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Introduction

Let @ > 0 be a real number and consider the vector fields in the plane X = 0,
and Y = |z|*0,. By means of X and Y several analytical and geometrical objects
can be defined in R%2. We can define the gradient of a differentiable function u as
the vector Dyu = (Xu,Yu) = (Oyu, |x|*0yu). This gradient is “subelliptic” in the
sense that it can degenerate on the y axis. The corresponding “subelliptic” second
order operator is L, = X? 4+ Y? = 92 + |z[**0;. In the case a = 1, this Laplacian is
known as Grushin operator, one of the most simple and better understood elliptic—
degenerate operators. The vector fields X and Y can also be used to introduce a
notion of weighted perimeter P,(E) for Lebesgue measurable sets £ C R%. P, is one
of the most simple examples of perimeter measure in non—Euclidean metric spaces.
Finally, considering X and Y as a possibly degenerating basis for the tangent space
at points in the plane, it is possible to define a metric d, on R?. The resulting metric
space (R?, d,) is then an example of sub-Riemmanian or Carnot—Carathéodory space,
sometimes known as Grushin plane.

In this work we study some problems connecting D,, L., P, and d,, in the plane
and in more general situations. This research is part of a more general research pro-
gram on Analysis in Metric Spaces, a subject that, in the last years, has raised a
great interest in many different areas of mathematics: linear and nonlinear partial
differential equations, functional spaces and Sobolev—Poincaré inequalities, quasicon-
formal mappings, theory of perimeters, rectifiability and currents, sub—Riemannian
and Carnot—Carathéodory geometry, differentiability properties of functions. Evi-
dence for this increasing interest is given by the many books recently appeared on
related topics [BR], [DS], [AT], [ASC], [HK2], H].

In Chapter 1 we prove a sharp isoperimetric inequality for the perimeter P, in the
plane. This seems to be the first sharp isoperimetric result in the sub-Riemannian
setting. In Chapter 2 we study symmetry properties for critical semilinear equations
involving higher dimensional generalizations of £,. The results are connected with
the problem of determining sharp constants and extremal functions for Sobolev in-
equalities for subelliptic gradients as D,. Of independent interest are also the tools
used, especially the Kelvin transform we have found for Grushin operators. In Chap-
ter 3 we study regular domains in R" for Grushin metrics. Our results have interesting
applications to the theory of functional inequalities and to the study of the boundary
behavior of £,—harmonic functions.

Carnot—Carathéodory spaces have a metric (Hausdorfl) dimension, say @ > 2,
larger than their topological dimension, and the isoperimetric inequality gives an
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6 INTRODUCTION

upper bound for the volume of bounded sets (their () dimensional Hausdorff measure)
in terms of the () — 1 dimensional Hausdorff measure of the boundary. Apparently,
the first result of this type is due to Pansu in the case of the Heisenberg group [P]. In
more general Carnot—Carathéodory spaces, isoperimetric inequalities are discussed by
Gromov in [G]. Relationships between isoperimetric inequalities, Sobolev inequalities
and heat kernels are also discussed in various settings in [VSC], [FGaW], [CDG1]
and [GN1].

In the Grushin plane, the a—perimeter of a measurable set £ C R? can be defined
as follows:

P,(E) = sup {/ (Ouipr1 + |2]*0yp0) dady = 1, p0 € Cy(R?), sup(pf + ¢3)"/* < 1} :
FE R2
(1)

This definition is a special case of the one given in [GN1] for Carnot—Carathéodory
spaces and also of the one introduced in [A] for more general metric spaces.

The relation between P, and the Grushin metric d, can be described in terms of
Minkowski content. Precisely, if F is a bounded open set with regular boundary, then
H{p € R?: 0 < dist,(p; F) < &}

Y

P.(E) =9M,(0F) := 161%1 .

where | - | stands for Lebesgue measure in the plane. This identity holds in general
Carnot—Carathéodory spaces (see [MSC]). By a general result due to Ambrosio [A],
a—perimeter also has a representation in terms of Hausdorff measures.

The main result in Chapter 1 is the following theorem.

THEOREM 1. Let a > 0 and Q = o+ 2. There exists a constant c(a) > 0 such

that for any measurable set E C R? with finite measure
|B| < cla) Pu(E) T, (2)

The constant c¢(«) is determined by equality in (2) achieved by the isoperimetric set

resin |z

w/2
Ea = {(w) eR*: |yl < / sin®" () dt, |a] < 1} : (3)

Precisely,

ca) = 21 <2 /0 ' sin“(t)dt) o (@)

a+2
Isoperimetric sets are unique up to vertical translations and dilations of the form
(z,y) = ox(z,y) = (Az, A*"1y), A > 0.

The number ) = 2 + « is the “homogeneous” dimension of the metric space
(R%* d,) with Lebesgue measure. The size of balls B in the metric d, has been
described by Franchi and Lanconelli [FL] by means of the boxes

Box((z,y),r) = [w —r,x+r] x [y = r(lz[ +7)% y + r([z] + 7).
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Precisely, there exist constants 0 < ¢; < ¢ such that Box(p,cir) C B(p,r) C
Box(p, cor) for all p € R? and r > 0. (Similar estimates play a crucial role in Chapter
3). Therefore, the size of small balls with center away from x = 0 is approximately of
Euclidean type, whereas the Lebesgue measure of B((0,y),r) is comparable to r2+<.
The number ) = 2 + « is the isoperimetric dimension of the Grushin plane.

The perimeter P, is (QQ—1)-homogeneous with respect to the dilations ), whereas
Lebesgue measure is ()-homogeneous (see Proposition 1.1.2). Using these homogene-
ity properties, the problem of finding the sharp constant in (2) can be reduced to

solving the minimum problem
min { P,(E) : E C R* measurable set with [E| =1} . (5)

A key step in the proof of existence of solutions is to show that the class of admissible
sets can be restricted to sets which are symmetric both in the  and in the y direction.
In fact, solutions must be symmetric with respect to the y axis. The argument relies
upon an adaptation of Steiner symmetrization. After a suitable change of variable W,
the aperimeter of a set E is equal to the Euclidean perimeter of the set F' = V(E)
(see Proposition 1.1.3). By a result of De Giorgi [DG], the Euclidean perimeter
of the Steiner symmetrized set F* is less or equal than that of F. It follows that
P,(V~1(F*)) < P,(F) and the problem is reduced to studying how the map ¥ changes
volume (see Theorem 1.2.1).

Besides symmetry, solutions to problem (5) must also be convex. This implies
Lipschitz regularity of the boundary of minimum sets, and then, using an integral
representation for a—perimeter proved in Theorem 1.1.1, it is possible to write down
the Euler—Lagrange equation for problem (5), a simple ordinary differential equation
that yields the explicit solutions (3).

A simple corollary of the isoperimetric inequality (2) is the inequality |E| <
c(a)ima(aE)% for bounded open sets (Corollary 1.3.1). This is the kind of isoperi-
metric inequality suggested by Gromov in [G] for non—equiregular sub-Riemannian
manifolds.

The case o = 1 has a special interest in connection with the Heisenberg group. In
this particular case the isoperimetric ball

1
By — {(x,y) eR:yl <5 (arccos 2| + || /1 — ]x|2> 2| < 1}

is bounded by two geodesics for the Grushin metric d; which are symmetric with
respect to the y axis (see Section 4). The same phenomenon seems to appear in the
Heisenberg group, as conjectured by Pansu in [P]. Moreover, identifying the Grushin
plane with a vertical hyperplane of R? and the y axis with the vertical axis of R3, then
by rotating E; around the vertical axis one obtains a set which is believed to solve the
isoperimetric problem in the Heiseneberg group (see also [Mo], [LM] and [DGN2]).
Our interest in the Heisenberg isoperimetric problem was the original motivation to
the study of the problems discussed in Chapter 1.
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By an argument of Federer and Fleming [FF] and Maz'ya [Ma], inequality (2)
yields a Sobolev-Gagliardo—Nirenberg inequality for the Grushin subelliptic gradient.

Precisely,
Q-1

Q- _
(/ \u|'ﬁ1d:cdy) gc(a)QQl/ | Dou| dedy
R? R2

for functions u € C§°(R?). Here c(a) is the constant (4) and the inequality is sharp
(Corollary 1.3.2). However, contrary to the Euclidean setting, the isoperimetric in-
equality does not provide the sharp constant in the Sobolev embedding

2 Q
( |u|QQ2dxdy) <c [ |Dyul*dzdy. (6)
R2 R2

Indeed, extremal functions for inequality (6) in the case @ = 1 have been recently
found by Beckner in [B]. They are functions of the form u(z, y) = ((14+22)2+4y?)~1/4,
and their level sets are not isoperimetric balls.

The results of Chapter 2 are related to the problem of finding extremal functions
for inequality (6). We shall study a higher dimensional generalization of the problem.
Let e R™ y € R* a>0and n=m+k, m k> 1. In R" inequality (6) reads

1/2* 1/2
([ wasay) <c( [ aparslipuien) @
R Rn

_Q
= m
The number @ is the “dimension” and 2* is the Sobolev conjugate exponent to 2
relatively to this dimension. The natural space for this inequality is D'(R™), the
functions u vanishing at infinity having weak partial derivatives satisfying ||Dyulls <
+00, where this last expression denotes the right hand side of (7). Sobolev inequalities
of type (7) are proved in [FGaW], [FGuW| and [GN1].

The first step in the search for extremal functions is to prove some a priori sym-
metry reducing in this way the class of competitors. In the case o = 0, the standard
technique is based on rearrangement inequalities. Indeed, the L? norm of the (usual)

where

2" and  Q=m+k(a+1).

gradient of functions in R having given L2 norm is minimized in the class of radial
functions. Extremal functions for the (usual) Sobolev inequality were determined us-
ing this approach by Talenti [T] and Aubin [Au]. In our case, the natural conjecture
is that the class of competitors could be restricted to functions separately radial in
the x and y variables. However, the proof of the symmetry in the variable z is not
yet known and, in any case, the problem would still remain two dimensional.

A different approach to symmetry is provided by partial differential equations
techniques. Extremal positive functions for (7) must satisfy (up to a multiplicative
geometric constant) the critical point equation

Lu=Au+ |z)**Ayu=—u* ! in R". (8)
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The exponent 2* — 1 = % is the critical exponent for £. When a = 0, this equation

becomes the well studied Yamabe equation (n > 3)
Au = —ynz in R". (9)
Gidas, Ni and Nirenberg proved in [GNN], under some assumptions on the behavior
at infinity, that every positive solution of problem (9) is radial. These assumptions
have been later removed by Caffarelli, Gidas and Spruck in [CGS]. The proofs
rely on the Maximum Principle and on Alexandrov’s moving plane method. A key
point in this method is that the reflection of a solution of (9) with respect to any
hyperplane is still a solution. This is no longer true for (8), because this equation is
not invariant under z—translations. This corresponds to the difficulty in proving the

r-radial symmetry in the rearrangement approach.
It is worth noticing that the Yamabe problem has been completely solved in the
Heisenberg group by Jerison and Lee [JL1, JL2]. In particular, they were able to
determine all positive solutions u = u(x,y,t) in R" x R" xR of the semilinear equation

zn: OO (DO e (10)
ox; ot oy, ot) " ’

j=1

where () = 2n+2. The operator in the left hand side is known as Kohn or Heisenberg
Laplacian. This operator acts on functions v = u(z,t) which are radial in the variable
z = (z,y) € R* as a Grushin operator with m = 2n, k = 1 and a = 1. The difficult
radial symmetry in z for solutions of (10) was established in [JL2] by means of some
identities of complex analytic character satisfied by solutions. These results have been
recently generalized by Garofalo and Vassilev in [GV 2] to groups of Heisenberg type,
but even in this setting the symmetry in the variables of the first layer is still an open
problem.

We shall study equation (8) in the space C*(R™) N D*(R™). The main tool of our
investigation is a Kelvin transform for the Grushin operator £ = A, + |z|**A,. Let
r € R™ y € R* and write z = (x,y) € R™. Introduce the “norm” (in Chapter 2 we
use a different normalization)

1
21l = (Jo[*@ + (@ + 1)?[y[?) =D

The function I'(z) = ||z||*~¢ is a fundamental solution for £ with pole at the origin.
In the case o € N, integral representations formulas for the fundamental solution of
L with pole at arbitrary points in R™ have been recently computed by Beals, Greiner
and Gaveau in [BGG]. The norm || - || is 1-homogeneous for the group of anisotropic
dilations dy(x,y) = (Az, A*Ty), A > 0. Define the inversion Z : R" \ {0} — R"\ {0}
by letting Z(z) = J),-2(2). The Kelvin transform of a function u : R" — R is

u*(z) =T(2)u(Z(z)), =z#0. (11)

Equation (8) is invariant for the Kelvin transform.
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THEOREM 2. If u € C*(R") solves Lu = —u? "' in R™ then Lu* = —(u*)* 1 in

R"\ {0}.

The Kelvin transform in the Heisenberg group was discovered by Koranyi [K].
The existence of such a transform also characterizes a special subclass of groups of
Heisenberg type, and precisely the ones appearing as nilpotent part in the Iwasawa
decomposition of simple Lie groups of real rank one (see [CDKR]). A Kelvin trans-
form is also known for multiharmonic functions (see [C]). Apparently, there are not
many other examples. It is well known that in groups of Heisenberg type the subel-
liptic Laplacian acting on functions which are radial in the first layer of variables is
a Grushin operator with a = 1. Thus, Theorem (2) yields an improvement of some
results proved in [GV2] by removing the “Iwasawa assumption”.

The proof of Theorem 2 relies on a conformality property for the inversion Z in a
suitable metric structure relating the “derivative” of Z to the fundamental solution
I' (see Lemma 2.2.2 and Theorem 2.2.3). Thanks to Theorem 2, we could replace
the method of “moving planes” with a method of “moving spheres”. The function
hu(z) = A%_lu(d,\(z)) solves equation (8), if the function u does. Let uy(z) =
(0 u)*(z) for A > 0. Developing Cheng and Liongming’s approach to the moving
planes method in [CL], we prove in Theorem 2.3.6 the following symmetry result.

THEOREM 3. Let u € C*(R") N DY(R™) be a positive solution of Lu = —u® ~L.
Then there exists A > 0 such that u = u,.

After a rescaling, we can assume A = 1 in Theorem 3. The statement then is
u = u*, the solution is entirely determined by its values on the set ||z|] < 1. Since
equation (8) is invariant with respect to translations in the variable y, Theorem 3 can
be applied to any such translation of a solution u. In Corollary 2.3.7 we show that
the solution v must then satisfy
Q-2

fovy Y

u(0,y) = u(0,50)(1 + |y — %|*)™?,  where g =
for some yy € R*. This condition and Theorem 3 yield a hyperbolic radial symmetry
for solutions to (8). This phenomenon already appeared in [B], where extremal
functions for (6) with & = 1 are determined by means of a rearrangement technique
in the hyperbolic plane.

We describe the hyperbolic symmetry in the case m = k = 1. Let H = {( =
§+in € C: ¢ > 0} be the half plane endowed with the hyperbolic metric, and
introduce the following functional change of variable for £ > 0

U(C) = Pulea,n). (13)

The reason for introducing such a change of variable is that the equation Lu = —u? !

becomes a semilinear equation involving the hyperbolic Laplacian (see (2.4.4)) which
is invariant under Moebius transformations. In Proposition 2.4.3, we shall show how
to construct the Kelvin transform (11) using (13) and a suitable hyperbolic reflection.
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THEOREM 4. If u € C*(R?) N DY(R?) is a positive solution of Lu = —u? ~1 with
u=u* and yo = 0 in (12), then the function U defined in (13) is radially symmetric
about the point (1,0) for the hyperbolic metric.

This theorem gives a non trivial symmetry involving simultaneously the variables
x and y. A corollary of the higher dimensional version of this result proved in Theorem
2.4.4 is the reduction of equation (8) to an equation involving only x. Precisely, if
u = u* > 0 solves Lu = —u® 1 with yo = 0 in (12), then the function v(x) = u(z,0),
r € R™, solves the problem

div,(pD,v) — qu = —pv* =1 |z| < 1
0
U+(%—1>v:0 2| = 1,

(14)

v
where p = p(z) and ¢ = ¢(z) are suitable radial functions (see Corollary 2.4.5).

We have not yet been able to prove that any positive solution of (14) must be radial
in x. However, in the last section of Chapter 2 we prove symmetry and uniqueness
in the case m = k = 1. In this case, Problem (14) becomes

() —qu+pu* ' =0, in(=1,1)
u>0, in(—1,1)

au(l) +2u'(1) =0

au(—1) = 2u/(—1) = 0,

(15)

where p(z) = (1 — |z/***D) and ¢(z) = a(a + 1)|z|>.

Using a variant of the energy method introduced by Kwong and Li in [KL] we
prove in Theorem 2.5.3 that any solution of (15) must be an even function. Then,
by a shooting argument we show in Theorem 2.5.5 that the problem has at most one
solution.

Chapter 3, the most difficult one, deals with regular domains in R™ for Grushin
metrics. There are several definitions of “regular domain”. We recall the notion of
domain with the interior (twisted) cone property (or John domain). Consider an
open set ) in a metric space (M, d). Given a rectifiable path v : [0,1] — M, the cone
with core at v and aperture ¢ > 0 is the set C(7,¢) = Uy, B(7(t), € length(v|(0.0))),
where B denote metric balls. The set 2 is a John domain with John constant ¢ and
center xy €  if for any x € Q there is a cone C(v,¢) C 2 such that v(0) = z and
v(1) = .

The cone property was introduced in the Euclidean setting by John in his paper
[Joh| on the rigidity of quasiisometric maps in R™. Besides its importance in geo-
metric function theory, this property plays a central role in the theory of first order
Sobolev spaces (see e.g. [Re], [Bes|, [M], [Bo], [MP] and the more recent references
[SS], [BK], [HK1], [KOT]). The cone property is also related to chaining conditions
that are useful in the proof of Sobolev—Poincaré inequalities. This fact was recognized
by Jerison in [J] and later used by several authors (see [L], [FGuW], [GN1], [BKL]).
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In the memoir [HK2] by Hajtasz and Koskela, a nice reference on the subject, all
these ideas are developed in general metric spaces.

Other classes of domains appear in more refined questions in harmonic analysis,
partial differential equations and quasiconformal mappings: uniform domains and
non—tangentially accessible domains are the most important examples. The defini-
tion of uniform domain (or (e, d)-domain) is due to Martio and Sarvas [MS] and to
Jones [Jo] (see Definition 3.5.1). In particular, Jones’ extension theorem for Sobolev
functions in uniform domains has been generalized to subelliptic Sobolev spaces in
[GN2|, [VG]| and [G1]. Uniform domains also play a special role in the trace prob-
lem for Sobolev functions. This theory has been developed in Carnot—Carathéodory
spaces by Danielli, Garofalo and Nhieu [DGIN1] (see also [MM1]). A subclass of uni-
form domains is formed by non—tangentially accessible domains (briefly nta domains)
which, in the Euclidean case, were introduced by Jerison and Kenig [JK] in connec-
tion with the study of the boundary behavior of harmonic functions. The notion
of nta domain is purely metric (see Definition 3.5.3) and plays an important role in
potential theory, boundary behavior problems for harmonic functions and harmonic
measures (see, for instance, [CG] and [FeF| for the subelliptic case).

In spite of this general theory, not many examples of regular domains are known
in metric spaces non bi-Lipschitz equivalent to R" with the Euclidean metric. Some
results for metrics associated with vector fields, the case we are interested in, can
be found in [HH], [CT], [VG], [CG], [CGN], [G2], [CGP], [FeF], [DGN1]. In
particular, in [MIMZ2] it is shown that any C? bounded domain in homogeneous
(Carnot) groups of step 2 is non—tangentially accessible. In the same work a sufficient
condition for the John property is provided for the step 3 case (Engel group). The
difficulty of the problem of finding examples is due to the fact that even the C*
regularity of the boundary does not necessarily guarantee the metric regularity of the
domain. At characteristic points may appear a “cuspidal behavior” of the boundary
which destroys regularity (see [BM] for a study of the “boundary accessibility” at
characteristic points in the Heisenberg group). This was already noticed in [J] just
in the case of the Grushin plane. Motivated by the need of understanding the role of
characteristic points we studied regular domains for Grushin metrics.

We describe the model situation considered in Chapter 3. Let a1, as € N be fixed
natural numbers and consider the vector fields in R?

X; = %, Xy = xf‘l%, X3 = xf‘lxgzai%. (16)

These vector fields induce on R3 a metric d, which is known as control, Carnot—

Carathéodory or sub-Riemannian distance associated with (16). The problem is the

following: given a bounded open set  C R3, find geometric conditions on 92 ensuring
the John (uniform, nta) property in the metric space (R3,d).

A point z € 09 is characteristic if X, X5, X3 are all tangent to the boundary at

x. In this case any integral curve of the vector fields starting from z is tangent to the

boundary at this point and the cone property becomes critical. On the other hand, if
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x is noncharacteristic then there is an integral curve transversal to 0f) starting from
x which will be the core of a suitable interior cone. The quantitative understanding
of this phenomenon requires a precise knowledge of metric balls.

