27. Let (X, M, p) be a measure space, and let p : X — [0,00] be a positive measurable
function. We define v = v, : M — [0, oo] by

v(E) = / pdu for every £ € M.
E

(i) Tt is well-known that v is a measure; state the theorem that implies this fact.
(ii) Prove that if ¢ : X — [0, 00[ is a positive M—measurable simple function then

/de=/ p pdp.
X X

(iii) Prove that if f : X — [0, 00| is positive and M —measurable, then

/deV=/Xfpdu-

Deduce from this fact that an M—measurable f belongs to L*(v) iff fp € L1(u).

(iv) Let I = {p = oo}. Prove that if pu(I) > 0 then I is a v—atom of infinite measure (that is,
v(I) =00 and if E € M and E C I, then v(E) =0 or v(E) = o0).

(v) Given real numbers «, f with 0 < o < 3, let A = A, 3 = {a < p < }. Prove that a measurable
subset E € M of A has finite v—measure if and only if it has finite g—measure.

(vi) Prove that X has o—finite v—measure if and only if I = {p = oo} has pu—measure 0, and
Coz(p) = {p > 0} has oc—finite p—measure.

Solution. (i) Theorem on termwise integration of series with positive terms (immediate consequence of
additivity of integrals and monotone convergence).

(ii) and (iii) are found in the Lecture Notes, exercise 3.2.5.2, with solution in 3.2.7, page 44.

(iv) If p(x) = oo for every x € E, and p(E) > 0 then of course [}, pdu = oo, whereas if u(E) = 0 then
fE pdp = 0. This clearly proves the assert.

(v) If E C A we have a < p(x) < § for every x € E, so that if E € M we get

o u(B) < /E pdi < Bu(E), that is: a u(E) < v(E) < B u(E),

which clearly implies that u(E) < oo <= v(F) < oo.
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(vi) By (iv) the sets A,, = {1/n < p < n} have o—finite v—measure if and only if they have o—finite
p—measure. Since Coz(p) ~ I = [J;_, Ay, we have that this set has o—finite v—measure iff it has
o—finite p—measure. If Coz(p) has o—finite p—measure and p(I) = 0, then v(I) = 0, hence Coz(p) =
(Coz(p) ~ I)UI has also o—finite v—measure, and since Z(p) = {p = 0} has clearly v—measure 0, X has
o—finite v—measure.

Conversely, if X has o—finite v—measure then every subset of X has o—finite measure; this implies
v(I) = 0, since otherwise v(I) = oo, and I has no subset of finite v—measure, as observed in (iv); but
v(I) = 0iff u(I) =0. Then Coz(p) has also o—finite p—measure.

(]

EXERCISE 28. Recall that if X is a set, A is an algebra of parts of X, and u : A — [0, 00] is a premeasure,
then the outer measure associated to u is the set function p* : P(X) — [0, 0o] defined by

w(E) = inf{iM(An) t A, e A EC Ej An}.
n=0

n=0

We assume now that A = M is a o—algebra, and that p: M — [0, 00] is a measure.

(i) Prove that in this case for every £ C X we have p*(F) = inf{u(A4): A€ M, A D E}, and there
is A= A € M with A D E such that u(A) = p*(E).

For a non-empty set X, we define ¢ : P(X) — [0,1] by ¢(0) =0, ¢(X) = 1, and ¢(A) = 1/2 for every
proper non—empty subset of X.

(ii) Prove that ¢ is an outer measure, which is not a measure unless the cardinality of X is less
than ... (]X| <7). Determine the measurable subsets M(¢) of ¢. What is the outer measure
associated to the measure ¢ r(¢)?

Solution. (i) Set, for every F € P(X):

(1) T(E) = {3, o m(An) : Ap € M, EC U2 Anks
(2) S(E) = {u(A): Ae M, EC A}.

By definition we have p*(F) = inf T(F), and we want to prove that inf S(E) = inf T(FE). Clearly
S(E) C T(FE) (consider the cover (A,0,0,...), so that inf S(F) > inf T(FE); but given any countable
cover A, of E by elements of M, we have A = J;_, A, € M, since M is a o—algebra, and A D E so
that u(A) € S(F); and by countable subadditivity of p we get:

oo

p(A) < 3 (A (€ T(E)).

n=0

We have proved that every element of T'(F) is larger than some element of S(E), and this clearly implies
that inf S(E) < inf T(E). Now existence of A D E which actually realizes the minimum of S(E) is clear:
pick a sequence A,, with E C A, € M and lim,,_, p(A,) = inf S(E), and put A =, .y An.

