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Various exercises 4th July 2012

Exercise 1 Let K ⊂ Rn be a closed set and let f : Rn → R be the function

f(x) = dist(x;K), x ∈ Rn.

Prove that |Df(x)| = 1 for Ln-a.e. x ∈ Rn \K.

Exercise 2 Let A ⊂ Rn be a bounded open set with boundary of class C2. Prove that
the function ϕ : [0,∞)→ R

ϕ(t) = Hn−1(
{
x ∈ Rn : dist(x; ∂A) = t

}
), t ≥ 0,

is continuous at t = 0. Hint: f(x) = dist(x; ∂A), integrate ∆f(x), where ∆ is the Laplace
operator.

Exercise 3 Let E ⊂ Rn be a set of locally finite perimeter and let x ∈ ∂∗E be a point in
the reduced boundary. Prove that:

lim
r→0

‖∂E‖(Br(x))

rn−1
= α(n− 1),

where α(n− 1) is the Lebesgue measure of the unit ball in Rn−1.