By the results of [FL], balls B(z,r) in the metric d are comparable with the
following 3-dimensional boxes (see Theorem 3.1.1)

Box(z,r) = Q(z,7) X [x3 — Fs3(x,7), 23 + F3(2,7)],

where Q(x,r) = [r1 — 1,21+ 7] X [X9 — Fy(x,7), 29 + Fo(,7)], Fa(z,7) = r(|o|+r)™,
and F3(x,r) = Fo(x,r)(|ze| + Fy(z, 7).

Now consider an open set in R? of the form Q = {(x,z9,723) € R® : x3 >
@(x1,29)} for some function ¢ € C'(R?). We are going to introduce a definition of
“admissible boundary”. Assume for a moment that 0 € 0f) is a characteristic point,
ie. Xip(0) = 019(0) = 0. A curve ~ core of a cone C(v,e) C Q with vertex near 0
must be approximately of the form ~(¢) = (0,0,¢), t > 0. For 3 > 0 and r > 0 small,
the box

Box((0,0, z5),7) = [—r,r] x [—r® T ra 1] x [z — plontDloa+l) o 4 7“(a1+1)(a2+1)]

is very large in the first two components with respect to the third one. In fact, the
vertical size of the box behaves as r(@1+D(@2+1) — rds  Therefore, in order the cone
property to hold, X and Xyp are expected to vanish fast enough at 0. Quantita-
tively, this can be formulated in the following way:.

The boundary 0f2 is said to be admissible if there is a constant C' > 0 such that
for all z = (21, 22) € R? and r > 0 we have

Z osc(X;p, Q(z,1)) < C(r Z ]Xlgo(x)]% + osc(Ag, Q(m,r)). (17)

i=1,2 i=1,2

Here, A3(y) = y{"y5? is the coefficient of X3. The oscillation of the derivatives of the
function ¢ along the vector fields X; and X5 is bounded by a sum of two terms. The
first term in the right hand side vanishes on the characteristic set, while the second
one gives an amount of oscillation admitted also at characteristic points. The latter is
determined by the oscillation of the function A3 on Q(x,r), the section of metric balls
in the first two coordinates. This oscillation is also related to the size of metric balls
in the vertical direction. The appropriate balance between the two terms is described
by the power 32:?
In Definition 3.2.6, we generalize (17) and we introduce a class of domains with

appearing in the first term. This delicate choice is a key point.

admissible boundary in the n—dimensional situation. Condition (17) can be easily
checked. For instance, in Theorem 3.3.2 we show that the open set

Q= {(z1,22,73) € R®: (|ag P2+ _i_xg)l-&-o@ Lal<1)

has admissible boundary for the vector fields (16).
Relatively to R3, the main results in Chapter 3 can be stated as follows (see
Theorems 3.4.3 and 3.5.7).
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THEOREM 5. If Q C R? is a domain with admissible boundary, then: (i) it is a
John domain in the metric space (R® d); (ii) it is non-tangentially accessible in the
metric space (R3,d).

Actually, statement (i) is contained in statement (ii). The proof relies upon a
careful construction of cones. The main problem has been to understand how to
choose the core . This construction is introduced in the proof of Theorem 3.4.3. The
reading of Chapter 3 could be difficult. The main steps through it are the following:
1) structure of the boxes (3.1.12); 2) condition (3.2.4) for admissible surfaces; 3)
construction of John curves in Theorem 3.4.3; 4) discussion preceding Lemma 3.5.6;
5) Theorem 3.5.7.

Even though we are not going to discuss any application, we would like to illustrate
the interest of Theorem 5 with two examples. A corollary of part (i) is the following
Sobolev—Poincaré inequality. Let Q@ C R?® be an admissible domain and let Q =
14 (o + 1)(ae + 2). For any 1 < p < @ there exists a constant C' > 0 such that for
all functions u € C*(Q)

Q—p

(o) = ni#ae) ™ < o( [ paaterpae)”

where |Daul? = 327 | X;ul?> and ug denotes the average of u over Q. This inequality
is proved for John domains in various metric spaces in [FGuW], [GN1| and [HK2].

A corollary of Theorem 5 part (ii) is the following Besov trace estimate. Let
Q) C R? be an admissible domain, 1 < p < +oo and s = 1 — 1/p. Then there is a
constant C' > 0 such that for all functions u € C*(Q) N C(Q)

[ s ls) g

saxoa d(@,y)P u(B(z,d(z,y))) Q

Here, d is the Grushin metric, B denotes a metric ball, and p is a surface measure on
08 depending on X7, Xs, X3 (this is the perimeter measure induced by €2, which can
be defined analogously to (1)). Besov estimates of this kind are proved in [DGN1]
assuming €2 to be a uniform domain with Ahlfors regular boundary in a Carnot—

Carathéodory space.

Finally, we describe the author’s contribution to the results contained in this work.
Chapters 1 and 3 are based on the papers [Mo], [MM3], [MM4], [MMS5]|. The last
three are joint work with Daniele Morbidelli. Chapter 2 is entirely new and has
been written for this work. The results are part of a research program together with
D. Morbidelli on critical semilinear equations. Besides being a friend, Daniele is my
favorite coauthor. Actually, it is not possible to determine exactly the contribution
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CHAPTER 1

Isoperimetric inequality in the Grushin plane

1. Perimeter in the Grushin plane

We define the perimeter of a measurable set in the Grushin plane and we study
some of its basic properties. In this chapter a > 0 is a fixed real number. A measur-
able set £ C R? is a Lebesgue measurable set in the plane and its measure is denote
by |E|.

Introduce the family of test functions
FR?) = {¢ = (p1,92) € G(R5R?) : [lplloo < 1},

where [|¢||o = sup(pf + ©3)Y/2.
R?

The a—divergence of a vector valued function ¢ € C1(R?;R?) is divypp = 9,01 +
|z|*0y¢po. Following [GN1], we define the a—perimeter of a measurable subset E of
R? as

P,(E) = sup / divyp(z, y) dxdy. (1.1.1)

peF(R2) JE

Two measurable sets E, F C R? are said to be equivalent if |E \ F| = |F'\ E| = 0.
Equivalent sets have the same a—perimeter. Our results are stated and hold up to
equivalence of sets. If P,(E) < +o00, the set E is said to have finite a—perimeter. We
shall only consider sets E with finite measure |E| < +o00. In the sequel, when oo = 0
we shall omit the subscript «, reducing our definitions to the classical (Euclidean)
ones.

A key feature of definition (1.1.1) is the following lower semicontinuity property.
Let (Ex)nen be a sequence of measurable sets whose characteristic functions are con-
verging in L{ (R?) to the characteristic function of a set F. Then

P,(E) < liminf P,(E}). (1.1.2)

h—o0

Such a lower semicontinuity and a compactness argument will give the existence of
isoperimetric sets.

When the set E has regular boundary, its a—perimeter has the following integral
representation.

THEOREM 1.1.1. Let E C R? be a bounded open set with Lipschitz boundary.
Then

P.(E) = /8E (1 (2, ) + |2 na(z, 9)?) 2 dHY, (1.1.3)

17
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where n(x,y) = (n1(x,y),na(x,y)) is the (outward) unit normal to OF at the point
(z,y) € OF, and H' is the 1-dimensional Hausdorff measure in the plane.

PROOF. Since OF is locally the graph of Lipschitz functions, the normal n(x,y)
is defined for H! — a.e. (x,y) € OF and is a H!'—measurable function on dF. Let
F C OF be the set of points of OF where n is defined.

Fix a test function ¢ € F(R?) and recall that ||¢]l.c < 1. Using the divergence
theorem and the Cauchy—Schwarz inequality we get

/ divyp dady :/ (n11 + |2|*naws) dH < / (n + \:c]Qan%)l/z dH' = 1.
Po oF oF

The inequality P,(E) < I follows by taking the supremum over all test functions.
We have to prove the converse inequality I < P,(E). Note first that the set
G ={(z,y) € F: x =0 and ny(z,y) = 0} is at most countable, because it is discrete.
Fix a number ¢ > 0. By Lusin theorem there exists a compact set K C F'\ G such
that n) is continuous on K and H*(OE\K) < e. Let B = {(x,y) € R* : 2?+y* < 1},
Q = [—1,1] x [-1,1]. Fix a homeomorphism g : B — Q.
The function v : K — B defined by

(n(z,y), |2|*n2 (2, y))
[nl(x7 y)2 + |£|2an2(l’, y)Q]

is continuous on K. The map gor : K — () can be extended to a continuous function

v(z,y) = 7 (@y) €K,

from R? to @ with compact support (this can be seen by applying Tietze—Urysohn
theorem to both its components). Taking the composition of this function with ¢!
we find a continuous function ¢ € Cy(R?; B) such that ) = v on K. Write

I :/ (N1 + |2|*“ngthy) dH — (n1¢1 + |z*noths — (nf + |x|2an§)1/2> dH' .
oF

OE\K

Since H'(OF\ K) < ¢, ||n]lc <1 and ||¢]|o < 1, there exists a constant C' depending
on « and £ such that

/8E\K

Then it follows that

niy + |z|*nats — (nf + ]:C\zang)m‘ dH! < Ce.

/ (n11 + |2|*nathe) dH' > I — Ce.
oE

Let (.J,),>0 be a family of mollifiers and define ¢, = J,xtb. Then ¢, € C5°(R?; R?),
|Yy]leo < 1 and 9, — 1 uniformly as n — 0. Choosing ¢ = 1, with n > 0 small
enough we get

/ divyp dady = / (n1p1 + |x|“ngpy) dH > I — 2Ce,
E OF

and since ¢ € F(R?) we have P,(F) > I —2Ce. But € > 0 is arbitrary. Then the
claim P,(E) > I is proved. O
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Consider the real number ) = 2 + «. Lebesgue measure and a—perimeter are
respectively Q~homogeneous and (() — 1)-homogeneous with respect to the dilations

(ZL’, y) = 5)\(x7 y) = ()\ZL', )\a-i—ly)'

PROPOSITION 1.1.2. Let E C R? be a measurable set. Then for all X > 0
(i) [on(B)] = A%|E|;
(11) Pa(ék(E)) = AQ?IP&(E)‘

PROOF. We prove (ii). Let ¢ € F(R?) and write

/ diva(z,y) dedy = / (8x<p1(:v,y)+Ix!aaywz(x,y)) dxdy
0A(E) IN(E)

: 1
= / (Xagwl(/\f, /\a—i-ln) + >\a|£|a)\a+langp2(>\€7 )\oz—i-ln)) )\Qdédn
E

=29 [ div (o0 (€ dedn < X P(E)
E

because ¢ o §y € F(R?). Taking the supremum over test functions gives P, (d\(E)) <
A9~1P,(E). The converse inequality is obtained in the same way. O

We introduce a change of variable that transforms the a—perimeter of a set into the
Euclidean perimeter of the transformed set. Consider the functions ®, ¥ : R? — R?

defined by

v(c.0) = (sen@la+ Delen) . W) = (s )

a—+1

Clearly, ¥ is a homeomorphism and ® is its inverse. Notice that |det J®(&,n)| =
(v + 1)¢| a4 for € # 0.

PROPOSITION 1.1.3. Let E C R? be a measurable set and define F' = V(E). Then
P(F)=P,(E).

PROOF. Take a test function ¢ € F(R?). A short computation gives
[ v g)dody = [ 0.p1(r.0) + ol Oypa(e ) dedy
E E

_ / [De(p1 0 ®)(€m) + Dy (122 © ) (€, m)] ddln.

Note that the function d¢ (1 0 ®)(€,1) = |(a + 1)&]7a+1(0y01)(B(€, 7)) is in L'(R?),
because 0;¢; is bounded and with compact support, and the singular term ]§|7%+1 is
locally integrable. The same happens for 9, (g2 o ®).

By known density theorems for Sobolev spaces

P(F) = sup /F divip (€, m)deds

YEF(R?)

= sup {/FdiW/J(ﬁ,U)dgdU D4y, g € WHHR?), ¢F + 95 < 1 a.e.} -
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Then it follows that
/ divap(x, y)dzdy < P(F).
E

Taking the supremum over test functions we find P,(E) < P(F). The converse

inequality can be achieved by the same argument, using the function ¥ instead of
o. O

2. Isoperimetric inequality

We prove the isoperimetric inequality in the Grushin plane. First we need a
theorem that reduces the problem to convex and symmetric sets. To this aim we
introduce some definitions concerning geometrical properties of sets. A set £ C R? is
x—symmetric if (x,y) € E implies (—x,y) € E. E is y—symmetric if (x,y) € E implies
(x,—y) € E. Finally, F is said to be symmetric if it is both z— and y—symmetric.

Given a set £ C R? define for every z,y € R

E*={yeR:(z,y) e E}, E'={xeR:(z,y) € E}.

A set E C R? is z—convex if EY is an (open or empty) interval for all y € R. E is
y—conver if E* is an (open or empty) interval for all z € R. Finally, E will be said
to be separately convez if it is both z— and y—convex.

THEOREM 1.2.1. Let E C R? be a measurable set with P,(E) < 400 and 0 <
|E| < +00. There exists a symmetric, convex set E* C R? such that P,(E*) < P,(E)
and |E*| = |E|. Moreover, in case a > 0, if E is not (equivalent to) an x—symmetric
and convex set, then the strict inequality P,(E*) < P,(E) holds.

PROOF. Let £ C R? be a measurable set with positive and finite measure and
finite perimeter. Define F' = W(F), where ¥ is the map introduced in (1.1.4). By

Proposition 1.1.3, P(F) = P,(F) < +o0. Moreover, letting
o}
F) = 1)¢|Pded =——
p(E) /F\(oz+ JelPdedn,  f=———

we find
Bl = [ dedy = [ |detae,n)ldgdn = u(P)
O(F) F

Let F} be the Steiner symmetrization of F' in the n—direction. Precisely,

Fi={(em e R il < 511}

Here, |-| stands for 1 dimensional Lebesgue measure. By [DG, Teorema II], (see also
[T, Section 3.8]), P(F;) < P(F'), where the inequality is strict if F" is not (equivalent
to) an n—convex set. Moreover, by Fubini-Tonelli Theorem

+oo

u(F) = /F (o + L)€ dedn = / (o + 1)¢]°|FS] de

—00

+0o0
= [+ eI dg = ()

o0
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because |F&| = |F¥| for all € € R.
Let F5, be the Steiner symmetrization of F; in the £-direction. Precisely,

1
={ener 1< g},

Then, as above, P(Fy) < P(F;) < P(F). Consider the volume

F> —00

u(F) = | |(a+1)¢|"dédn = /+Oo (/Fn (o + 1)§|5d€> dn.

In order to estimate the last term, we use the following elementary fact. Given
a measurable set I C R with finite measure, denote by I* = (—|I|/2,|1|/2)) its
symmetrized set. Since the number 3 is negative, we have €| > (|I|/2)” if ¢ € I*,
and |€]° < (|I]/2)° if € € I'\ I*. Thus

B
Sie = 84 8q ¥ ﬂ) I
[ievac= [ erac [ gepacs [ erace ()

B
= Bd ﬂ) * Be.
[ gepacs () i [ e

The inequality is strict if and only if I is not equivalent to I*.

From the above considerations it follows that pu(Fy) > p(Fi) with equality if and
only if Fj is (equivalent to) an z—symmetric and x—convex set.

Fy is a symmetric, separately convex open set. Moreover, OF5 is the union of the
image of four 1-Lipschitz curves. This can be easily visualized by looking at the set
after a rotation of 45 degrees. More precisely, for all s € R such that the set written
below is nonempty, define the function

Y(s) = sup {t > |s| (t%s,%) € Fg}.

F, is separately convex and then ¢ is 1-Lipschitz. Moreover, 0F, N{{ > 0, > 0} is a
graph of the form ¢ = 9(s) in the variables s = (£ —7)/v/2 and t = (£+7)/v/2. From a
well known characterization of Euclidean perimeter, it follows that P(Fy) = H(0F3).

Let Fy = co(F3) be the convex hull of F,. Since Fy C Fj, it follows that u(Fy) <
w(Fs) with strict inequality if F» is not a convex set. Write 0F3 = (0F3N0F;)U(OF3)\
OF,), where 0F3 \ OFy is the disjoint union of an at most countable family of line
segments I,, = (pp, ¢,) C R* n € N. Analogously, 0F, = (0F, N 0F3) U (0F; \ 0F%),
where OF, \ OF3 is the disjoint union of an at most countable family of rectifiable
curves 7v,, n € N. After a relabelling, we can assume that v, connects p, and g,.
Then the length of ~, is greater than that of I,,, and therefore P(F3) = H'(0F3) <
HYOF,) = P(F).

Define E* = ,(®(F3)), where A > 0 is chosen in order to ensure |E*| = |E|
(it turns out that A < 1, see below). The set E* is symmetric because ® preserves
symmetry. We show that £* is also convex. Since the map d), is linear, it is sufficient to
show that ®(F}) is convex. Let (zo,v0), (x1,21) € ®(F3) and write (x;, y;) = P(&, mi),
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(&,mi) € F3,1=0,1. ®(F3) is symmetric and separately convex and therefore we can
without loss of generality assume zg, 21 > 0. Clearly, ®(7(&y,m0) + (1 — 7)(&1,m)) €
O(F3), T € [0,1], because Fj is convex. From the concavity inequality

_1 _1 1
6T+ (=) < (o + (1 —71)&)=+, 17€[0,1], &,& >0,

and from r—symmetry, z— and y—convexity of ®(F3), it follows that 7®(&y, 1) + (1 —
T)®(&,m) € ®(F3) for all 7 € [0, 1].

Notice that |®(F3)| = p(F3) > p(Fy) > p(Fy) = u(F) = |E|, and then it must be
A <1, with A < 1if E is not (equivalent to) an z—symmetric, convex set. Moreover,
by Propositions 1.1.2 and 1.1.3 it follows that

A=QP (B*) = Py (8(Fy)) = P(Fy) < P(Fy) < P(F) = P,(E).

Hence, P,(E*) < P,(E) with strict inequality if E is not (equivalent to) an z—
symmetric, convex set. UJ

Q.

A measurable set with positive and finite measure minimizing the ratio P, (E)?-1/|E|
will be called an isoperimetric set. The class of isoperimetric sets is invariant under
dilations (z,y) — 0x(x,y), A > 0, and under vertical translations (z,y) — (z,y + h),

h e R.

THEOREM 1.2.2. Let a > 0 and QQ = a+2. There exists a constant c(a) > 0 such
that for any measurable set E C R?* with finite measure
|E| < c(a)Py(E)aT. (1.2.1)
The constant c(«) is determined by equality in (1.2.1) achieved by the isoperimetric
set

resin |z

w/2
E, = {(x,y) cR?: |yl < / sin®t(t) dt, |z| < 1} . (1.2.2)

Precisely,

o+ 2

Isoperimetric sets are unique up to dilations and vertical translations.

ca) = 22 <2 /OW sina(wdt)_al“. (1.2.3)

PRrOOF. Consider the following minimum problem
min{P,(FE) : E C R? measurable set with |E| = 1}. (1.2.4)

We study the existence of solutions by the direct method of the calculus of variations.
By Theorem 1.2.1 the class of admissible sets can be restricted to symmetric and
convex sets. Recall that a set is symmetric if it is both x— and y—symmetric. Define

A = {E C R? : E symmetric, convex set with |E| = 1 and P,(F) < k}.

Here k > 0 is any fixed constant large enough to ensure A # (). Such a constant does
exist.
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We claim that any set F € A is contained in the rectangle [—a, a] x [—b, b], where
a > 0 and b > 0 depend only on k and o. Fix a number ¢ > 0. Let . € C'(R)
be an increasing function such that 1.(y) = 1 if y > ¢ and ¢.(y) = —1 if y < —e.
Take a set £ € A and let a = sup{z > 0 : |E*| > 0}, b = sup{y > 0 : |EY| > 0},
a. = sup{z > 0 : |E*| > 2¢} and b. = sup{y > 0 : |EY| > 2¢}. The numbers a.
and b, are both finite and tend respectively to a and b, as ¢ — 0. Choose the test
function ¢.(z,y) = (0,9(x,y)v.(y)) € F(R?), where ¥ € C3(R?) is a function such
that xyg <9 < 1. We have

k> PA(E) > / 1210, (9, y)bu(y))dady = / 2[00 (y) dedy
g b (1.2.5)

¢ @ e @ a?“
:/_a ’IL"| Eraywa(?ﬂdydeQ/_% ’$| d$:4a+1.

Since a. — a when ¢ — 0, we get 4a®™ < k(o + 1). A similar argument shows that
4b < k. The claim is proved.
Let (Ep)nen C A be a minimizing sequence for problem (1.2.4)

hlim P.(E,) =inf{P,(E): E € A}.

The sets F}, = W(FE}) are contained in the bounded set ¥ ([—a, a] X [—b, b]). Moreover,
by Proposition 1.1.3, P(F}) = P,(E}) < k for all h € N. The space of functions with
bounded variation BV(R?) is compactly embedded in L] (R?). Therefore, possibly
extracting a subsequence, there exists a measurable set F' C ¥([—a, a] X [—b, b]) such
that xm, — xr in L'(R?). Letting E = ®(F), it follows that xp, — xz in L'(R?).
The set E is (equivalent to) an z— and y—symmetric and convex set. This follows
from the fact that x g, can be also assumed to converge almost everywhere to xg. By

the lower semicontinuity (1.1.2)
P.(F) < li’{niana(Eh) =inf{P,(F): F € A}.