(ii) Isotony of ¢ is obvious. Given a sequence F, of subsets of X, not all empty, with union E =
Ur— En, we get ¢(E) > 1/2, and > oo ¢(E,) > 1 if at least two sets E,, are non-empty, or E, = X
for some n € N, in which case also ¢(F) = 1, so that ¢ is countably subadditive. It is immediate that
¢ is a measure if |X| < 2 (for |X| = 2 it is the probability measure of a fair coin tossing!); and if
a,b, ¢ are three distinct elements of X, then {a,b,c} is the disjoint union of the singletons {a}, {b}, {c},
but ¢({a}) + ¢({b}) + ¢({c}) = 3/2 > 1 > ¢({a,b,c}), so that ¢ is not additive if |X| > 3. We have
proved that ¢ is a measure iff | X| < 2. Assuming |X| > 3, we have that the only measurable subsets
are () and X; these sets are certainly measurable, for every outer measure. And if § & A G X, pick
a two elements set £ = {a,b} with a € A and b € X \ 4; we get (ENA) = ¢({a}) = 1/2 and
d(E N A) = o({b}) = 1/2, and ¢(E) = 1/2 since X, by hypothesis, has at least three elements. Then
1/2 = ¢(E) < $(ANE)+ ¢(E~A) =1/2+41/2 =1, so that A does not split E additively. Thus
M(p) = {0, X}; the outer measure associated is then ¢* : P(X) — [0,00] defined by ¢*(F) = 1 for
E € P(X) non—empty, and ¢*(0) = 0.

O



32 GIUSEPPE DE MARCO

ANALISI REALE PER MATEMATICA — III RECUPERO — 23 SETTEMBRE 2014

EXERCISE 29. Let F': R — R be defined by

sin(mx) if —1<z<1
F(z) = < arctanx if z>1
0 if z<-1

Let p denote the signed measure dF' associated to F.
(i) Plot F, and write F' as the difference of two increasing functions, ' = A — B; plot A and B.
(ii) Compute the derivative F’(x) where it exists, and write the decomposition of x into absolutely
continuous and singular part (with respect to Lebesgue measure m = dz, of course); find a Hahn

decomposition for pu.
(iii) Let E = {(z,y) e R?: 0 <y < F(x)}. Compute u~ ® u*(E).

Solution. (i) The plot is easy:

INEIS

FIGURE 14. Plot of F.

Next, computing the positive variation only we have

A(x) =0 forxz < —-1/2; A(z)=1+sin(rx) for —1/2<2x<1/2; A(z)=2 forl/2 <z <1;
A(z) =24 /4 + arctanx — w/4(= 2 + arctanz) for x > 1.

Computing the negative variation (with opposite sign) we get:
B(zx)=0 forx<—-1; B(z)=—sin(mz) for —1<z<-1/2; B(z)=1 for —1/2 <z <1/2;
B(z) =2 —sin(rx) for1/2<x<1; B(r)=2 forz>1.

bzl /
4

Ne

-1
FIGURE 15. Plot of A (right) and B (left).

(ii) Of course the derivative F’(x) exists but for the points £1 and is
1
F/(x) =T COS(’]T.’E) X]—1,1[+ H—i.TQX]l’OO[ on R~ {:l:].}

We then have dF(x) = F'(x) de+(7/4) 61, the first F'(x) dx is the absolutely continuous part, the second
(m/4) 1 the singular part. At the point 1 there is a jump of 7/4, that is u({1}) = p™({1}) = 7/4. A
Hahn decomposition is P =] —1/2,1/2[U{1}, @ =R~ P.
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(iii) All measures are finite, so that Fubini’s theorem is certainly applicable; if E(z) = {y € R: (z,y) €
E} is the z—section of E we get E(x) =0, F(z)], non—empty iff F(z) > 0, hence iff z €]0, oo

pe ot (B) = [ E@) @) = [t E@)de @) /Wmﬁ(E(w))du(w) -

R 10,00[

! cos(rz) ]’
= / (A(F(z)) — A0)) (F'(z))” dx = / sin(mx)(—m cos(mz)) de = {()} =
[1/2,1] 1/2 1/2

Then p~ @ ut(E) =1/2.

EXERCISE 30. Consider the function

e ¢] —xt
= — dt.
1 (@) /_OO 1+t +1¢2
(i) Find the domain of existence D of f (=the set of all € R such that the integral defining f(x)
is finite) and prove that f € C(D). Compute the limits of f at the boundary points of D in the
extended real line.
(ii) Let E = int(D) be the interior of D. Is f € C*°(E)? Otherwise, find the largest k& € N such that
feCHE).
(iii) Compute (justifying the answer!)
— O)
(07 = Tim 4F) —F(O)
FOn = 7
Solution. (i) Set g(z,t) = e~ /(1 +t + 2). Clearly D = [0,00[: if 2 > 0 then |g(z,t)| = g(x,t) <
1/(1+t+1t?), and t — 1/(1 +t + t?) € L'(R), since the denominator is never 0 and the function is