Thus E is a minimum, because E € A. By Proposition 1.1.2 this set is also a solution
of the problem

Q
Po(B)aT
min {% . £ C R? measurable set with 0 < |E| < +oo} . (1.2.6)

The set E is convex and therefore its boundary OF is locally the graph of Lipschitz
functions. In a neighborhood of the point (0,b) € OF, b > 0, the set OF can be written
as a Lipschitz graph of the form y = ¢(x). We are led to the following situation. Let
d > 0, p € Lip(—6,0) and assume that {(z,p(x)) : x € (=06,0)} = OEN{(x,y) €
R*: —0 < z < &,y > 0}. Fix a function ¥ € C}( — 4,6). For [¢| < t let E;, be
the set obtained from E by replacing OF N {(z,y) € R? : —§ < z < 6,y > 0} with
{(x,p(x) + tI(x)) : * € (—0,)}. Denote by (nt,nb) the unit normal to dF;. By
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Theorem 1.1.1 and by the length formula

d d o 1/2
d_Pa(Et> = d_ [n’i(:ﬁ,y)Q + |.’1§"2 ng(ﬂ?, y>2] / dHl
t t=0 t OEN{|z]|<d,y>0} t=0
d b / / 2 202711/2
== [(gp () +t9'(2))* + || ] dx (1.2.7)
_5 t=0

) / ¢(2)9 ()
—o [/ ()2 + |a|*]
We can interchange derivative and integral because

0

1/2 %%

O | () () ()
AL U N T pev T e
< |¥'(x)| € L'(=6,9).
Analogously,
d d [? 5 5o
E|Et| . == 75(g0(a:) + td(x))dx . = /619(x)da7 = _/5M9 (x)dx.

The set E is a solution of Problem (1.2.6), and hence

Po(E)TT _ Po(B)F5
BB

Thus
_d Py(E)as
~ @ B

) =0 S S (1.2.8)
P,(E)e-1 (x)
_ Pl )2 @ \E|/ ACOLACY Lyl + Pa(E)/ o (z)dz | .
|E| Q—-1""J) 5 [¢(2)2 + |z|>] 5
The function ¥ € Cj(—4,d) is arbitrary. Therefore it must be
Q g ¥ (x)
|E| 7z
Q-1 /() + |l

for some constant ¢ € R. The function ¢ must be even because the set E is z—
symmetric. Then ¢’ is odd and this implies ¢ = 0. Setting A\ = Q-1 Pall) o find

Q |E|
, Az
(%2 (l‘) = —Sgn(l’)m fOI' a.e. r € (—5, 5) (129)

P,(E)x =¢, fora.e. z€(=0,0),

This equation shows that ¢’, which a priori is only a locally bounded measurable
function, is in fact a continuous function, and the equation is satisfied for all |z| < 1/A.

Letting a = sup{z > 0 : |E¥| > 0}, a regularity argument similar to the one
discussed above shows that JF is of class C' in a neighborhood of (a,0). Then it
must be ¢(a) =0, ¢'(a) = —oo and a = 1/A. Hence, for z € [0, a]

ta+1

a w/2
o(r) = / dt = a*™! / sin®™ () dt.
z Q (1 - (t/a)2)1/2 arcsin(z/a)
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The parameter a > 0 is fixed by means of the volume constraint |E| = 1.
If we choose A = a = 1 then we find the isoperimetric set E, in (1.2.2). By (1.2.9)
with A = 1 and Theorem 1.1.1 we also find

1 1 o
/2 |z
PuE) =4 [ [ap o] e = [ g
0 [ } o V1—2a? 0

Moreover |E,| = %PQ(EQ). Therefore, the isoperimetric constant c¢(«) is given by

(o) = —ABal - _Q=1lp pyite @1 (2 /W sina(t)dt)l_Q.
0

s

sin®(t)dt.

P(E)eT @ Q
The statement concerning uniqueness follows from Theorem 1.2.1 and from the
previous analysis. 0

3. Minkowski content and sharp Sobolev inequality

The isoperimetric inequality (1.2.1) can be restated in metric terms. Moreover it
implies a sharp Sobolev inequality for the Grushin gradient.

We briefly introduce the definition of the Grushin metric in R%. General Grushin
metrics will be discussed in detail in Section 1 of Chapter 3. Consider the vector fields
in the plane X = 9, and Y = [z|*0,. A Lipschitz continuous curve 7 : [0,1] — R? is
admissible if there exist measurable functions h = (hy, he) € L>([0,1]; R?) such that
4 = h1 X () + hoY () almost everywhere. The length of the curve v is by definition

La(y) = / Ih(t)]dt.

The metric d, : R? x R? — [0, +00) is defined by setting

da(p,q) = inf {La(7) : 7 admissible curve such that v(0) = p and (1) = ¢}.
(1.3.1)

Consider a bounded open set F C R? and define the distance dist,(p; E) =
inf e do(p, q). The Minkowski content of OF in the Grushin plane is defined as

2. . )
M, (JE) = lim inf H{p € R?: 0 < disty(p; F) < 5}’.

1.3.2
ni . (1.3.2)

If F is a bounded open set with boundary of class C?, then “liminf” in (1.3.2) can
be replaced by “lim” and the identity 9, (0F) = P,(F) holds. This can be proved
as in [MSC] Theorem 5.1.

Let us introduce the following notation for the Grushin gradient of a function
f € CY(R?). We simply write D, f(z,y) = (9. f(2,y),[2]*0, f(2,y)).

We shall need some general theorems which are proved for Lipschitz vector fields.
For this reason we state the next results only for the case a > 1. The following
corollary gives a sharp isoperimetric inequality for Minkowski content.
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COROLLARY 1.3.1. Let « > 1, Q =2+ « and let ¢(«) be the constant in (1.2.3).
Then, for any bounded open set E C R? it holds

E| < c(a)M, ()7, (1.3.3)

PROOF. Let £ C R? be a bounded open set and write o(p) = dist,(p; E). For
any € > 0 let E. = {p € R? : o(p) < €}. Without loss of generality we can assume
that |E. \ E| converges to zero as € | 0, otherwise M, (0F) = +oo.

By Theorem 3.1 in [MSC] we have the Eikonal equation

[Dao(z,y)| =1 (1.3.4)

for almost every (z,y) € R?\ E. From the coarea formula proved in Theorem 5.2 of
[GIN1] it follows

|E.\ E| = / |Dyo(x,y)|dxdy = / P,(E.)dr. (1.3.5)
E:\E 0

Given ¢ > 0, it cannot be P,(E;) > ‘E‘Zﬂ for all 7 € (0,¢), otherwise (1.3.5) would
be false. Then, for every € > 0 there exists 7(¢) € (0,¢) such that

|E:\ B

Pa(ET(E)) S T
From (1.1.2), by taking the liminf we find P,(F) < 9M,(JF) and the claim follows
from (1.2.1). O

By a straightforward adaptation of the argument in Remark 6.6 of [FF], the
isoperimetric inequality (1.2.1) implies a sharp Sobolev inequality for the Grushin
gradient.

COROLLARY 1.3.2. Let « > 1, Q = 2+ « and let ¢(«) be the constant in (1.2.3).
Then for any f € Cg°(R?)
Q-1

(/ |f‘QQ‘1d$dy) § Sc(a)QQl/ | Do, fldzdy. (1.3.6)
R2 R2

The constant in this inequality is sharp.
PROOF. For any ¢ > 0 define E; = {(z,y) € R* : |f(z,y)| >t} and
t if (z,y) € Ey,
Jilw,y) = . ;
|f<$,y)| if (l’,y)ER \Et
Then, for any h > 0, fiin(z,y) < fi(x,y) + hxg, (z,y) and thus
Q-1
[fesnll o < fe+hxell o <Ifill o +hlE[ 2
O-1 O-1 0-1

Then

+o0o d —+o00 Q-1 Q-1 +o0o
1l e = / Dyfll o dt < / B dt < c(a)% / Po(Ey)dt.
Q-1 0 dt Q-1 0 0
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By Sard Lemma the sets {|f(x,y)| = t} are C* curves for almost every ¢ > 0.
Then, by the coarea formula and by Theorem 1.1.1

Ry N (C2 R

+0o0
- / / (n2 + [2[*n2) " a4 di
0 {lfI=t}

+00
0

We denoted by n = (n1,n2) the unit normal to the level sets {|f| = t}.

The sharpness of the constant can by proved in the following way. Take a bounded
open set F C R? with boundary of class C? and define, as before, o(p) = dist,(p; E).
For any € > 0 let

1 if pec E,
fe(p)=<1—21o(p) f0<o(p) <e
0 if o(p) > e.

Apply the Sobolev inequality to f.. Letting ¢ — 0 and using the Eikonal equation
(1.3.4) and the identity M, (OF) = P,(FE) we get the isoperimetric inequality (1.2.1).
O

4. Grushin and Heisenberg isoperimetric sets

The isoperimetric problem in the Heisenberg group (an interesting still open prob-
lem) was the original motivation for our study of the isoperimetric inequality in the
Grushin plane. In the next proposition we describe the special interest of the case
« = 1 and then we discuss some connection and analogy between Grushin and Heisen-
berg isoperimetric sets.

PROPOSITION 1.4.1. Let E; be the isoperimetric set in (1.2.2) for the choice a = 1.
Then

1
E, = {(az,y) cR?: |yl < 3 (arccos |z| + |x]|\/1 — ]:c|2> ;x| < 1}. (1.4.1)

Moreover, OE, consists of two geodesics in the metric space (R? dy), where dy is the
metric defined in (1.3.1). These geodesics connect the antipodal points (0,+m/4) of
OF, and are symmetric with respect to the y—axis.

PrRoOOF. We discuss for a moment the general case o > 0. Geodesics in the metric
space (R? d,), i.e. curves with minimal length connecting points, are solution of a
particular system of differential equations. Consider the Hamilton function

1
H(w,y,€m) = (€ + laP=n?)
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and the corresponding problem (it is enough to study the case = > 0)

& =0H(z,y,§n) =¢ z(0) =0
y=0,H(x,y,&,m) = 2°n y(0) = wo
£ =—0,H(z,y,&n) = —az? Ip? 5(0)21
= —0yH(z,y,{,n) =0 n(0) =

Geodesics starting from the point (0,yy) are to be found (after a reparameteriza-
tion) among curves y(t) = (x(t),y(t)) solving this problem. We refer to [Be] for a
motivation of this fact. The choice £(0) = 1 corresponds to arclength parameteriza-
tion and determines #(0) = 1. The parameter A > 0 controls the direction of the
curve. The first, third and fourth equations give &+ aA?2?*~! = 0 and by integration
22 + X22% = 1 and thus © = (1 — )\2$2a)1/2. Denoting by ¢ the derivative of y with
respect to z we find
() = dydt Az2 .
dtdv (1 — A2z2e)/?
If &« = 1 this differential equation coincides with the differential equation (1.2.9).
Integrating this equation for yo = 7/4 and A = 1 we find a curve in the quadrant
Q = {x,y > 0} whose support is dE; N Q, where Ej is the isoperimetric set (1.4.1).
The union of this curve with its reflection in the {y < 0} half space gives a geodesic
in (R?, d;) connecting the antipodal points (0, =7/4) of OE).
OJ

The set in R3 obtained letting rotate E; around the y—axis is the conjectured
solution of the Heisenberg isoperimetric problem. In R?® consider the vector fields
X =0, +y0, and Y = 0, — x0,. (Here, the variable ¢ plays the role the variable y did
in the Grushin plane). These vector fields are left invariant for the group operation

(xay7t)'(€a7777-) = ($+67y+777t+7—+€y_:m7)'

The H-perimeter of a measurable set £ C R? is

Py(E) = sup /(Xsol(x,y,t)+Y902(x,y,t))dxdydt-
peF(R2)JE

If E C R3 has smooth boundary, then its H—perimeter has the following integral
representation

Pu(E) = oF V(v +ys)? + (vy — avs)2dH?, (1.4.2)

where v = (v, 1,1v3) is the unit Euclidean normal to OE. The proof is the same
as in Theorem 1.1.1. Tt can be checked that Py(p- E) = Py(E) and |p - E| = |E|
for any point p € R3. Moreover, Py (d\(E)) = AN3Py(E) and [0,(E)| = M|E|, where
oz, y,t) = Az, My, A\%t), A > 0.

The isoperimetric problem in the Heisenberg group is to find a solution of

min { Py(E) : E C R* measurable set with |E| =1} . (1.4.3)
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The existence of solutions is proved in [LR]. Pansu conjectured in [P] that solutions
are sets foliated by geodesics for the Heisenberg Carnot-Carathéodory metric, and
recently some numerical evidence has been provided supporting this conjecture (see
[LM]). Moreover, a surface with Heisenberg constant mean curvature must be fo-
liated by geodesics (this was explained to me by S. Pauls) and the boundary of an
isoperimetric set, if smooth, has constant mean curvature.

Now, consider the group G of all orthogonal transformations (matrices) 7' : R? —

R3 of the form
A 0
= ( 0 detA ) ’

where A € O(2) is a 2 x 2 orthogonal matrix. It can be checked that Py (T(E)) =
Py(FE) for all T € G. This suggests that sets solving problem (1.4.3) and having
barycenter at the origin should satisfy T'(E) = E for all T' € G.

DEFINITION 1.4.2. An open set F C R? belongs to the class A if E = {(z,t) €
C xR =R3:|t| < ¢(|z])} for some non negative function ¢ € C([0, o]) N C?(0, o),
0 >0, with () =0, ¢'(0) = 0 and ¢'(0) = —o0.

If solutions are in the class A then they can be determined explicitly (see Proposi-
tion 3.4 in [Mo], Theorem 3.3 in [LM] and [DGN2]). The difficult problem is to show
that solutions must have cylindrical symmetry. In the Grushin plane we proved the
required symmetry and regularity properties of isoperimetric sets in Theorem 1.2.1.
In the Heisenberg three dimensional situation is no longer clear how to “rearrange”
sets preserving measure and not increasing H—perimeter.

PROPOSITION 1.4.3. If the isoperimetric problem (1.4.3) has a solution in the
class A, then it is a dilation § of the set

1
E = {(z,t) eECxR:|t| < §(arccos|z\ + |2]V1 = |2?), |2| < 1}.

Moreover, the set E 1is foliated by a family of Heisenberg geodesics connecting the
antipodal points (0,0, £m/4).

PROOF. The statement concerning foliation by geodesics is proved in [LM]. We
compute the set E. Let E = {|t| < ¢(|z|)} and write f : D — [0, +00), f(2) = ¢(]2]),
D={z€eC:|z| <o}, 0>0. We write z = = + iy. Denoting by v = (11, 112, 3) the
Euclidean outward unit normal to OF, from the representation formula (1.4.2) and
from the area formula we find

Py(E) = . V(1 +yvs)? + (vy — avs)? dH?

= 2/ V(v + yws)? + (va — av3)2\/1 + |V f(2)[Pdady,
D
where in the last integral we have written v = v(z, f(z)) and Vf = (0, f, 0, f). Using

e ) — CVIELD
=R




30 1. ISOPERIMETRIC INEQUALITY IN THE GRUSHIN PLANE

we also get

B) =2 [ \J0u) =07 + 0,1 + ) dady
=2 [ \IVIGR+ @0,£G) = 0. 1)) + 2P dody.

Letting o (r) = 2¢(y/r), i.e. f(z) = 5¢(|z[*), we have 8, f = ¢/ and 0, f =y, and
using polar coordinates we find

)=2 [ VEP@TEP) 1 dsdy
:M/O rzmdr:%/g VIVIT o2 dr.

0

um—g/f dMy—w/ b(r

If E solves problem (1.4.3) then the function ¢ minimizes the functional

v) =2 [ VIR

among non negative functions satisfying

Y € C([0,0]) NC*0,0), ¥(o)=0, '(0)=—o0, W/OU v(r)ydr=1, o >0.

By the Lagrange multiplier theorem for variational problems with integral constraint

In the same way

there exists A # 0 such that the function 1 solves the Euler-Lagrange equation

4 OH (v, v)  OH(r, b, 1)
dr 0z B ou ’
where H(r,u, z) = 2m/rv/1 4 22 + mAu. This gives the differential equation

Y'(r) _
<ﬁ21+wWP>_X

Integrating this equation we obtain

, A2r

The condition 9'(p?) = —oco gives A?p? = 1 and using ¥(p?) = 0 we finally find

1 arccos(r/p) 2 5
o(r) = _@D(TZ) = 92/ cos 9 di = il {arccosz 4+ —4/1 = <f) } ]
2 0 2 o 0 0

The parameter p is fixed by the volume constraint |E| = 1. O



CHAPTER 2

Kelvin transform and critical semilinear equations

1. Introduction

Let v € R™, y € RE, n = m + k, a > 0. We write z = (z,y) € R*. The Grushin
operator is the subelliptic Laplacian

L=A,+ (a+1)2z]*A,, (2.1.1)

where
k

ypa > 2

A, = — and A, = .
@ 2 y 2
=t Ox; — y;

We can define the Grushin gradient D, = (D,, (a+ 1)|z|*D, ), where D, and D, are

the gradients with respect to the variables z and y, respectively. If f : R" — R™ and

g : R" — RF the Grushin divergence of the vector function (f, g) is
divy(f, 9) = div, f + (a + 1)|z|*div,g,

where div, and div, are divergences with respect to the x and y variables, respectively.
With this notation, Lu = div, D,u.
A natural Sobolev space is associated with the gradient D,. For u € C§°(R")

define the norm
1/2

i = ([ () + 1Dau()Pyiz)

and let H.(R") be the completion of C§°(R"™) with respect to the norm || - || 1.

The Sobolev embedding for functions in H}(R") is proved in [FGaW] (see also
[FGuW]| and [GN1]). Precisely, there exists a constant C' > 0 such that for all
u e H(R")

(] Iu(z)lg%dz)%_Q <o Dou(z)Pdz) "

Here, the number

Q=m+ (a+1)k (2.1.2)

is the “homogeneous dimension” of R” for £ and D,,, and 2* = QQ—?Q is the correspond-
ing Sobolev conjugate exponent.
Non negative extremal functions for the Sobolev inequality are (up to a multi-

plicative geometric constant) weak solutions of the Euler-Lagrange equation

Lu=—u*"1. (2.1.3)
31
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The exponent % = 2* —1 is the critical exponent for £. We are interested in finding
symmetry properties of (and possibly determine all) positive solutions of equation
(2.1.3).

Introduce the “norm”

1
2l = (ja2+) + [yP?) 7. (2.1.4)

This “norm” is 1-homogeneous for the group of anisotropic dilations 9, : R" — R",
A > 0, defined by

ox(z,y) = Az, \*Ty). (2.1.5)
For a suitable constant ¢ = ¢(m, k, «) # 0, the function
P(2) = efl2 >, (2.1.6)

is a fundamental solution with pole at the origin for the operator L.
PROPOSITION 2.1.1. For all z # 0 we have LT'(z) = 0.

The proof of this proposition is in the Appendix at the end of the Chapter.
Proposition 2.1.1 can be improved. The constant ¢ = ¢(m, k,«) # 0 in (2.1.6) can
be fixed in such a way that

/n<DaI’, Dyp)dxdy = ¢(0)

for all ¢ € C3°(R™). For integers «, integral representations for the fundamental
solution of £ with pole at arbitrary points of R™ have been constructed in [BGG].
We do not need these stronger statements, and from now on we choose ¢ = 1 in
(2.1.6).

2. Inversion and Kelvin transform in Grushin spaces

We define a Kelvin transform for the operator £. To this aim we first introduce
an inversion in R”.

DEFINITION 2.2.1. Define Z : R™\ {0} — R™\ {0} by setting
I(Z) = (SHZ||—2 (Z), z 7é 0. (221)

Clearly, Z? is the identity. In the next propositions we prove some basic properties

of Z. We denote by Jz(z) = det ag(;) the determinant Jacobian of 7 at the point z # 0.

LEMMA 2.2.2. For all z # 0 we have |J7(z)| = F(Z)%.

PROOF. Let ®(z) = ||z]|, S = {z € R" : &(z) = 1}, consider an open set A C S
and set Q = {0,(z) : z € A, t > 0}. We preliminary show that for ¢ > 0

L g 2) =191 where = ! "z
/&<A>|v<1><z>|dH (2) =177 u(A),  where  u(A) /A|w<z>|‘”“‘ (2):
(2.2.2)
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Indeed, by the coarea formula

—dH” L / / —dH" Lds
/ ) VO e=0¢ 5o(4) | VO

1
= hm dz = t9lim — d¢
e=0¢ Qﬂ{t<||zH<t+a} =08 Jon{i<|¢ll<1+e/t}
0 14e/t o
=t hrn / —dH" Yds = 97 Tu(A).
e=0¢ 5.(4) IV “

We performed the change of variable z = §;({), which has has determinant Jacobian
te.

Now fix a positive number 7 > 0 and for any § > 0 define the open set Q5 = {0:(2) :
z€ A, r <t<r-+d}. The inverted set is Z(2s) = {0(2) : z € A,r < 1/t <r +6}.
By the coarea formula and by (2.2.2)

r+4 . r44 01
Q0 / / L = A/ e
=) ) e wA) |

and analogously,

1/r
()] = p(A) / 191t
1/(r+9)
If z € R™ is a point such that ||z|| = r > 0 then
1/r
/ 91t
z(2)] = tim 8y S e e

320 |€2s] 60 /Hét@—ldt

O

The next theorem and the following corollary describe the conformal nature of Z.
Let z = (x,y) € R" be a point such that z # 0 and define the “singular Riemmanian
norm” of a vector ( = (£,n) € R” at z as

€l: = VIER + (a + 1)72[a] >, (2.2.3)
THEOREM 2.2.3. For all z = (x,y) € R™ with x # 0 we have

i P2 = ) 2:2.4)

PROOF. Define Z,(z) € R™ and Z,(z) € R* by the relation Z(z) = (Z.(z),Z,(2)),
and let N(z) = |z|>@*Y) 4+ |y|?. Then
IZ(¢) = Z(2) 70z = |Z(C) = Za(2)* + (a + 1) *|Za ()17, (C) — Zy(2)]
> N(z)e

_’ & n U y
N Nzl (@+ DN N(2)
:W“Q“{)f(m) o —x\zﬂ 1) o[z ”(%i R }
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By a Taylor development of the function N(({) at the point z,

N(¢)

1 2a
N Tt W{Q(a + D)@, —2) + 2@y, m—y)} +o(lz = (), (2.25)

and therefore

G I . O R (1)}

N(z) N(z)
N(C)y-/@+) 1 B
<N(2)> —1—m{ }+ollz —¢l),

where the curly bracket is defined as in (2.2.5).
In the following N replaces N(z). Note that {---} = O(|z — (|). We get
1 2
—2/Q 2 _
) RO~ = [6 7~ ot 1

n—y -l | +oll =)

MCESEEE:
2 €2

= ’C—Z\z—m<5—$,§>{“'}+m{"'}2
1 2 |77|2 2
—mﬁw—yﬂ?){“'}Jr (a+1)2\x]2aN2{m}
+o(lz = ()

= |¢ =224 R(z,().

If R(z,¢) = o(|z — ¢|?), the proof of the theorem is completed. It is enough to show
that the quantity
R(z,¢) 2

10l | @ DN 08 I+ Dl €~ o) + I )

2
(= o) + (0 + Dinf2la, & — ) + |Z7"2a (yon— y>]

- |z |22
— # _ _ 2(a+1) 2 2c 2 2
~ gy (€~ 2. (P 4 1y ?) + o+ 1o
2 o POt 4y nf?
+ NQ(a+1)2<n y,y><|§! 2] + g +o(]z—¢))

is an o(]z — ¢|). In the last equality we replaced (¢ — x,z) with (£ — z,£) (and the
same we did for 1) and we consequently added an o(|z — (|). Now the claim follows
from the fact that both the round brackets in the last two lines tend to zero when
(— 2. O

COROLLARY 2.2.4. Let u,v € C*(R™). Then for z # 0

(Da(uoT)(2), Do(voI)(2)) = |Jz(2)[2(Dou(Z(2)), Dav(Z(2))). (2.2.6)
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PROOF. We preliminary show that if z = (z,y) and = # 0 then
|Dyu(z)| = lim sup M (2.2.7)
(—z 1€ — 2[.
Since u is of class C*,
u(¢) — u(z)| = [(Du(2), ¢ — 2) + o(|¢ = z[)| < [Dau(2)[I¢ = |- + o(|C — 2]),
and thus
ey 116~ ()
(—z ¢ — 2[.
Choosing ¢; = (&,m:), i € N, with

< [Dau(z)].

1 1
S=x+ 2Dmu(z), n =y -+ ;(oc + 1)_2|x|_2aDyu(z)

we obtain (2.2.7).
By Theorem 2.2.3 and (2.2.7) we get

Q) - TPz . u(Z(€)) — u(Z(2))]
|Do(uoZ)(2)| = lim lim sup
=z |¢— 2l —= 2O = Z(2)|zer)
= [J2(2)|?| Dau(Z(2))].
Developing this last identity for the function woZ + v o7 we find (2.2.6). O

Now we introduce the Kelvin transform of a function in the Grushin space. The
relation of this functional transformation with the geometry of the hyperbolic space
will be explained in Section 4.

DEFINITION 2.2.5. Let v : R® — R be a function. The Kelvin transform u* :
R™\ {0} — R of u is defined by

u (z) =T(2)u(Z(z)), =z#0. (2.2.8)
We need the following Lemma.

LEMMA 2.2.6. Ifu € HL(R") ' is a non negative weak solution of Lu = —u? !
in R™\ {0}, then it is a weak solution in R™.

PROOF. For ¢ > 0 let 9. be the function defined by 1.(z) = 0 for [|z|| < e,

[(z) —e*9
Ye(z) = 1 for ||z|| > 2¢, and 9Y.(z) = (2€§§)Q _852—

weak solution in R™\ {0}, we have for any ¢ € C§°(R")

| @Dat. Duh + (Dot Do)z = [ (Do Dtz = [ w2

n

g fore < |z|| < 2e. Since u is a

n

IMi sembra che
lim EQ*Q/ |Dyul?dz =0
e<||z||<2e

e—0

dovrebbe bastare.
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By dominated convergence,

lim u2*_1¢ggod,z:/ u? lpdz, and

e—0 Rn

lim w5< O[u,Doécp>alz:/ (Dyu, Dyp)dz.

e—0 n
If we show that

lir% ©(Dau, Dytp)dz = 0, (2.2.9)
e—0 Jpn

our claim is proved. By Holder inequality we have

Q-2 1/2 1/2
otDa, Dz < ([ pgaz) ([ parps) ™
Rn 1=2 e<|lzll<2e e<|l#ll<2e
and a dilatation argument shows that
/ |D T dz = 52_Q/ |DT?dz.
e<||z]|<2e 1<||z]|<2
Therefore
1/2
olDu Do)z < O(0 [ D)
R™ e<||z]|<2e
and the last term is infinitesimal as ¢ — 0. 0J
THEOREM 2.2.7. (a) For any u € HL(R™)
2Q 2Q
lu*(2)|e2dz = lu(z)|@2dz and |Du*(2)?dz = | Dou(2)dz.
R™ R™ R7 R7

2*—1

(b) For any non negative function u € H:(R"), Lu = —u in weak sense on

R™ if and only if Lu* = —(u*)? ~! in weak sense on R™.

PrOOF. We prove statement (b). By Lemma 2.2.6 it suffices to consider test
functions ¢ € C{°(R™ \ {0}). In this case ¢* € C{°(R™ \ {0}). By Lemma 2.2.2

1J2(2)] = D(2)@2 and then

[ gds= [ @@ @@l = [ o eds

n

Now let v =uoZ and ¥ = ¢ o Z. Using (2.2.6) we find

(Dat”, Dap") = (Da(I'v), Da(T'¥)))
= I*(Dov, Dat)) + vi| Dol 4 T(Dy(¢pv), DT
= I'%(Dov, Dot + divg (v D,T),

because LI' = 0. On the other hand, by (2.2.6)

(
(Dav(2), Dot (2)) = |J2(2)|” 4(Dau(Z()), Datp(Z(2))),
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and we get

/ n(Dau*, D,p*)dz = / ) (T*(Dav, Datp) + divy (vyT'D,T) ) dz
— [ TDuv. Dtz = | (DuulZ(2). DuplZ ()] el

- / (Dau(2), Dap(2))d2.
It follows that the statement
/ (Dou, Dyp)dz = / u* "lpdz for all p € C°(R™\ {0})

holds for u if and only if it holds for «*. This ends the proof of (b). Part (a) is proved
in the same way.

O

3. Simmetries for semilinear equations

DEFINITION 2.3.1. Let v : R® — R be a function. For A > 0, define the functions
O u and uy by letting
Q_ *
SHu(z) = A2 (06(2), ur(z) = (0hu)*(2), =z #0.

2

PROPOSITION 2.3.2. If Lu = —u? ! then dyu and uy, A > 0, solve the same
equation.

PROOF. The statement concerning d,u is a simple computation. The statement
concerning u, is a consequence of Theorem 2.2.7. U

The next theorem is a special case of Bony’s Maximum Principle (see Theorem
3.1 in [Bon)).

THEOREM 2.3.3 (Maximum Principle). Let 2 C R™ be a connected open set and
let w € C*() be a function such that w > 0 and Lw < 0 in Q. If there is zy €
such that w(zg) = 0 then w =0 in Q.

We also need the following version of Hopf Lemma.

LEMMA 2.3.4 (Hopf Lemma). Let v € RF with [v] =1,t € R, Q = {(z,y) € R":

(y,v) > t}, and (0,yo) € OQ. If a function u € C*(Q) N CHQ) satisfies u > 0 in Q,
u(0,y0) =0 and Lu <0 in Q, then (Dyu(0,yo),v) > 0.

PROOF. Let y3 = yo + v, 20 = (0,40), 21 = (0,71) and z = (z,y). The point
z1 = 2o + (0,v) belongs to Q. The function

A(z)=T(z—2) —T'(20 — 1)

2piw’ preciso
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satisfies LI'(z) = 0 for z # z1, A(z) =0 for ||z — z1|| = 71 = ||z0 — 21| and A(z) =1
for ||z — z1|| = 70, for a suitable vy € (0,77).

Define the ring R = {z € R" : 7y < ||z — z1|| < 71} € Q. If € > 0 is small enough,
the function u.(z) = u(z) — eA(z) is strictly positive where ||z — z1|| = 71, because u
is strictly positive on this set. Moreover u.(z) = u(z) > 0 where ||z — z1|| = 70. Since
uz. > 0 on OR and

Lu.(z) = Lu(z) —eLA(z) = Lu(z) <0 on R,

by the Maximum Principle it follows that u > €A on R. Thus, using u(0,yo) = 0, we
find

T A(O,yg—l—tv)
(Dyu(0, o). v) = im =0T > e i S

.1 2-9 2-q
:515%2{’90 —y1 + tu|eF — !yo—y1|a+1}

1 _ 9
zehm—{(l—t)% —1} 022
t a+1

3

PROPOSITION 2.3.5. Let u € C*(R")NHL(R™) be a positive function solving Lu =
—u¥ 1. Then the function u* can be continuously extended to a positive function on
R™. In particular,

u(z)
im —— =u"(0) > 0. 2.3.1
Iz —o0 T'(2) () ( )

PROOF. By Theorem 2.2.7 |Du*| € L*(R") and Lu* = —(u*)? ! in R”. Exactly
as in Theorem 10.1 in [GV 1], it can be shown that «* € L>(R™). Then, the statement
follows from Theorem 6.1 in [CDGZ2], the subelliptic version of Serrin’s theorem on
removability of singularities. O

THEOREM 2.3.6. Let u € C?(R™)N HL(R™) be a positive solution of Lu = —u® ~1.
Then there exists A > 0 such that u = uy.

PROOF. By Propositions 2.3.2 and 2.3.5, possibly replacing u with dyu for a suit-
able A > 0, we can assume u(0) = «*(0). Then we have to prove that v = u*. Let
wy = uy — u and define

ZA:{ZGRnZ HZH >)\1/2}, Q)\:{ZEE)\ilU)\(Z) <O}
Notice that wy, = 0 on 9X,. We prove the following two statements:

Step 1. There is Ry > 0 such that €2, = @ for all A > Ry;
Step 2. We have inf{\ >1:Q, =0} =1

3COntrollare meglio la seguente Proposizione. Chiarire se u* € C2.
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Proof of Step 1. The function w) satisfies

. . 2 4
Lwy=Luy—Lu=u>""—u] = Q;ﬂm(u —uy) = —(2)wy

where 4 = @(z) is a number between u,(z) and u(z) (mean value theorem), and
1 = 1(z) is defined by the last equality. Let v be a positive function which will be
discussed soon. Setting
_ Wy Uy —u
w)\ = ————
v v

we have Lwy = W Lv + 2(Dyv, Dywy) + vLwy, and therefore w, satisfies
Do, Dyw L _
iy 2822200 (£04 ) g, 0, (23.)
v v

We show that there exist v > 0 and Ry > 0 independent from A such that for all
z € Q) with A > 1 and ||z|| > Ry we have
Lou(z)
v(z)
We choose v = d.u and we determine an appropriate € > 0. By Proposition 2.3.2
L(5.u) = —(5.u)? 71, and by Proposition 2.3.5

+v(2) <0. (2.3.3)

g_1

deu(z) et u(0(z) e .
= ————= = 2u"(0),
v T(2)  llelimoo €@ 2T(5.(2)) u(0)
and hence also
: L(0:u)(2) . ((i;u(z)) oz \
1 4 — 1 —_ 2 % 0 7Q72_ 234
1 d.u(z) leimee \ T(2) w(0) (2.3.4)

If z € Q) then uy(2) < u(z) and therefore © < u(z). Thus, by Proposition 2.3.5 there
exists a constant v > 0 such that

P(2) <2 —1u(2)@E <Allz|™, zeQ, A>L

The constant v does not depend on A € [1,400). Fixing ¢ > 0 in such a way that
5’2u*(0)ﬁ >, it follows from (2.3.4) that there exists Ry > 1 independent from
A € [1,00) such that for all z € Q2 with ||z|]| > Ry the claim (2.3.3) holds.

Now, the following claim also easily follows. There exists Ry > 0 such that if
A € [1,400) and z € X, is a negative minimum point of the function w,, then
|z|l < Rop. The number Ry is the one fixed above. By contradiction, if z* with
|2*|| > Ry is a negative minimum for w,, then Lw,(z*) > 0. On the other hand, by
(2.3.2) and (2.3.3) we have Lw,(z*) < 0.

In order to prove Step 1 it suffices to show that if A > Ry and Q) # &, then w,
must achieve a negative minimum in 2. This follows from

o D) fuaz) u(?)
H}ﬁﬂo (=) = Hjﬁﬁm v(z) (F(Z) F(2)>

Q4 A%_IU( ) — u*(0)
- ( u(*)(()) : )

(2.3.5)

Q
2

— e o) >0
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for A € [1,00). We used the assumption u(0) = u*(0).
Proof of Step 2. Let
)\0 == Hlf{)\ 2 1: Q)\ = @}
By continuity we have wy, > 0 and Lw,, < 0 in X,,. By the Maximum Principle

Theorem 2.3.3, only two cases can occur: either wy, =0 on X,,, or wy, > 0 on X,,.
In the first case we have u = uy, on ||z]| > Ao, and precisely

u(z) = up(2) = A()%_IF(Z)u((S,\O/”ZHz(z)).

-1

Om‘@

Dividing this identity by I'(z) and letting ||z|]| — oo yields u*(0) = A
thus A\g = 1 because of the choice u(0) = u*(0).

In the second case we have wy, > 0 on X,,. Assume by contradiction that Ay > 1.
From the definition of )¢ it follows that there exists a sequence A, € (1, \g) converging
to Ao such that Q,, # @. Every w,, has a negative minimum point z, € X,,,
by (2.3.5). Moreover, ||z;|| < Ry for all h € N, and therefore — possibly taking
a subsequence — we can assume that z, — 2y € i,\o. Since wy, > 0 on X,,, it
must be ||z]| = )\(1)/2 and w),(z0) = 0. Moreover, Vwy, (z,) = 0 for all h, and thus
Vwy,(z0) = 0. If 29 = (20,90) is such that xy # 0, this contradicts Hopf Lemma
for elliptic operators. If zg = (zg,y0) with o = 0 this contradicts Lemma 2.3.4.
Therefore it must be A\g = 1.

We have proved that Ay = 1, that is «* > w on ||z|| > 1. By the definition of
Kelvin transform this implies u > u* on ||z]| < 1. Repeating the previous argument
replacing v and u* (the assumption u(0) = «*(0) is symmetric) we get u* < u on
|z|| > 1. Thus v = u* and the theorem is proved.

u(0) and

O

COROLLARY 2.3.7. Letu € C?*(R")NHL(R™) be a positive solution of Lu = —u? !
such that uw = u*. Then there exists yo € R¥ such that for all y € R¥

2-Q
u(0,y) = u(0, o) (1 + |y — yol*) 2+, (2.3.6)
PrROOF. The assumption u = u* reads
u(z) = |2)1*%u (81/)22(2)) (2.3.7)

where z = (z,y).
For a fixed b € R¥, define uy(2) = u(z + (0,b)). Clearly, Lup = —ui ~' and hence,
by Theorem 2.3.6, there exists A, > 0 such that u, = (0,,u)*, that is

2-Q
u(z+ (0,0) = (I121/%)" “u (8n,212(2) + (0,)) -
Letting z, = z — (0,b), this identity becomes

u(z) = (||Zb|’/)\11/2)2_QU (83, /1 )2 (26) + (0,0)) . (2.3.8)
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Multiplying (2.3.8) by ||2||92 and letting ||z|| — oo we find

wH(0) = Tim 2] 2u(z) = A2 Lim (|2l /1121)7 % (6 e () + (0,))

[|z]| o0 ||zl —o0
=\ u(0,0),
and using u(0) = u*(0) we get
21 u(0,0)
A = . 2.3.9
b U,(O, b) ( )

From (2.3.7) and (2.3.8) we also have for z € R"

1211%~ % (8122 (2)) = (szH/Ai/QY_Q w (O, /12 (2) + (0,0)) -

Now let f(y) = u(0,y). Setting x = 0 in the last identity and using (2.3.9) we obtain

2o [y '\ _ f(0) 2o (A (y—b)
s (5) = == (B +2).

and by a first order Taylor approximation

ly| =t {f(O) + <Vf(0), &> +o (’51')} _

= = o 0 X (V0. ) o ()

The function f has a maximum point o € R*, because u is infinitesimal at infinity.

(2.3.10)

Without loss of generality, we can assume that yo = 0 and V f(0) = 0. Using again
(2.3.9) and rearranging terms in (2.3.10), we get

een [y ) :( 1) ) bw;< y—b> (L)
02 {1 (5% } y-n) SO T AVO T o)

We multiply this identity by v;, ¢ = 1,..., k, and let y; — oco. Notice that

Q-2
a+1 i
yi—+oo ly —b] a+1

and .
Jim o (V0. ) = as0)
Whence,
PO ) = -5 0 FE v ) = o)),

and this finally gives for b € R*
_ Q-2
Fb) = f(O)(1 + [b]*)” 7D
This is (2.3.6) with yo = 0. O
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4. Grushin and hyperbolic symmetry

In this section we prove a radial symmetry property of solutions to the equation
Lu = —u? ~1. After a suitable functional change of variable, such solutions become
radial functions in the hyperbolic space.

DEFINITION 2.4.1. For a given function v = u(z,y) with z € R™ and y € R*
define the function U = U (&, n) by

_ ah _@-2
vem =1eu (1675 S 8= 52 24.)

We write U = Tu and uw = T~ 1U.

In order to explain the meaning of the functional transformation 7', we choose
m = 1 and we introduce the hyperbolic space. Let H = {¢ = (£,n) e RxR¥ : ¢ > 0}
be the n = k + 1 dimensional hyperbolic spaces endowed with the quadratic form
gu(¢) = €721, where I, is the identity n x n matrix. This quadratic form induces
the hyperbolic metric dy on H. The Riemannian hyperbolic Laplacian is

k
A=A+ (1—k)Ede, where A=02+Y 02 (2.4.2)
i=1

It is sometimes useful to work with the unit ball conformal model for the hyper-
bolic space. Let B = {(z,y) € Rx RF¥ = R" : 22 + |y|*> < 1} be the n = k + 1
dimensional unit ball endowed with the quadratic form gg(z,y) = mln,
where [, is the identity n x n matrix. This quadratic form induces the hyperbolic

metric dg on B. The conformal map S : B — H defined by

(1—(z*+[y*), —2y)

S TS e

, (2.4.3)

is an isometry between the hyperbolic ball and the hyperbolic halfspace. Clearly,
S(0) = (1,0) and it can be easily checked that S~! = S.
The proof of the following proposition is a computation and it is omitted.

PROPOSITION 2.4.2. Let m = 1. If u is a positive solution to the equation Lu =
—u¥ "t in {(z,y) € R x R* : 2 > 0}, then U is a solution to the equation in H
QR —2) 1 251

AgU+ LU =——-—-U 2.4.4
1T et 1) @rip’ (24.4)

where Ay is the hyperbolic Laplacian (2.4.2).

Equation (2.4.4) is invariant under hyperbolic isometries. Indeed, it can be shown
that translations in the variable y of a function u = u(x,y) and Grushin dilations dyu
introduced in Definition 2.3.1 correspond to hyperbolic translations of the function
U. This observation suggests how to construct the Kelvin transform u* introduced in
(2.2.8).
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It is enough to consider the case m = k = 1. Let D = {z € C : |z] < 1},
H ={( € C:Re( >0} and according to (2.4.3) define S : D — H by

1—2 1— |z —2y
S(z) = T where ReS(z) = T and ImS(z) = e (2.4.5)
The map S is a conformal identification of D with H. Note that S coincides with
its inverse and that it maps 2z = 1 to ( =0 and z = —1 to ( = oo. The reflection

I:D— D, I(x+iy) = (—x +iy) is a hyperbolic isometry of D and takes —1 to 1.

PROPOSITION 2.4.3. Fiz m = k = 1 and for a given function u = u(x,y) in the
halfplane x > 0 let v = v(x,y) be the function defined by

’LL—>TU:U—>SU:UD—>IUD:VD—>SVD:V—>T_1V:U, (246)

where SU =U o S, IUp = Up oI, etc. denote compositions. Then v = u*, where u*
is the Kelvin transform defined in (2.2.8).