O(1/t?) as t — +oo; this inequality proves also continuity of f on D, since z +— f(z,t) is continuous;
and if < 0 then lim;_, 4., f(x,t) = co. The boundary points are 0 and oco. At 0 the limit is f(0) and

f(o)_/oo dt _/°° dt _/°° dt B
e Tt +t2 Jo 1= 1/A 1At +t2 o 3/A+ (t+1/2)2

N e 2/\/3dt 2 o0 21
- /m T [arctan((2/V3(t +1/2))] =
And if x; is any sequence of positive numbers with limit co we have lim;_,o g(z;,t) =0, and |g(z;,t)| <
1/(1 4t +t2) for every t € R, so that lim;_, f(x;) = 0 by dominated convergence.
(ii) We have 0%g(z,t) = (—t%)*g(x,t), for z,t € R. Given z > 0 pick any a with 0 < a < z (e.g.
a=1x/2). We get, if x > a:

k t2k t?
0 A =——e < —
0z9(,t)] 1+t+t2e *1+t+t2e

and clearly the last function is in L!(R). Then f € C*°(]0, ccl).

(iii) Since f is continuous at 0, the difference quotient (f(z) — f(0))/x is quotient of functions with
limit 0. The de ’'Hépital’s rule may be applied; if lim,_,o+ f’(z) exists, then this limit is f/(07). And if
z; | 0 we have t? g(x;,t) T t?/(1 4+t + ¢*); by monotone convergence we get

2k
t at?
)

oo o t2
1 2 - = _— =
jlglolo 70075 g(xj,t)dt /,Ool—l—t—i—tQ 0,
that is im;_,oo (—f’(x;)) = co. We have proved that f/(07) = —oc. O

EXERCISE 31. Let (X, M, u) be a measure space.

(i) Given a finite signed measure v : M — R, prove that the following are equivalent:
(a) There is p € L},(X,R) such that

v(E) = / pdpu, for every F € M.
E

(b) v is supported by a set M € M of o—finite p—measure (recall that this means that X ~ M
is a v—null set), and v < p.
From now on assume that u(X) < oo .
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(ii) Prove that for a finite valued finitely additive set function v : M — R the following are equivalent:
(1) v is a signed measure (i.e. v is countably additive) and v < p.
(2) v is € — 0 absolutely continuous with respect to u (i.e. given e > 0 there is § > 0 such that
E € M and p(F) < 4§ imply |[v(E)| < ¢).
(iii) With X = [0,1], M = B([0,1]) and u =Lebesgue measure, give an example of a measure
v: M — [0,00] such that v < u, but v is not e — § absolutely continuous with respect to p.
In what follows v : M — [0, 00] is a positive not necessarily finite measure.

(iv) Let Z(v) be the o—ideal of M consisting of all E € M of o—finite v—measure. Prove that there
is A € Z(v) such that pu(A) > u(E) for every E € Z(v).

(v) Assume now also v < p. Given A like in (iv), prove that if v is o—finite then v(X ~ A) = 0,
and if v is not o—finite then X \ A is for v an atom of infinite measure. Conclude that there is
pE EL such that

v(E) = / pdpu, for every F € M.
X

Solution. (i) (a) implies (b): since p € L'(u) the set M = Coz(p) has o—finite y—measure. Clearly
V(E) = [ppdp = 0if ENM = (), since p is identically zero on E. (b) implies (a): we consider the
restrictions pps and vps of g and v to the o—algebra N ={ENM : E € N'} traced by M on M. Since
vy is a finite signed measure, pys is o—finite and vy < pas, the Radon-Nikodym theorem applies to
prove that there is a function g € L. (M, R) such that

12374

vr(E) = /E gdun

for every E € N. If we define p : X — R by p(z) = g(z) for z € M and p(z) =0 for z € X ~ M, we
clearly have (a).

(ii) (1) implies (2) We know that for a finite signed measure absolute continuity implies € — —absolute
continuity: the proof is in the Lecture Notes, Exercise 6.2.5.3(ii), and is not repeated here. Alternatively
we can use (i): it is well-known that the indefinite integral of an L! function is e —§ absolutely continuous.

(2) implies (1). Assume that FE,, is disjoint sequence in M, with union E. We want to prove that
v(E) =3 v(Ey). Set F, =, E,; we have, for every m € N:

n=m-+1
v(E)=v (U E,U Fm> =v (U En> +v(Fn) = Y v(Ey) + v(Fn)
n=0 n=0 n=0

by finite additivity. If we know that lim,, .o v(Fy,) = 0, then taking limits as m — oo in the previous
formula we get the assert. Now the series >~ u(E,) converges (its sum is u(E) < co) so that also

oo

w(Fp) = Z w(E,) =0 for m — oo,
n=m-+1

and the (e, d)—absolute continuity condition clearly then implies lim,, o0 [V(Fin)| = 0.