PROOF. Be definition (2.4.1) and (2.4.5) we have for z = x +iy € D

1
1— |22\ 1— |22\ o1 —2y
U == b 9
o(2) (|1+z|2) “A\TraE) e
and hence

Vp(2) = Up(I(2)) = (%)ﬁu ((%)+ ’ ﬁ) |

(2.4.7)
Analogously, for ( =& +in € H we have
L 1— |£a+1 + Z7]|2 _2,,7 )
v(() =& 2V, , : 2.4.8
= D(\1+£a“+inl2 14§t +inl? 245
Setting
_lo@ha —21
(1 + £a+1)2 + 772 ) (1 + £a+1)2 + 772’
we have
1— |z = aen (1-a2)+y* = A )
(L4 &ort)2 + 2’ (14 &ott)2 2’
and therefore
e 2y
(1—z)2+y? et 4 p2 (I—z)2+y2 &t 42

Plugging these expressions in (2.4.7), we finally get from (2.4.8)
o €a+1 B €a+1 %H n
v(Q) =€ | Zam 2| U 2(a+1 2 ' e2(at1 2

1 3 n
pr— = u , )
(52(a+1) + 7?) 2D <<£2(a+1) 4 ?72)&%1 £2(at1) 4 772)
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This shows that v = u*, in accordance with the definition of Kelvin transform (2.2.8).

O

Proposition 2.4.3 shows that the Kelvin transform in the Grushin plane origins
from a reflection in the hyperbolic disk. The construction (2.4.6) not only produces
the correct form for the inversion z +— d&;/,2(2), but it also yields the fundamental
solution I'(2) = ||2]|>~¢ for £ appearing in the definition of u*.

Now we prove the hyperbolic symmetry theorem. Let m,k > 1 and for v € R™
with |v| =1 consider the “halfspace”

H, = {(z,y) € R" x R*: 2 = tv, t > 0}.

H, carries a natural structure of £ + 1 dimensional hyperbolic space. We use the
coordinates (t,y) on H,: by abuse of notation, (¢,y) € H, stands for (tv,y) € H,.

THEOREM 2.4.4. Let m,k > 1 and n = m + k. If u € C*(R") N HL(R") is a
positive solution of Lu = —u* ~1 with v = u* and yo = 0 in (2.3.6), then for any
v € R™ with |v| = 1 the function U = Tu restricted to H, is dg—radially symmetric
about the point (1,0) € H,, and precisely it is constant on the k—dimensional spheres

{(ty) cH,: (1 +t)42t+ yl* _ 1 i?}’ re (0,1). (2.4.9)

PROOF. Let z = (z,y) € R", b € R¥, 2, = 2 — (0,b). By Theorem 2.3.6 there
exists A, > 0 such that

2-Q
U(Z) = (HZb”/)\;/z) u (5)\[)/“21)”2(21)) + (0, b)) .
This is (2.3.8) in the proof of Corollary 2.3.7. Moreover, by (2.3.9) A, is determined
_Q
by u(0)A, ® = u(0,b), and this, by (2.3.6) with yo = 0, gives
o = (1+ [b?)7.

Let ¢ = (£,n), ¢ = ¢ — (0,b) and |G| = (|€]? + |n — bJ*)Y/2. By definition (2.4.1)

we have
al= ) (e e g
U(¢) = lef [ 1S PSP S A )b

and using u(z,y) = ]m\l’%U(lz\aw, y) we finally get

o)~ (B Qs BP0 =
|Co|? |Co|?
In order to prove the theorem it suffices to choose m = 1 and consider the case
¢ > 0. Let H and B be the hyperbolic halfspace and ball, respectively. The map
Iy R*\ {(0,0)} — R"\ {(0,b)} given by

A BRE A+ R0 -
““””‘( OGP *Q

+ b) , beRk (2.4.10)
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is a spherical inversion with respect to the sphere
S ={(&n) eRXRY 1 &+ | — b = 1+ b’}

Clearly, (1,0) € %, for any b € R*. Let &7 = 3, N {¢ > 0}.

The conformal map S : B — H defined in (2.4.3) takes the “plane” m, = {(x,y) €
B : z + (b,y) = 0} onto the halfsphere X, and S(0) = (1,0). By Theorem 4.3.7
n [R] the points S(¢) and S(I,(¢)) in B are symmetric with respect to the plane
7, for any ( € H. Therefore, by (2.4.10), the function Ug : B — R defined by
Up(x,y) = U(S(x,y)) is symmetric with respect to the plane m,. Since b € R is
arbitrary, the function Up is radial about the origin. Now, the claim follows from the
fact that S transform the spheres {(z,y) € B : 2* + |y|*> = r?}, r € (0,1), into the
spheres (2.4.9). O

COROLLARY 2.4.5. Let m,k > 1 andn =m+k. Ifu e C*(R") N HL(R") is a
positive solution of Lu = —u? ~! with u = u* and yo = 0 in (2.3.6), then the function
v(z) = u(x,0), x € R™, is a solution of the problem

div,(pDv) — qu = —pv* =1 |z| < 1

@+<9—1>v:0 2] = 1 S
ov ’

where p(z) = (1 — [a[***)* and q(x) = k(o + 1)(Q — 2)(1 — [a[XCFV) =z,

PROOF. Let z € R™ be a point such that 0 < |z| < 1. By Theorem 2.4.4 the
function y — u(x,y) is radial, and therefore Dyu(x,0) = 0. Then, for any i =1,....k

9%u

2
o 2 (2,0) = lim = (u(z, e¢;) — u(x,0)),

e—0 82
where ¢; = (0,...,1,...0) € R* with 1 in the i~th coordinate.

Let U = Twu and let £ = |z|*z. By Theorem 2.4.4, for any € > 0 there is a unique
point . € R™ of the form & = t€ with ¢t € (0,1) and such that U(&,ece;) = U(&.,0).
By (2.4.9), . is determined by the condition

(- Je)? (1 Jeh? + <
& g

which gives

&l = s (1 1P + 2 — VT P + 27 —4EP).

2¢|

Letting (e) = |€ 2|, we get ©(0) = |£] and ¢'(0) = [£]/(]¢|* —1). Using the definition
(2.4.1) of U we have

u(z,ee;) =

1 £ L3
T <§,sei>:@U<5€,0>:(|§|) u(led = 0).
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Therefore,
0? 2 s ,
(0 = lim 2 (a7 510) — i)
2
— gz (werule )
e=0
1

" (a+ D = |zPer) ((Q = 2)u(z,0) +2(Dsulx, 0), z)).

The left hand side is a continuous function on |z| < 1, and thus it must be
(Q — 2)u(z,0) + 2(Dyu(z,0),2) =0, for |z| =1
Moreover,

k(o +1)|z|>
1 — |z[2e+D

Lu(z,0) = Ayu(z,0) — ((Q = 2)u(z,0) + 2(Dyu(z,0), z)).
Multiplying the equation Lu(z,0) = —u(x,0)> "' by p(z) = (1 — |z[**+))* and
letting ¢(7) = k(a + 1)(Q — 2)(1 — |z|*@FV)k=1 7|2 we finally get

div,(p(x) Dyu(z,0)) — q(z)u(x,0) = —p(z)u(z,0)* .

5. Uniqueness in the case m =k =1

In this section we study the uniqueness of positive solution to the equation (2.1.3)

in the casem = k = 1. Let u € C*(R?)NH}(R?) be a positive solution with u = u* and
2

yo = 0 in (2.3.6). Now we have Q = a + 2 and we also write 2* = Q—% =2(a+2)/a.

By abuse of notation write u(z) = u(z,0). Then, by Corollary 2.4.5 the function u
solves the problem

(pu) — qu+pu® =0, in(—1,1)

w>0, in(—1,1)
(2.5.1)
au(l) +2u'(1) =0
au(—1) = 2u/(-1) = 0,
where
p(x) = (1 — [zP@)) and  q(z) = ala + 1)|z*. (2.5.2)

In a number of steps, we prove the following theorem.
THEOREM 2.5.1. Problem (2.5.1) has at most one solution.
A first step is the study of the Cauchy problem with data at the point z = 1. For
A >0 and 0 > 0 consider the problem
(pu) — qu+pluf 2u =0, in (1-4,1),
u(l) = A, (2.5.3)
(1) = —Aa/2.
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THEOREM 2.5.2. There is § > 0 such that Problem (2.5.3) has a unique solution
uy € CH[1 = 6,1]) N C*([1 — 6,1)]. Moreover, uy and u) continuously depend on A
uniformly on compact intervals.

The proof of Theorem 2.5.2 is a standard application of the contraction principle
and it is given in the Appendix at the end of the Chapter. The proof of Theorem
(2.5.1) is based on a variant of the energy method introduced by Kwong and Li in
[KL]. Let z be the function defined by z(x) = p(x)"u(x), where 7 € R is a parameter
to be appropriately chosen. The function z solves the equation

p2747z/1 + (1 - 27_)p1747'p/zl + Gz + p77(2*+2)+2z2*,1 _ O,

where G = 72~ (p')2 —mp' =47 p" — qp*~*". The condition ensuring —7(2*+2)+2 = 0
is
1Q-2 «

== = 2.5.4
"T20-1 26a+1) (2:5.4)
and, using (2.5.2), a computation shows that in this case
2 200
Gla) = — B (2.5.5)

(1 _ |I|2(a+1)) o+l

Clearly, G’ > 0 on (0,1). After all, the function z solves p*~472" + (1 — 27)p'~47p/2' +
Gz + 271 =0, and therefore, introducing the energy

E(z) = p47()? + %22* + G2 (2.5.6)
we have
%E(z(x)) = G'(2)z(x)% (2.5.7)

We are ready to prove that solutions to Problem (2.5.1) are even functions.

THEOREM 2.5.3. Ifu € C*(—1,1)NC*([—1,1]) solves Problem (2.5.1) then u/(0) =

PROOF. Assume by contradiction that «/(0) < 0. The function v(z) = u(—x)
is a new solution to Problem (2.5.1), because p and ¢ are even functions. Clearly,
v(0) = u(0) and v'(0) > 0. We claim that u(x) < v(x) for all z € (0, 1].

Let

(2.5.8)

We have 7(0) < R(0). Assume by contradiction that there exists a point £ € (0, 1)
such that u(§) = v(&), and let & be the smallest one. It cannot be £ = 1 because of
the uniqueness statement in Theorem 2.5.2. It must be «/(§) > v'(§) and therefore
r(§) > R(§). Then, by continuity, there exists a point b € (0, ) such that r(b) = R(b).
Let b be the smallest one. Then r(z) < R(z) for x € (0,b), that is v’'/u < v'/v on
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the same interval. This condition is equivalent to (u/v)’ < 0 on (0,b), and thus the
function u/v is strictly decreasing on this interval. Let
u(b)
= —. 2.5.9
o(0) (2.5.9)
Since u(0) = v(0), we have € (0,1).
Define the functions z = p"u and ( = p"v, where 7 > 0 is the parameter fixed in
(2.5.4). Notice that
z(b) _ Z'(b)
’]’] = — = .
¢(b) ()
The last equality follows from u/(b)/v'(b) = n, which is implied by r(b) = R(b).
Let E(z) be the energy associated with z as in (2.5.6). Integrating (2.5.7) and
using G(0) = 0 and 2/(0) = 0, we get

PO (2 (D) + —2(b) + G(b)=(b)?

2 2% ’ / 2
5 = gu(O) —i—/o G'(z)z(x)*dz.  (2.5.10)

The same identity holds for (. Multiplying it by 7% we obtain

b
pO)FI(C () + e 5) + GO = =ru(0) +/0 G'(z)n*C(w)*dw.

2 2+
(2.5.11)
Taking (2.5.9) into account, the difference of (2.5.10) and (2.5.11) yields
2 . .2 o
=)0 = 2= PO + [ G @) el - o)
0

This is a contradiction. Indeed, the right hand side is strictly positive because G' > 0
on (0,1), 22 —n*¢* > 0 on (0,b) and € (0,1). On the other hand 2* > 2, and
therefore the left hand side is strictly negative. The point £ cannot exist.
We have proved that u < v on (0, 1]. Since u and v are solution to the differential
equation in (2.5.1), we have
v(pu” + p'u' — qu+pu* ) =0,
u(pv” + p'v' — qu+ pv* ) = 0.

Letting w = uv’ — vu’ and subtracting the equations we obtain

(pw)" = puv(u® 2 —v? 72), (2.5.12)
Integrating this equations on (z,1) and using p(1) = 0, we get for x € (0,1)
1 /1 22 922
w(xr) = —— puv (v —u dt > 0, 2.5.13
(@) = == [ ) (25.13)

and hence r < R on (0,1). The function u/v is strictly decreasing on (0,1). Consis-
tently with (2.5.9), let
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The last equality follows from the boundary conditions. Hospital’s rule also yields

/
lim@:lim'z@):n

M@ M)
By (2.5.6) and (2.5.7), we have for any = € (0,1)

E(z(x)) —n*E(C(x)) = E(z(0)) — n*E(¢(0)) + /z G'(t)(2(t)* = n?¢(t)*)dt. (2.5.14)

0
We are going to let # — 1 in this identity.
We first show that

u(z) —nu(r) = O(1 —x)?, forz — 1. (2.5.15)
The functions v and v are in C*([0,1]) and v > 0 on [0, 1]. Then u/v € C*(]0,1]) and
<u>’ _uv—w o w
v/ w2 Y

By the mean value theorem, there exists £ € (z,1) such that

T v(x) - o(1)  o(z) - (;) (O —2) = _0(5)2(1 -2

From (2.5.13) it follows that w(§) = (1—¢)(y1+0(1)) for £ — 1 and for some constant
7 € R. Indeed, p(§) = O(1 — &) and the limit

: 1 ' 2 -2 2%
%EW/g puv(v —u® "%)dx

exists finite, by Hospital rule. Then u(z) —nv(z) = (1 —2)?(72+0(1)) for x — 1 and
for some new constant v, € R. This proves (2.5.15).
Recalling (2.5.5), we can compute
2a

lim G(2)(2(x)* = n*¢(x)?) = o lim p(z) "= (u(x)* — n*v(z)?) = 0,

because p(z) = O(1 — x) and — 2% + 742 = 252 > (. A similar computation shows

that
lim p(z)*~ 7 (2" () — (" (2)?) = 0.

r—1
It follows that
lim E(z(x)) — n"E(((x)) =0
and therefore, using E(z(0)) = E(¢(0)) = 2u(0)*, we obtain from (2.5.14)

2 . !

0= gu(O)2 (1—7n% +/ G'(z)(2(x)? — n*C(x)*)d. (2.5.16)
0

This is a contradiction, because the right hand side is strictly positive. Indeed,

n € (0,1) and z/¢ = u/v > n on (0,1). This is not possible.

O
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Thanks to Theorem 2.5.3, the uniqueness for Problem (2.5.1) is reduced to the
uniqueness for the following Problem:
(pu) — qu+pu® ' =0, in (0,1)
u>0, in (0,1)
u'(0) =0
au(l) +2u'(1) = 0.

(2.5.17)

THEOREM 2.5.4. Two solutions u,v € C'([0,1]) N C%([0,1)) of Problem (2.5.17)
must intersect at least twice in (0,1).

PROOF. Let u and v be two solutions of Problem (2.5.17). They must intersect
at least once in (0,1). Assume by contradiction that u < v on (0,1). The function
w = uv’ — vu' satisfies (2.5.12). Integrating this equation over (0,1) with w(0) = 0
and p(1) = 1 we get

1
/ puv(v* 2 —u? "H)dx = 0,
0

and this is not possible, because u < v on (0, 1).

Now assume by contradiction that u and v intersect only once in (0,1). For
example, assume that u(b) = v(b), u < v on (0,b) and v > v on (b,1) for some
b€ (0,1). Take a point z € (0,1). If z € (0,b), an integration of (2.5.12) over (0, z)
yields

p(z)w(z) = / puv(u? 2 —v? "A)dt < 0.
0

If z € (b, 1), an integration of (2.5.12) over (x,1) yields

1
—p(z)w(x) = / puv(u? 72 —0v? A dt > 0.

In both cases w(x) < 0, or equivalently r(x) > R(x), where r and R are defined as in
(2.5.8). Now, the argument following (2.5.8) proves that the function u/v is strictly
increasing on (0, 1). Let

(1) (1)

EEOREEO)
Letting z = p"u and ( = p"v and arguing as in the last part of the proof of Theorem
2.5.3, we get

2 . . !
0= S (WO ~ o)) + [ G')(e? e
0
This is a contradiction because the right hand side is strictly negative. Indeed, u(0) <
v(0),7>1, G >0 and 22 —7n*¢* < 0 on (0,1). O

Now, Theorem 2.5.1 immediately follows from the following uniqueness theorem.
The proof relies upon a shooting argument.

THEOREM 2.5.5. Problem (2.5.17) has at most one solution.
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PROOF. Let u # v be two solutions to Problem (2.5.17) and assume that v(1) <
u(1). Let uy be the maximal solution on [0, 1] to the Cauchy Problem (2.5.3) depend-
ing on the parameter A > 0. If A = v(1) then by Theorem 2.5.2 we have u, = v.

Let

A" =inf{\ € (0,u(1)) : u and uy intersect at least twice in (0,1)}.

By Theorem 2.5.4, u and v must intersect at least twice on (0, 1), and therefore the
above set is nonempty. It must be A* > 0 because u) uniformly converges to 0 as
A — 0, by Theorem 2.5.2.

The functions u and uy~ must intersect at least once in [0, 1), because of the
continuous dependence of u, on A. For the same reason, v and wu,~ intersect at most
twice in [0,1). There are four cases.

Case 1.a. There is only one intersection point and it is in (0,1). Then it must be
uy+ < u. This contradicts the uniqueness for the Cauchy problem with data at the
intersection point.

Case 1.b. There is only one intersection point and it is = 0. Let

/

r = 2, R,\ = —.

u Uy
We claim that Ry-(0) = 0, and thus «).(0) = 0. Then u = uy+ by the uniqueness for
the Cauchy problem with data at the point x = 0. This is not possible. We prove the
claim. For any A\ > A* there are two points 0 < z1 < x5 < 1 such that u(z) = uy(z1),
u(zy) = up(zz) and u < uy on (x1,x3). Then r(x;) < Ry(z1) and r(xs) > Ry(xg).
By continuity, there exists £, € (z1,z3) such that r(£,) = Rx(£y). Then it must by
& — 0 as A — X" decreasing. The functions uy and v depend continuously on A

(uniformly on [0, 1]), then

Ry (0) = lim R (63) = lim Ru(£,) = 0.

Case 2. There are two intersection points and they are 0 and z* € (0,1).

Case 2.a. Assume that u).(0) < 0. Then «/(z*) = u/.(z*). This contradicts the
uniqueness for the Cauchy problem with data at x*.

Case 2.b. We have u).(0) > 0. Let

A7 =inf{\ € (0,\") : u and wu, intersect only once in (0,1)}.

Let x) € (0,1) be the intersection point. If A € (A*; \*) then u}(0) > 0. If for some
A€ (A, \*) we have u}(0) < 0 then, by continuity, there exists p € (A, \*) such
that u,(0) = 0. Then u, solves Problem (2.5.17) and intersects u only once in (0, 1).
By Theorem 2.5.4 this is not possible. Notice that u, > 0 on (0, 1), otherwise there
would be A > 0 such that uy > 0 and u) = 0 at some point in (0,1). This would
contradict the uniqueness for the Cauchy problem.

Then for any A € (A**, \*) we have R)(0) > r(0) = 0, whereas Ry(x)) < r(z)).
Thus there exists £, € (0,z)) such that Ry(&,) = r(£)). It must be 2z, — 0 as
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A — A** whence uy(0) = u(0) and u)..(0) = 0. But then uy~ = u, and this is not
possible. O

Appendix
PROOF OF PROPOSITION 2.1.1. Let
2—-Q
uz) = (Ja D+ [y) 0 = N2,

where we set

a 2_Q
N(z) =l g, 5= Natl)

The function v is in C*(R™\ {0} and for z # 0 we can compute
Lu = div,D,u + (o + 1)?|z[**div, Dyu,
where
Dyu = 2(a+ 1)BN°z**z, Dyu=28N""y.
We easily find

div, Dyu = 2(v + 1)ﬁNﬁ’2]a:\2a{2(a +1)(8 = D]z + (2a + m)N},
div, Dyu = 25N5—2{2(ﬁ —1y? + k;N},
and therefore
Agu+ (o + 1)2zP*Ayu = 2a + 1)5]\]5*1]95\2“{2(04 F1)(B—1) + 20 +m+ k(o + 1)}.

Using 3 = 2(204;—81) and @ = m + k(o + 1) it can be checked that

2A0a+1)(B-1)+2a+m+k(a+1)=0.