(iii) Define v : M — [0, 00] by v(E) = [}, dz/x. For every § > 0 we have p(]0, 6]) = 4, but v(]0, d]) = oo
(see Lecture Notes, Exercise 6.2.5.3(iii))

(iv) Let o = sup{u(E) : E € Z(v)}, and let A,, € Z(v) be such that a = sup{p(A,) : n € N}. Then
A=U,"_y A, € Z(v) (a o—ideal is closed under countable union) and obviously u(A) > u(A,,) for every
n € N, so that u(A) = a.

(v) If v is o—finite then X € Z(o), and clearly u(X) > p(A), so that u(X) = p(A), equivalently
w(X N A) =0, so that also v(X \ A) = 0, by absolute continuity. If v is not o—finite, then X \ A is not
of o—finite v—measure (since A is and X is not); if a measurable subset F' of X \ A has finite non zero
v—measure then also u(F) > 0 (by v < ) so that p(AU F) = p(A) + p(F) > u(A), with AUF € Z(v),
contradicting maximality of u(A). Then every measurable subset of X \ A has either zero or infinite
v—measure, that is, X \ A is v—atom of infinite measure.

The Radon Nikodym theorem can be applied to the restriction to A of the measures, and gives the
existence of measurable positive g such that v(E) = [, 5 9 du for every measurable £ C A; we now extend
g to a measurable p : X — [0,00]; given x € X \ A we set p(z) = 0 if v is o—finite, whereas if v is not
o—finite we set p(x) = co. It is easy to verify that p is a density for v. O

EXERCISE 32. Let (X, M, u) be a measure space, and let p > 1 be a real number.
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(i) Prove the dominated convergence theorem for LP(u): if f,, f are measurable, f,, — f a.e., and
for every n € N we have |f,| < g a.e. with g € LP(u), then f, converges to f in the LP—norm.

Accept for the moment the following result:

. (*) If f., € LP is a sequence of bounded variation > N fn = fazill, < 00) then f, is a.e. convergent
q n=1 p 9
on X, and there is g € LP(u) such that |f,| < g a.e., for every n € N.

(ii) Deduce from (*) the following: if for 1 < p,q < oo we have L(u) C LP(u), then the inclusion of
L9(p) in LP(u) is a continuous map of normed spaces.
(iii) Prove (*).
Solution. (i) Since |f(z)] < g(z) for a.e. € X, we have |f|P < gP € L'(u), so that f € LP(u). We
have to prove that ||f — fall, = 0 as n — oo, equivalently that lim, o [ |f — fn|? dp = 0 and this is
immediate, by the dominated convergence in L'(u):

|f = fal? < 1+ 1fal)? S 2P7H(FIP + [ fal?) < 2P g € LY (1),
and clearly |f(z) — fn(z)[? — 0 for a.e. x € X.

(ii) We have to prove that if f,, — f in L?(u) then f, — f also in LP(u). If this is not true, then there
is a subsequence f, () of f,, no subsequence of which converges to f in LP(yu): in fact there is o > 0 such
that ||f — fullp, > « for infinitely many n € N. This subsequence still converges to f in L?(y) and has
then a subsequence of bounded variation in L9(u); we may as well assume that the original sequence is
of bounded variation in L), but || f — fallp > a > 0 for every n € N. By (*) the sequence is dominated
by a g € L%(u); and since g € LP(u), also, the sequence is dominated in L?(u); again by (*) the sequence
converges pointwise a.e., necessarily to f; but then by (i) it converges to f in LP(u), a contradiction.

(iii) The argument that proves (*) is actually part of the theorem on normally convergent series on
LP(u), used for proving completeness of LP(y) (LN, 5.2). We repeat the argument here: the series
fo+ >0 (fn — fa—1) is normally convergent in LP(y) so that, if gm = [fo| + > oneq |fn — fn—1| we have
(remember that |||h||l, = ||}, for every measurable h):

lgmlly < 11follp + D Wfa = fallly < Wfolls + D I1fa = failly = S,

n=0 n=0

so that, for every m € N:
/ gh, dp < SP.
X

The sequence g2, is an increasing sequence of positive functions; if G is its pointwise limit, by dominated

convergence we have
/Gd,u: lim /gfnd,uSSp;
X m—roo X

then G belongs to L' (1), in particular if N = {G = oo} then u(N) = 0; set g(z) = (G(x))"/? if G(z) < oo,
and g(x) =0if x € N. Then g € LP(u) and g,,, T ¢g on X ~ N and this implies that the series

fo(@) + (fi(@) = fo(2) + -+ + (fu(@) = faa(2)) + ...
is absolutely convergent, hence also convergent, on X ~ N. Notice that the m—th partial sum of this
series is f,,(x); clearly we have |fn(z)] < gm(x) < g(x) on X ~ N. The proof is concluded. O