This proves that Lu(z) =0 if z # 0.
U

PrRoOF OF THEOREM 2.5.2. Existence and uniqueness follow from a standard
application of the contraction principle. Consider the integral operator

Tu(w) =2+ [ = [ als)uls) = ple) () P2 uls)ds .

p(t)
acting on the complete metric space
X={ueC(1-0,1]):u(l) =\|u—A]| <M},
for some 6 > 0 and M > 0. Here, |jul| = r[ria%cl] |u(z)|. Clearly, u = Tu if and only
ze|l—o,
u solves Problem (2.5.3). If § > 0 is chosen small enough, T takes X into itself.
Moreover,

[Tua) = To(o)| < L=l [~
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where L is a Lipschitz constant for f(z,u) = ¢(z)u — p(x)[ul* 2u on |u| < X+ M. If

0 > 0 is small enough
1
1-—
L/ dt <1,
1-s p(1)

and thus 7' is a contraction. Therefore 7" has a unique fixed point.
Assume without loss of generality that for A € [0, A¢] the functions u) and u), are
defined on [0, 1] and are uniformly bounded. Then, for x € (0, 1) we have

|uxm>—1mcm|S|A—;4+zi/ [un(t) — |/"——ﬂmdt

1
su—uH44/|m@wwM@m%a—wwn=@@»
Here, L; > 0 is a new uniform constant. Gronwall’s Lemma yields
d(1) > (I)(x)e—Ll(1—x)(1—10g(1—9€))
and therefore |uy(7) — u,(z)| < |\ — plelrd=20=1s(=2)) on [0, 1). Analogously,

sup [u)(z) —w,(2)| < C sup |u(z) — up(z)].
z€[0,1] z€[0,1]






CHAPTER 3

Regular domains for Grushin metrics

1. Structure of Grushin metrics

In this preliminary section we recall definition and basic properties of the Grushin
metric. The structure Theorem 3.1.1 below, which is a special case of the results
proved by Franchi and Lanconelli in [FL], plays a central role in our study of regular

boundaries.
Let x € R™ and consider the vector fields
0 .
where
7j—1
M) =1 and N(x) =[] lzil* j=2 ..n (3.1.2)
i=1
Assume that the real numbers «; satisfy
a; =0 or a; €l,00]. (3.1.3)

This condition ensures that the functions );, and thus the vector fields X, are locally
Lipschitz continuous. If the numbers «; are integers then the functions A; in (3.1.2)
@ All results still hold in this smooth

could be changed writing ;" instead of |z;
case.

The vector fields (3.1.1) induce on R™ a metric d in the following way (see [FL],
[FP] and [NSW]). A Lipschitz continuous curve v : [0, 7] — R™, T' > 0, is subunit if
there exists a vector of measurable functions h = (hq, ..., hy,) : [0,7] — R" such that
Y(t) = >0 () X;(v(t) and |h(t)] < 1 for a.e. t € [0,T]. Define d : R" x R" —
[0, +00) by setting

d(z,y) = inf{T > 0: there exists a subunit curve v : [0,7] — R"

such that v(0) = z and y(T) = y}. (3.1.4)

The definition of the metric d still makes sense for any system of vector fields X, ..., X,,,
even with m < n, provided d(zx,y) is finite for all z,y. This happens, for instance
if the vector fields are smooth and satisfy Hérmander condition (see [NSW]). We
denote by B(z,r) ={y € R" : d(z,y) < r} the balls in R” defined by the metric d.
For all j = 1,...,n define inductively the functions F; : R™ x [0, +00) — [0, +00)

by

Fi(x,r)=r, Fy(z,r) = rxa(jzy| + Fi(z, 1)),

Fi(z,r) =rXj(|Jz1| + 7, |zo| + Fo(z,r), ..., |zja| + Fjoa(z, 7).

55

(3.1.5)
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An inspection of the explicit form (3.1.2) of the functions A; shows that
Fi(z,r) = Fi(z,r)(|zj| + Fi(z,r)™, j=1,....,n— 1. (3.1.6)

Note that Fj(x,r) actually depends only on z1,...,z;_;. Moreover, r — Fj(x,r) is
increasing and it satisfies the following doubling property

Fi(z,2r) < CFj(z,r), ze€R",0<r<oo (3.1.7)
for all j = 1,...,n. By a direct computation, the following estimates can also be
established

Fi(z,r+s) < C(Fj(xz,r)+ Fj(z,s)), 0<r,s<oo, (3.1.8)
Fi(z + Fi(x,r)e, s) < CFj(x,s), ze€R" 0<r<s<+o0, (3.1.9)
F'(LU,QT)SQF‘(Q?,T), Q§17T>07
’ y (3.1.10)
L +n)F(z,r) < Fi(x,(L+n)r), 120
For all j =1, ..., n, define inductively the real numbers d; by
7j—1
di=1, dy=1+0m, ... ,di=1+> dioy=(1+0a1) ...-(1+a;_1)
i=1
(3.1.11)

We say that d; is the degree of the variable z;. Note that F;(0,7) = rd.
The structure of the balls B(x,r) can be described by means of the boxes

Box(z,r) :={x + h:|h;| < Fj(z,r),j=1,...,n}. (3.1.12)

For any fixed x € R™ the function Fj(x,-) is strictly increasing and maps |0, +o00[
onto itself. We denote its inverse by G,(z,-) = Fj(x,-)~*. The following structure
theorem is proved in [FL].

THEOREM 3.1.1. There exists a constant C > 0 such that:
Box(z,C'r) C B(z,7) C Box(x,Cr), z € R r€]0,+o00]
3 i " (3.1.13)
C ld(x7y) SZGJ(xa |yj_x]|) SOd(I,y), xa?JER .
j=1

Denote in the following by ¢, any positive constant depending on ¢ > 0 such that
co — 0, as o | 0. The proof of the following Lemma is in the Appendix at the end of
the Chapter.

LEMMA 3.1.2. Box(y,r) C Box(z, (14 ¢,)r) for all z,y,r satisfying d(z,y) < or.
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2. Domains with admissible boundary

We introduce the notion of admissible boundary for a domain 2 C R” of class C.
A point x € 910 is said to be characteristic if all the vector fields X1, ..., X, are tangent
to 0N) at x. We give a definition of regular surface requiring a uniform control on
the flatness behavior of the surface near characteristic points. The study of a domain
near the characteristic set of its boundary will be referred to as the “characteristic
case”.

Ifj=1,..,nand x = (21,....,z,) € R" we write Z; = (21, ..., Tj_1, Tj41, ..., Tp) =
(1, ..., 2j-1,0,2j41, ..., x,). Given a point z € 09, we write locally 02 as a graph of

the form z; = p(2;) for some j =1,...,n. We first discuss the case j = n.
Introduce the (n — 1)-dimensional box
Box, (#n,7) = {&n + hy € R |hy| < Fi(@n,r),i=1,...,n— 1}, (3.2.1)
and let
A (B, 1) = sup A () — An(Z0)]- (3.2.2)

Jn€BOXp (Tn,T)
The following proposition collects some properties of the functions A,. The proof
is in the Appendix at the end of the Chapter.

PROPOSITION 3.2.1. Assume that at least one of the numbers o, j = 1,...,n,
is strictly positive. Then there exists a constant n > 0 such that for all &, € R"!,
r >0 and a € 10, 1]

A (2, ar) < h(a)Ay(Z,,7), where h(a) a

T a+t n(l—a)
Morcover, (7)) > 11, Ay(rr) < (C/r)F(z,r) and Az, 2r) < CAy(z,1)
for some constant C' > 0, and for all v > 0 and &, € R* L.

(3.2.3)

In order to introduce the notion of “admissible surface” we first give the definition
for a graph of the form z,, = ¢(&,). This is the most degenerate case and contains all
the difficulties of the problem. Then we will show that a graph of the form x; = ¢(Z;)
with j # n can be studied reducing to the previous case. Finally, in Definition 3.2.6
we introduce the notion of domain with admissible boundary.

If ACR" and f: A — R is a function, recall the standard notation

osc(f, A) == sup |f(z) — f(y)l.
z,y€A

DEFINITION 3.2.2. Let ¢ € C*(R"™!). The surface {z,, = ¢(Z,)} is said to be
admissible if there exist C' > 0 and ry > 0 such that for all Z,, € R"™!, r € ]0, 7]

Z osc(X;p, Boxy, (i, 1)) < C(r Z |Xz<p(55n)]% + A (T, r)) (3.2.4)
The meaning of condition (3.2.4) can be explained as follows. The oscillation of

the derivatives of the function ¢ along the vector fields Xi, ..., X,,_1 is bounded by a
sum of two terms. The first term vanishes on the characteristic set, while the second
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term A, (Z,,r) gives an amount of oscillation admitted also at characteristic points.
This term is connected with the vertical size of metric balls in the n—coordinate. The

right balance between the two terms is given by the power %. Note that, if at
dn—2

least one of the numbers «; is strictly positive, then d,, > 2 and the exponent $»=7 is

nonnegative.

Actually, we are interested in surfaces which are the boundary of bounded sets.
Definition 3.2.2 can be stated also for a bounded graph x,, = ¢(&,,), letting &, belong
to a bounded open set of R,

PROPOSITION 3.2.3. Let ¢ € CY(R"™1) satisfy (3.2.4). Then there exists C > 0
such that for all &, € R*™', r €]0,r]

0s¢(, Boxn (dn, 7)) < C(rz | Xip(dn)] + rAn(i’mr)). (3.25)
i#n
PROOF. Fix &, 9, € R"! and let § = d(Z,,9,). Then there is a subunit curve
v :10,0] = R* ! =2 R" ! x {0} such that v(0) = &, and ¥(6) = g,. Then we have

lo(2) — ©(Fn |</ Z|Xg0 ))|dt < 3§  sup Z|X ©|- (3.2.6)

0 i+n Boxn (&n,9) i%n
By (3.2.4)
wp 3 Xl £ 3 [Xuplin)| + 3 05eXu B s )
Boxn (Zn,9) i#£n 1#£n i#n
N ~ dn—2 ~
S Z | Xip(2n)| + 62 | Xi ()| 7T + An(Zn, 6)
< D 1Xip(@)| + (@, 0).
i#n

We used Hélder inequality 6 |ng0(£n)|% < 077! 4+ | X;0(2,)| and the inequality
§% =1 < A, (#,,8) proved in Proposition 3.2.1. Now, (3.2.5) follows from the doubling
property A, (Z,,2r) < CA,(Z,,r) proved in Proposition 3.2.1.

U

Next we introduce admissible surfaces of the form {z; = ¢(z;)}, 7 # n. We
would like to give a definition similar to Definition 3.2.2. The set Box,,(Z,,) is the
intersection of Box(z,r) with the plane {y € R" : y, = z,}. When j # n, the
intersection of Box(z,r) with the hyperplane {y € R" : y; = z,;} depends on z;.
Thus (3.2.1) can not be trivially generalized. But, roughly speaking, the vector fields

Xjt1,...,X, are “more degenerate” than X, and this suggests that the dependence
of the function ¢(Z;) on x4, ..., x, needs a less careful control than the dependence
on zi,...,r;—1. In order to make this remark rigorous, define new functions and

vector fields

- \; if i < j, S~ .
Aj(x) ifi>j.
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The variable z; can now be viewed as the n—th variable with respect to the new
vector fields. All previous results hold for these vector fields. The functions E(x, 7)
are defined exactly as in (3.1.5). Set Box(z,r) = {z+h:|h| < F(z,r),i=1,...n}
and denote by d the metric constructed as in (3.1.4) using subunit curves with respect
to the vector fields )Afj. Let E(z,r} be the corresponding balls. In the following

proposition we list some easy relations between the distances d and d.

PROPOSITION 3.2.4. For any Cy > 0 there is Cy > 0 such that:

(i) if ||, |y, 7 < Cy then B(z,r) C B(x,Cor) and d(z,y) < Cod(z,y);
(ii) writing 2" = (21, ...,x;) and " = (41, ..., T,), we have d((2',2"), (', 2")) =~
d((x/7x//)’ (y/’ x//).
PROOF. We have ﬁ’i(i:j,r) = ﬁi(ij,r), if i < j, while for i > j it is Fy(z,r) =
F;(z,r). Then, if i > j,

Fy(z,r) = Fj(z,r)(|la;] + Fj(x,r))aj o (o] + Fiﬂ(ﬂl?,r))ai_l
< CFj(z,r) < Fj(z,Cr) = Ey(z,Cr),

as soon as |z|,r < C. Then Box(z,r) C Box(z,Cr). Thus (i) follows by Theorem
3.1.1. N N
In order to see (ii) recall that the function G;(z,-) is the inverse of Fj(z,-). More-
over, if ¢ < j then Fj(z,r) = F;(x,r). Thus Theorem 3.1.1 gives
J J
d((37/a33”)> (y',a:”)) = Z Gi(2', v —yil) = Z Gi(@', |z — yil) ~ d(@’ﬂ”)a (v, 95”))
i=1 i=1

This concludes the proof of (ii). O

The sections of the boxes Box(z,r) with the planes {y € R" : y; = x;} do not
depend on x;. Thus we can set

Box; (5, 1) = {; + Iy : |h| < Fildj,r), i # j} (3.2.8)
and  A;(2;) = sup [A;(85) — Ai(5)]. (3.2.9)
95 €Box; (Z4,7)
The function Kj enjoys the properties of Proposition 3.2.1 (replace the subscript n
with j).
We are ready to give the general definition of admissible surface and of domain
with admissible boundary.

DEFINITION 3.2.5. Let ¢ € C'(R"!). The surface {z; = (&;)} is said to be
admissible if there exist C' > 0 and ro > 0 such that for all Z; € R"™, r € |0, 1]
dj72 -
> ose(Xip, Box;(d;,7)) < 0(7" D X))+ Ay, 7“))- (3.2.10)
i#] i#]
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DEFINITION 3.2.6 (Domain with admissible boundary). A connected bounded
open set Q@ C R” is said to be with admissible boundary if it is of class C! and for all
x € 0f) there exists a neighborhood U of = such that 02 NU is an admissible surface
according to Definitions 3.2.2 and 3.2.5.

3. An example in R3

We give examples of admissible surfaces and of bounded domains with admissible
boundary in R3. Consider the functions A\ = 1, Ay = |z1]|*', A3 = |21]|*'|22]|*? and
the corresponding vector fields

X1 = 81, X2 = ]1‘1]‘”82, X3 = ’$1’a1’$2|a263. (331)

We consider the case a; > 1, ¢ = 1,2. The degrees of the variables x1, x5 and 3 are
respectively dy = 1, dy =1+ g, d3 = (1 4+ a1)(1 + o).

We begin with the study of admissible surfaces of the form {z5 = ¢(x1,22)}. We
write z = (21, 79) and | X¢| = | X19| + | Xap|. If ¢ € C1(R?) condition (3.2.4) reads

dg—2
Z osc(X;p, Boxs(x,r)) < r|Xgo(x)]% + As(x,r), (3.3.2)
i=1,2

where Boxs(x,r) = {(z1 +ui Fi(x,r), 2o +usFa(x1, 7)) : |ur], Jus| < 1} and Ag(z,7) =
SUPBoxs (2,r) [ A3 — As(w)]. Here Fy(x,7) =7 and Fy(x,r) = r(|z1] + 7).
Using the relation (a > 1)

(t+r)*—t*~art+r)*t t>0, r>0, (3.3.3)

we can write explicitly (see also (3.A.6) in the Appendix)

as—1

As(2) Z v (o] + )7 (2ol + Falwy, )™ + a1 | Py, r) (o] + Fa(z1, 7))

>
> (] + ) (|za] + Fo(ar, )™
(3.3.4)

THEOREM 3.3.1. Let N(z) = |21[*® + 22 and assume that p(x) = g(N(z)), where
g € C%*(0,+00) is a function such that for some constant C > 0
ag—

g3 _ 1 "(t
0<4'(t) < Cren Tt = ot lg" ()] < CQT(),

g(2t) < C4¢'(t), t>0.(3.3.5)
Then the surface {x3 = p(x1,22)} is admissible.

PROOF. We check (3.3.2). Without loss of generality we assume z,22 > 0. A
short computation gives
[Xip(2)] = 21 g (N(2)) = af {2 g (N(2))} = 20 u (@),

: (3.3.6)
[ Xop(2)] = 29 {22g'(N(2))} = 27" ho().
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Note that |h(z)| = |(h1(x), hao(x))] = N(x)"/?¢'(x). Then | Xo(z)| ~ |21]|* N (x)"?¢' (N (z)).
Moreover

osc(X;p, Boxs(x,r)) < [(x1 + )% hi(z + F(z, 7)) — 27" hi(2)|

< (1 +7r)* — 2! hi(x) + (21 + ) (hi(z + F(z, 7)) — hi(2))
S agr(zy + 1) h(x) + (o + 1) (hi(x + F(z,7)) — hi()),
where we used (3.3.3). Writing h = (hy, he) we find the estimate from above for the
oscillation

Z osc( X, Boxs(x, 7)) < r(xy + ) Hh(x)| + (x1 + )| h(x + F(x, 7)) — h(z)].

(3.3.7)

We already know that |h(z)| ~ N(2)"/2¢'(N(z)). In order to estimate the last term
in the right hand side we use the following inequality (as in (3.2.6))

|hi(x + F(2,r)) = hi(z)[ S 7 sup | Xihi(y)]-

y€Boxs(z,r), k=1,2
A computation of second derivatives and condition ¢"(t) < C¢'(t)/t give
Xiha(x) = 27 {g (N (2)) + 21 TV g"(N(2))} = 231 ¢ (N (),
2001+1 1 m?1+1$2 ai / 21 /
Ko (@) = a7 g (N (@) S —grs=a1"d (N (@) S a9 (N (@),
Xiha(w) = 221 g"(N(2)) S 27 (N(2)),
Xoha(w) = 27" {g'(N (2)) + 239" (N (2))} ~ 27" g' (N ().

Hence we find

|h(z 4+ F(x,r)) — h(z)| Sr(e + T)alg/(N<£L‘ + F(x,r)))

Coming back to (3.3.7), we see that condition (3.3.2) is guaranteed by

r(zy + 1) N (@) Y2/ (N(2)) + r(z +7)** ¢ (N(z + F(z,7)))
iy . (3.3.8)

Sr{aPN(z)2g' (N(2)} = +r(z + 7)™ 1(x2 + Fy(z1,7))™,
where the first term in the right hand side is provided by (3.3.6) and the second one
comes from (3.3.4).

Now two cases need to be distinguished: (A) zy > 2%t (B) 2y < 29

Study of Case (A). We ignore the contribution of the first term in the right hand
side of (3.3.8) and we consider the second one only. Thus (3.3.8) is implied by

N(2)'2g'(N(z)) + (21 + )T g' (N(z + F(z,7))) S (22 + Fa(z1,7))*. (3.3.9)

Notice that in Case (A) N(x) ~ 3.
We distinguish the following two subcases: (A1) zo < r®11: (A2) @y > roitl,
Case (Al). We majorize the left hand side of (3.3.9) using z; < r and zy <
ra1tl and we set * = 0 in the right hand side obtaining the stronger condition
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reatlgl(p2leatl)y < paz@tl) “wwhich can be rewritten as ¢/(r?%) < r%=2%  This last
inequality is satisfied by assumption (3.3.5).
Case (A2). Condition (3.3.9) is implied by

N(2)"2g'(N(2)) + (x1 + 1) g (N(x + F(z,1))) S a5,

We can use 23T r®1 1 < 9 and N(z) ~ N(z+ F(z,r)) ~ x3. This gives z5¢'(23) <
. < dz/do—2
25, ie. g'(73) < ay
Study of Case (B). Here we have N(z) ~ m?(aﬁl). Two subcases must be distin-
guished: (B1) zy <r; (B2) 2y > r.
Case (B1). In this case we ignore the contribution of the first term in the right

hand side of (3.3.8) and consider the second term only. Condition (3.3.8) is guaranteed
by

N(2)'?¢' (N (2)) + (z1+ r) g (N(z + F(z,1))) S (2 + Fo(z1,7))*.  (3.3.10)

Set x = 0 in the right hand side of (3.3.10) and use x; < r and x5 < r***. We find
the stronger inequality r®1+1g/(r2@1+D)) < pezlertl) o g/ (p2d2) < pds—2dz,

Case (B2). We use here the contribution of the first term in the right hand side
of (3.3.8). Then we get the stronger inequality

(1 + 1) N(2) g (N (2)) + (21 + 7)* g/ (N (2 + F(z,7)))

. The latter inequality holds by assumption.

dg—2

< {2 N(@) 29 (N ()} 57

Since r < z; and Z2 < 29 we finally find the stronger condition z2*¢/(23%) <
(af g ()} B e, o (a3%) < a2 =

Finally, we give an example in R? of bounded open set with admissible boundary.

THEOREM 3.3.2. The open set Q = {(x1, z9,73) € R3: (|x1|2(°‘1+1)+a¢§)1+a2+m§ <
1} has admissible boundary.

PROOF. Let ¢ € (0,1) be fixed. The surface 922 N {|z3] > €} can be studied by
means of Theorem 3.3.1. Indeed, the lower cap can be written in the form

ry=—(1— N(xl,xg)Ho‘z)l/Q = g(N(xy1,22))

where N(z1,15) = |21V + 22 and, for any fixed ¢y < 1, it is easy to see that the
function g(t) = —(1 — t1+°‘2)1/2 satisfies conditions (3.3.5) for t € (0, tp).

The surface 9Q N {|z3] < €} is noncharacteristic, and hence admissible, away from
a neighborhood of its intersection with the plane x; = 0. To complete the proof of
the theorem it is enough to show that OS2 is admissible in a neighborhood of (0, 1, 0).
Here, 0€2 can be parameterized as follows

1 1/2
Ty = ((1 _ x%) Tfag __ x?(al—i—l)) — @(xlylﬁ)-

We check that the function ¢ satisfies coildition (3.2 10). To this aim, as suggested
by (3.2.7), we consider the vector fields X; = 9y, Xo = |21]|*18s, X3 = |21]"05. We
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have to check

- = S Stz
Z osc(X;p, Boxa (22, 7)) S (| X19(22)| + [ Xsp(22)]) 27T + Aa(Z2,7),  (3.3.11)
i=1,3

where dy = 1 + o7 and
Box(2,7) = {#a + hy « |h| < Fy(22,7) = 1, |hs| < Fy(@,7) = r(|a] + )}

Write @ = (21, 23), F = (Fy, F3). An easy computation yields

[ Xip(@)| = ha()er ' and [ Xop(x)| = ho(x)|as] 1],

where h; and hy are positive Lipschitz continuous functions in a neighborhood of the
origin (we do not need their explicit form here). Assume without loss of generality
r1,x3 > 0.

Next we estimate the left hand side of (3.3.11):

osc()Nflgo, ]/3—5(2@2, r) < |h1(x + ﬁ(x, 7)) (2 + )2t - hl(x)xfc”ﬂ‘
< |h1(x + ﬁ(x, r)) — hl(x)‘ ptt
+ (@ + Fa,r)) [(z + )2t — g2

St (g 4+ )2 S (e + )%

~ 1

(3.3.12)

We used the Lipschitz continuity of hy and the estimate |F(z, )| < r. Moreover
osc(Xap, Box(2,7)) S |ha(x + F(x,7)) (@1 + 1) (23 + Fy(21,7)) — ho(2)2 ]
S |ha(x + F(x,7)) — holz)| 25 23
+ ho(z + ﬁ’(x, r)) |(x1 + 7)Y (x5 + fg(xl, r)) — x'f‘lxg}

Srattas + (2 +r)* (23 + Fy(z1,7)) — a{tas).
(3.3.13)

The last term can be evaluated as follows
(21 4 1) (23 + Fy(x1,7)) — 2825
S (21 + 1) — 2§ (g 4 Fy(x, 7)) + 28 (23 + Fy(21,7)) — 3)
<r(xy + 1)+ Bz, r)a? < (a4 r)@
(3.3.14)

Taking into account (3.3.12), (3.3.13), (3.3.14) and the equivalence Ay (iy,r) ~
r(xy +7)* 1 we conclude that condition (3.3.11) is implied by (z1 +7)*** 4+ 2 x5 +
(z1 + 7)1 < (21 4+ 7)™~ which is trivially satisfied. O

4. John domains for Grushin metrics

We show that admissible domains introduced in Section 2 are John domains in
the Grushin metric space (R",d).
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DEFINITION 3.4.1. A bounded open set @ C (R",d) is a John domain if there
exist xp € Q and ¢ > 0 such that for all z € ) there exists a continuous curve
v :[0,1] — € such that y(0) = z, v(1) = xy and

dist (v(¢), 09) > odiam(7]j0)- (3.4.1)

A curve satisfying (3.4.1) will be called a John curve, xy will be called the center and
o the John constant of ).

In general metric spaces the definition of John domain is given with length(~/f)
replacing diam(|j4) in (3.4.1). Anyway, by a general result due to Martio and Sarvas
(see [MS, Theorem 2.7]), such definitions are in fact equivalent in doubling metric
spaces with geodesics. The metric space (R",d) is doubling endowed with Lebesgue
measure and moreover it is geodesics. We do not address this latter question here.
In our proofs we shall always work with John curves v satisfying diam(vy|j4) ~

d(y(t),7(0)).
We need the following proposition. The proof is easy and can be found in [MM2].

PROPOSITION 3.4.2. Let Q C (R™,d) be a bounded open set and for any r > 0
define Q. = {y € Q : dist(y,00) > r}. Assume that there exist r > 0 and o > 0 such
that €, is arcwise connected and such that for any x € € there is a continuous curve
v :[0,1] = Q such that v(0) = z, v(1) € 2, and

dist(y(t),08) > odiam(v|jo4) (3.4.2)
for allt € [0,1]. Then §2 is a John domain.
The main result in this section is the following:

THEOREM 3.4.3. If Q C R" is a domain with admissible boundary according to
Definition 3.2.6, then it is a John domain in the metric space (R",d).

PROOF. We use Proposition 3.4.2. Given € 9f) we show that there exists a
neighborhood U of z and o > 0 such that for all x € Q2 NU there exists a curve ~
starting from = and satisfying (3.4.2). The claim follows choosing by compactness a
finite covering of 0f).

Fix £ € Q and write locally 02 as a graph of the form z; = ¢(&;) for some
j =1,...,n, where ¢ is a C' function. We begin with the basic case j = n. Let
¢ € CY(R™1) be a function satisfying the admissibility condition (3.2.4) and assume
for the sake of simplicity that Q = {z,, > ¢(,)}.

We have to construct a John curve starting from a point = = z,, + z,e, € ). To
this aim two different situations need to be distinguished:

max | X;o(2,)] < A(2n) (Case 1),

e ) ) (3.4.3)

max | Xs0(20)| > An(Zh) (Case 2).
In Case 1, the characteristic case, we construct a John curve starting from x of the
form z + te,, t > 0. In Case 2 the path must be split into two pieces. The first one
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starts from x in the coordinate direction e, where k < n is such that the derivative
| Xk(Z,)] is “maximal” among all the | X;p(2,)|, ¢ =1,...,n — 1, and moves in this
direction for a time ¢ = t(x) which must be established in a careful way (compare
(3.4.7)). The second part of the path will be of the form ~(¢) + (t — t)e,,.

First of all we introduce the following notation

v = vi(ig) = —Oip(in), Ni = ﬁ 0 #£0, i#n, w@) =Y [ X))
Case 1. Define

v(t) =x+te, =T+ (x,+t)e, and 6 =0(t) = Gu(&n,t) = d(v(t),v(0)). (3.4.4)
Consider for small o > 0
Box(y(t),00) = {(mn—i—t—i—unFn(m,aé))en+£n—|—ﬂnﬁ’n(x,05) Cul < 1,0=1, ,n}

We used F;(z + te,, ) = Fi(x,9).
We claim that there exists o > 0 independent from z such that Box(v(t),0d) C €,
i.e. such that the following condition holds:

T+t + un Fo(z,06) > (2, + ﬁnﬁ’n(x,aé)), >0, lu;] < 1. (3.4.5)
This is the John condition (3.4.2). Since x € Q) then z, — ¢(Z,) > 0. Take the worst

case u, = —1 in (3.4.5). Moreover, F,(z,00) < F,(z,0) = F,(z,G,(z,t)) = t. Thus,
condition (3.4.5) is easily seen to be implied by

|0 (&0 + i Fr(2,00)) — @(@n)| < (L—0)t, 6> 0, [i,] < 1.

Using the control (3.2.5) for the oscillation of ¢, Case 1 and Proposition 3.2.1 we may
estimate the left hand side as follows
|g0(§:n + ﬁnﬁn(x, 0(5)) — go(:%n)‘ < osc(yp, Boxy, (&, 00))
S odw(x) + 00N, (T, 00))
S 00 (T) + 0Fy(20,0) ~ 0 F, (2, 9).

In the last equivalence we used the trivial estimate 0\, (Z,) < F,(x,6). Thus, (3.4.5)
is implied by oF,(z,d) < oot, where oy is a small but absolute constant. Since
t = F,(z,9), this inequality holds as soon as o < oy.

Case 2. Assume that z satisfies Case 2 in (3.4.3). Take any k =1,...,n — 1 such
that

N 1 . 1 )
| Xrp(n)] > 51?<%1X|Xi90(xn)| > 1/\71(‘7371)- (3.4.6)

(The factors % and % will become relevant in the next section, where we prove that
admissible domains are non—tangentially accessible).

Fix g9 > 0 and let § = §(z) be the solution of the following equation

An(@n, 8) = 0| Xp (). (3.4.7)

(The function A, (x,-) is a homeomorphism of [0, co[ onto itself). The number ¢y will
be fixed and will become an absolute constant in (3.4.16). Finally, set t = Fy(z,0).



66 3. REGULAR DOMAINS FOR GRUSHIN METRICS
Define the first piece of the John curve letting for ¢ € [0, ]
v(t) = = + t Nyey, and 0 = d(t) = Gi(z,t) = d(v(0),v(t)).
For o > 0 consider the Box(y(t),0d) = {(tNkek +3 0, (xl + u; Fi(x + t Nyeg, U(S))@i :

luil <1,i=1,..., n} We claim that there exist €y, 0 > 0 independent of x such that
the following John condition holds

Box(y(t),00(t)) C Q, te]0,1]. (3.4.8)
Points of the box belong to €2 as soon as for all u, |u;| < 1,7=1,...,n, we have
T + up F(x + t Nyeg, 00) > go(tNkek + Z (1:Z + u; Fy(x + t Nyey, 05))6i>.
i#En
Take the worst case u,, = —1 and use x,, > ¢(Z,). The inequality above is implied by
go(tNkek + Z (ZEZ + UZF,<JI + tNkek, J(;))Gz) — QO(Z):"n) + Fn<$ + tNkek, 0'(5) S 0,
i#En
which can be rewritten as
[+ 114 F,(x 4+ tNpeg,00) <0, (3.4.9)

where we set
= gp(tNkek + Z (a:l + u; Fy(x + t Nyey, 05))@) — p(tNpey + &),
We claim that £y in (3.4.7) can be fixed independently from x in such a way that

1
1< —§t|1/k| for all ¢t € [0,]. (3.4.10)

Indeed, by the mean value theorem there exists ¥ € [0, 1] such that
o(&, + tNger) — o(&,) = Opp(Ty + It Nyeg )t Ny
= ()t Nk + {Okp(Z + It Nper) — Opip(2) JEN
= —|vg|t + {Okp(Zn, + It Nper) — Opp(Zn) Ny

Notice that Case 2 in (3.4.3) ensures v, # 0 and Ag(Z,) # 0. The curly brackets
can be estimated by (3.2.4) as follows (notice that \; does not depend on z; and
t = Fy(x,9))

. . 1 . .
{0k (i + Dt Nyer) — Opp(in)}| = ) | Xp(&n + 9t Nger) — Xup(@n)]

1

< — osc( X, Box, (Z,, 0
1

< ———— (Sw (i) /=) LA (7,6

N Ak(xn)( (Zn) (&, 0))
1

S (8] X ko (@i )| =21/ =) A (3, 6)).
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In the last inequality we used (3.4.6). Now, (3.4.10) is guaranteed by
1

3 9/ (dn— 3 1 3 .
Co (8] Xpip (i) @2/ @1 L A, (3, 6)) < §|uk|)\k(xn) = §|Xkcp(xn)|, (3.4.11)

where Cj is a big but absolute constant. By Holder inequality and Proposition 3.2.1

. _ _ 1 . _ 1 . .
Cod| Xyp ()| =2/ (=1 < Z|Xk§0(xn>| + Ot < Z|Xk90(ffn)| + Col\y (2, 9),

where (5 is a new big absolute constant. Using A, (Z,,0) < A, (Zn, ) = 0| Xpp(Zn)]|
(this is (3.4.7)) we see that (3.4.11) is guaranteed by a choice of 5 > 0 such that
4(0[) + 02)60 <1

Now, by the estimate on II, inequality (3.4.9) is implied by

1
[+ F,(x 4 tNpeg,00) < §t|1/k|, t € 0,]. (3.4.12)

We claim that this inequality holds as soon as o > 0 is small enough independently

from z.
First of all by (3.2.5) we find

I< ‘gp(tNkek + Z (xz + u; Fy(x + t Nyey, 0'5))6i> — @(tNyep + )
i#En
< osc (gp, Box,, (&, + tNyey, 05))
S O'(SU)(i’n + tNk.ek) + O'dAn<£IAZ'n + tNkek, 0'(5),
and by (3.2.4)
w(En + tNker) = Y | Xip(dn + tNpey)|
< Xip(aa)| + D 1Xip(En + tNer) — Xip(in)]
i#n i#n
< w(in) + Y ose(Xip, Box, (i, 5))
i#n
S (@) + 6w (@) /D 4 A (3, 0)
Sw(Zy,) + Ay (2n,9).
We used once again Holder inequality and Proposition 3.2.1. Since A,,(Z,,+tNyeg, 0d) <
A (Zp, 9), using w(z,) < | Xpp(z,)| we finally get
I < 0d(| Xkp(Zn)| + A (20, 0)). (3.4.14)
Now we show that the second term in the left hand side of (3.4.12) satisfies the
same estimate (we will need (3.1.9)):

F.(x 4+ tNgeg,00) < o F,,(x + tNyeg, ) S oF,(x,0)
= 00 (& + F(,0)) < 00(An(Z, 6) + An(dn)) (3.4.15)
S 00(An(Zn, 0) + [Xip(dn)]).

(3.4.13)

We used (3.4.6).
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Taking into account (3.4.14) and (3.4.15), and recalling that A, (Z,,,6) < A, (&,,0) =
£0| Xk (Z,)|, we see that condition (3.4.12) holds as soon as 00| Xpp(Z,)| < ¢yl
i.e. Cood|Xpp(2n)| < tlvgl, ie. Coodrg(2,) < ¢ for all t > 0. Here Cy > 0 is a big
but absolute constant. This inequality holds if & > 0 is chosen in such a way that
0Cy < 1, because d\g(Z,) < Fi(Z,,0) = t. This proves (3.4.12), and hence claim
(3.4.8), as well.

So far we have defined a John curve ~ starting from a point x € (2 satisfying Case
2 in (3.4.3) for a time ¢ € [0, ], where

t = Fi(z,0) and d solves A, (&,,0) = co| Xo(2n)]- (3.4.16)
The constant 9 > 0 is from now on fixed. Now we define « for times ¢t > ¢. Let
Y(t) =z + tNgey, + (t — t)e,, t>t. (3.4.17)
We shall write s =t —t. Set
§=06(t) =0+ Gp(x,t —1) =6+ Gp(z,s) = d(v(0),7(t)). (3.4.18)

For o > 0 consider the box
Box(y(t),0d) = {sen + tNyey + Z(:v, + u;i Fy(x + tNpey, 0d))e; : u;| < 1}.
i=1
Since ¢(Z,,) < x,, taking the worst case u,, = —1, the John condition Box(v(t),0d) C
Q) is implied by
J+JJ+ F,(x + tNyeg, 06) < s, (3.4.19)

where we set

J= gp(t_Nkek + Z(zz + u; Fy(x + t Nypey, 05))@) — @(tNyey, + &),
i#n
JJ = @(tNper + n) — o(&).
By (3.4.10) with t = ¢, we have JJ < —2|v|t. Hence, (3.4.19) is guaranteed by
J+ F,(z + tNyeg, 06) < s + %|1/k\t. (3.4.20)
We begin with the estimate of J. By (3.2.5)
J < osc (gp, Box, (%, + tNyex, 05))
< 05(w(£n + tepNg) + A (2, + teg Ny, 05)),
and by (3.4.13), (3.4.6) and Proposition 3.2.1 (use § < §)
Sw(Zn, + tepNg) < 0w(dy,) + 0A, (3, 0) < 0vr| Me(@0) + Fi(En, 0).
On the other hand, by Proposition 3.2.1, (3.1.9), (3.4.18) and (3.1.8)
N, (&, + texNg, 8) S Fo(Zn, + ter Ny, 0)
S Fu(30,0) = Fu(20,0 + Gu(dn, 8))
S F(@,0) + Fu(@n, Guldn, 8) = F(20,0) + s.
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Thus (3.4.20) is ensured by the inequality
o (1 N () + Fo(iin,8) + 8) < s + %|1/k|t,
which reduces to (recall that § — & = G,,(,6), by (3.4.18))
oCy (5|1/k\)\k(§:n) + Gn(@n, $)Me(Z) + Fr(2p, 5)) < s+ |t (3.4.21)
for some absolute big constant Cy > 0. If in (3.4.21) we put s = 0 we get
oCo(0|Uk| A(Z0) + F(2n,0))) < |wilt,

which holds for ¢ small enough (we have already proved it when we proved (3.4.12),
see also (3.4.14), (3.4.15) and (3.4.7)).
To complete the estimate (3.4.21), it will be enough to show that

oG (2, $)Mk(T0)|ve] < s+ |wlt, for all s > 0, (3.4.22)
as soon as o > 0 is small enough independently of x. Now, (3.4.22) is equivalent to
t t
G s) <t g (i M)_
O’)\k|l/k| O’/\k|l/k|

Notice that the function f,(&,,r) = $F,(iy,) is increasing in the variable 7. From

S+ |Vk|1?2 |Vk|f: |Vk|Fk(£i‘n,5) Z |Vk:‘5/\k(i"n> Z J’I/k|(§>\k([f7n)

it follows et
. S+ |k t) = .=
o\ Tny ——— ) = fulx,0) 2 A (20, 0),
ol o) 2 In(@:0) 2 Ml )
by Proposition 3.2.1. Finally, recalling (3.4.7) we find out that (3.4.22) is implied by

s+ ||t
O'/\k(i‘n)|vk|

. = £
ATL(xna(s) = ;0(5 + ’Vk|t_>7

which holds for all s > 0 as soon as 0 < gq. Ultimately, this proves (3.4.19) and ends
the discussion of Case 2 and of the parameterization x,, = ¢(Z,).

Now assume that z € 0f) is a point such that for a neighborhood U of Z the piece
of boundary 0Q NY is a surface of type {x; = ¢(Z;)} for some j # n and for some
function ¢ of class C! which satisfies the admissibility condition (3.2.10). We explain
how to construct a John curve starting from points z € Y N {z; > gp(xj)}

The functions ); and the vector fields X; are defined in (3.2. 7) By d we denote
the metric induced on R™ by the vector fields X;. The boxes Boxj (z;,r) and the
function A; have been defined in (3.2.8) and (3.2.9), respectively. Without loss of
generality, we can assume U C {|z;| <1:i=1,...,n} and |9;0(2;)| < 1,i> j. Then
| Xip(i,)] < by i(2;), for all i > j. Thus the dlstlnction of cases (3.4.3) simply is

max | Xio(2;)| < Xj(d;)  (Case 1),
1<)

max [Xip(#;)| > N(#;)  (Case 2).
1<]
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In Case 1 we define a curve v moving directly in the direction e;, analogously to
(3.4.4). In Case 2 we first define v(t) = x + t Ny, where k = 1,...,j7 — 1 is any index
such that

~ 1 ~ . 1~
[ Xep(E5)| 2 5 max [ Xip(z;)| > —A;(%;5),
2 1<] 4

and t € [0, 7], where now £ = Fy(&;,0) and & solves A;(2;,8) = eo| Xpp(i;)| instead of
(3.4.7). Then we let v move in the direction e;, analogously to (3.4.17).

The curve v so defined satisfies, for some ¢ > 0 independent of x, the John
condition with respect to the metric d, i.e. é(’y(t),o(fé\n/n(’th)) C Q,t e [0,1],
where B denote balls in the metric d. The proof of this is exactly the same as for the
case j = n. By Proposition 3.2.4 (ii) it follows that ai;r/n(yho,t]) ~ diam(7|p,) and
by (i) it also follows that B(v(t),ocdiam(v|y)) C 2. This remark ends the proof of
the theorem. U

5. Non—tangentially accessible domains

We continue the analysis of domains with admissible boundary. We prove that
they satisfy a condition stronger than the John condition. In fact, admissible domains
are non—tangentially accessible. We begin with the definition of uniform domain.

DEFINITION 3.5.1. An open set Q C (R™,d) is a uniform domain if there exists
e > 0 such that for every z,y €  there exists a continuous curve v : [0, 1] — € such

that v(0) =z, y(1) =y,

—_

and for all ¢ € [0, 1]
dist(y(t), 0Q) > e min{diam(vy|jo,4), diam(y|y 1)} (3.5.2)

For bounded domains, the uniform property is equivalent to the (e, d)-property
introduced in [Jo| in the Euclidean case and in [GN2] for Carnot-Carathéodory
spaces. This property requires that (3.5.1) and (3.5.2) hold only for pairs of points
x,y € 2 such that d(z,y) < 0, where 0 is a positive number.

Usually, in the definition of uniform domain the curves v are required to be rec-
tifiable and the diameter in (3.5.2) is replaced by the length (see, for instance, [V]).
Anyway, in doubling metric spaces with geodesics this stronger definition is equivalent
to the weaker one we are giving here (this is proved in [MS, Theorem 2.7]).

Next, we introduce the corkscrew condition.

DEFINITION 3.5.2. An open set © C (R", d) satisfies the interior (exterior) corkscrew
condition if there exist ro > 0 and € > 0 such that for all r € (0,ry) and z € 00
the set B(z,7) NQ (the set B(x,r) N (R™\ Q)) contains a ball of radius er. An open
set ) satisfies the corkscrew condition if it satisfies both the interior and the exterior
corkscrew condition.
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If both Q and R™ \ Q are John domains then Q satisfies the corkscrew condition.

The notion of non—tangentially accessible domain was introduced in the Euclidean
case by Jerison and Kenig in [JK], and then generalized to the setting of metric spaces
associated with vector fields in [CG].

Let © C (R™,d) be an open set and « > 1. A sequence of balls By, By, ..., By C €2
is an a—Harnack chain in Q if B;NB;_; # 0 for all i = 1, ..., k, and o~ 'dist(B;, 0Q) <
r(B;) < adist(B;,09), where dist(B;,0Q) = inf,cp, yean d(z,y) and r(B;) is the
radius of B;.

DEFINITION 3.5.3. A bounded open set €2 is a non—tangentially accessible domain
in the metric space (R™, d) if the following conditions hold:

(i) there exists @ > 1 such that for all » > 0 and for all z,y € 2 such that
dist(xz,00Q) > n, dist(y,0Q) > n and d(z,y) < Cn for some C > 0, there
exists an a—Harnack chain By, By, ..., By C €2 such that x € By, y € By and
k depends on C' but not on n;

(ii) Q satisfies the corkscrew condition.

REMARK 3.5.4. If 2 is a uniform domain according to Definition 3.5.1, then
condition (i) in Definition 3.5.3 is fulfilled (see [CT, Proposition 4.2]).

The following Lemma gives a useful sufficient condition for an open set to be
uniform. The proof is in the Appendix at the end of the Chapter.

LEMMA 3.5.5. Let Q C (R™,d) be an open set. Assume that there exist constants
0,C3,Cy > 0 such that for all x,y € Q) there are John curves 7y, : [0,t,] — Q and
Yy 1 [0,t,] — Q of parameter o, with v,(0) = x and v,(0) = y and such that

diam(vy,) > Csd(z,y), (3.5.3)
A((t), 3 (1)) < ZCad(, ). (3.5.4)

and
max {diam(vy,), diam(v,) } < Cod(z,y). (3.5.5)

Then €2 is a uniform domain.

We recall some results established in the proof of Theorem 3.4.3, and in particular
we recall how to construct a John curve starting from a point in a domain with
admissible boundary. Consider an open set of the form Q = {z,, > ¢(Z,)}, take a
point x = Z,, + z,e, € 2 and introduce the following notation

V; . .
V; = V,L(QA?”) = —(9Zg0(:f:n) and Nz = m, if V; # O, (4 # n. (356)
Vi
In order to construct a John curve 7, : [0,1] — € starting from x, two different
situations need to be distinguished:
max | X;o(Zn)| < An(2) (Case 1),
<n

3.5.7
max | Xio(Zn)| > An(Zn) (Case 2). ( )
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In Case 1, the characteristic case, define the curve
Ye(t) =z +te, = &p, + (x, +t)e,, t>0. (3.5.8)

In Case 2, the curve 7, is defined in two steps. First of all, take any k =1,...,n—1
such that | X,p(2,)| is “maximal” in the following sense (this choice is not unique)

. 1 . 1. .
[Xip(n)| 2 5 max | Xip(Zn)] > 7 Aa(0), (3.5.9)
and let dx(z) be the solution of the following equation in the variable &

The solution is unique because A, (Z,,-) is strictly increasing. Here, ¢ > 0 is a
suitable constant which depends on the surface and whose choice is discussed in the
proof of Theorem 3.4.3. Finally, define the positive time t(x) = tx(x) by

The first piece of v, is defined for ¢ € [0,¢,(x)] by letting
Y (t) = & + t Ngey. (3.5.12)

Here, N, = Ni(x) depends on z. The number d;(z) essentially represents the diameter
of the first piece of the path. The second piece is

Y(t) = x + tr(x) Npex + (t — ti(x))en, t > tip(x). (3.5.13)

In Theorem 3.4.3 we have proved the following. Assume that ¢ € C'(R"!)
satisfies (3.2.4) and let Q = {z,, > ©(Z,)}. Then there exists a constant ¢ > 0 such
that: if € Q and Case 1 holds, then the curve v, defined as in (3.5.8) is a John
curve of parameter o; if x € 2 and Case 2 holds, then for any k such that (3.5.9)
holds, the curve 7, defined in (3.5.12)—(3.5.13) is a John curve of parameter o.

Now we start the core of our discussion. For any z € €2 for which Case 2 in (3.5.7)
holds, fix a k = k(z) € {1,...,n — 1} such that | Xp(Z,)| = max;«, | X;p(Z,)].
Introduce now the parameter A(z) (equivalent to the diameter of the first piece of
the path 7, starting from z) as follows:

Az) =

0 if x satisfies (3.5.7), Case 1,
Or(z) if o satisfies (3.5.7), Case 2,

where, if = satisfies Case 2, dx(z) is given by (3.5.10).
Let 0 > 0 be a constant that will be fixed later. Given a pair of points x and
y € Q, we distinguish two cases. The first case is

d(z,y) > omax{A(z), A(y)} (Case A).

If Case A does not hold, assuming for instance A(z) > A(y), it should be d(z,y) <
oA(x). Moreover, if k = k(z) is the number selected above, we can write A(x) =
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0k(x). Then the second case is
{ | Xkp(n)| = Igéanx | Xio(Zn)] > An(2n)
d(w,y) < 0bk(x).

Case B is the more delicate one. The problem here is that if the points x and y are

(Case B)

very near and we want to connect them by a curve with total diameter comparable
with d(z,y), we have to use only the first piece of the paths 7, and 7, starting from
x and y. The following Lemma provides the suitable tools to prove that if y is near x
(in other words, if we are in Case B and p is small) then we can choose a John curve
vy from y which starts in the same direction of the curve +, starting from x. This
Lemma gives the correct bound on the oscillation of the horizontal derivatives X;p
near characteristic points. The properties established in this lemma are crucial.

LEMMA 3.5.6. Let o € CY(R™™1) satisfy (3.2.4). There are a constant oy > 0 and
a function o — ¢, from (0, 00) to RT, with lim,joc, = 0 and such that, if Case B
holds for a pair of points x,y € {x, > ©(Z,)} and for a number k = 1,...,n — 1,
then we have

| Xip(2,) — Xio(Un)| < col Xip(2,)] Vi=1,...,n—1, (3.5.14)
| Xk (Gn)] = (1 = co) AnlGn), (3.5.15)
and, denoting by 6x(y) the solution of (3.5.10) with y, replacing &,
1
ProOF. Fix k € {1,...,n — 1} such that | Xzp(2,)| = _max 1\Xi<p(5vn)]. Then
(3.2.4) gives -
| Xip(n) — Xip(fn)| < osc (Xip, Box (@, d(z,y)))
dn—2 R
< C(d(w, )| Xep(@)| 5 + A (i, d(2,9)))

< C((00()Xasp(in) | 571 + CoAn (i, 0elx)) )

by Case B and Proposition 3.2.1. Now, in order to estimate the right hand side note
that by (3.5.10) Ay, (Zn, 0k(z)) = €| Xrp(2,)|. Moreover, by Proposition 3.2.1

r(z) < Ay (2, 5k(3:))1/(d”_1) = (80’Xk<p(:%n)|)l/(d”_l),

Then (3.5.14) is proved. Letting i = k in (3.5.14) we get
[ Xkip(n)| = (1 = c)[ Xiip(n)]. (3.5.17)
We are now ready to prove (3.5.15). By the definition of A,, we have
AalGn) < Aalin) + o (i, d(2,9)) < Aa(Fn) + A (T, 004(2)
< An(@n) 4 g0l X (2n)] < (14 ¢0)| X (dn)],
where we used Case B to estimate \,(Z,) and (3.5.17). Then (3.5.15) is proved.
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We prove (3.5.16). By (3.5.17) and by the definition of Jx, we have
A (Gns 01 (y)) = €0l Xip ()| = 201 — c0)| Xip ()|
> (1= o)A (20, 0(2)).

Assume by contradiction that d;(y) < 30x(x). Then, we have

(3.5.18)

. o1 o1
Box,: (§n, 0r(y)) C Box, (yn §5k(:v)) C Box, <xn, S+ cg)(sk(x)),
by Lemma 3.1.2 (recall that d(z,y) < 0dx(z), by Case B). Then

ZA'neBOXn(gnaék(y)
.1 . 0
<A, (g; S+ cg)ék(a:)) + [ Aa(@n) = Aaliin)]
L1 .

< (h(%(l + c9)> + h(g)>An(5€n, (),

where h is the function introduced in Proposition 3.2.1. By the properties of h, we
immediately see that the last chain of inequalities is in contradiction with (3.5.18), if
o0 is small enough. This finishes the proof of Lemma 3.5.6. U

Using Lemma 3.5.6 we can prove that domains with admissible boundary are
non-tangentially accessible.

THEOREM 3.5.7. If Q2 C R" is an admissible domain then it is a non—tangentially
accessible domain in the metric space (R™,d).

PrROOF. We show that € is a uniform domain in the sense of Definition 3.5.1, and
this will prove condition (i) in Definition 3.5.3. Condition (ii) is a direct consequence
of Theorem 3.4.3.

It will be enough to consider the case Q = {z,, > ©(&,)} where p € C1(R"™!) is
a function satisfying (3.2.4). We start the discussion with Case B. Let z,y € Q and
k€ {1,...,n—1} be as in Case B for some p > 0. The estimates provided by Lemma
3.5.6 and a choice of p small enough easily imply

. 1 . .
| Xk (9n)| > §|Xicp(yn)], for all i # n, (3.5.19)

. 1. .

By Theorem 3.4.3 and (3.5.9) there are two John curves ~, and v, of parameter
o > 0, starting respectively from x and y, which are of the form (compare (3.5.12))

Yo(t) = & + tNpeg, t<tp(x) and V() =y +tNger, t<tx(y). (3.5.21)

The numbers t;(z) and tx(y) are respectively defined by t(z) = Fi(z,0(z)) and
tk(y) = Fi(y, ok (y)), where dx(z) and & (y) are solutions of equation (3.5.10) written
in  and y, respectively. Moreover, note that v, and -, are parallel. This is a
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consequence of the fact that (3.5.19) and (3.5.20) give (3.5.9) with y instead of z.
In addition, X;p(Z,) and X;p(9,) must have the same sign by (3.5.14) and thus
Ni(z) = Ni(y) (recall (3.5.6)). We denoted both by Nj.

We claim that if o > 0 is small enough, there exist constants Cs, C3 > 0 (inde-
pendent of x and y) and times t, < ¢x(x) and ¢, < t;(y) such that the curves -,
and ~, satisfy assumptions (3.5.3)—(3.5.5) of Lemma 3.5.5. This will show that Q is
a uniform domain.

Define the numbers

1
0 = 2—d(x,y) and t" = Fi(z,0%). (3.5.22)
0

Since we are in Case B, we trivially have §* < (S’CT(:E) and by (3.5.16) 0* < dx(y). It
follows that t* < t;(z), tx(y). We would like to apply Lemma 3.5.5 for the times ¢, =
t, = t*. This would require the estimate (3.5.4), i.e. d(v,(t),,(t)) < 253d(z,y).
Unfortunately, it may happen that v, (t*) belongs (or is very near) to the plane {z; =
0}. In this case the size of the boxes may become too small (this can be seen letting
zr = 0 in (3.1.5)) and estimate (3.5.4) does not seem to hold. To overcome this
problem we operate as follows.

Consider the projection of x onto the £’th coordinate plane z; = 0 and denote it
by m(z) = >, wie;. We distinguish the following two cases:

d(z + t* Nyey,, w(x)) > id(w,w(m)), and (3.5.23)

d(x + t*"Nyeg, w(z)) < %d(m,w(m)). (3.5.24)

We first study case (3.5.23). Case (3.5.24) can be reduced to the first one (this is
discussed after equation (3.5.30)). Choose t, = t, = t* and let 7, : [0,*] — Q and
Yy 1 [0,t*] — Q be as in (3.5.21). We first check (3.5.3), which is easier. By Theorem
3.1.1

d
diam(y,) > Cod* = C, (; 9). (3.5.25)
0
where Cjy < 1 is an absolute constant. Then (3.5.3) holds with
Co
C3=—. 3.5.26
=3 (3.5.26)
Now we have to check (3.5.4), which is
* * * % oC
A7 (1), 7 (1)) = d(x + t* Nyeg, y + t* Nyey,) < 4—Q0d(a;, y). (3.5.27)
We claim that there exists a constant Cy > 0 independent of g, z,y such that
A (), 3 () < Cad(z,y), (3.5.28)
whenever z satisfies (3.5.23). Then (3.5.27) follows choosing ¢ small enough to ensure

aCy
Cy < 2,
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To prove (3.5.28), first of all notice that by Theorem 3.1.1 condition (3.5.23)
implies Gg(m(x), |xr + t*Nieg|) > CGr(n(x),|zg|) and thus

|2k + t"Nyex| = Fi(m(z), CGr(m(2), [2x])) = CFip(m(z), Ge(m(2), [zx])) = Clasl,

for some absolute (small) constant C. This estimate together with the explicit form
(3.1.2) and (3.1.5) of the vector fields also implies

Fi(x 4+ t*Ngeg, s) > e1Fi(z,s), Vs>0,i=1,...,n, (3.5.29)
where €; > 0 is a new absolute small constant. Then

This is equivalent to saying that y +t*Nyex € Box(x + t*Nyey, Cd(x, y)), which gives
(3.5.28) (by Theorem 3.1.1) provided Cj is large enough. Note that all such estimates
do not depend on p. This proves the claim (3.5.27).

We have proved hypotheses (3.5.3) and (3.5.4) of Lemma 3.5.5 under condition
(3.5.23). We discuss later condition (3.5.5).

Now we study case (3.5.24). We shall show that it can be essentially reduced to
case (3.5.23). By continuity there is t** < t* such that

d(x + t Nyey,, m(xz)) = ;Ld(x, (). (3.5.30)

In this case we choose t, = t, = t** and we define define §** by t** = F(x, 6*").

Now we are using shorter paths. We have to make sure that their diameter is
large enough to ensure that (3.5.3) continue to hold. In order to check (3.5.3), notice
that the triangle inequality and (3.5.24) give

d(x, m(x)) = d(z, (")) — d(m(2), 7(t7)) > d(z,72(t")) - id(%ﬂ(fﬁ)),

which yields d(z, w(z)) > 2d(z, 7,(t*)). Thus, by (3.5.30)

(e, w(2)) — dw(t™), 7(2) = 2d(z, 7(2))

3 3
gd(x,%(t*)) > ECSd(x7y)7

diam (7, | [O,t**}) >
>

where C3 is given by (3.5.26). In other words, changing §* with §** does not give
any problem in checking (3.5.3). We just have to modify slightly the constant C3 in
(3.5.26).

Moreover, since (3.5.30) holds, we can prove (3.5.28) and ultimately (3.5.27) with
t** instead of ¢t*. This shows that (3.5.4) holds in case (3.5.24), as well.

In order to finish the proof of the theorem in Case B, we have to check condition
(3.5.5). We check the upper bound for t*, which is greater than ¢t**. The estimate
diam(vz|p) S Cﬂg’y) follows from the definition of *. It remains to estimate
the diameter of 7,. Since by Theorem 3.1.1 diam(7y,|jo¢1) ~ Gr(y,t*), the proof is
concluded as soon as we show that
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Since t* = Fy(x,6"), the claim is equivalent to
which holds (also with 1 + ¢, instead of 2) in force of (3.A.3) (in the statement of
Lemma 3.1.2 = and y can be interchanged). The proof of Case B is concluded.

Case A is the easy part. Denote by z e y the endpoints of the paths v, e v, at the
end of their first piece, i.e. T = & + (o) (2) Np@)er@) and ¥ = y + te) (¥) Ni) €ry)-
Here k(z) may be different from k(y). This does not matter because the points are

not too near. It could also be ¥ = x or iy = y if one or both of the points belong to
Case 1 in (3.5.7). At any rate we have

~ 1
d(z,7) < Alz) < Ed(fc,y)-
The same estimate holds for d(y,§) (we are assuming A(z) > A(y)). Here g is small
but has been fixed in the proof of Case B. We have the paths
Yo(s) =T+ se, and ,(s) =y + sep,

with s > 0. The proof of Case A can be concluded noting that by invariance with
respect to translations along the n—th direction we have, independently of s,

~ ~ ~ ~ ~ 1 1
AT+ se0, + seq) = d(F§) < d(F,2) + d(x,y) + dGy) < (414 )da,y)
U

Appendix

PrOOF OF LEMMA 3.1.2. By definition, z € Box(y,r) if and only if |z; — y;| <
F;(y,r) for all j =1,...,n. We need to prove

lzj — x| < Fj(z,(1+¢,)r), j=1,...,n (3.A.1)
The assumptions of the lemma, Theorem 3.1.1 and the first inequality in (3.1.10) give
|2 — 5] < [z = ysl + ly; — ;] (3.A.2)
< Fi(y,r) + F(, Cd(x,y)) < Fi(y,r) + ¢ Fj(x, 7).
We claim that

Fuly,r) < Fi(z,(14c¢co)r) forallk=1,...,n. (3.A.3)

If the claim is proved, then inserting (3.A.3) in (3.A.2) we conclude
12 — 2] < Fj(z, (14 ¢,)r) + coFj(z,r) < (14 ¢,)Fj (2, (L+¢,)r) < Fj(z, (14¢,)°r),

by (3.1.10) (in our notations (1 + ¢,)? =1+ ¢,). Then the lemma is proved.
In order to show (3.A.3) we use induction on k. The statement is trivial for k = 1.
If (3.A.3) holds for some k then by (3.1.6)

Feia(y,r) = Fily, ) (|lyel + Fi(y, )™

ag 3.A4
< Fy(z, (1 +¢,)r) (|l‘k| + lyr — 2k + Fi(z, (1 + cg)r)) . ( )
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Recall that, by Theorem 3.1.1, |y, — x| < Fi(z,Cd(x,y)) < coFy(z,7), and
CoFi(z,r) + Fy(z, (1 + ¢o)r) < (14 ¢o)Fi(z, (14 ¢o)r) < Fi(, (14 ¢o)’r),

by (3.1.10). Inserting the last inequality into the second line of (3.A.4) we immediately
conclude the proof of (3.A.3). O

PROOF OF PROPOSITION 3.2.1. Let 4, € R"! and assume without loss of gen-
erality z; > 0,7 =1,...,n — 1. Take a < 1. The “reverse doubling” property (3.2.3)

is equivalent to
An(ZE, R) B An(xv CLR) > 77(1 — CL)

Ay (z, aR) - a
— n—1
It is easy to realize that A, (z,1) H x; + Fj(z, t H xj‘” Then
=1 j=1
An(w, R) = Ay(w,aR) Ty (2 + Fy(o )™ — T (2 + Fy(@,aR))™ N
An(z,aR) H;‘:—ll (z; + Fj(z,aR))" — H;:ll (z;)™ D

To write N recall that given nonnegative numbers m; < Mj;, j = 1,...p, the difference
of their products can be written as follows

MM, - - M, — mymg - - - Z (M, — iy, HM H m; (3.A.5)

i=k+1

Then

¥ =5 (ot Bl 1) — (ot B 0

k-1 n—1
: H (z; + Fi(z,R))™ H (z; + Fi(z,aR))™
i=1 i=k+1
n—1 k—1
2y ap(Fi(z, R) — Fy(z,aR)) (zy + Fi(z, R))aFlH (zi + Fi(z,aR)) H xy
k=1 i=1 i=k+1

Now note that, letting Fy(z,t) = tfi(x,t) (see (3.1.5)) we get
Fk(l‘, R) - Fk(l'a CLR) = Rfk(xa R) - a’Rfk(xa CLR)

> R(1 — a)fu(z,aR) = — L Fy(z,aR).

Then

n—1
1—a

k-1
)(xk—l—Fk(x,aR))ak_lH (zi+ Fi(z,aR)) H z
i=1

i=k+1

again by (3.A.5) and (3.3.3). Thus N/D > o1=%. Therefore the proof of (3.2.3) is
concluded.
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To prove the remaining statements use again (3.A.5) and (3.3.3) to write

n—1 k—1 n—1
An(z, R) =) o Fi(x, R) (wx + Fila, R))™™ [T (i + Fit, R)™ ] 2
k=1 =1 i=k+1
(3.A.6)
Now, for any k=1,....,n — 1
k—1 n—1
By, B) (i + Fi(x, R)™ [ [ (i + Fi(w, R)™ [T i <
=1 i=k+1
n—1 1
<oy [J(@i + Fiz, R))™ = = Fa(e R).

i=1
Then the second statement follows. Incidentally, note that the explicit estimate
of A,(z,7) given in (3.A.6), together with (3.1.7), shows the doubling property
A (z,2r) < CA(z, 7).
Finally, in order to prove that A,(,, R)) > R%~! it is enough to estimate from
below the right hand side of (3.A.6) using z; + F;(z,R) > F;(z,R) > F;(0,R),
7=1,....n

n—1 k—1 n—1
An(z, R) 2 (Fe(0, R)™ T (Fi(0, R)™ T (Fi(0,R)™ = CR™,
k=1 =1 i=k+1
This ends the proof. U

Proor oF LEMMA 3.5.5. There exists a continuous curve 7 joining the point
Yz (tz) to the point +,(t,) and satisfying the condition diam(y) < d(v,(tz), vy (ty))-
Consider the sum path v = —v, +% + 7,, where —~, stands for a reverse parameter-
ization. We first show condition (3.5.1):

diam(y) < diam(v,) + diam(¥) + diam(~y,)
< Cyd(w,y) + %ng(x, y) + Cod(z,y) < (%03 + 2C’2>d(a:,y).

Now we check (3.5.2). Take a point ~,(t) with ¢ <¢,. Since 7, is a John curve of
parameter o we have

dist(y,(t), 9Q) > odiam(v,|jp,q) > o min{diam(y;|j0,4), diam( — Y+ 7+ %ht,tz]) }.

The same argument works for a point v, (), ¢ < t,. Finally, given a point w € 7, by
the triangle inequality, (3.5.3) and (3.5.4) we get

dist(w, 0Q) > dist(y,(tz), 0Q) — d(w,vz(t;)) > odiam(y,) — %C’gd(x,y)

> odiam(vy,) — %diam(%) = %diam(%).

In order to provide a lower bound for the last term it is enough to note that the hy-
potheses of the lemma ensure that diam(~,) ~ diam(y) through constants depending
on o,(C5 and Cl. O
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